EXACT GERSTENHABER ALGEBRAS AND LIE BIALGEBROIDS

by Yvette Kosmann-Schwarzbach

Abstract.- We show that to any Poisson manifold, and more generally to any trian-
gular Lie bialgebroid in the sense of Mackenzie and Xu [M-X], there correspond two
differential Gerstenhaber algebras in duality, one of which is canonically equipped
with an operator generating the graded Lie algebra bracket, i.e., with the structure
of a Batalin-Vilkovisky algebra.
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EXACT GERSTENHABER ALGEBRAS AND LIE BIALGEBROIDS

Recent papers by Lian and Zuckerman [L-Z] and by Getzler [Ge], and several
preprints on string theory [P-S|[Z], make extensive use of algebraic structures which
have previously appeared in various contexts. We wish both to point out important
earlier references, and to establish a connection between these structures and the
theory of Lie algebroids, due to Pradines [Pr] (see [M]), and, more specifically, the
new concept of Lie bialgebroid introduced by Mackenzie and Xu [M-X].

The notion of a Gerstenhaber algebra goes back to Gerstenhaber’s work on
the cohomology rings of algebras in 1963 [G] (see [G-S1,2]), while the notion of a
generating operator for a Gerstenhaber algebra was introduced in 1985 by Koszul

Definition.— Let (A = o A, /\) be a graded commutative associative algebra.

i€Z
A graded Lie algebra structure on A = @ A®, where A = A s called a
1€EZ
Gerstenhab_er algebra bracket if, for each a in AW, [a,.] is a derivation of degree i of
(A= ® A, A).
ic

Moreover, an operator 0 of degree —1 is said to generate the Gerstenhaber
algebra bracket if, for all a € Al®l and b € A,

[a,b] = (—1)l@ (0(@nb) —danb— (—=1)lelg A db) .

When there exists a generating operator of square 0 for the bracket, the Gerstenhaber
algebra is called exact.

The biderivation property of the bracket is called the (graded) Leibniz rule.
Koszul showed that if 0 is a differential operator of order at most 2, i.e., if the trilinear
mapping ®3, defined by formula (1.3) of [K], vanishes, then the graded Leibniz rule
for the associated bracket is satisfied. Koszul also showed that if 92 = 0, then the
associated bracket satisfies the Jacobi identity, and 0 is a derivation of (A4, [, ]).

So a Gerstenhaber algebra is a triple denoted by, e.g., (A, A, [, ]), and an exact
Gerstenhaber algebra is a quadruple denoted by, e.g., (A, A, [, ],0), where 0 is an
operator of degree —1, and of square 0, while [, | measures the extent to which 0
fails to be a derivation of (A, A).

For short, we shall sometimes call G-algebras the Gerstenhaber algebras defined
above, following [G-S1,2]. What we have called exact Gerstenhaber algebras are
coboundary Gerstenhaber algebras in the sense of Lian and Zuckerman [L-Z], where
we require the generating operator to be of square 0.

What Getzler calls braid algebras in [Ge| are Gerstenhaber algebras with a differ-
ential, i.e., a derivation of degree 1 and square 0 of the graded commutative associative
structure of the G-algebra, so we shall call them differential Gerstenhaber algebras.
What Getzler calls Batalin-Vilkovisky algebras are braid algebras which are exact as
G-algebras, i.e., differential exact Gerstenhaber algebras. (But Getzler’s convention
for the gradings is actually the opposite of the usual one, which we adopt here). So, a
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differential Gerstenhaber algebra will be denoted by a quadruple, e.g., (A, A,d, [, ]),
where (A, A,[,]) is a Gerstenhaber algebra and d is a derivation of degree 1 and
square 0 of the graded commutative associative algebra (A, A), while a differential
exact Gerstenhaber algebra will be denoted by a quintuple, e.g., (A, A,d, [, ],d).

1. The Gerstenhaber algebra of a Lie algebroid.

It is a well-known fact that, given a Lie algebroid A, the algebra of sections
of A A, I'(A\ A), equipped with the exterior product together with the generalized
Schouten bracket, forms a Gerstenhaber algebra. (See Kosmann-Schwarzbach and
Magri [KS-M1,2], where the term Schouten algebra was used instead of Gerstenhaber
algebra, and Mackenzie and Xu [M-X]). The generalized Schouten bracket is defined
as the unique extension [, | of the Lie algebroid bracket such that
() 1@Q1=—(-)"[Q,Q], for @ € (A" 4), Q' e (A" 4),

(i) [X,f]=a(X)f, for X e (A" A), f e (A" A), where a : T(A) — I'(T'M) is the
anchor of the Lie algebroid A, with base M, and
(iii) for Q € T(A?" A),[Q, .]is a derivation of degree g of (T(/\ A) = @0 T(AF A),N).
P

(In our convention, the exterior algebra of a module F', which we denote by A F' is
the sum of its exterior powers, not the sum of the exterior powers of its dual, F*.)

Moreover, I'(A\(A*)) is equipped with a derivation of square 0 of its graded
commutative associative stucture, denoted by d, and called, by analogy with example
1.2 below, the de Rham differential of forms. The differential d is defined by a formula
identical to the Cartan formula for the de Rham differential,

P
da(zo,...,zp) = Z(—l)ia(xi)(a(a:o, &y, Tp))
=0
+ Z (—1)i+ja([xi,$j],x0,...,ﬁ:i,...,ij,...,xp),

0<i<j<p

where « is a p-form, a is the anchor of the Lie algebroid A, and [, ] is the Lie algebroid
bracket of sections of A. The Lie derivative of forms with respect to an element x of
I'(A) is the derivation

Ly = [iz, d],

where we have denoted the graded commutator by [, }

More generally, one can consider the algebraic version of Lie algebroids, variously
called Palais pairs [G-S2], differential Lie algebras, Lie-Rinehart algebras, pseudo-Lie
algebras, Elie Cartan spaces, Lie-Cartan pairs, etc ..., see [P] and, e.g., [KS-M1],
[H]. Given a Palais pair (Hy, H1), the exterior algebra of H; over the ring Hj is a
Gerstenhaber algebra. This fact is clearly stated in section 6.3 of [KS-M1] (see also
the “note added in proof” in that article which refers to an unpublished manuscript
of B. Kostant and S. Sternberg). It appears as theorem 5 in Gerstenhaber and Schack
[G-S2]. See Krasilshchik [Kr1,2] for the foundations of the algebraic theory of the
Schouten bracket, and for further developments.
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Example 1.1. Any finite-dimensional Lie algebra g is a Lie algebroid with trivial
base manifold. The Gerstenhaber algebra bracket on A g is the algebraic Schouten
bracket (see [K|[D][R]|[KS]). The corresponding derivation d = d, of A\(g*) is the
cohomology operator of the Lie algebra g acting on scalar-valued cochains on g. The
restriction to g* of the derivation d,, of A(g*) is the transpose of the Lie algebra
bracket, while its restriction to A\°(g*) vanishes.

In fact, this Gerstenhaber algebra is exact. It is generated by the operator
0 = 0, which is the transpose of d,, i.e., the Lie algebra homology operator defined
by

O A Azp)= Y (=) [wg, ] Azt AL AEI A NEGA L AT,

1<i<j<p

for z1,...,2p € g. Thus

lg,d'] = (-1)!(0(g A q") —8g A g’ — (—1)l4lg A DY),

for ¢,¢' € N g. (See Koszul [K], p.261, and Lian and Zuckermann [L-Z], p.644).
Ezxample 1.2. The tangent bundle of a smooth manifold M is a Lie algebroid with
respect to the Lie bracket of vector fields. The Gerstenhaber algebra bracket on
NM) = T(A(T'M)) is the Schouten bracket of fields of multivectors. In this case
the differential d is the usual de Rham differential of differential forms.

If, in particular, the manifold M is a Lie group G, the left-(resp., right-)invariant
fields of multivectors on G constitute a Gerstenhaber subalgebra of A(G) which
is isomorphic (resp., antiisomorphic) to A g equipped with the algebraic Schouten
bracket, and the Lie algebra cohomology operator d, is the restriction to invariant
forms of the de Rham differential of differential forms on G.

Ezxample 1.3. Any Poisson structure P on a manifold M defines a Lie algebroid
structure on the dual 7*M of TM. In fact, the cotangent bundle is a Lie algebroid
when equipped with the Lie bracket of differential 1-forms [, |p,

[, Blp = Lpall — Lppa — d(P(a, B)), (1)

defined independently by Magri and Morosi [M-M], Gelfand and Dorfman [G-D]
and Karasev [Ka|, and interpreted as a Lie algebroid bracket by Coste, Dazord and
Weinstein [C-D-W][W].
Remark. Our convention here is < 3, Pa >= P(«, 3), which is the opposite of the
convention adopted in [KS-M1], so the bracket defined above, [, |p, is opposite to
the one defined in [KS-M1].

Under our present conventions,

[CY, fﬁ]P = f[a, ﬂ]P + (LPaf)ﬂa
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and
P([a7ﬂ]P) = [PO(,Pﬁ]

The associated G-algebra is the exterior algebra of all differential forms \* (M) =
L(A(T*M)), equipped with the Koszul bracket defined in [K]|. The fact that the
Koszul bracket is a G-algebra bracket was shown by Koszul (formula (1.7)). The fact
that it is the generalized Schouten bracket associated with the Lie algebroid structure
of the cotangent bundle of a Poisson manifold was shown in section 6.5 of [KS-M1].
Also see Krasilshchik [Krl1,2] and Vaisman [V1], section 4.6.

In the case of the Lie algebroid 7" M of a Poisson manifold, the associated differ-
ential on I'(\(T'M)) is the Lichnerowicz-Poisson differential on fields of multivectors,
ie.,

dp =[P,.].

This property was proved, independently and in various contexts, by Bhaskara and
Viswanath [B-V], Kosmann-Schwarzbach and Magri [KS-M1] and Huebschmann [H].
Ezample 1.4. Any Nijenhuis tensor N on a manifold M, a field of (1,1)-tensors with
vanishing Nijenhuis torsion, defines a deformed Lie algebroid structure on TM and
therefore a deformed G-algebra structure on A(M). (See [KS-M1,2]|, and Vaisman
[V2] for further developments). This deformed Lie algebroid structure is compatible
with the usual one (the sum of the Lie brackets is a Lie bracket) and this implies that
the sum of the usual G-bracket and the deformed one on A (M) is itself a G-bracket,
i.e., the deformed G-bracket gives rise to an infinitesimal deformation of the usual
G-bracket.

2. The dual differential exact G-algebras of a Poisson manifold.

We have just recalled that both the tangent and cotangent bundles of a Poisson
manifold are Lie algebroids, and that therefore A(M) and A*(M), the spaces of
sections of their exterior algebras, are Gerstenhaber algebras. In fact, they are exact
G-algebras and the following proposition summarizes the numerous relations that
hold in this case.

Proposition 2.1.— Let (M, P) be a Poisson manifold. Then

i) (A*(M),A,d,[,]p,0p) is a differential exact G-algebra , where d is the de Rham
differential, and Op = [z p,d] is the Poisson homology operator of Koszul. The
associated bracket,

[a, ﬂ]p = (_1)|a| (813(04 A ,6) —Opa A — (_1)|a|a A\ 8Pﬁ),

is the Koszul bracket of differential forms on a Poisson manifold.
(ii) On A\(M), there exists a differential operator, @, which generates the Schouten
bracket in the sense of Koszul, i.e.,

[@Q,Q1=(-1DICNB(QRAQ)-0QAQ - (-1)?IQrdQ"),

and, when 0 is chosen to be of square 0, then (/\(M), Aydp, [, ], 8) is a differential
exact G-algebra, where dp is the Poisson-Lichnerowicz differential, dp = [P, .]. If, in
particular, M is symplectic, with Q = P!, then we may set 0 = [ig, dp].
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All the proofs are in Koszul [K]. See also Kosmann-Schwarzbach and Magri
[KS-M1], sections 3.1, 6.3 and 6.5.

3. The dual differential G-algebras of a Lie bialgebroid.

Lie bialgebroids introduced by Mackenzie and Xu [M-X] are a beautiful gener-
alization of both the Poisson manifolds and the Lie bialgebras. In their definition, a
Lie bialgebroid is a pair (A, A*) of Lie algebroids in duality, where the Lie brackets
satisfy a compatibility condition which can be expressed in terms of the differential
d. on I'(/ A) defined by the Lie algebroid structure of A* and the G-algebra bracket
[,] on T'(A\ A) defined by the Lie algebroid structure of A,

di[z, y] = [duz,y] + [z, duy], (2)

for all z and y in I'(A). (This is clearly equivalent to condition (16) in [M-X]).

Proposition 3.1.— In a Lie bialgebroid (A, A*), the following relations hold for
all f,g € T(\" A) = C=(M), z,y € T(A), §,n € T(4),

di[z, f] = [duz, f] + [z, d f] (3)
Lo+ Liyz =0 (3)
<dif,dg >+ <df,dyg>=0 (4)
L, s+ Ly:&=0 (3"%)

dlg, fle = [d€, fls + [€, df ] (3%)
d[€, n]x = [d€, n]« + [€, dn]. (2+)

Proof. Relation (3) follows from (2), and the identity

d*[.T), fy] - [d*x’fy] - [x’d*(fy)] - f(d*[x,y] - [d*l‘,y] - [:Ua d*y])
= (dulz, 1= [duz, f] = [2,d. f]) Ay,

which is proved using the fact that d, is a derivation of degree 1 of (I'(/\ 4), A).
Relation (3) can be rewritten as

or
Ld*fx + d*idf{l} + idfd*a: =0,

which is (3’). (We have used [a, f] = —igra for a € I'(A* A), and Ly = iy, d.]).
Relation (4) follows from (3’) and the identity

La,f(g9z) + Ly (97) — g(La, sz + Lyyz) = (La, ;9 + Lyg)x .
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We then obtain (3’x) from (4), (3’) and the identity
(La.g+ Lgg) <& >=< Lg, ;€ + Lyg€, x> + <&, La, gz + Lgpz > .

Now (3x%) is equivalent to (3’x) just as (3) is equivalent to (3’).
Let us now prove (2x). We first remark that, since

(LoLi = LT,e)f =< &z, duf] > and (LiLy — Lrgs)f =< [§, df]c x>,
we obtain, using (4),
([La:a Lg] =Ly, ¢ + LLgx)f = La.<¢a> 1,
and therefore,
([Lay Lg] = Li,e + Lize) <my > +([Ly, Ly] = LT, + L1zy) <&z >=0.
Now a direct computation, similar to that in [M-X], shows that

= ([Lx,Lz] - zwg + LLEx) <n9Y> +([LyaL;] - Lzyn + LL:,y) < gax >
- ([anL;] - LZM + LL;“lac) < S,y > _([LyaLz] - *Ly.g + LLgy) <nz>.

and therefore this quantity vanishes identically. Thus (2) implies (2x).
Let us remark that the proof of (2x) for exact forms is immediate,

d[df,dgl. = d(LZfdg) = —d(La,sdg) =0,

since d commutes with L, and d is of square 0. Combining this fact with (3x), we
obtain a one-line proof of (2%) when I'(A*) is generated by the image of d.

Corollary 3.2.— In a Lie bialgebroid (A, A*), d, is a derivation of (T'(A\ A),[, ]),
and d is a derivation of (I'(A\ A*), [, ]«)-

Proof. The statement for d, follows from (2) and (3) and the Leibniz rule for [, |,
and similarly for d.

We can now state a proposition which yields alternate definitions of Lie bialge-
broids and proves the self-duality of this notion.

Proposition 3.3.— Let (A, A*) be a pair of Lie algebroids in duality. The following
properties are equivalent,

(i) (A, A*) is a Lie bialgebroid,

(ii) d. is a derivation of (I'(\ A),[,])
(iii) d is a derivation of (I'( \ A*), [, |
(iv) (A*, A) is a Lie bialgebroid.



Proof. In view of Corollary 3.2, we know that in a Lie bialgebroid, d, is a derivation
of [, | and d is a derivation of [, ].. Since these properties clearly imply (2) and (2x),
the proposition follows.

Thus we have given an alternate proof of Mackenzie and Xu’s theorem 3.10 [M-X]
asserting that the notion of a Lie bialgebroid is self-dual.

We can now show that a Poisson structure can be defined canonically on the
base manifold M of any Lie bialgebroid. For f and g € I'( /\0 A) = C>®(M), let us
set

{fvg}(A,A*) =<df,d«g > . (5)
By (4), this bracket is skew-symmetric.

Proposition 3.4.— The bracket {, }4 4~ satisfies

d{fag}(A,A*) = [df, dg]* (6)

and
df{f, 9} a,a%) = —[ds ], dug] (6%)

and is a Poisson bracket on the base manifold M.

Proof. By definition, < df,d.g >= [df, gl« = [d.g, f], thus (6) (resp., (6x)) follows
from (3%) (resp., (3)) together with d*> = 0 (resp., (d.)? = 0) :

d{f7g}(A,A*) = d[df? g]* = [df7 dg]*’

As is usual in the Hamiltonian formalism, let us set Xy = —d, f, and let us write
{, }for{, }(a,a,)- Then {f,g} = X;-g, and relation (6*) becomes [ X, X¢] = Xt 4}-
Thus, the following relations on sums over cyclic permutations hold,

FUALY ) = P X ) = PLX5 X) =0,

which proves the last assertion.

In addition, let dj; be the de Rham differential of functions on M, and let
[, ](a,4+) be the Lie algebroid bracket on 7*M defined by the above Poisson structure
on M. Then

du{f 9} a4y =[dmf,dmgl(a,ax)- (7)
The results of this section can now be expressed in terms of G-algebras.

Proposition 3.5.— If (A, A*) is a Lie bialgebroid in the sense of Mackenzie and
Xu, then, (T(AA),A,ds,[,]) and (T(A A*),A,d,[,]s) are differential G-algebras.
Moreover d, is a derivation of [, | and d is a derivation of [, |,.
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Ezample 3.1. If g is a finite-dimensional Lie bialgebra [D1,2], then the pair (g, g*)
is a bialgebroid [M-X], and (A g, A,dx, [, ]) and (A g*, A,d, |, |«) are differential G-
algebras, where d : A g* — A g* (resp., dx : Ag — A\ @) is the cohomology operator
of g (resp., g*) acting on scalar-valued cochains on g (resp., g*), and [, | (resp.,[, |«)
is the algebraic Schouten bracket defined by the Lie algebra structure of g (resp.,
g*). Here df = d,f = 0, for f € \"g. Relation (2) is the cocycle condition, which
states that the cobracket (the restriction of dy to g), v : g — A’g, is a 1-cocycle
of g with values in A” g with respect to the adjoint action, while (2%) is the dual
condition, which is known to be equivalent to the former [D1]. For a direct proof of
the fact that d (resp., d) is a derivation of [, |, (resp., [, ]), see [KS].
Ezample 3.2. If (M, P) is a Poisson manifold, we know that both TM and T*M
are Lie algebroids. Mackenzie and Xu showed that together they constitute a Lie
bialgebroid. In fact, we know that in this case d, = dp = [P,.] is the Lichnerowicz-
Poisson differential on fields of multivectors. Together with the graded Jacobi identity
for the Schouten bracket, this yields an immediate proof of the fact that d, is a
derivation of [, |, and therefore that (T'M,T*M) is a Lie bialgebroid. Thus Poisson
manifolds give rise to pairs of differential G-algebras in duality.

All the relations in proposition 3.1 are well-known properties of Poisson mani-
folds. For instance, relation (3’) can be written

Lipfe+ Lpapz =0,
which is true because dpf = [P, f] = —P(df), while relation (4) means that
< Pdf,dg > + < df, Pdg >=0.

In this case, the Poisson bracket {, }ras,r-am) coincides with the original Poisson
bracket, since

{f’g}(TM,T*M) =< df7 Pdg >= P(dfa dg) .

Formula (6) reduces to a well-known property of the Lie algebroid bracket on T* M,
and formula (6%) states that the mapping dp : f € C®°(M) — X{ € I'(TM), which

carries a function f into the Hamiltonian vector field X = —dpf = P(df), is a Lie
algebra homomorphism, and clearly, (7) reduces to (6).

Because there exists a section P of \*(T'M) such that [P, P] = 0, and d, = [P, .],
the Lie algebroid (T'M, T*M) is an example of what Mackenzie and Xu [M-X] called
a triangular Lie bialgebroid, a situation which we shall now study.
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4. The Batalin-Vilkovisky algebra of a triangular Lie bialgebroid.

The triangular Lie bialgebroids generalize both the Lie bialgebroids of Poisson
manifolds and the triangular Lie bialgebras (see Drinfeld [D2]), whence their name.

Let A be a Lie algebroid, with anchor a. As above, we denote the Schouten
bracket on I'(A\ A) by [, ], and the differential on I'(A\ A*) by d.

Let P a section of A’ A which we identify with a map P : A* — A, and let
us assume that [P,P] = 0. We call P a “Poisson bivector”. Then A* is a Lie
algebroid when it is equipped with the anchor a o P, and the Lie bracket is defined
by a formula identical to formula (1) for the Lie bracket of differential 1-forms on
a Poisson manifold. Mackenzie and Xu [M-X]| showed that, in fact, (A, A*) is a Lie
bialgebroid which they called triangular.

We denote the Gerstenhaber algebra bracket on I'(A A*) by [, ]p = [, ], and
the differential on I'(\ A) by dp = d..

Proposition 4.1.— The differential dp satisfies dp = [P,.]. We set 0p = [iP, d],
then Op generates [, |p,

[, Blp = (=1)!*(9p(a A B) — dpa A B — (-1)*lar 8p0) (8)

and Op is a derivation of [, |p.

Proof. In fact, (8) holds for o and 3 of degree 0 or 1, and therefore for all forms.

Moreover, it follows from the fact that P is a morphism of Lie algebroids from
A* to A (see [M-X]) that P extends to a morphism of graded Lie algebras from
(DA A%), L, Ip) to (T(A A), [, ]).

Thus if A is a Lie algebroid with a “Poisson bivector”, then (A, A*) is a Lie
bialgebroid and I'(\ A) and I'(/\ A*) are both differential Gerstenhaber algebras,
['(\ A*) being exact.

We now describe the generalization of the case of symplectic manifolds to the
Lie algebroid setting.

Proposition 4.2.— If P is invertible, with inverse P~ = Q : A — A*, then
dQ = 0 and the differential d satisfies d = [Q2,.]p. We set 9 = [’I:Q,dp}. Then 0
generates [, |,

[a,b] = (—1)la (d(anb)—Banb— (—=1)lelg A ob),

and 0 is a derivation of [, |.

Proof. If P is Poisson and invertible, then dQ = 0 since dQ(Pa, P3, Py) is propor-
tional to [P, P](c, 3,7). The other statements follow from the fact that they are true
for elements of degree 0 or 1 and from the derivation properties.

Thus if A is a Lie algebroid with a “symplectic structure”, i.e., if there exists an
invertible map Q : A — A* of Lie algebroids such that dQ2 = 0, then (A, A*) is a Lie
bialgebroid and I'(A A) and I'( A\ A*) are isomorphic differential exact Gerstenhaber
algebras.
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Example 4.1. Let g be a triangular Lie bialgebra, defined by r € /\2 g, a skew-
symmetric solution of the classical Yang-Baxter equation, [r, 7] = 0. Such an element
of \” g is called a classical triangular r-matrix. Then d, = d,r is the transpose of a
Lie bracket on g*, and (g, g*) is a triangular Lie bialgebroid.

Ezample 4.2. For any Poisson manifold (M, P), the pair (T'M,T*M) is a triangular
Lie bialgebroid. We remark that in this case both G-algebras \(M) and A\*(M) are
exact. However, on A\*(M) the generating operator dp is canonically defined, while
that on A (M) depends on the choice of a torsionless connection or a volume element
on M. (See Koszul [K].)

In conclusion, we see that a Lie algebroid gives rise to a G-algebra, a Lie bial-
gebroid gives rise to a pair of differential G-algebras in duality, and a triangular
Lie bialgebroid gives rise to a pair of differential G-algebras in duality, one of which
is exact, i.e., is a Batalin-Vilkovisky algebra. In the case of the Lie bialgebroid
(TM,T*M) of a Poisson manifold M, both G-algebras are exact, and the differential
structure of the manifold on the one hand, and the Poisson structure on the other
hand play dual roles. However, by the preceding remark, there remains an asym-
metry between the role of the differential structure of the manifold and that of the
Poisson structure : the G-algebra \*(M) is canonically equipped with the structure
of a Batalin-Vilkovisky algebra, while /(M) is not.

5. The linear case.

The linear case was treated by Koszul [K]. Let g be a Lie algebra. Then g* is a
Poisson manifold with the linear Poisson structure of Lie, Berezin, Kirillov, Kostant
and Souriau. Thus both T'(A(7'g*)) and T'(A(T*g*)) are Gerstenhaber algebras. We
remark that in restriction to the vector space g® A g* of linear fields of multivectors
on g*, the Schouten bracket reduces to the Nijenhuis-Richardson bracket, a fact
which is true on any vector space. (See [KS], 2.6)

Because g* is a Poisson manifold, I'(A(T*g*)) = C*>°(g*) ® A @ is a differential
exact Gerstenhaber algebra, where the differential, d, is the de Rham differential of
differential forms, and the graded Lie algebra structure is the Koszul bracket asso-
ciated with the linear Poisson structure P of g*. The Koszul bracket is generated
by the operator, 0p = [z P, d]. In restriction to the constant differential forms on
g%, we recover the algebraic Schouten bracket of A g and the restriction of the op-
erator Op is the Lie algebra homology operator 0, described in example 1.1. Thus
(Ag:A,0,[, ],0,) is a Batalin-Vilkovisky subalgebra of I'(A(T™g*)).

On I'(A(Tg*)) = C=(g*) ® A\ g*, the differential dp is the Lie algebra coho-
mology operator acting on cochains on g with values in C*°(g*), with respect to the
coadjoint action (see Koszul [K]). In fact, this space is a Batalin-Vilkovisky algebra
(D(A(Tg*)), A, dp,[, ], D), where an operator generating the Schouten bracket of

fields of multivectors on g* is
0 0
D =—- —
zi: 0&; Oz;’

the operator which was introduced by Koszul (who cites Elie Cartan !) and also
appears in the approach of Batalin and Vilkovisky to the quantization of string field
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theory. (See, e.g., [L-Z]|[P-S][Z]). Thus, the algebraic structures arising in topological
field theories were in fact developped earlier in differential geometry.

Acknowledgments. [ am very grateful for the stimulating atmosphere of the Centre
Emile Borel where this article was written.
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