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Introduction

According to a theorem of Drinfeld, formal Poisson homogereespaces over
a formal Poisson-Lie grougs, with Lie algebrag, correspond bijectively to
G, -conjugation classes of Lagrangian (i.e., maximal isatjohie subalgebras

h of the double Lie algebrg of g,. The formal Poisson homogenous space is
then G, /(G, NH), whereH is the formal Lie group with Lie algebrg. The
corresponding quantization problem is to deform the algebfunctions over the
homogeneous space to an algebra-module over the quantizetbgng algebra
ofg,.

I; this paper, we show that there is a Poisson homogeneausst on the
formal homogeneous spa€&/H, such that the embedding &, /(G NH) in
G/H is Poisson, wher& is the formal Lie group with Lie algebrg It is therefore
natural to seek a quantization of the function algebr@ of (G, NH) as a quotient
of a quantization o5/H.

The data of(g,h) and ther-matrix of g constitute an example of a quasitrian-
gular Manin pair (see Section 1.1). We introduce the notibthe quantization
of a quasitriangular Manin pair, which consists of a quasigular Hopf algebra
quantizing the Lie bialgebrg, quasi-Hopf algebras quantizing the Manin pair
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(g,h), and a twist element relating both structures. We then sfidveqrem 2.1)
that this data gives rise to a quantizationGfH.

The quadruplgg, g, ,g_.,h) formed by adjoining) to the Manin triple ofg,
is called a Manin quadruple. The guantization of a Manin quile is the ad-
ditional data of Hopf algebras quantizing the Manin tripgeg, ,g_), subject to
compatibility conditions with the quantization of the unigigng quasitriangular
Manin pair. We show that any quantization of a given quadrupves rise to a
guantization of the corresponding homogeneous space (@ined.1).

Finally, in Section 4.1, we explicitly solve the problem afamtizing a Manin
guadruple in a situation related to quantum spheres.

1. Manin quadruples and Poisson homogeneous spaces

In this section, we define Lie-algebraic structures, i.@asifriangular Manin pairs
and Manin quadruples, and the Poisson homogeneous spduoeaipassociated
to them.

1.1. Quasitriangular Manin pairs
Recall that aguasitriangular Lie bialgebras a triple (g,r,( , )4), whereg is a
complex Lie algebra;, )4 is a nondegenerate invariant symmetric bilinear form on
g, andr is an element of ® g such thar +r(2V is the symmetric element gf® g
defined by( , )4, andr satisfies the classical Yang-Baxter equatioft?, r(13] +
[r12 r(237 4 [r(13 r(23] = 0. (Such Lie bialgebras are also called factorizable.)

Assume thag is finite dimensional, and lgb be a Lie group with Lie alge-
brag. ThenG is equipped with the Poisson-Lie bivectBg = r- —rR, where,
for any element of g ® g, we denote the right- and left-invariant 2-tensors®n
corresponding ta by a- andaR. If g is an arbitrary Lie algebra, the same statement
holds for its formal Lie group.

We will call the pair(g,r, (, )g,b) of a quasitriangular Lie bialgebfg,r. (, )4)
and a Lagrangian Lie subalgeliyan g a quasitriangular Manin pair

Assume that(g,r,{ , )4,b) is a quasitriangular Manin pair, and thatis a
Lagrangian complement df in g. Let (¢') and (¢;) be dual bases dj and L,
andset, | =3; £' ® &. The restriction td. of the Lie bracket ofy followed by the
projection to the first factor ig = h @ L yields an eIementpb’L of A%p. Let us set
foL =ry.—rithenf,  belongs to\%g.

Then the twist of the Lie bialgebrég,dr) by fpL is the quasitriangular
Lie quasi-bialgebra(g,arh,L,¢b7L). The cocycle 0rh7L maps b to A%h, so

(b, (0rh7|_)“], ¢y) is a sub-Lie quasi-bialgebra ¢f,dry |, ¢y ).
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1.2. Manin quadruples

1.2.1. Definition

A Manin quadruplés a quadruplég, g, ,g_,h), whereg is a complex Lie algebra,
equipped with a nondegenerate invariant symmetric bifif@an (, )4, andg, ,g_
andh are three Lagrangian subalgebrago$uch thay is equal to the direct sum
g, Dg_ (see[11]).

In particular,(g,g,,g_) is a Manin triple. This implies that for any Lie gro@
with subgroups$s, ,G_ integratingg, g, ,g_, we obtain a Poisson-Lie group struc-
turePg on G, such thaG, andG_ are Poisson-Lie subgroups @, P;) (see [6]).
We denote the corresponding Poisson structure oandG_ by R andF; .

Any Manin quadruplg(g, g, ,g ,b) gives rise to a quasitriangular Manin pair
(8,1,(, )g,h), wherer =1, o =5,€®¢, and(€),(g) are dual bases af,
andg_.

1.2.2. Examples

In the case wherg¢g,g,,g_) is the Manin triple associated with the Sklyanin
structure on a semisimple Lie group, , the Manin quadruples were classified
in [12]. (See also [4].) It was shown in [14] that the Lagramgsubalgebrals of g
such that the intersectign Nh is a Cartan subalgebra gf correspond bijectively
to the classical dynamicatmatrices forg, . We will treat the quantization of this
example in Section 4, in the case where= sl,.

In [9], the following class of Manin quadruples was studieek g be a semisim-
ple Lie algebra with nondegenerate invariant symmetrim&r form( , )5, and
Cartan decompositiop =n, & h@n_. Let .#” be a commutative ring equipped
with a nondegenerate symmetric bilinear fotm ) . Assume thaRC .7 is a
Lagrangian subring aof#’, with Lagrangian complemenit. Let us sefy = g® %,
let us equipg with the bilinear form(, );®(, ), and let us set

More generally, extensions of these Lie algebras, condestth the additional
data of a derivatiord of %" leaving ( , ), invariant and preservinR, were
considered in [9]. Examples of quadruple”,d,R,( , ), ), where.# is an
infinite-dimensional vector space, arise in the theory ofplex curves.

1.3. Formal Poisson homogeneous spaces
In what follows, all homogeneous spaces will be formal, s@ i a Lie algebra
andA is the associated formal group, the function ringpa$ &, := (Ua)*, and if
b is a Lie subalgebra of, andB is the associated formal group, the function ring
of A/Bis Opp = (Ua/(Ua)b)*.

We will need the following result on formal homogeneous sgac

Lemmal.l Leta be a Lie algebra, leta, and b be Lie subalgebras of,
and let A, A, and B be the associated formal groups. The restriction map
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(Ua/(Ua)b)* = (Ua,/(Ua, (a, Nb)))* is a surjective morphism of algebras

from ﬁA/B to ﬁA#(AmB).

Proof. Let L, be a complement of, Nb in a,, and letL be a complement df

in a, containingL, . WhenV is a vector space, we denote 8/ ) its symmetric
algebra. The following diagram is commutative

S(Irr) - Ua+/(UaI(a+ﬂb))
SL) — Ua/(Ua)b

The horizontal maps are the linear isomorphisms obtainegdyioymetrization.
Since the natural map fro(L, ) to (L) is injective, so is the right-hand vertical
map, and its dual is surjective. [ |

A Poisson homogeneous spaé, Py) for a Poisson-Lie grougl,P) is a
Poisson formal manifoldX, P, ), equipped with a transitive action bf and such
that the mag™ x X — X is Poisson. Then there is a Lie subgrdtpof I' such
thatX =I'/I"’. Following [8], we observe that these two conditions are\edent:
a) the projection map — X is Poisson, b) the Poisson bivecRyr vanishes at one
point of X. If either of these equivalent conditions is satisfied, Py ) is said to be
of group type (See [11].)

1.4. Poisson homogeneous space structure GjH
Let(g,r,(, )g,h) be a quasitriangular Manin pair. Liétbe the formal subgroup of
G with Lie algebrah, and IetPG/H be the 2-tensor o®/H equal to the projection

of rt.

Proposition 1.1 Let(g,r,(, )4,h) be a quasitriangular Manin pair. Ther’bI;’H is
a Poisson bivector on 34, and G/H is a Poisson homogeneous space(farF).

Proof. The only nonobvious property is the antisymmetry of the keaclefined
by rt. Lett denote the symmetric element @& g defined by( , )g- If £, andf,
are right p-invariant functions onG, {f;,f,} + {f,,f;} =t-(df, ® df,) =
tR(df, ®df,), by the invariance of. Sinceh is Lagrangiant belongs toh ® g +
g®b. Since moreovef, and f, arep-invariant, { f,, f,} + { f,, f;} vanishes. H

Remark 1 In the case whergg,r,( , )q,bh) corresponds to a Manin quadruple,
this statement has been proved by Etingof and Kazhdan, vewocahstructed a
guantization of this Poisson homogeneous space ([11]).

Remark2 Forgin G andx in g, let us denote the adjoint action gfon x

by 9x. In the case of a quadruplg,g,,g ,b), the Poisson homogeneous space
(G/H, PG/H) is of group type if and only if there exisgan G such tha®h is graded

for the Manin triple decomposition, i.e., such tHat= (% Ng,) & (%hNg_).
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1.5. Poisson homogeneous space structure @ /(G; NH)

Let (g,9,,9_,h) be a Manin quadruple. The inclusidd, C G induces an in-
clusion mapi : G, /(G, NH) — G/H. On the other hand, by Proposition 1.1,
(9,94,9_,b) defines a Poisson structure GiiH.

Proposition 1.2 There exists a unique Poisson structure, ﬁ’G nny On
+/ P+
G, /(G4 NH) such that the inclusion iis Poisson. Thes, /(G NH),Py /(G ﬁH))
+/\2+
is a Poisson homogeneous space(f8r,, PG+).

Proof. Let ( , ),q, denote the bilinear form o ® g defined as the tensor
square of( , ),. We must prove that for ang in G, ry 4 belongs to
9. ®g, +9®%+9 ®g. The annihilator of this space ip® g with respect
to (, )gog IS (94 N%) ®9 +9h ® (g, N ). Let us show that for any in this
annihilator,(rg, o ,X)ge4 IS zero. Assume that=vew, wherev € %), w € g, N9;
then

999
(rg, 5 X gog = <Z e ®€,VRW)ggq = (WW)g =0,
|

where the second equality follows from the facts thatis isotropic and that
(¢),(e) are dual bases, and the last equality follows from the ipgtaf 9. On
the other hand, the isotropy @f. implies that(ry, 4 (g4 N %) ® %) e, = O.
Thereforery, , belongs tag, ® g, +g® % + % @ g; this implies the first part of
the Proposition.

Let us prove thatG, /(G NH), PG+/(G+OH)) is a Poisson homogeneous space

for (G,, PG+). We have a commutative diagram

ag
G, x (G4/(GynNH)) — G,/(G,NH)
igxil il
G x (G/H) % G/H
whereig is the inclusion map o6, in G andag (resp.,aG+) is the action map of
GonG/H (resp., ofG, onG, /(G, NH)). The maps; x i, i andag are Poisson
maps; sincéinduces an injection of tangent spaces, it follows ﬂgﬂtis a Poisson
map. [ |

In [8], Drinfeld defined a Poisson bivecté‘&/(GmH) onG, /(G, NH), which
can be described as follows. Wh&his a Lagrangian subspace gf identify
(gL NV)*+ with a subspace af_, and define, : (g, NV)*+ — g, /(g, NV) to be
the linear map which, to any elememt of (g, NV)+ C g_, associates the class of
an elemené, € g, such that, +a_ belongs to/. Then there is a unique element
& € (9, /(g NV))®2 such thata_®id)(&,) = &,(a_), foranya_ € (g, .NV)*.

For anygin G_, identify the tangent space Gf, /(G, NH) atg(G, NH) with
9. /(g4 N9%) via left-invariant vector fields. The elemedy of (g, /(g N%))®?
corresponding to the value 5&/(@@4) atg(G, NH) is thenfgb.
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Proposition 1.3 The bivectors g+/( ) and F&/( ) are equal.

G,NH G,NH

Proof. We have to show that the injectionG, /(G, N"H) — G/H is compatible
with the bivector$3{3+/(G+HH) andPG/H. The differential of atg(G, NH), whereg

belongs toG,, induces the canonical injectianfrom g, /(g, N9) to g/9. Let
us show that for angin G__, the injectioni ® 1 mapség € (g, / (9, N9))®? to the

class ofrg, 4 in (g/95)®2. We have to verify the commutativity of the diagram

(9:0%)- & (9)*
gl rg
9+/(9+mgh) - g/%

where the horizontal maps are the natural injection andicésh maps, andy
is defined byrg(a) = the class ofry, 4 ,a®id),s, mod9%, forac (%)*. Leta
belong to(%h)*. By the maximal isotropy ofh, the element can be identified
with an element off. Let us writea=a, +a_, with a, € g,. Theni*(a) =
a_, ég(a ) = a, + (g, N%) by the definition oféy and becausa € 9%, and
1(a, +g,N9%) =a, +9%. On the other handg4(a) = a, + 9, so the diagram
commutes. [ |

Moreover, it is a result of Drinfeld ([8], Remark 2) that therrhal Poisson
homogeneous spaces (@, , PG+) are all of the type described in Proposition 1.2.

Remark 3 The(G,, PG+)—Poisson homogeneous space

(G+/(G+ nH )7 PG+/(G+QH))

is of group type if and only if for somg € G, % is graded for the Manin triple
decomposition, see Remark 2.

Remark 4 Conjugates of Manin quadrupleket us denote the conjugate of an
elementx in G by an element in G by 9 = gxg™*. For (g,9,,9_,h) a Manin
quadruple, andin G, (g,9,,9_,%) is also a Manin quadruple. ¢fbelongs tH,

this is the same quadruple; andgibelongs oG, the Poisson structure induced
by (g,9.,9_,9) onG, /(G, N%H) is isomorphic to that induced kg, g, ,g_,h)

onG, /(G, NH), via conjugation by. It follows that Poisson homogeneous space
structures induced by, g, ,g_,bh) are indexed by elements of the double quotient
G, \G/H.

Remark 5 The first examples of Poisson homogeneous spaces which are no
of group type were studied in [3] and [13], under the name &hafPoisson
structures. In these cases, the stabilizer of a point igkriv
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2. Quantization of G/H

In this section, we introduce axioms for the quantizatioa gtiasitriangular Manin
pair. We then show that any solution to this quantizatiorbjam leads to a quan-
tization of the Poisson homogeneous spag¢el constructed in Section 1.4.

2.1. Definition of quantization of Poisson homogeneous spzg

Let (I',P-) be a Poisson-Lie group and IeX,P,) be a formal Poisson homoge-
neous space ovér,P.). Let(«/,A /) be a quantization of the enveloping algebra
of the Lie algebra of’, and lete/°PP denote the opposite algebra.do.

Definition 2.1 A quantization of the Poisson homogeneous spacé®,) is a
C][n]]-algebra 2", such that

1) 2 is a quantization of the Poisson algebf&,Py) of formal functions on X,
and

2) 2 is equipped with an algebra-module structure ogef°PP,A), whose reduc-
tion mod# coincides with the algebra-module structuredf over ((Ug)°PP,A,),
wherel, is the coproduct of .

Condition 1 means that there is an isomorphisntpf]]-modules fromZ to
Ox[[R]], inducing an algebra isomorphism betwe#iy 7.2 and&y, and inducing
on &y the Poisson structure defined By.

The first part of condition 2 means th&f has a module structure over°PP,
such that fox,y € 27,a€ o7, andA(a) = yaV @ a?, a(xy) = 5 ab (x)a? (y).

Conventions

We will say that aC[[%]]-moduleV is topologically freeif it is isomorphic to
WI[[R]], whereW is a complex vector space. We denote the canonical projec-
tion of V ontoV/hV by v— v mod #. In what follows, all tensor products of
C][n]]-modules ardi-adically completed. Whek is aC|[[h]]-module, we denote

by E* its dual Homy (E,C][[n]]). For a subset” of an algebrazZ, we denote by

> the group of invertible elements of. When.o/, % are two Hopf or quasi-
Hopf algebras with unit elements 11, and counit mapg_,,£,, and.” is a

subset ofeZ ® %, we denote by#¢ the subgroup of”* with elementsx such

that (e, ®id)(x) = 1, and(id ® £,)(x) = 1_,. We also denote Ker,, by 7,

2.2. Quantization of quasitriangular Manin pairs
Definition 2.2 A quantization of a quasitriangular Manin pégr,( , )4,b) is the
data of
1) a quasitriangular Hopf algebrgA, A, %) quantizing(g,r,( , )g),
2) a subalgebra B- A and an element F i(A® A), such that
a) BC Ais a flat deformation of the inclusionfJZ Ug,
b) FA(B)F ' Cc B®B, and F1?(A®id)(F) (F?3(id ®A)(F))’l € B3,
c) there exists a Lagrangian complement Lyah g, such that

(E(F —F(D) modh) =r—r

A hL
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where | =5,&'®¢, and(e'), (&) are dual bases of and L.

Observe that condition 1 implies th(a% (Z — 1) mod k) = r. In condition 2,
(A®A); = 1+ h(Ay®A,). Condition 2a means that tig][#]]-module isomor-
phism betweerA andU g[[#]] arising from condition 1 can be chosen in such a
way that it induces an isomorphism betwdgandU h[[7]].

Let (A, Ag, Pg) be the quasi-Hopf algebra obtained by twisting the Hopflaige
(A,A) by F. Then, by definitionAg(x) = FA(X)F~1, for anyx € A, and ®g =
FA2(A®id)(F) (F)(id ®A)(F))_1. Condition 2b expresses the fact tRat- A
is a sub-quasi-Hopf algebra Af

Condition 2c expresses the fact that the classical lImi{BiAg, Pg) is b
equipped with the Lie quasi-bialgebra structure assatiaith L.

2.3. Quantization of(G/H,PG/H)
Let us denote the counit map Afby €.

Theorem 2.1 Assume that(A,A,Z%),B, F) is a quantization of the quasitriangu-
lar Manin pair (g,r,{ , )g,h). Let (A*)B be the subspace of*Aonsisting of the
formsZ on A such that(ab) = £(a)e(b) for any ac A and be B.

a) For £,£' in (A*)B, definel x ¢’ to be the element of*such that

(xt')(a) = ({@ ) (A@R)F ),

for any a in A. Then defines an associative algebra structure(é)B.

b) For ac A and/ € (A*)B, define d to be the form on A such théa/)(a') =
{(ad), for any d € A. This map defines of{A*)B, x) a structure of an algebra-
module over the Hopf algebr@°PP, A).

c) The algebrd (A*)B, %) is a quantization of the Poisson aIgetiné’G/H , PG/H).

With its algebra-module structure ovek°PP,A), ((A*)B, +) is a quantization of
the Poisson homogeneous spQ@a‘H,PG/H).

Proof. Let £ and#' belong to(A*)B. Then for anyac A,b € B,
(4x£')(ab) = (L@ ) (A@)AD)F 1) = (@) (A(a)F 1Ag(b))
=e(b)(t®!)(A@F 1) =e(b)(£+L£)(a),

where the third equality follows from the fact thadiz(B) C B® B and
(e®€)oAg = €. It follows that/ x £ belongs to/A*)B.
Let 2, ¢ and?" belong to(A*)B. Then for anyain A,

(t+2)+ )@ = (Lol ") (asid)ca@@®I)(FH(F?) ™), (@)
and

(ex (€ ") (@) = (Lol @2") ((id © ) 0 A@)(id . 8)(F ) (FE) L),
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By the coassociativity oA and the definition ofbg, this expression is equal to
(el e ((Aeid)oA@)(A®id)(F~1)(F12)~1dgT), and sincedby belongs
to B®3 ande®3(dy) = 1, this is equal to the right-hand side of (2). It follows that
(£x2") x£" = £x (£' x£"), sOx is associative. Moreoveg, belongs to(A*)B and is
the unit element of (A*)B, ). This proves part a of the theorem.

Part b follows from the definitions.

Let us prove thatA*)B is a flat deformation ofUg/(Ug)h)*. Let us consider
a Lagrangian complement of h in g. Let Sym denote the symmetrisation map
from the symmetric algebr&(g) of g toUg, i.e., the unique linear map such that
Sym(x') = X for anyx € g andl > 0, and let us definé to be Syn{S(L)). Thus
L is a linear subspace &fg, and inclusion oﬂ_®Ub in Ug®Ug followed by
multiplication induces a linear isomorphism franw Uk to Ug. It follows that
the restriction td_ of the projectiondg — Ug/(Ug)h is an isomorphism, which
defines a linear isomorphism betweé@ y=(Ug/(Ug)h)* andL*.

Let us fix an isomorphism of][#]]- modules fromA to Ug[[A]], inducing an
isomorphism betweeB andU h[[#]] and let us defin€ to be the preimage of
L[[1]). ThusC is isomorphic toL[[]], and inclusion followed by multiplication
induces a linear isomorphism betwde® B andA, as does any morphism between
two topologically freeC[[h]]-modulesE and F, which induces an isomorphism
betweenE/RE and F/hF. Therefore, restriction of linear forms © induces
an isomorphism betweefA*)B and C*. It follows that (A*)B is isomorphic to
(L[[1]))*, which is in turn isomorphic t&*[[%:]]. SinceL* is isomorphic 006 s
(A*)B is isomorphic togy, [17]]-

Let us fix¢,£' in (A*)B, and let us computés (¢ £' — £« £) mod 7). Let us set
f = ((F —1) modh). Forain A,

(et~ 4 0)(3) = (to0) (%( (a)F_l—A’(a)(F(Zl))_1)>

~ (ot (F0@F - an@a EE) )
= (£ £) (=rBo(30) +Bo(8)(r + 3V = 1)) + o(h),

whered, is the coproduct ol g anda, is the image ofain A/hA = Uyg. Since,
by condition 2c of Definition 2.2y — f + (Y is equal tor, |, it belongs to
h®g and since/ and ¢' are right B-invariant, (3 (£« £' — ¢ x £)(a) mod f) =
(@) (—rAy(ag)), which is the Poisson bracket deflnedﬂby)n G/H. This ends
the proof of part c of the theorem.

Since(F mod /) = 1, the reduction modulé of the algebra-module structure
of ((A*)B, ) over (A°PP,A) is that of &, over ((Ug)°PP,A,). This ends the proof
of the theorem. |
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Remark 6 If ((A,A,%),B,F) is a quantization of a quasitriangular Manin pair
(g,1,(, )g:h), and if Fy is an element of B® B), then ((A,A,Z),FF) is a
quantization of the same Manin pair. We observe that theymtodon (A*)B i
independent of such a modification fef

Remark 7 In the case of a Manin quadruplg, g, ,g ,h) whereb is graded for
the Manin triple decomposition (see Remarkrg), ; — oL = — f — (21 belongs
toh® g+ g®bh. The corresponding quantum condition is that

F € 14 h(By® Ay + Ay ® By). 3)

This is the case is [9], wheife belongs taB® A)J = 1+ A(By® A).
When condition (3) is fulfilled, the produstis the restriction tqA*)B of the
usual product oi\*, defined as the dual map 4o

2.4. Relations in(A*)B
It is well known that the matrix coefficients of the represgions of a quasitri-
angular Hopf algebra can be organizedLitoperators, satisfying the so-called
RLL relations. We recall this construction and introduce agads of these matrix
coefficients and of th&LL relations for the algebréA*)B.

Recall that there is an algebra structureddnwhere the product ig, £') — £¢/,
such that for anp € A, (¢4')(a) = (¢ ®¢')(A(a)).

Let ReA) be the category of modules ov&rwhich are free and finite dimen-
sional overC|[A]]. There is a unique map

@VeRep(A)(V* RV) = A" K Ly,

such that for any objeqV, 7t,) in Rep(A), and anyé € V* andveV, £, (a) =
&(m,(a)v), for anya € A. Define CoeffA) to be the image of this map. Then
Coeff(A) is a subalgebra of*. Moreover, there is a Hopf algebra structure on
Coeff(A), with coproductACoeﬁ(A) and couniIECoeﬁ(A), uniquely determined by the
rules
Dcoefita) (Legy) = Izgfgavi ®Lgigys ECOeff(A)(e.,r@v) =¢&(v),

where(v,) and(&') are dual bases &f andV*. The duality pairing betweeA and
A* then induces a Hopf algebra pairing betwé@nA) and (Coeff(A), Coeff(A))
(see [1]).

ForV an object of RefA), defineL,, to be the element of Erfd) ® Coeff(A)

equal toy; k' ® £,., where(k') and (k;) are dual bases of Efd) andV*®V. It
follows from ZA = A'% that the relation

12)y (1 2 2 1 12
RELELE = LR
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is satisfied in Enf//) ® EndW) ® Coeff(A), where the superscripts 1, 2, aad
refer to the successive factors of the tensor product. Mereo

(idy ® Dogrny) (Lv) = L) (1)

holds in EndV) ® Coeff(A)®2, where the superscripts,d and & refer to the
successive factors of this tensor product.

For (V, 7t,) anA-module, we se¥® = {veV|vbe B, 17, (b)(v) = &(b)v}. There
is a unique map

By erenn (V' OVE) = (A8, Kk £y

such that foré € V* andv € VB, 7, (a) = £(r,(a)v), for anya € A. Define
Coeff(A,B) to be the image of this map.

For V an object of RefA), VB is a free, finite-dimensional[[A]]-module.
It follows that the dual oV* ® VB is (VB)* ® V, which may be identified with
HOMy (VB,V). DefineL,, to be the element of Hom,, (VB,V) ® Coeff(A, B)
equal toy,; k' ®£~Ki, where (k') and (k;) are dual bases of Hamy, (VB,V) and
V*®VE.

When (V, ;) and (W, 17y) are objects of Re@), let R,y be the element of
En%[[h]] (V®W) equal to(rt, ® my)(Z), whereZ is the R-matrix of A. Recall

that the twist of%Z by F is % = F(?D%F ~1, and seRg,,\, = (71, ® Ty)(%p).

Proposition 2.1 Coeff(A,B) is a subalgebra ofA*)B. For any objects V and W
in RepA), the relation

127 (1a)7(2a) _ T(2a)7(1a) (1
FW L\(/ ¥ L\(Na) - L\(/va) L\(/ ¥ (R1(3;v),w) z

is satisfied inHomC[[h” (Z,V ® W) ® Coeff(A,B), where Z is the intersection
(VB @WP) NRgy,, (VE@WP). In this equality, the left-hand side is an element of
HoMyp (VB ® WB)V ® W) ® Coeff(A,B), viewed as an element of
HoMy (Z,V @ W) ® Coeff(A,B) by restriction.

Recall that an algebra-comodul&” over a Hopf algebré./,A ) is the data

of an algebra structure ovet” and a left comodule structure & over(«7,A ),
Dy , X — @2, which is also a morphism of algebras.

Proposition 2.2 There is a unique algebra-comodule structure ©@aeff(A, B)
over(Coeff(A),ACoeff(A)), compatible with the algebra-module structure(af)B

over (A°PP A). The relation

(idV ® ACoeff(A,B),Coeff(A)) (EV) - L\(/la)[\(/la’)

is satisfied inEnd(V) ® Coeff(A) ® Coeff(A,B), where the superscripts, a, and
a refer to the successive factors of this tensor product.
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3. Quantization of G, /(G NH)

In this section, we state axioms for the quantization of a iMauadruple, and
show that any such quantization gives rise to a quantizatidghe Poisson homo-
geneous spadd, /(G, NH) constructed in [8] (see Propositions 1.2 and 1.3).

3.1. Quantization of Manin quadruples
Let us fix a Manin quadruplég,g,,g_,b). Recall that(g, g, ,g_,H) gives rise to
a quasitriangular Manin palg,r, (, )4,b), ifwe setr =r; , =3,€ ®¢, where

(¢) and(g) are dual bases gf, andg_.

Definition 3.1 A quantization of a Manin quadruplg, g.,g_,h) is the data of
1) a quantization((A,A, %), B, F) of the quasitriangular Manin pair
(ga rg+,g_v < I >ga h)’
2) a Hopf subalgebra Aof (A,A) such that
a) A, C Ais aflat deformation of g, C Ug,
b) BNA, C A, is a flat deformation of the inclusion@ng,) CUg,,
c) F satisfies

Fole ((ABy+A) ®A+ARAB) N (ABy@A+A® (ABy+A,)).  (4)
It follows from condition 2c¢ of Definition 2.2 and the begingiof the proof of
Proposition 1.2 thatt (F — F(?Y) mod &) belongs tog, ® g, +h®g+g®h =
(h+g,)Q@g+gh)N(Hh®g+gR(h+g,)). Therefore condition (4) is natu-

ral. It is equivalent to the condition th& belong to the product of subgroups
of (A®A)g

(1+A(ABy @ Ag+ Ay @ ABy)) (1+h(AL )@ (As)o) -

Example
Recall that (1) is a graded Manin quadruple. In [9], a quatitin of this quadruple
was constructed for the case where: sl,.

Remark 8 In the case wherg, Nh = 0, which corresponds to a homogeneous
space ovelG, with trivial stabilizer, F automatically satisfies condition (4). In-
deed, in that case, multiplication induces an isomorphsn® B — A, therefore
A=AB,+A,.

3.2. Quantization of (G, /(G NH), PG+/(G+nH))
Let I, be the subspace (ﬂG/H equal toﬁG/H N(Ug,)*. It follows from Lem-
mal.l t.hat0 is an ideal QfﬁG/H, and.that the aIgebnéG+/(G+ﬁH) can be identified
as a Poisson algebra with the quotlﬁg/H/lo.

Let| be the subspace 0A*)B defined as the set of all linear fori®n A such
that/(a, ) = 0 for anya, € A,. Therefore

| = (A")BnAL.
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Theorem 3.1 Assume thaf(A,A,%),A, ,B,F) is a quantization of the Manin
quadruple(g, g, ,g_,h). Then | is a two-sided ideal i(A*)B, the algebra(A*)B/I
is a flat deformation o¥’ and is a quantization of the formal Poisson

G./(G4NH)?
space(G, /(G NH),Ps_ 6, nm)):

Moreover, | is preserved by the action offA and (A*)B/1 is an algebra-
module over(ATPP, A). With this algebra-module structuréd*)B/1 is a quantiza-

tion of the(G, , PG+)—Poisson homogeneous spd€&, /(G, NH), PG+/(G+DH)).

Proof. Let us fix£in | and?' in (A*)B. For anya, in A, we have
(x)(a,) = (e )(A@,)F ) =0

becauseA(A;) C A, ® A, and by assumption (4) of. In the same way,
(¢ £)(a,) = 0. Thereford is a two-sided ideal if/A*)®.

* B . . .
Let us prove thatA*)®/1 is a flat deformation ofﬁ’G+/(G+nH). To this end, we

will identify the C[[A]]-modules(A*)B/I with (A% )A+"B, to which we apply the
result of Theorem 2.1.

Recall thatB, and (A, N B), denote the augmentation ideals®andA, N B.
Thus (A*)B is equal to(A/AB,)*, where AB, is the image of the product map
A®B, — A. In the same way(A* )+ B is equal to(A, /A, (A, NB)y)*. Let us
show that(A*)B/I is equal to(A, /A, (A, NB)y)*. Restriction of a linear form
to A, induces a linear map : (A/AB,)* — (A_ /A, (A, NB)y)*. Moreover, the
kernel ofp is |, thereforep induces an injective map

P (A/ABy)" /I = (A, /A (A, NB)y)".

Let us now show thap is surjective. For this, it is enough to show that the
restriction mago : (A/ABy)* — (A, /A (A, NB),)* is surjective.(A/AB,)* and
(AL /A (A NB)y* are topologically freeC[[7]]-modules, and the map from
(A/ABy)*/I(A/ABy)* to (A, /A, (AL NB)y)*/A(A /AL (AL NB)g)" coincides

with the canonical map fronﬁ’G/H to ﬁG+/(G+ﬂH) which, by Lemma 1.1, is sur-

jective. Thereforep is surjective, and so ip. It follows that (A*+)A+mB is a flat
deformatlgn Of‘ﬁq/(emﬁ)' .
There is a commutative diagram of algebras

(A% = (A)B/I
! !

— 0

o G, /(G4NH)

G/H

where the vertical maps are projectioks—+ X /hX. Since the projection T

ﬁG+/(G+ﬂH) is a morphism of Poisson algebras, wh@@/H and ﬁG+/(G+mH) are
equipped witrPG/H andPG+/(G+mH), the classical limit of A*)B/I is (ﬁGJr/(GerH)’

Pe./(6,nH)):
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Finally, the algebra-module structure(@)? over(A°PP, A) induces by restric-
tion an algebra-module structure O&*)B over (ASPP.A), and sincd is preserved

by the action ofAPP, (A*)B/1 is also an algebra-module ovEk:PP.A). [ |

Remark 9 For u € A%, setYB = uBu! and “F = (u® u)Ag(u)~1F. Let
((A*)"B %) be the algebra-module ovéA°PPA) corresponding tdA, UB,F).
There is an algebra-module isomorphigm ((A*)B, %) — ((A*)"B, %), given by
(iuf)(a) = £(au), for anya € A.

If udoes not lie inA, , there is no reason f@k, N"B to be a flat deformation of
its classical limit, nor foMF to satisfy (4). But, if the conditions of Theorem 3.1
are still valid for (A,"B,"F), the resulting algebra-module oveASPP.A,) can
be different from the one arising froifA, B,F). We will see an example of this
situation in Section 4.1.

Remark 10 In their study of preferred deformations, Bonnesual. studied the
case of quotients of compact, connected Lie groups ([2B.&&0 the article [15]
and references that it cites.

In [5], Donin, Gurevich, and Shnider used quasi-Hopf alget@chniques to
construct quantizations of some homogeneous spaces. vemisgly, they classi-
fied the Poisson homogeneous structures on the semisiniple of a simple Lie
group with Lie algebray,, and constructed their quantizations using Drinfeld’s
seriesF, relating the Hopf algebr&), g, to a quasi-Hopf algebra structure on
U g,[[A]] involving the Knizhnik-Zamolodchikov associator.

In[16], Parmentier also used twists to propose a quantizatheme of Poisson
structures on Lie groups, generalizing the affine Poissoictsires.

4. Examples

In view of Remark 7, we can only find nontrivial applicatiorfstee above results
in the case of a nongradéd In this section, we shall construct quantizations of
some nongraded Manin quadruples.

4.1. Finite-dimensional examples _

Let us setg = sl,(C); let g=n, ®h@dn_ be the Cartan decomposition gf
and let(e,,h,e_) be the Chevalley basis @f son, = Ce, andh = Ch. Let
(, )z be the invariant symmetric bilinear form gnsuch that(h,h)- = 1. Set
g= %3 (%Y), (X,¥))g = (X)— (,Y);. Seta, = {(xX),x € g} andg_ =

{in+&.,-n+&.),& €ny,n €h}. Then(g,g,,g_) is a Manin triple. Let
(e;,h,e_,et,h* et ) be the basis of, such thatx = (x,x) for x € {e,,h,e_},

ej» = (e_-l—?O)’ h* = (ha_h) ande’ = (Ove_—)
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A quantization of the Manin tripl¢g, g, ,g_) is the algebraA with generators
again denotede, ,h,e_, € ,h*,e" ), and relations

[ha e:i:] = ize:l:a [h*aeji:] = 2e*:l:a [ha e*j:] = ize*:ﬁ:a [h*ae:l:] = _z(e:i: - Ze*:l:)a
Q-q" e _d-d "

e |=——7> €l =——7, 16,8 | = ——7, |€,E :07

el = &) =g el = (&€

[ha h*] = Oa e*:te:i: - qize:i:e*:l: = (l_ q72)(e§:)27

where we set| = exp(). We defineA, (resp.,A ) to be the subalgebra &
generated by, ,h,e_ (resp.,€} ,h*,e*). There is a unique algebra mag A —
A® A, such that

Ale,)=e, @q"+1Re,,Ale)=e ®1+q "®e ,A(h)=h®1+1xh,
INCAESCA=T )( —q" (q—q‘1)2e1®e*)’1+1®e1,

Ae)=¢ @1+ (0" e ) (1-qg—q )% e ) ',

A) = (d" )( atag-q )e+®e)lx

x (1-q3%g-g )% ® e*;)_1

ThenA, andA_ are Hopf subalgebras &f and(A,A, ,A_,A) is a quantization
of the Manin triple(g, g, ,g_). The algebrais the Drinfeld double ofA . ,A) and
its R-matrix is

R =exp, (—(a—-q e @e,) e

ECT -1
exp, (—(q—-a Hep®e )
where exgy(2) = 3 s iy and[n! = [y (1+ G+ + 62 2).

Let us fixa € C and defmeha to be the subalgebra Aef™)(g, ) of g. The
linear spacé), is spanned by ande, + B¢, wheref = €*9 — 1. Whenf3 # 0,
(9,984,895, ha) are nongraded Manin quadruples. We now ass@n#e0.

Here are quantizations of these Manin quadruples. Let upalBfj to be the
subalgebra oA generated by ande, + B¢, . Let us set

exp, (—(9—a e 2
expe (—(a-a74)2)

Proposition 4.1 ((A,A,Z%),A.,Bq,Fy) are quantizations of the Manin quadru-
ples(gagiagxa ha)

Proof. We haveB, N A, = C[h|[[A]], andBy NA_ = C[[A]]. Let us seu, = e
Then A(ug) = F*(Ug ® Ug)(F*)~1, whereF* = equz(—(q —qghe ee). It

follows thatFy = (ug ® Uq)A(Ug) ™1, which implies thate, satisfies the cocycle
identity.
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Moreover,B, = ugA, Uy, thereforeF,A(By)F;t C BE2. In fact, A equipped
with the twisted coproducE,AF; ! is a Hopf algebra, and thuB, is a Hopf
subalgebra ofA, F,AF; 1),

Let us now show thak, satisfies both condition (4), and the similar condition
whereA, is replaced byA_. This follows from the conjunction of

AUg) € (14 KAL), ® (AL)o) (Ug ®Ug) (1+ A (AL),) (5)
and

Aug) € <1+ h(AL)o® (A—)o) (Ug ® Ug) (1+ h(A+)0®A0) . (6)
Then

A(Ug) = F'(Ug ® Ug) (F') ™ = F"(ug ® ug ) (F") 4, (7)
where
F'=exp,(—(a-q e, ®e ), F"=exp,(—(q—q')e, @e).

The first equality of (7) proves (5), and the second one pr&es [ |

One may expect that the algebra-module q\ﬁé’fp, A) constructed by means
of (A/A,Z),A,,By,Fy) in Theorem 3.1 is a formal completion of the function
algebra over a Podles sphere ([17]).

Remark 11 One shows that fok € A_, A(X) = F*A(x)(F*) 1, whereA is the
coproduct orA_ defined byA(e}) = & @ " + 1oe;, A(d™) = " ®q, and
Z(ei) =¢ ®1+d" ®e. The completion of the Hopf algebr@ ,A) with
respect to the topology defined by its augmentation idealildhioe isomorphic
to the formal completion at the identity of the quantum cawaite ring of SL,.
The Hopf algebraA was obtained by a method similar to that of Drinfeld’s “new
realizations”.

4.2. The case of loop algebras

Let us return to the situation of the Manin quadruple (1),ha tase wherez”

is a field of Laurent series ariflis a ring of functions on an affine curve. In this
situation, one can consider the following problems.

1) If the double quotienG, \ G/H is equipped with the zero Poisson struc-
ture, the projectiorG/H — G, \ G/H is Poisson. The ring of formal functions
on this double quotient |é’G+\G/H =(Ug/((Ug)h+g, Ug))". On the other hand,
(A")A-B={re A*|Va, e A_,beB,l(a,ab) =£(a)e(a, )e(b)} is a subalgebra of
(A*)B. Itis commutative because tRematrix Z of (A,A) belongs tqA| @ A )
and the twistedR-matrix F (?Y22F 1 belongs tqB® A)X (see [9]).

It would be interesting to describe the algebra inclugiah)”+8 c (A*)B, to

see whether it is a flat deformation zﬁG \G/H and when the level is critical,
+



QUANTUM HOMOGENEOUS SPACES AND QUASIHOPF ALGEBRAS 121

to describe the action of the quantum Sugawara field by commoperators on
(A*)A+B and(A*)B. These operators could be related to the operators cotesiruc
in [10].

2) For g fixed in G, let 9 denote the conjugatgxg' of an elementx
in G by g. One would like to describe the Poisson homogeneous spaces
G./(GLN%H), and to obtain quantizations of the Manin quadrugples_. , g-,%).
A natural idea would be to start from the quantization of thanwi quadruple
(9,984,095, h) obtained in [9], and to apply tB a suitable automorphism éfwhich
lifts the automorphism A@) of Ug.

We hope to return to these questions elsewhere.

References

1. Andruskiewitsch, N.: Some exceptional compact matrirugegroups,Bull. Soc. Math.
France120(1992), 297-325.

2. Bonneau, P., Flato, M., Gerstenhaber, and M., PinczonT&e hidden group structure of
quantum groups: strong duality, rigidity, and preferretbdmations,Comm. Math. Physl61
(1994), 125-156.

3. Dazord, P. and Sondaz, D.: Groupes de Poisson affines,Dazerd and A. Weinsten, (eds.),
Symplectic geometry, groupoids, and integrable systemkéBy 1989)Math. Sci. Res. Inst.
Publ., 20, Springer-Verlag, New York, 1991.

4. Delorme, P.: Sur les triples de Manin pour les algebeuctives complexes, preprint
math/9912055.

5. Donin, J., Gurevich, D., and Shnider, S.: Double quatitinaon some orbits in the coadjoint
representations of simple Lie grouggzmm. Math. Phy£04(1999), 39-60.

6. Drinfeld, V.: Quantum groups, irProceedings of the International Congress of Mathemati-
cians (Berkeley 1986 Amer. Math. Soc., Providence, RI, 1987, pp. 798—-820.

7. Drinfeld, V.: Quasi-Hopf algebrakeningrad Math. J1 (1990), 1419-1457.

8. Drinfeld, V.: On Poisson homogeneous spaces of Poisgagrbups,Theoret. and Math. Phys.
95(1993), 524-525.

9. Enriquez, B. and Rubtsov, V.: Quasi-Hopf algebras aasediwithsl, and complex curves,
Israel J. Math.112(1999), 61-108.

10. Enriquez, B. and Felder, G.: Commuting differential difterence operators associated with
complex curves Il, preprint math/9812152.

11. Etingof, P. and Kazhdan, D.: Quantization of Poissoelaigic groups and Poisson homoge-
neous spaces, in: A. Connes, K. Gawedzki, and J. Zinn-Justis.),Symétries quantiques
(Les Houches 1995North-Holland, Amsterdam, 1998, pp. 935-946,

12. Karolinsky, E.: A classification of Poisson homogenegpaces of compact Poisson-Lie
groups,Dokl. Math, 57 (1998), 179-181. See also math/9901073.

13. Lu, J.-H.:Multiplicative and affine Poisson structures on Lie group#.D. thesis, Univ. of
Berkeley, 1990.

14. Lu, J.-H.: Classical dynamicaimatrices and homogeneous Poisson structureS/ah and
K/T, preprint math/9909004.

15. Noumi, M.: Macdonald’'s symmetric polynomials as zonphesical functions on some
guantum homogeneous spackdy. Math.123(1996), 16-77.

16. Parmentier, S.: On coproducts of quasi-triangular HadgébrasSt. Petersburg Math. B
(1995), 879-894.

17. Podles, P.: Quantum spherestt. Math. Phys14 (1987), 193-202.






