QUASI-POISSON MANIFOLDS
A. ALEKSEEV, Y. KOSMANN-SCHWARZBACH, AND E. MEINRENKEN

ABSTRACT. A quasi-Poisson manifold is a G-manifold equipped with an invariant bivec-
tor field whose Schouten bracket is the trivector field generated by the invariant element
in A3g associated to an invariant inner product. We introduce the concept of the fu-
sion of such manifolds, and we relate the quasi-Poisson manifolds to the previously
introduced quasi-Hamiltonian manifolds with group-valued moment maps.

1. INTRODUCTION

This paper is a sequel to [1], in which the notion of a quasi-Poisson manifold was
introduced. While the purpose of [1] was to obtain a unified picture of various notions
of “generalized moment maps” and their properties, the current article is devoted to a
closer examination of a particular type of quasi-Poisson manifolds, defined as follows.

Let GG be a Lie group, whose Lie algebra g is equipped with an invariant inner product.
From the Lie bracket and the invariant inner product, one obtains an invariant element
¢ € N3g, the Cartan 3-tensor of the Lie algebra with an invariant inner product. The
quasi-Poisson manifolds studied in the present paper are G-manifolds M together with
an invariant bivector field P, such that the Schouten bracket [P, P| equals the trivector
field ¢ generated by ¢. Of particular interest are the quasi-Poisson manifolds admitting
a moment map, ® : M — G (see Definition 2.2 below). The triple (M, P, ®) will then
be called a Hamiltonian quasi-Poisson manifold.

The basic example of a Hamiltonian quasi-Poisson G-manifold is M = G, where G
acts by conjugation, and the moment map is the identity map. As we will explain in
this paper, there are many parallels between this example and the usual linear Poisson
structure on the dual of a Lie algebra. In particular, in analogy with the coadjoint orbits,
all the conjugacy classes in G are quasi-Poisson submanifolds with a “non-degenerate”
bivector field. Other examples are obtained using the methods of “fusion” and “expo-
nentiation” introduced in this paper. As an application, we will show how to construct
the usual Poisson structure on the representation variety, Hom(m (2), G)/G, for any ori-
ented surface with boundary, 3, by reduction of a quasi-Poisson structure on a fusion
product of several copies of G.

One of the main results of this paper states that every Hamiltonian quasi-Poisson
manifold has a generalized foliation, the leaves of which are non-degenerate Hamiltonian
quasi-Poisson manifolds. Furthermore, every non-degenerate Hamiltonian quasi-Poisson
manifold (M, P, ®) carries an invariant 2-form w such that (M, w, ®) satisfies the axioms

of a quasi-Hamiltonian G-manifold with group-valued moment map, as introduced in [2].
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Conversely, every such manifold carries a non-degenerate quasi-Poisson structure with
moment map P.

In a recent paper, T. Treloar [8] has applied the concept of a Hamiltonian quasi-Poisson
manifold developed here to study the symplectic geometry of spaces of polygons on the
3-sphere.

The organization of the paper is as follows. In Section 2 we give the definition of
quasi-Poisson manifolds and of moment maps for Hamiltonian quasi-Poisson manifolds.
Section 3 describes the fundamental examples of M = G with the action by conjugation,
and of the conjugacy classes in G. Section 4 contains the definitions of the quasi-
Poisson cohomology and of the modular class of a quasi-Poisson manifold. In Sections 5
and 6, we study the fusion and reduction of quasi-Poisson manifolds. In Section 7, we
show how to construct Hamiltonian quasi-Poisson manifolds out of Hamiltonian Poisson
manifolds using the process of exponentiation. In Section 8 we define a generalized
dynamical r-matrix and we prove the cross-section theorem, which is our main technical
tool. Using this result, we show, in Section 9, that every Hamiltonian quasi-Poisson
manifold is foliated into non-degenerate leaves. In Section 10 we prove the equivalence
of the notion of a non-degenerate Hamiltonian quasi-Poisson manifold with that of a
quasi-Hamiltonian manifold in the sense of [2], and we apply this result to describe the
Poisson structure on the representation variety, Hom(m;(X),G)/G. In Appendix A we
explain the relation between the quasi-Poisson bivector on the group G and the Poisson
bivector on the dual of the Lie algebra of the central extension of the corresponding loop
group LG. In Appendix B, we prove that the new r-matrix introduced in Section 8 is
indeed a solution of a generalized classical dynamical Yang-Baxter equation.

NOTATIONS

Let G be a Lie group with Lie algebra g. Although many of the results of this paper hold
for non-compact Lie groups, we shall assume for simplicity that G is compact. For any G-
manifold M and any £ € g, the generating vector field of the induced infinitesimal action
is defined by & (m) = £|,_ exp(—t€).m, for m € M. The Lie algebra homomorphism
g— C®(M;TM), £ — &y, extends to an equivariant map,

(1) A'g — C®(M;N\NTM),

preserving wedge products and Schouten brackets.! More generally, for any function
a € C*(M,N*g), we denote by ays the multi-vector field, ay(m) = (a(m))ar(m).
IWe briefly recall the main properties of the Schouten bracket:
[, ] = — (1)~ DUIPID5, q],
[, [8,7]] = [[ov, B8], 7] + (=1) 170D, [a, 4]],

[0, 8 AN = [, ] Ay + (=) 1 DEIB A [, ).
For any vector field X, the bracket [X, @] is just the Lie derivative.
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If P is a bivector on M, then P* denotes the induced map from differential forms to
vector fields, with the convention P*(a)(b) = P(a,b), for 1-forms a and b.

We shall denote the left- and right-invariant multivector fields on G' generated by an
element 8 € A*g by #% and 8% € C®(G; A*TG) respectively. The vector fields £& for € €
g are the generating vector fields for the right action, (g,m) € GXG+— gm=mgt e G
and —¢F are the generating vector fields for the left action, (g, m) — g.m = gm.

Our definitions involve the choice of an invariant inner product (positive definite, non-
degenerate symmetric bilinear form) on g, which we also use to identify g* with g. We
denote the inner product by a dot. Using the inner product, one can define the canonical
invariant skew-symmetric 3-tensor on g, sometimes called the Cartan 3-tensor. In terms
of an orthonormal basis (e,) of g, this canonical element, ¢ € Ag, is given by

1
(b = Efabcea A €b A €,

where fu. = € - [ep, €c] are the structure constants of g. Here and below, we take the
sum over repeated indices. (Normalizations for the element ¢ vary in the literature.)

We denote by 6% the left-invariant Maurer-Cartan form on G, and by 6% the right-
invariant Maurer-Cartan form. Let 2 and 6% be the components of the Maurer-Cartan
forms in the basis (e,). Then ¢(e£)0L = 6, and o(ef)OF = §4p. If A: g — g is a linear
map, we define its components by Ae, = Agpe,. This gives (adg)wp = — fancée, for € € g.
Also, at a point g € G, eff = (Ady)wef, and 0F = (Ad,)a.07.

2. QUASI-POISSON MANIFOLDS

Recall that a Hamiltonian Poisson G-manifold is a triple, (M, Py, ®,), consisting of
a G-manifold M, an invariant Poisson structure P,, and an equivariant moment map
&y : M — g* satisfying the condition,

(2) Pg(d@o,@) =&m »

for all £ € g. The simplest example of a Hamiltonian Poisson G-manifold is M = g* with
its linear Poisson structure and the coadjoint action; the identity map is then a moment
map.

In this paper we will study a notion of Hamiltonian quasi-Poisson G-manifold, for
which the moment map takes values in the group G itself. The terminology “quasi” is
motivated by the relation to quasi-Poisson Lie groups (see [1]), which are the classical
limits of quasi-Hopf algebras. For any G-manifold M, the Cartan 3-tensor ¢ correspond-
ing to an invariant inner product on g gives rise to an invariant trivector field ¢;; on

M.

Definition 2.1. A quasi-Poisson manifold is a G-manifold M, equipped with an invari-
ant bivector field P € C°(M; A>T M) such that

(3) [P, P] = du-
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We note that if the group G is Abelian, P is a Poisson structure in the usual sense.
We denote by {f, g} = P(df,dg) the bracket defined by P. It does not in general satisfy
the Jacobi identity; instead

{fu, o} o3 + {Hfo, f53, i} + {H{fa, fi}, fo} = 26m(d fi, dfo, dfs).

An equivariant map F': M — N between quasi-Poisson G-manifolds (M, P) and (N, Q)
will be called a quasi-Poisson map if {F* f1, F* fo} = F*{fi, fo} for all f, fo € C*°(N,R).
Equivalently, F,(P,,) = Qp(m) for all m € M.

To motivate the moment map condition for quasi-Poisson manifolds, we observe that
the moment map condition for Poisson manifolds (2) is equivalent to,

(4) PS(d(®51)) = (®5(Dof))a

for all functions f € C*(g*,R). Here Dyf is the exterior differential of f, viewed as
a g-valued function on g*. Equivalently, D, is the g-valued differential operator on g*
such that (Dof), = % in a basis (e,) of g, defining coordinates £, on g*. Equation (4)
becomes

(5) Py f) = ap (Y

a—é_a)(ea)M.

In the non-linear case, we assume that the basis (e,) is orthonormal and we replace Dy
by the g-valued differential operator D on GG, with components

1
(Df)a = 5(65 + eaR)f -
We note that D, unlike Dy, depends upon the choice of the inner product on g.

Definition 2.2. An Ad-equivariant map ® : M — G is called a moment map for the
quasi-Poisson manifold (M, P) if

(6) PHA(®"f)) = (2*(Df)u ,

for all functions f € C*°(G, R). The triple (M, P, ®) is then called a Hamiltonian quasi-
Poisson manifold.

In the basis (e,), the moment map condition (6) reads
* 1 *
(7) PHA(@f)) = 50 ((eg + eg) f) (ea)nr -
The following Lemma gives an equivalent version of the moment map condition.

Lemma 2.3. Let (M, P) be a quasi-Poisson G-manifold. An Ad-equivariant map @ :
M — G is a moment map if and only if

(8) PH®"0R) = %(1 + Ada)u(es) .
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Proof. First suppose that ® satisfies (8). Using df = (eZf)0E, we find that
1
PHA(®"f)) = §¢*(€5f)(1 + Ads)ab (€5)rr -

Equation (7) follows since e = (Ad,)sep. The converse is proved similarly, since, for
all g € G, one can always find f € C*°(G,R) such that df = 0% at g. O

The definition of a moment map for a quasi-Poisson manifold can also be cast in the
more invariant form,

) PH* (07 €)) = 5((1+ Adg-)E)ar

for all ¢ € g, from which it is clear that Definition 2.2 coincides with the definition given
in [1].

3. EXAMPLES: THE LIE GROUP AND ITS CONJUGACY CLASSES

The basic example of a Hamiltonian quasi-Poisson manifold is the group G itself. Let
1 € A*(g @ g) be the element

1
(10) V=i,

where the superscripts refer to the respective g-summand. A straightforward calculation
shows that the Schouten bracket of v is the following element in A3(g @ g) ,

1
[¢7¢] = Zfabc(elll A 6; A 63 + 6; N 6(% A 63)

In terms of the map diag : A*g — A®(g & g), induced by the diagonal embedding
g — g g, this can be written

(11) [v, 9] = diag(¢) — ¢' — ¢,

where ¢ is the Cartan 3-tensor of g. Consider the map g ® g — C®(G;TG), (£}, &%) —
(€2)F — (€1)® given by the generators of the G X G-action on G, where the first G-factor
acts by the left action and the second G-factor by the right action. The image of —1
under the extended map A*(g @ g) — C®°(G; A*T'G) is the bivector field on G,

Pe = lef Aek .
2
When the action map is composed with the diagonal embedding of g in gébg, the elements
of g are mapped to the vector fields generating the conjugation action. We denote this
infinitesimal action, and its extension to A®g, by & — &g. Therefore, Equation (11) yields

[Pg, Pg] = ¢ — ¢ + ¢
Since ¢ is Ad-invariant, ¢* equals ¢® and therefore

[Pe, Pl = ¢¢ -
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This proves the first part of

Proposition 3.1. Let M = G, with G acting on itself by conjugation, and let Pg be the
bivector field

1
(12) Pg = éef Aek.

Then (M, Pg) is a Hamiltonian quasi-Poisson G-manifold with moment map ® : M — G
the identity map.

Proof. It remains to verify the moment map condition (7), which in this case is

(13) PE(AS) = 3 ((ek + eF)ens:

From the definition of Pg we obtain,

PE(Af) = (el F)ek — ek ek

These two expressions differ by (eX f)el — (eZf)eft , which vanishes by Ad-invariance of
the inner product. O

Remark 3.2. In Appendix A, we shall give a heuristic derivation of the bivector field Pg
as a quotient of a formal Poisson bivector P 14+ on the dual of the loop algebra Lg of g.

It is well-known that for any Hamiltonian Poisson manifold, the moment map is a
Poisson map with respect to the linear Poisson structure on g*. Similarly

Proposition 3.3. Let (M, P) be a Hamiltonian quasi-Poisson G-manifold with moment
map ® : M — G. Then ® is a quasi-Poisson map.

Proof. Using (6) and (12) we find that
@.PH0"df) = @.(®"(Df))x = (Df)g = Pe(df),
for all f € C*°(G, R). This shows that ®,P = Pg. O

To compare the bivector field Pg to the linear Poisson structure Fy4 on g = g*,
consider the Taylor expansion of Pg near the origin, using the coordinates provided by

the exponential map, exp : g — G. Let v(s) = =2 =1+ 3 + O(s?). The operator
v(ade) : g — g is well-defined for £ small, and
0 0
(14) eq = (v(ade))a %, eq = (v(ade))ca 7€,
where -2 are the coordinate vector fields. Therefore,

0a

1 0 0 1 0 0
Fo = =5 (ed0) ) g, " g, = ~3ade)e g A g, + OUEID):
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showing that the linearization of Pg is the linear Poisson structure,

1 0 0 1 0 0
15 Pyg = =farcle =— N — = —=(ad¢)ep — N =—.
(15) ba = ek e, " g, = 21w g, Mg
Proposition 3.4. For every conjugacy class C C G, the bivector field Pg on G is tangent
to C. Thus C is a quasi-Poisson manifold, with moment map the embedding ® : C — G.

Proof. By Equation (13), P% : T*G — TG takes values in the image of the action
map g — TG, & — &. Equivalently, Pg is tangent to the orbits for the conjugation
action. O

Example 3.5. Let o : G — G be a non-trivial involutive automorphism of GG, with fixed
point set G?, and M = G/G the corresponding symmetric space. Let € be the generator
of Zs, and define the semi-direct product G = Zy X G such that eg = o(g) €. The action
of G on M extends to an action of G, by €.(gG?) = 0(g)G?, and the map

O: M —Zyx G, gG° > (e,0(9)g7Y)

is a é—equivariant diffeomorphism from M onto the conjugacy class of the element
(e,e) € G. Thus every symmetric space carries the structure of a quasi-Poisson mani-
fold. Remark 3.6 below shows that Py, = 0, since each element of the form (¢, 0(g)g )
squares to the identity element.

To obtain a more explicit description of the bivector field on a conjugacy class C,
identify the tangent space T,C at g € C with g, where g, = {¢ € g| Ad, & = £} is the
Lie algebra of the stabilizer of g. The operator Ad, —1 is invertible on ggL. Using this
inverse, we consider

Ad, +1

(R

We will view this as a linear operator on g acting trivially on g,. We claim that the
bivector Pg at the point g € G can be written

L 1/Ady 1,
(16) Pe = Z(Adg — I:% )ab (ea)a A (ev)c

showing explicitly that P is tangent to the orbits. Indeed,

95):8r — ;-

1 1
Po = J(Adg-1 —Adg)aes A€y = 7(Ady+1)ep(Adg-t —1)aceq A ey
1 1
= Z(Adg +1)p(Ady —1)0€X A ey = _Z(Adg +1)aw(ed)a A e .
which yields (16), since e = (((1 — Adg)|g;) " )as(es)c-
Notice that, in analogy to (16), the linear Poisson bivector P 4 at the point { € g can
be written

(7) Pug = 5 ((adela) Mar(ea)s A (@)
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where G acts on g by the adjoint action.

Remark 3.6. Equation (16) also show that Pg vanishes at those points g € G for which
all eigenvalues of Ad, are +1 or —1. That is, Pg vanishes at g if ¢* is contained in the
center of G.

4. QUASI-POISSON COHOMOLOGY

On a Poisson manifold (M, P), the graded algebra of multivectors, C*®°(M;A\*TM),
with the differential dp = [P, - ], is a complex. In fact, since
d3 = [[P,P], - |, the property [P, P] = 0 ensures that dp squares to zero. The coho-
mology of dp is called the Poisson cohomology of (M, P).

Let (M, P) be a quasi-Poisson G-manifold. Then, dp := [P, - | defines an operator
on the space of multivectors. Its square is in general non-vanishing, d% = %[(bM, - .
However, when restricted to the subspace of G-invariant multivectors, C*(M; A*TM)¢,
dp becomes a differential.

Definition 4.1. Let (M, P) be a quasi-Poisson G-manifold. The quasi-Poisson coho-
mology of (M, P) is the cohomology of the differential dp = [P, - ] on the space of
G-invariant multivectors, C®(M; A*T M)C.

Let M be an orientable manifold and let *, be the isomorphism from multivectors
to differential forms on M defined by a volume form, p. The de Rham differential on
the space of differential forms, d , translates into the operator 9, := — %, Lod o %, on
multivectors, called the Batalin-Vilkovisky or BV-operator. The BV-operator, d,, is a
generator of the Schouten bracket on C'*®(M; A*T M), that is,

[, 8] = (=1)1*/(Ou(@ A B) = (due) A B — (=1)*a A (9,0)) ,

where || is the multivector degree of . Since, moreover, the BV-operator is of square 0,
it is a (super-) derivation of the Schouten bracket, d,[a, 8] = [0,, 8]+ (—1)1%~[a, 9,1].

Lemma 4.2. Assume that p is a G-invariant volume form on a G-manifold M. Then,
the map N°g — C°(M; N*T M) induced by the G-action on M, & — &, is a homomor-
phism of complexes with respect to the Lie algebra homology operator, 0 : A®g — A* g
and the BV-operator, 0,.

Proof. The map & — &7 is a homomorphism with respect to both the exterior product
and the Schouten bracket. Moreover, the operator 0 is a generator of the Schouten
bracket on A®g. Hence, it is sufficient to prove the property 0,6u = (0)n on the
elements of degree 1. For all £ € g, 9¢ = 0. To compute 9, = — *;1 od o *,&u , we
consider

d(*u&n) = de(Ean)e = L(Em) e

where ¢ denotes an interior product and £ a Lie derivation. Since p is G-invariant,
L(&r)pe = 0, whence 0,,(€ar) = 0, which shows that 0,(§y) = (0§)m, for all§ € g. O
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We define the modular vector field on a quasi-Poisson G-manifold (M, P) with given
G-invariant volume form p by the formula, X, := 0, P.

Proposition 4.3. For any G-invariant volume form p on the quasi-Poisson G-manifold
(M, P), the modular vector field X,, is G-invariant and a cocycle with respect to dp. The
quasi-Poisson cohomology class of X,, is independent of the choice of p.

Proof. Since the BV-operator is a derivation of the Schouten bracket, for each ¢ € g,
v, X4 = [€mr, 0, P) = 0u[ém, P] — [0uém, P] = 0. Moreover, dp X, = [P,0,P] =
%Gqu)M. The element ¢ defines a cycle in Lie algebra homology. Hence, we obtain
au¢M = (8(}5)]\/1 =0 and dPXM =0.

Choosing i = fu with f a positive G-invariant function on M, one obtains the new
BV-operator, 0; = 0, — ¢(d(In f)). The modular vector field also changes,

Xp = X, — d(In f))P = X, + [PIn(f)] = X, + dp(in f).

We conclude that the class of X, in the quasi-Poisson cohomology is independent of the
choice of p. O

We refer to the class of X, in the quasi-Poisson cohomology as the modular class of
the quasi-Poisson G-manifold (M, P). This definition extends the standard definition of
the modular class of a Poisson manifold [10].

Proposition 4.4. The modular class of the quasi-Poisson G-manifold (G, Pg), where
Pg is defined by Formula (12), vanishes.

Proof. Let p be the bi-invariant volume form on G defined by the basis (e,) of the Lie
algebra g. Then, X, = 0,Pg = — ;' d *, Pg, where ,Pg = ju(ef)i(el)p. Applying

the de Rham differential yields

du(eg)uleg)n = Lleg)eleq)n — tleq)de(es)u
= tleg)L(eg)n — tleg)L(eg)u =0,

a a a

since e and el commute, and since u is both left-and right-invariant and closed. This
implies X, = 0. U

5. FUSION OF QUASI-POISSON MANIFOLDS

Any Hamiltonian Poisson G x G-manifold becomes a Hamiltonian G-manifold for the
diagonal G-action, with moment map the sum of the moment map components. For
Hamiltonian quasi-Poisson manifolds a similar statement is true using the product of the
moment map components. However, it is necessary to change the bivector field. In this
section H is a compact Lie group with an invariant inner product, possibly H = {e}.

Proposition 5.1. Let (M, P) be a quasi-Poisson G x G X H-manifold. Then
(18) Pfus =P -9y,
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where Py is the image of (10) under the G x G-action map, defines a quasi-Poisson
structure on M for the diagonal G x H-action. Moreover, if (®',®%,¥) : M — GxGxH
1s a moment map for the G X G x H-action, the pointwise product

(0102, W)
s a moment map for the diagonal action.

Proof. The trivector field for the G x G-action is the sum of the trivector fields ¢}, and
@3, for the two G-factors. By assumption, P is G x G-invariant and [P, P] = ¢}, + ¢32,.
Therefore [P, 4] = 0, and using Formula (11) we obtain

[P - wMup - le] = ¢}\J + Qﬁw + WM;le] = (dlag(¢))M = (Ji\/i.fag ’
diag

where ¢}, is the image of ¢ under the map (1) extending the infinitesimal diagonal
action of G on M.
Now suppose that the action is Hamiltonian. For any maps ® and ®? from M to G,

(@' 0?)*0F = (Adg1)a (D)0 + (D)*0F.
This relation together with the moment map property,
. 1 .

ICONAE 5 (1 + Adsi)a(en)iy

for 2 = 1,2, implies,
1 1
PH(®'®?)*9R) = 5(1 + Adg1)ac(ee) iy + §(Adq>1)ab(1 + Adg2)pe(ec)3y -

By equivariance of ® | ((®%)*0%, (e;)i,) = (Adgi —1)ap , and therefore,

1 1

Yar((@10%)07) = S ((Adsn)w(1 — Ad2)uc(ec)is + 5 (=1 + Adat)ae(ec)ls

We obtain 1

P, (@102)08) = (1 + Adsias)w((e0)s + (e0)3)
which is the moment map condition for the diagonal action. g

Ezample 5.2. Let M = G, viewed as a G' X G-space for the action defined by (g1, g2).a =
giag, *. The trivector field for this action is ¢y = ¢¥ — ¢® = 0, hence P = 0 defines a
quasi-Poisson structure. The diagonal action is the conjugation, and the quasi-Poisson
structure Py, is defined by the bivector field, Py, = 3ef A el | introduced above. We
remark that the G x G-action on M = G does not admit a moment map. (However, one
can view G as a symmetric space G X G/G for the involution o(a,b) = (b,a) of G X G,

and as such it is a Hamiltonian quasi-Poisson Zy X (G X G)-manifold by Example 3.5.)
Ezample 5.3. Let M = D(G) := G x G with G x G-action
(91, 92)-(a1, a2) = (910195 ", 920297 ") ,
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and bivector field
1
(19) P= 5(6(11’]“ A ez’R + ecll’R A ei’L).

Then (D(G), P) is a quasi-Poisson G x G-manifold obtained from G x G, viewed as a
G*-space, by fusing two pairs of G-factors. A simple calculation shows that (ai,as) —
(a1a2,a; *a, ") is a moment map.

Example 5.4. By fusing the two G-factors acting on the Hamiltonian quasi-Poisson man-
ifold D(G) of Example 5.3, we obtain a Hamiltonian quasi-Poisson G-manifold, where G
acts by conjugation on each factor of G x GG, and the moment map is the Lie group com-
mutator, (ay,as) — [a1,a2] = ajasa; "as'. We denote this Hamiltonian quasi-Poisson
G-manifold by D(G).

If M, and M, are quasi-Poisson GG-manifolds, we denote their direct product with
diagonal G-action and bivector field (P, + P)sys by My ® M,. We remark that the two
projection mappings, My ® My — M; (j = 1,2), are quasi-Poisson maps.

Propositions 5.1 and 3.3 have the following consequence:

Corollary 5.5. The group multiplication, Multg : G ® G — G, (g1,92) = 9192 , is a
quasi-Poisson map.

Proof. Since the identity map is a moment map for (G, P), Proposition 5.1 shows that
Multg is a moment map for G ® G. Hence it is a quasi-Poisson map by Proposition
3.3. O

Proposition 5.6. For any quasi-Poisson manifold (M, P), the action map
A:G®M —- M, (g,m)— gm

1 a quasi-Poisson map.

Proof. Since P is G-invariant, A,P = P. To compute A,Pg we observe that A,ef =

—(eq) s, since —el is the vector field generating the left action on G, and A is equivariant
with respect to this action. Thus

1
A,Pg = =5 (Ady)an(ea)as A (es)ar.

Finally, since A, (e,)nm = (Adg-1)as(€s) s, we obtain

A*(—%(ef—ef)/\(ea)M) = %(Adg—l —1)ap(Adg=1)ac(e) (€)1 = %(Adg)ab(ea)MA(eb)M

which cancels the term A, Pg. O

It is evident that the fusion operation is associative. Given a Hamiltonian quasi-
Poisson G X G x G x H-manifold M, we can begin by fusing the last two G-factors, or
the first two G-factors. The G x H-equivariant bivector fields on M thus obtained are
identical. In the following sense, fusion is also commutative.
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Proposition 5.7. Let (M, P, (®',®% W)) be a Hamiltonian quasi-Poisson G x G x H-
manifold. Let

R: M — M, mw (e, (m),e).m

be the action of the second G-factor by the value of the first moment map component.
Then R is a diffeomorphism, with properties

(20) R (3%01) = 3192
and
(1) Ru(P — 56 A (ea)he) = P = 5(ea)b A (el

Proof. Equation (20) follows by equivariance of the moment map,
R*(®°®') = R*(®*)R*(®') = Adg:1 (9?) O' = &'0? .

To prove (21), write R as the composition of two maps, R = Ry o R; , where R; : M —
G x M,m — (®*(m),m), and Ry : G x M — M is the action map A% of the second
G-factor. The tangent map to R; is defined by

(R1):(X) = ()"0, X)eg + X .
In particular, (Ry).(eq))y = (€a)y + (Adar)-1 —1)apep’ and (Ry).(eqa)3; = (€a)3s» so that

1 1 1
i(Rl)*(ea)}M A (et = i(ea)}vf A (ea)ds — §(Ad(<1>1)—1 ~1)ap(€a)hs Ay -

We now use the fact that (R»).(e.)}; = (eq)}; and (Ry).(ef) = —(e,)%, , and the relation
(R2)«(€a)3s = (Ady-1)as(es)3,- We find that

1 1

§(Ad(¢>1)—1)ab(€a)}u A (es)nr + 5 (Ad@n)-s —1)av(€a)ar A (€0)2s
1 1

= —5(Ada)as(ea)is A (€0)3 = 5 (Adat)an(€a)ts A (€0)3s-

On the other hand, (R;),P is the sum of P, of (®!),P = Pg, and of cross-terms which
can be found by pairing this bivector with #% and using the moment map condition. The
result is

1 1 2 _
SRR ek A (el =

1
(Ry)«P=Pg+ P+ 5(1 + Adgt)ay €F A (1)}

We next apply (Rs), to this result. The push-forward of P and of Pg are obtained as in
the proof of Proposition 5.6, and we obtain

1 1
(RyRy),P =P — §(Adq,1)ab(ea)?w A (ep)is — 5(1 + Adg1)as(ea)is A (€0)3y

Equation (21) is now obtained by subtracting the expression for R, (eq)j; A (€q)3, from

that for R, P. |
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6. REDUCTION OF HAMILTONIAN QUASI-POISSON MANIFOLDS

If (M, P,) is a Poisson G-manifold, and M, the open subset of M on which G acts
freely, the quotient M, /G carries a unique Poisson structure such that the quotient map
is Poisson. If the action is Hamiltonian with moment map ®, : M — g*, then ®; has
maximal rank on M,, and for every coadjoint orbit, @ C g*, (®;'(O) N M,)/G is a
smooth Poisson submanifold of M,/G. More generally, if M,, denotes the subset where
the action is locally free, i.e., the stabilizer groups are finite, M,./G is a Poisson orbifold
and (®;'(0)N M,,)/G is a Poisson suborbifold of M,,/G. The space My := ®;(0)/G
is called the reduced space. For the orbit of 0 € g* , we also use the notation M//G :=
3,'(0)/G.

Similar assertions hold for a quasi-Poisson manifold (M, P). Since ¢, vanishes on
invariant forms, the space C®°(M,R)¢ of G-invariant functions is a Poisson algebra
under {-,-}. Therefore M, /G is a Poisson manifold in the usual sense.

Theorem 6.1 (quasi-Poisson reduction). Let (M, P, ®) be a Hamiltonian quasi-Poisson
manifold. Then ® has mazximal rank on the subset M,, where the action is locally free.
For each conjugacy class C C G, the intersection of M = ®~(C)/G with M,/G (resp.,
M../G) is a Poisson submanifold (resp., suborbifold).

Proof. Suppose that the action is locally free at the point m € M. To prove that ® has
maximal rank at m, we need to show that the equation ®*(6%-£)(m) = 0 does not admit,
a non-trivial solution £ € g. Let £ € g be any solution of this equation. By equivariance
of the moment map,

0= (®*(07 - &), mar) (m) = (Adgpy-1 —1)E -1
for all n € g. Hence, Adg(m)-1 & = &, and the moment map condition (9) shows that

0= PL(®*(6%-€)) = &m(m).
Since the action is locally free at m, this implies £ = 0.

Because @ is of maximal rank on M,,, ®~1(C) N M,, is a smooth submanifold of M,,,
and (®1(C)NM,,)/G is a smooth suborbifold of M,,/G. To show that (®(C)NM,,)/G
is a Poisson suborbifold, we have to show that, for all invariant F' € C®(M,R)®, the
Hamiltonian vector field P*(dF) is tangent to ®~(C) N M,.,. In fact, P*(dF) is tangent
to all level sets of ®, because

(PHAF))®* f = —(PHd®" f)) F = 0
for all functions f € C*(G,R). Here we have used the moment map condition (7) and
(ea)MF =0. O
For C = {e} we also write M /G := & 1(e)/G.

Example 6.2. Let ¥ be a compact oriented surface of genus h with r > 1 boundary com-
ponents. It is known that the representation variety Hom(m;(X), G)/G can be identified
with the moduli space of flat G-bundles over .. Its smooth part carries a natural Poisson
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structure [6], the leaves of which correspond to flat bundles whose holonomies around
the boundary circles belong to fixed conjugacy classes in G.

Using the notion of fusion, this Poisson structure can be described as follows. First
we observe that

Hom(m; (%), G) = {(ar, ..., azn by, ..., b;) € G| [[laj aja] [ [ br = €} -
J k

Viewing this relation as a moment map condition, we can write
H % =(D ...®D o :
om(m (%), G)/G = (D(G) ® @ (G)eGe®..®G)/G
h T
For any Hamiltonian quasi-Poisson manifold (M, P, ®), the embedding M — M ® G
defined by m +— (m, (®(m))™!) is a G-equivariant diffeomorphism from M onto the
identity level set of the moment map for M ® G, (m,g) € M x G +— ®(m)g € G. Thus
it induces a bijection from M/G to (M ® G)//G. It is easily shown that on the smooth
part, this bijection is a Poisson diffeomorphism. In particular, the Poisson structure on
the representation variety can also be written,
Hom(m (3),G)/G = (D(G)®...eD(G)®#G®...®G)/G.

-~

h r—1

In Section 10, Example 10.8 we shall explain that this Poisson structure coincides with
the canonical Poisson structure on the moduli space of flat connections on ¥. A similar
construction of the Poisson structure on the representation variety using the properties
of the solutions of the classical Yang-Baxter equation was developed in [5].

7. EXPONENTIALS OF HAMILTONIAN POISSON-MANIFOLDS

Let (M, Py, ®;) be a Hamiltonian Poisson G-manifold. We will show in this section
that if ®, takes values in the open subset g C g on which the exponential map has
maximal rank, then P, can be modified into a quasi-Poisson structure with moment map
exp o ®;. This construction involves a bivector field on g,

1
T = 3 w€a N €p € C‘”(g”; Ag),

where Ty, (€) = (¢(ade))ap, for € € g°, and ¢ is the meromorphic function of s € C,

1 1 s s
=———coth(z) =—— 3).
pls) = < = g eoth (3) = =2 +0(s)
We observe that 7T is well-defined and smooth on g, but develops poles on the comple-
ment of this set. By a result of Etingof and Varchenko [4], T is a solution of the classical

dynamical Yang-Baxter equation,

oT, 1
(22) CYCIabc(ch + Dok frnTie) = Zfaba
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where Cycl,,, denotes the sum over cyclic permutations. It follows from (14) and from
the relation 1 (v(s) + v(—s)) = 1 — sp(s) that T also satisfies the equation (see [3])

0 1
- 5 eXp* (65 + eaR)7

(23) Tup(en)g = % 2

where for a local diffeomorphism F' : M — N and any multivector field v on N we
denote by F*u the unique multivector field on M such that F,(F*u) = u.

Theorem 7.1. Let (M, Py) be a Hamiltonian Poisson G-manifold with moment map ®y.
Suppose that ®o(M) C g*. Then, exp : g — G has mazimal rank on the image of ® and
P = Py — (®T)n defines a Hamiltonian quasi-Poisson structure on M, with moment
map ¢ = exp o .

Proof. Let Thy = (®§T) . We want to compute
[P, P] = [Py, Po] — 2[Po, T] + [Tor, Tua]-

The first term vanishes since Py is a Poisson structure. For any function f € C*(g,R),
[Py, ®:f] = —P}(®tdf). Using the moment map condition (5) of ®, and the invariance
property [Py, (€,) ] = 0 of Py, we obtain

(24) [Po Tarl =~ 5852 (e0)ar A (en)ae A (el

To calculate [Ty, Ths] we use the relation

[(ea)Ma CDSTkl] = CDS (fakaml + falmTkm)-

Taking symmetries into account, we obtain

(T, Tl = 393 (TTia) [(ea)ar A (e6)ar, (s A (er) ]

+®5Tu[(e0) ar, PoThal(€a)rr A (€x)as A (€1)nr
= O (TovTr1) form(€a) s A (em)nr A (€1)nr 4+ 295 (Top fokmLmi) (€a)ms A (€x)ar A (€1) 1
= O (Tor frniTic)(€a)ns A (es) s A (€0) s -

Together with (24), and using the classical dynamical Yang-Baxter equation (22), this
yields

[P, P] = @S(aaigb + TakflcblTlc) (ea)m A (€n) s A (ec)r = P
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To prove that ® = exp o Py is a moment map, we use Equation (23). For all functions

f e C>(q),

Ti(d®f) = ®§Tu (ea)r(Pfexp® ) (es)nr
= Oy(Tup(ea)g(exp™ f)) (€s)m

= (o (e" )~ e (e +e)S)) (e

= QI>o(a£ (exp” f)) (ea)nr — 5@ ((eg + eV f)(ea)nr-
The moment map property (7) of ® follows from this relation together with the moment
map map property (5) of ®y. O

Example 7.2. Let Pg be the quasi-Poisson structure on G defined by (12). Under the
exponential map, it pulls back to a bivector field, exp* Pg, on g°. On the other hand, let
Py 4 be the linear Poisson structure on g* = g. Then exp* Pg = Py 4 — 1. This follows
from Equation (23), together with the expressions (16) for Pg and (17) for Py .

The process described in Theorem 7.1 can also be reversed.

Corollary 7.3. Let (M, P, ®) be a Hamiltonian quasi-Poisson G-manifold. Suppose
that the image of ® is contained in an open subset U C G on which the exponential map
admits a smooth inverse, log : U — g. Set &y = logo®, and Py = P + Ty. Then
(M, Py, ®y) is a Hamiltonian Poisson G-manifold in the usual sense.

8. CROSS-SECTION THEOREM

The Guillemin-Sternberg symplectic cross-section theorem states that for any sym-
plectic G-manifold with moment map ®; : M — g*, the inverse image Y = ®;'(U)
of a slice U C g* at a given point { € g* is a G¢-invariant symplectic submanifold,
with moment map the restriction of ®;. Thus, Y is a Hamiltonian G¢-manifold, called
a symplectic cross-section of M. In this section we will prove a similar result for the
quasi-Poisson case.

Given g € (G, we denote the stabilizer of g with respect to the conjugation action of
G on itself by H = G,. Any sufficiently small connected open neighborhood U of ¢ in
H is a slice for this action. That is, the natural map G xy U — G.U, (g,h) — ghg™?,
is a diffeomorphism onto its image. There is an orthogonal decomposition

(25) TGly =TU @ (U x bb),

where h = Lie(H) and the second summand is embedded by means of the vector fields
generating the adjoint action.

Let (M, P,®) be a Hamiltonian quasi-Poisson manifold. By equivariance of ®, the
inverse image Y = ®1(U) is a smooth H-invariant submanifold of M, and there is an
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H-equivariant splitting of the tangent bundle,

(26) TM|y =TY & (Y x b*).
Dually,
(27) T*Mly =T*Y & (Y x (b)) .

Lemma 8.1. The splitting (27) is P|y-orthogonal, that is, there is a decomposition,
Ply = Py + P{, where Py is a bivector field on' Y and Py € C*°(Y; A2h).

Proof. At m € Y C M, the fiber {m} x (h1)* is the space of covectors a = ®*(0%-£)(m)
with &€ € h*. Let & = %(1 + Adg(m)-1)€ € h*. By the moment map condition (9), it
follows that,

Pr(a, B) = (€3 (m), B) =0,
forall e T, Y. O

An explicit description of the bivector P+ can be given in terms of the moment map.
Define r € C*°(U; A%ht) as
1

(28) r(h) = §Tab(h)€a A ey,
where
1/Ad,+1
29 w(h) = ——( ‘ L) .
(29) ran(h) = —3 Adh—1b .
Since ® is a quasi-Poisson map, the description (16) of the quasi-Poisson structure on G
shows that Py = —®%r, where &y = ®|y.

We will need the following property of the tensor field r. For every vector field X €
C>(U;TG) on U, let Xy be the orthogonal projection of X to a vector field tangent
to U, using the splitting (25). Let ffbc be the structure constants of h, viewed as the
components of a skew-symmetric tensor of g under the inclusion A3hH — Adg .

Lemma 8.2. The tensor field r defined by Equation (29) satisfies

1 1
(30) Cyclype (5(65 + el)yTee + Takfkbl'rlc) = Z(fabc — fohe)-

This lemma, which is proved in Appendix B, generalizes the result proved by Etingof
and Varchenko in [4] (see also [3]) in the special case where H is Abelian, where this
equation reduces to the classical dynamical Yang-Baxter equation.

Theorem 8.3. For any Hamiltonian quasi-Poisson G-space (M, P, ®), and any slice U
at a given g € G with stabilizer G, = H, the cross-section Y = ®~Y(U) is a Hamiltonian
quasi-Poisson H-manifold, with bivector field Py = Ply — P# and moment map @y =
®|y. Conversely, given a Hamiltonian quasi-Poisson H-manifold (Y, Py, ®y), let the
associated bundle G Xg'Y be equipped with the unique equivariant map ® : G xgY¥Y — G
and the unique invariant bivector field P, such that ® restricts to ®y and P to Py —®3 7.
Then (G xg Y, P,®) is a Hamiltonian quasi-Poisson G-manifold.
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Proof. Replacing M by G.Y, we may assume that M = G xg Y. It is clear that the
moment map condition for (Y, Py, ®y) is equivalent to that for (M, P, ®). We have to

show that [P, P] = ¢y if and only if [Py, Py] = ¢% . Let Py denote the extension of
Py to a G-invariant bivector field on M. Also, let 7 € C*°(G.U, A*g) be the G-invariant

extension of r. By definition, P = Py — ®*7, so what we need to show is that

(31) ([@°F, ®"F] — 2[Py, @)y = duly — ¢}

By a calculation similar to that of the term [Ty, Ta] in the proof of Theorem 7.1,
(@77, ®*7] = " (Tar freiTic) (€a) ns A (€6)as N (€c) s

To compute the term [Py, ®*7], first observe that [Py, (eq)] = 0 by G-invariance of Py
Using (7), we obtain

1
[Py, CI)*YT(,C] = —Plﬁ/(dq);ﬁ)c) = —(I)* (5(65 + eaR)thc> (6a)y.
Therefore,
-~ * D * * 1
([(I)*T, 0) ﬂ — Q[Py, ) F])|y = (§<€aL + eaR)thc + Takfkblrlc) (ea)M A (eb)M N (60)1\/[ .
Together with Lemma 8.2, this proves (31). O

Using the construction from Section 7, the cross-section Y can be equipped with an
ordinary Poisson structure as follows. Since g is in the center of H = G, ®), = g '@y is
also a moment map for (Y, Py). For U small enough, the exponential map for h admits
an inverse on ¢~ U C H, log: ¢~'U — b. Let

Doy = log(g~ ' @y),

and set Pyy = Py + Ty. By Corollary 7.3, (Y, Pyy,®y) is a Hamiltonian Poisson
H-manifold.

9. THE GENERALIZED FOLIATION OF A HAMILTONIAN QUASI-POISSON MANIFOLD

It is a well-known result of Lie, for the constant rank case, and of Kirillov, for the
general case, that for any Poisson-manifold (M, P), the generalized distribution? Dy =
im(P}) is integrable.

In this section we show that every Hamiltonian quasi-Poisson manifold is foliated by
non-degenerate quasi-Poisson submanifolds. Given a Hamiltonian quasi-Poisson mani-
fold (M, P, ®), define a generalized distribution ® on M by

D,, := im(P%) + T,,(G.m).

2A (differentiable) generalized distribution on a manifold M is a family of subspaces D, C T, M,
such that for all m € M, there exists a finite number of vector fields Xy, ..., Xy € C®°(M;TM) taking
values in = Upep®,n and spanning 8, at m. An in-depth discussion of generalized distributions
can be found in Vaisman’s book [9].
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Because G is compact, g = im(1 + Ad,) @ ker(1 + Ad,), for any g € G. By the moment
map condition, the image of P! always contains all n;(m) with 7 in the image of the
operator 1 + Adg(y) on g, therefore ©,, can be re-written

D = im(P}) & {€u(m)|(1 + Ada(m))§ = 0}
In particular, if m € M is such that 1 + Adg(m) is invertible, then ®,, = im(P},).

Definition 9.1. A Hamiltonian quasi-Poisson manifold (M, P, ®) is non-degenerate if
Dy =T,,M for all m € M.

For example, the conjugacy classes C of a group G are non-degenerate Hamiltonian
quasi-Poisson manifolds. The decomposition of G into conjugacy classes is a special case
of the following:

Theorem 9.2. The distribution ® 1is integrable, that is, through every point m € M
there passes a unique mazximal connected submanifold N of M such that TN = D|y.
Each submanifold N is G-invariant, and the restrictions of P and ® to N define a
non-degenerate Hamiltonian quasi-Poisson structure on N.

Proof. We show that © is integrable near any given point m € M. Let g = ®(m), and
U C H = G, be an H-invariant slice through g, and Y = ®71(U) the corresponding
cross-section. Since G.Y = G x gz Y, it suffices to show that the distribution 2y induced
by the quasi-Poisson structure Py is integrable. However, as explained in the previous
section, Py = Fyy — Ty, where Pyy is an H-invariant Poisson structure in the usual
sense, and 7Ty is a bivector field taking v alues in the second exterior power of the H-orbit
directions. Moreover, Py admits a moment map ®qy = log(g '@y ), which implies that
the image of Pg,y contains the H-orbit directions. Hence ®y is equal to the distribution
defined by the Poisson-structure Iy, and therefore integrable by the theorem of Lie
and Kirillov. n

10. NON-DEGENERATE QUASI-POISSON MANIFOLDS

Any non-degenerate bivector field Py on a manifold M determines a non-degenerate
92-form wy by the condition wj) = (P§)~1. It is well-known that under this correspondence,
the Poisson condition [Py, Py] = 0 is equivalent to the closure of the 2-form wy.

In this section, we extend this correspondence between non-degenerate Poisson man-
ifolds and symplectic manifolds to the “quasi” case. While the role of the non-degenerate
Poisson manifolds is played by the non-degenerate Hamiltonian quasi-Poisson G-manifolds,
that of the symplectic manifolds is played by the “quasi-Hamiltonian G-spaces”, intro-
duced in [2]. First, we recall their definition, which includes the non-degeneracy assump-
tion (c) below. Then, we show that every non-degenerate Hamiltonian quasi-Poisson
manifold (M, P, ®) carries a canonically determined 2-form w such that (M,w,®) is a
quasi-Hamiltonian G-space.
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Let n € 23(G) be the bi-invariant closed 3-form,
_1 R A pR A pR
1= o Tl A OF A O

Definition 10.1. [2] A quasi-Hamiltonian G-space is a triple (M,w, ®) where M is a
G-manifold, w an invariant differential 2-form, and ® : M — G is an Ad-equivariant
map, such that
(a) dw = ®™n,
(b) ¢((ea)rr)w = 32*(07 +65) ,
(c) for all m € M, the kernel of w,, is the space of all £3;(m) such that £ is in the
kernel of 1 + Adg(y) -

We will need the following two results that were proved in [2]. First, there is an
exponentiation construction. Given a Hamiltonian symplectic G-manifold (M, wy, ®o)
such that ®,(M) is contained in the set g° C g of regular values of the exponential map,
exp, one obtains a quasi-Hamiltonian G-space (M, w, ®) by setting ® = exp o &, and

w = wy + ®jw,

where @w € Q?(g) is the image of the closed 3-form exp* n under the homotopy operator
0*(g) — *7(g). Secondly, there is a cross-section theorem. Suppose that (M, w, ®) is
a quasi-Hamiltonian G-space, and that U C G is a slice at g € G. Then the cross-section
Y = & !}(U) with the 2-form wy and the moment map ®y, defined as the pull-backs of
w and @, is a quasi-Hamiltonian H-space, where H = (G;. The canonical decomposition
TM|y = TY & (Y x bt) is w-orthogonal. Conversely, given a quasi-Hamiltonian H-
space (Y,wy, ®y), the associated bundle M = G Xy Y carries a unique structure of
quasi-Hamiltonian G-space (M, w,®) such that w and ® pull back to wy and Py

If (M, P, ®) is a non-degenerate Hamiltonian quasi-Poisson manifold such that ® ad-
mits a smooth logarithm ®; : M — g, one can define a 2-form w on M in the following
way. The bivector Py = P + (®§T),, is invertible, we denote its inverse by wy , and we
set w = wy + ®jw. The following Lemma describes the relation between w and P.

Lemma 10.2. Let (M, Py, ®y) be a non-degenerate Hamiltonian Poisson manifold, and
let wy be the symplectic form corresponding to Py. Suppose that ®o(M) is contained in
the set of reqular values of exp : g — G, and let ® = expo Py, w = wy + ®jw, and

1
(32) Pﬁowl’ :IdTM—Z(ea)M®<I>*(0{;—Hf).

Proof. Given m € M, let U be a slice through ®;(m), and let Y = &,'(U) be the
corresponding cross-section. We first evaluate both sides of (32) on elements of 7,Y,
and then on orbit directions. The 2-form ®{w vanishes on 7,,,Y", and the bivector (®§T) s
vanishes on 777 Y. Hence Pﬂow"|Tmy = Pg owg|Tmy = Idz,, v, which agrees with the right-
hand side of (32) since ®*(#% — 0F) also vanishes on T;,Y. To complete the proof we
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evaluate both sides of (32) on orbit directions. The moment map properties of P and w
yield

PHw’(ea)u) = 5(Adg-1+1)aPH(®"6;)

1
2
1
= Z(Adq,—l +1)ab(Adq> +1)bc(6c)M

1
- Z(2 + Adg-1 + Ade)a(es)

and the same result is obtained by applying the right-hand side of (32) to (es) - O

Generalizing the Lemma, we can state the main result of this section:

Theorem 10.3. Every non-degenerate Hamiltonian quasi-Poisson manifold (M, P, ®)
carries a unique 2-form w such that (M, w, ®) is a quasi-Hamiltonian G-space, and such
that w and P satisfy Equation (32). Conversely, on every quasi-Hamiltonian G-space
(M,w,®) there is a unique bivector field P such that (M, P, ®) is a non-degenerate
Hamiltonian quasi-Poisson G-manifold, and Equation (32) is satisfied.

Proof. Given (M, P,®), let Y be a cross-section at m, as in the proof of Lemma 10.2,
and let ¢ = ®(m). Thus (Y, Py, ®y) is a non-degenerate Hamiltonian quasi-Poisson
H-manifold that corresponds to a quasi-Hamiltonian H-space, (Y, wy, ®y). Let w be the
unique 2-form on G.Y C M such that (G.Y,w, ®) is a quasi-Hamiltonian G-space, and
wy is the pull-back of w. We have to show that w satisfies Equation (32). For orbit
directions, this follows from the moment map conditions (see the proof of Lemma 10.2),
while, for directions tangent to Y, it follows by applying the Lemma to (Y, Py, g~ 1®y).
Uniqueness is clear since the equation,

1
(33) W’ o P! = Tdp-p, —ZCI>*(0§ — 05 ® (ea)nr

the transpose of (32), defines w” on the image of P*, while the moment map condition
determines w’ on orbit directions.

The converse is proved similarly, using the cross-section theorem for Hamiltonian
quasi-Poisson manifolds. O

By Theorem 10.3, all the constructions and examples for quasi-Hamiltonian G-spaces
given in [2] can be translated into the quasi-Poisson picture.

Example 10.4. Let C C G be the conjugacy class of a point g. By Proposition 3.4, there
exists a unique bivector P on C such that (C, P,®), with ® : C — G the embedding, is
a Hamiltonian quasi-Poisson space. Similarly, by Proposition 3.1 of [2], there exists a
unique 2-form w on C such that (C,w, ®) is a quasi-Hamiltonian space. Theorem 10.3
implies that the bivector P and the 2-form w are related by Equation (32).
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Ezxample 10.5. Let D(G) = G x G with bivector P given by formula (19), and with the
2-form w defined in Section 3.2 of [2],

1
W= g0 NO O A,
Both the left- and the right-hand sides of (33) yield the same expression,

1
ldrpe) — 4 ((Adaz)ab eyt @0, — (Adg,1)a e ®0,"

(At © 6 — (Ady ) 2" 9 67
Thus, the quasi-Poisson and quasi-Hamiltonian definitions of D(G) agree.

In both the quasi-Poisson and the quasi-Hamiltonian settings there is a notion of
reduction. We show that these notions agree as well.

Proposition 10.6. Let (M, P, ®) be a non-degenerate quasi-Poisson manifold and let w
be the corresponding 2-form on M. Then, for any conjugacy class C C G, the intersection
of the reduced space M¢ with M, /G carries a Poisson bivector P¢ induced by P and a
symplectic form w€ induced by w, such that (P°)* o (w€)’ = Id.

Proof. Choose g € C and a slice U containing g and let Y = & '(U) be the cross-
section. We observe that in both the quasi-Poisson and the quasi-Hamiltonian settings,
the reduction of M at C is canonically isomorphic to the reduction of Y at the group unit
of H = G,. The cross-section Y carries the Poisson bivector P4y and the symplectic
form wqy. According to Lemma 10.2, (Pyy)* o (wy)’ = Idry. Hence, the same relation
holds for the reduced space. 0

Next, we will show that the fusion operation for quasi-Hamiltonian G-spaces given in
[2] coincides with the fusion operation for quasi-Poisson spaces. Let (M,w, (®1,®5)) be
a quasi-Hamiltonian G' x G-space, and let (M, P, (®1, ®3)) be the corresponding Hamil-
tonian quasi-Poisson G x G-space. By [2, Theorem 6.1], the space M with the diagonal
G-action, the pointwise product of the moment map components & = ®,;P,, and the
fusion 2-form

1
Whys = W — 5@;02‘ A B8

is a quasi-Hamiltonian G-space. On the other hand, Proposition 5.1 yields a bivector field
Ptys = P —1p , which, together with the diagonal G-action and the moment map ®; ®,,
defines the structure of a Hamiltonian quasi-Poisson G-manifold on M. The following
proposition asserts that, as expected, wy,s corresponds to Py,, under the equivalence
established in Theorem 10.3.

Proposition 10.7. The bundle maps Pnus : T*M — TM and wg’eus : TM — T*M are
related by

1
(34) P}y © Wiy = drar =7 (ca) s ® 8 (0 — 07),
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where (eq)ar = (eq)y; + (eq)3; are the vector fields generating the diagonal G-action on

M.

Proof. We have to compute

Phis oW = (P = 5(eahs A (ea)s) o (w = 50105 A 2308)
We compute the four terms in the expansion of the right-hand side. By Theorem 10.3,

the first term is

1 1
Phow = Idray —(ea)ls ® B(0F = OF) = 4 (ea)3; © B3(6% — 7).

b

Next, using ¢((eq)%)w = 1®F (0L +0F) i =1,2 , we find that

1 ,j 1 ) 1 .
(e A (ea)3e)f 0 = ea)hy @ B0L +07) — 2} © B0 +69).
From P*(®;0%) = £(1+ Ads,)a(es)i; ,7 = 1,2, we obtain

1 1 1
§Pﬂ o (®70L A @;ef)" — Z(l + Adg-1)as(€a) 3 ® D16y — Z(l + Ads,)as(ea)ls @ ®50F .

Finally,
1 * *
Z((ea)}vf Alea)an)t o (D107 A 05
1 1
= Z(ea)}w ®(1- Adégl)abq)wlf + Z(ea)?u ® (Ada, —1)w®30;".

Putting everything together, we get
1
P}, owh,, = ldry —7(e)u ® (@507 + (Adg;1) @16y — P07 — (Ada,)w®30;)

1
= Idrum _Z(ea)M ® (D1®2)*(0F — 6F),

as required. O

Ezxample 10.8. Consider
M=DG)®..®DG)®C;®...®C,,

- o
-~

h

where Cy,...,C, are conjugacy classes in G. This space can be viewed either as a quasi-
Hamiltonian space (see Section 9 of [2]), or as a quasi-Poisson manifold (see Section 6).
Proposition 10.7 together with Examples 10.4 and 10.5 show that these two structures
agree in the sense of Theorem 10.3. According to Theorem 9.3 of [2], the reductions
of M are isomorphic to the moduli spaces of flat connections with the Atiyah-Bott
symplectic form. Proposition 10.6 implies that the quasi-Poisson reduction yields the
Poisson bivector inverse to the canonical symplectic form.
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APPENDIX A. THE FORMAL POISSON STRUCTURE OF Lg*

In this appendix, we show that the quasi-Poisson structure Pz on G defined by Equa-
tion (12) can be viewed as a quotient of a formal Poisson structure on Lg*, the dual of
the loop algebra Lg of g.

Let LG be the loop group of G, Wlth Lie algebra Lg. The inner product defines a
central extension Lg of Lg, with dual Lg =~ O1(S!, g) x R. The adjoint action of LG on

Lg dualizes to the following action on Lg ,
9-(1, A) = (Ady(p) — Ag*0™, ), g€ LG, peQ'(S'9), AeR

In particular, the affine action on Lg* := Q!(S? g) x {1} is identified with the gauge
action of LG on G-connections over S!. Let Lg* be equipped with the formal linear
Poisson bivector obtained by restriction from that on [//B* The action of the based loop
group QG C LG on Lg* is free, with quotient Lg*/QG = G. We shall show that, under
the quotient map, the formal Poisson structure on Lg* projects to the bivector (12) on
G.

In the finite-dimensional case, the restriction of the linear Poisson structure Py g« of
g* to the Lie algebra t of a maximal torus 7' C G can be written in terms of the
corresponding root space decomposition. Let R be the set of roots of the complexified
Lie algebra g©, and for any a € R, let e, be a root vector of unit length, such that e_,
is the complex conjugate of e, and (e,,e_,) = 1, where ( , ) is the Killing form. Then,
if p € t with (a, p) # 0 for all roots «, the value of Py g+ at p is

Pog = X gz Coler A ool

(0%
acERy H

In the case of loop algebras, for any & € g© and k € Z, we denote by £[k] € Lg® the
loop defined by

g[k](emris) — eZﬂ'iks&-‘
Then the root vectors for I/JB are all e, [k], with corresponding affine roots (o, k), together
with vectors h;[k] for k # 0, with affine roots (0, k), where (h;) is an orthonormal basis

for t. From the identification of Lg* with the hyperplane at level 1 in [/IB*, we obtain
the following formal expression for the Poisson structure on Lg* at a constant loop
€t C Lg* with {(«a, pu) € Z, for all roots a,

Pug = 3 3 g Calklis A (e-alt])i

aERy kEZ

+ ZZ m(hj[k])Lg* A (hj[=k])zg

k>0

In a finite-dimensional manifold, any Poisson structure which is invariant under a free
group action reduces to a Poisson structure on the quotient. Formally, we can carry out
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this calculation for the free action of QG on Lg*. The quotient map takes a constant
loop u € t C Lg* to the element exppu € T C G, and the corresponding tangent map
takes the value of (£[k])rg- at g to the value of {¢ at exp . Applying the tangent of the
quotient map to the Poisson bivector of Lg* we obtain

Z ZQm (a, ) —i—k)(ea)G/\(e_ o)G-

aER4 kEZ
Using the formula
. 1 1
1\][1m ﬁ = 5 COt(’ﬂ'.’IJ)
—00 k<N 7r(3: + )

for z ¢ Z, we obtain

¥ cot(m(a, p))(ea)a A (e—a)c »

acRy

which coincides with the bivector Pg defined by Equation (12) (see Equation (16)). An
alternative procedure for projecting the bivector of Lg* to G was considered in [7].

APPENDIX B. A GENERALIZED DYNAMICAL 7-MATRIX

Let r8/% € C=(U, A’h*) denote the r-matrix defined by Equation (29). We shall now
prove Lemma 8.2. Let 7" C H be a maximal torus, and on 7'N U define

1/Ad, +1
) = 5 (ke ) eatren

and

1/Ad, +1
bty — _ L (Adn
(k) 2<Adh—1

Then 7“9/"|TQU = 79/t — ¢/t Our starting point will be the classical dynamical Yang-
Baxter equations satisfied by 7¢/* and 7%* (see [3], Lemma A.5):

‘bﬁtL) e, N ey .

a

1 1
CyC1abc (5(65 te ) /rl?c/t g/tfkbl’r ) = Zfabc
and

1
CyCIabc ( 2

Using the fact that 7""/’°fkbl7"h/t = rak fkbﬂ“lc/ , upon subtracting the second equation from
the first, we obtain

(35)  Cyclyu. (5

h/t h/t gb b/t
(e + eyl + rog kbﬂ"la) fabc

(e +e )trfc/b g/hfkbﬂg/h + 27“ fkblrg/b) (fabc fabc)

To prove the Lemma, we need to evaluate Cycl, (%(eaf“ +el)y /{rfc/ f’) where the subscript

h/t denotes the projection of the vector field along TNU onto the normal bundle of TNU
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in U which is isomorphic to (TNU) x (t-Nb). This projection can be expressed in terms
of r itself and the vector fields generating the GG-action as

1
5 (e +eDy =g (e
By the H-invariance of 79/%, this relation shows that
1
(36) Cyclae (€5 + eDoyurtt” — 20 frortl" ) = 0.

Adding Equation (35) to (36), we obtain Equation (30), proving the Lemma.
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