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deformations in the case of general linear systems.
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the Painlevé equations, it is possible to perform a
rigorous study of the inverse problem on the basis of
analytic considerations only.”
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Main themes

# Isomonodromy and integrability.

# Possible general form of an isomonodromic
deformation of a Fuchsian system.

#® The Schlesinger system and the Painlevé property.

» Equation for the “Theta divisor”.

s Bounds for the order of the pole of the solutions
along the “Theta divisor”.
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Main themes— continuation

|Isomonodromic con uences.

Preservation of regularity at the con uence point.

Any vector bundle with logarithmic connection on
the Riemann sphere can be obtained from
Fuchsian systems by con uence

(a dynamical version of the adjunction of an
apparent singularity).

Isomonodromy and irregular singularities
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What is an iIsomonodromic deformation’

X =P T
Y = [iY]
X =XrY
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Isomonodromic deformation parametrized by T :

X A(L) X
= dx + j(x;t)dt;; d+ No=0
X aj(t) .
1=1 ]
Ai(t°) = A? Ai(t) holomorphic

i (x;t) Is meromorphic with poles along Y
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Equations

Matrix of 1-forms

o N AP
g X aj(t°)
to - A?P:d d constant matrices

Isomonodromic deformation parametrized by T :

X A(L) X
= dx + j(x;t)dt;; d+ No=0
X aj(t) .
1=1 ]
Ai(t°) = A? Ai(t) holomorphic

i (x;t) I1s holomorphic (logarithmic deformation)
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Vector bundles

E ° holomorphic vector bundle on P!
r°:E°! &L, (logY® E®°
Integrable meromorphic connection
with logarithmic poles along Y °

T
Isomonodromic deformation parametrized by T :

t° t

r ' E | )1(—(Y) E; rr =0; rjgo=120
iIntegrable meromorphic connection with regular

singularities along Y and eachr ; on E; has
logarithmic poles along Y;
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Vector bundles

E ° holomorphic vector bundle on P!
r°:E°! &L, (logY® E®°
Integrable meromorphic connection
with logarithmic poles along Y °

T
Isomonodromic deformation parametrized by T :

t° t

r tE!  X(ogY) E; rr =0; rijgo=r1"°

iIntegrable meromorphic connection with logarithmic
poles along Y
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The Schlesinger system

a nite set of distinct points a® = fa?;:::;a gon
Plr flg |,

du P, A? P .
asystemd—x— =1 oo u, AP =0

0 a logarithmic connection r ° on the trivial
bundle E ° of rank d on P!, with poles at a°.

T : universal cover of (PY)" r diagonals, with base
point a°.

Theorem (Malgrange). There exists a unique vector bundle E on
Pl T equipped with an integrable logarithmic connection I
having poles along the hypersurfaces Y, and with an identi cation

(E;I’ )jplf a°g | (EO;I' O).
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The Schlesinger system— continuatior

Divisor = fa 2 T | Eg isnottrivialg,
The matrix ofr inabasisof E( ) extending that
of E° is:
X d(x a
A (@) ( i)
4 (x &)

On can choose the basis suchthat B; 0.
The Schlesinger system (integrability condition):

X d(e; &j)
dAi = [AiAj] ;
61 (& @)
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Corollary. The solutions of the Schlesinger system with initial value
AiO at &° are meromorphic on T with poles along  at most.

Behaviour of the solutions to the Schlesinger system
near the polar set ?

Andrey has given a method to produce examples and
describe in concrete terms this behaviour.
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Initial data @®°;A° (E;r )onP! T, T.
Takea 2 .HenceEa, ' ¢, O( kj),with
k1 6 6 kg anddegE,; = (kq + + kg) =

Typical example: E; 'O (1) O ( 1)

0.
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Local equation for

Initial data @®°;A° (E;r )onP! T, T.
Takea 2 .HenceEa, ' ¢, O( kj),with
k1 6 6 kg anddegE,; = (kq + + kgq) =0 .

Hence9 ;m 2f 1;:::;dgsuchthatk- kn > 2.

There exists a holomorphic subbundle Eéo) of the
meromorphic bundle E; [1 ] which is trivial and on
which the connection r has only logarithmic poles.
(0)
_ _ P B (a
Matrix of the connection: = _;, — (a ) 4
X i

X

1 = apparent singularity and
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Local equation for — continuation

Malgrange's theorem applied to Eéo) near a
(E@:r ) trivinlon P! nb(a),

matrix of r :

X Bi(o)(a) d(x aj) X

(0) (0)
(x aj)’ S K

and the B i(o) (a) satisfy the Schlesinger system.
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Local equation for — continuation

Malgrange's theorem applied to Eéo) near a

(E@:r ) trivinlon P! nb(a),

matrix of r :

X g0 g dx ) X
(x  aj)

B\ (a) KO

and the B i(o) (a) satisfy the Schlesinger system.

Lemma 1. Thereexists ;m 2 f 1;:::;d g suchthat
Km k> 2andi 2f 1;:::;n gsuchthatthe (';m )-entry
B |(02n (a) does not vanish identically.
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Local equation for — continuation
Lemma2. Fix ;m 2f 1;:::;dgsuchthatk,, k> 2and
B 2 (a) 6 0.

P
Put <0>(a): B2 (a)ajand © =f @ =0g
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| ocal equation for — continuation
Lemma2. Fix ;m 2f 1;:::;dgsuchthatk,, k> 2and

B 2 (a) 6 0.
put (O)(a): " BQ (@aaa @ =f @ =0g

Then there exists an extension E D [ (0] of
E[ (1 T)[  ©7suchthat, outof @
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Local equation for — continuation
Lemma2. Fix ;m 2f 1;:::;dgsuchthatk,, k- > 2and
B (a)6 0.

’ (0) P (0) 0 0
Pt @ (a)= " B3, (@)ajand @ =f O =0g.
Then there exists an extension E D [ (0] of
E[ (1 T)[  ©7suchthat, outof @

foranya 2 Tr O thebunde EW[ O], is trivial,
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Local equation for — continuation

Lemma2. Fix ;m 2f 1;:::;dgsuchthatk,, k> 2and
B 2 (a) 6 0.

0 P el 0 0
put O(a)= B (a)ajand © =f © =0g.

Then there exists an extension E D [ (0] of
E[ (1 T)[  ©7suchthat, outof @

foranya 2 Tr O thebunde EW[ O], is trivial,

the connection r s logarithmic on E D [ (©) ] with poles on

Yi[ [ Ynl (1 T) and its residue along 1 T is
K 1) = diag( k(l) ..... - K (1 )) with

Py 1 0
i1 (k( ))2 j:1 (kj( ))2 2

The work of Andrev Bolibrukh — p. 14/
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fK®=0,thenE®D[ O1=E[ ©O]and 0.
(x aj)
P X ai) ’
(1) (1) .
B (a) KW andtheB;” (a) satisfy the
Schlesinger system.
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IfK 1) 60, the matrixofr . . B i(l) (a)

The work of Andrev Bolibrukh — p. 15/



Local equation for — continuation

fK®=0,thenE®D[ O1=E[ ©O]and 0.
(x aj)
P X ai) ’
(1) (1) .
B (a) KW andtheB;” (a) satisfy the
Schlesinger system.
Apply Lemma 1.

. P d
IfK 1) 60, the matrixofr . . B i(l) (a)
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Local equation for — continuation

fK®=0,thenE®D[ O1=E[ ©O]and 0.
P d a

IfK O 60, the matrix of r : iBi(l)(a) (X '),
(x aj)

P
(1) (1) -
B (a) KW andtheB;” (a) satisfy the
Schlesinger system.
Apply Lemma 1.

Lemma 1. Thereexists ;m 2 f 1;:::;d g suchthat

k%) k" > 2andi 2 f 1;:::;n g suchthatthe ( ;m )-entry
(1) o

B (&) does not vanish identically.
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Local equation for — continuation

fK®=0,thenE®D[ O1=E[ ©O]and 0.
P d(x aj

IfK O 60, the matrix of r : iBi(l)(a) ( al))’
X |

P
(1) (1) -
B (a) KW andtheB;” (a) satisfy the
Schlesinger system.
Apply Lemma 1.

Get O and @ 0)
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Local equation for — continuation

fK®=0,thenE®D[ O1=E[ ©O]and 0.
P d(x aj

IfK O 60, the matrix of r : iBi(l)(a) ( al))’
X |

P

i Bi(l) (a) K& andthe Bi(l) (a) satisfy the
Schlesinger system.

Apply Lemma 1.

Get W and & ©)

Apply Lemma 2 andgetE@ [ @WJlandK @,
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Local equation for — continuation

fK®=0,thenE®D[ O1=E[ ©O]and 0.
P d a

IfK O 60, the matrix of r : iBi(l)(a) (X '),
(x aj)

P

i Bi(l) (a) K& andthe Bi(l) (a) satisfy the
Schlesinger system.

Apply Lemma 1.

Get W and & ©)

Apply Lemma 2 andgetE@ [ @WJlandK @,

etc. Get (). () (D EC[ ()
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Local equation for — continuation

fK®=0,thenE®D[ O1=E[ ©O]and 0.
P d a

IfK O 60, the matrix of r : iBi(l)(a) (X '),
(x aj)

P

i Bi(l) (a) K& andthe Bi(l) (a) satisfy the
Schlesinger system.

Apply Lemma 1.

Get W and & ©)

Apply Lemma 2 andgetE@ [ @WJlandK @,

etc. Get () () (1 g(+1 [ ( )],
K("‘l) =0,
Thene( D ()= E[ ()]and (),
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A picture illustrating the method
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Sketch of the proof.
1 X d(a. .
O =17 4 gO @B V(a) &A1)
2 6] J (ai aj)
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Then € is a local equation for

Sketch of the proof.
1 X d(a. .
O =17 4 gO @B V(a) &A1)
2 6] J (ai aj)

1 ()= ——with = f =0g (Theorem of Miwa).
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Theorem. Sete = (O (1) ()
Then € is a local equation for

Sketch of the proof.

1 X d(aj a
="« B! (@B '(a) (@i &)
2i6j (ai aj)
d . .
1 ()= ——with = f =0g (Theorem of Miwa).

I ) js holomorphic and closed (Schlesinger).
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Theorem. Sete = (O (1) ()
Then € is a local equation for

Sketch of the proof.

1 X d(aj a
="« B! (@B '(a) (@i &)
2i6j (ai aj)
d . .
1 ()= ——with = f =0g (Theorem of Miwa).

I ) js holomorphic and closed (Schlesinger).
dg ( 1

1) 1 (1) = _
( 1
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