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Fourier-Laplace transform of a variation of
polarized complex Hodge structure

By Claude Sabbah at Palaiseau

Abstract. We show that the Fourier-Laplace transform of a regular holonomic
module over the Weyl algebra of one variable, which generically underlies a variation of
polarized Hodge structure, underlies itself an integrable variation of polarized twistor struc-
ture.

Introduction

Let P={p1,...,pr, prs1 = 00} be a non empty finite set of points on the Riemann
sphere P'. We will denote by ¢ the coordinate on the affine line A' = P'"\{c0}. Let (¥, V)
be a holomorphic bundle with connection on P!*\P.) One can associate to (V,V) a
unique holonomic C[7]<d,>-module M with regular singularities (even at infinity) which is
a minimal extension on A': it is characterized by the fact that its de Rham complex on A'#"
is j. v, if j : P!\ P < A'a" denotes the inclusion and 7" = ker V.

The Laplace transform M (also called the Fourier-Laplace transform) of the C[#]<4, -
module M is the C-vector space M equipped with the following action of the Weyl algebra
C[7]<0.): the action of 7 is by ¢, and that of 0, is by left multiplication by —z (see e.g., [15]
or [20], Chap. V, for the basic properties of this transformation). We also say that the Lap-
lace transform has kernel ¢~**. In the t-plane A'™, M is a vector bundle with a holomor-
phic connection (¥, V) away from 7 = 0. It is known that the singularity at 7 = 0 is regular
but the one at infinity is usually irregular (this uses the assumption that M has a regular
singularity at ¢t = c0). Recall also that the locally constant sheaf ¥ =kerV can be com-
puted from the locally constant sheaf ¥~ = ker V in a cohomological way (see §1.b), called
localized topological Laplace transform.

Let us now assume that (7,V) underlies a variation of polarized complex Hodge
structure of some weight w € Z. We address the following
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Question.  What kind of a structure does the bundle (V,V) associated to the Laplace
transform M of M underlie?

The variation of complex Hodge structure provides M with a good filtration F, M. In
general, there is no way to get from it a good filtration on the Laplace transform. Therefore
(V,V) is unlikely to naturally underlie a variation of polarized complex Hodge structure in
the classical sense. This is also prevented by the irregular singularity at infinity, according
to the regularity theorem of Griffiths and Schmid (cf. [26]).

One of the main results of this article is Corollary 3.15, giving the solution to this
question in the following way. We use the language of twistor 2-modules of [22]. Let us
assume for simplicity that the weight w is equal to 0.

(i) We extend to P! the main data of the variation, which are only defined on P!\ P.
We get M as above, equipped with a good filtration F,M and a Hermitian sesquilinear
pairing k : M ®c M — &'(A!) (temperate distributions on the complex plane of the vari-
able 7).

(i) The basic correspondence (cf. Definition 1.29) associates to the data (M, Fo M, k)

(a) a bundle G with flat connection on the 7-plane away from t = 0, co: its ana-
lytization was called (7, V) above;

(b) an extension G of this bundle across 7 = oo using the filtration F, M by the
procedure of saturation by 8;1;

(c) a sesquilinear pairing between G and :*G (where : is the involution 7 +— —71)
obtained by Fourier transform from k.

(i) The main result (Corollary 3.15) says that these data form an integrable polarized
twistor structure of weight 0.

(iv) Moreover, by rescaling the variable 7 in A!, we get a corresponding rescaling on
the 7-plane, and in this way we get a family of polarized twistor structures of weight 0 para-
metrized by C* (the rescaling factor). We show (cf. Remark 2.5) that this family is a varia-
tion of polarized twistor structure of weight 0, with tame behaviour when the rescaling fac-
tor (called 1/7, in §2.d) tends to infinity.

(v) The proof of (iii) and (iv) is obtained through another interpretation of the objects
involved. Indeed, to the original variation of polarized Hodge structure we associate a vari-
ation of polarized twistor structure of weight 0 in a natural way. Using results of C. Simp-
son [27] and O. Biquard [2] as in [22], Chap. 5, we show that this variation extends as an
integrable polarized twistor Z-module of weight 0 on P! (we could have used Schmid’s
classical results [26], but we only use the regularity theorem here). We are then in position
to apply the main theorem of [21] (cf. however the erratum to [21]), saying that the Fourier-
Laplace transform of this twistor Z-module is of the same kind. In particular, we get a har-
monic metric on (¥, V) with a tame behaviour near 7 = 0.

We then identify the variation of polarized twistor structure that we get on A"\ {0} to
the family constructed in (iv). The new point in the proof, taking into account the main
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theorem in [21] (with its correction in the erratum to [21]), is to show that the extension of
the original variation of twistor structure is an integrable twistor Z-module (in the sense
given in [22], Chap. 7, following the work of C. Hertling [11]).

It should be emphasized that, in such a variation, each fibre is naturally equipped
with a polarized Hodge structure (of weight 0), but the variation does not preserve such a
structure, it only preserves the twistor structure, allowing therefore limiting irregular singu-
larities (see [22], §7.2).

In §4, we use the same ideas to answer a question of C. Hertling: given a reg-
ular function f: U — A' on a smooth affine manifold U of dimension n+ 1, which
has only isolated critical points and has a tame behaviour at infinity (i.e., is cohomo-
logically tame at infinity, cf. [18]), we associate to it the Brieskorn lattice G, (a
free C[r~!]-module of finite rank); there is also a natural sesquilinear pairing
. (_l)n(n+1)/2 R

C = WP 1 Gy st ®q, "Gy st — OUs1, where the conjugation is taken in the usual
T

sense (the pairing P will be constructed topologically in §4); we then show that (Gy, G, C‘)
corresponds to a polarized integrable twistor structure of weight 0. The proof is not
obtained by a direct application of the previous results, as the Gauss-Manin system
M = #°f, 0y does not usually underlie, generically on A', a variation of polarized Hodge
structure (because f is not proper-and-smooth). It underlies a mixed Hodge module in the
sense of M. Saito [25]. The basic idea is that, under the tameness assumption on f', this mod-
ule differs from a module underlying a variation of polarized Hodge structure only by free
C[f]-modules, which vanish after localized Fourier-Laplace transform, so that the object

(G, Gy, C) can also be regarded as associated to a variation of polarized Hodge structure.

When U is a torus (<C*)”Jrl and f is a convenient nondegenerate Laurent polynomial
with total Milnor number x, one defines on the germ (C#,0), regarded as the parameter
space of a universal unfolding of f, a canonical Frobenius structure (cf. [10]). A conse-
quence of the theorem for f is to endow (C*,0) with a positive definite Hermitian metric,
satisfying a set of compatibility properties with the Frobenius structure. This is called a
tt*-structure in [11]. Let us notice that, compared to computations made for germs of holo-
morphic functions in loc. cit., the Hermitian form in the case of a Laurent polynomial is
positive definite.
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1. The basic correspondence
1.a. Fourier-Laplace transform and sesquilinear pairings.

Conjugation. Let X be a complex manifold, with structure sheaf Oy, and let Xg de-
note the underlying C* manifold. We denote by X the manifold Xk equipped with the
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structure sheaf (3 := Oy. The conjugation makes (3 an Ox-module and defines a functor,
that we call “conjugation”, from (y-modules to ¢/y-modules.

Given any Uyx-module #, its conjugate Uy ®¢, # is denoted by F: it is an Ug-
module. If V is a flat connection on .%, then V is a flat connection on % and kerV is the
local system conjugate to ker V (corresponding to the conjugate representation of the fun-
damental group).

Similarly, the notion of conjugation is well-defined for & y-modules.

Sesquilinear pairings. A sesquilinear pairing on Z-modules .4, /" is a Dy ®c Z -
linear morphism .#' ®¢ .#" — Dby (the sheaf of distributions on Xg).

In dimension one, we will also use an affine version of it: let C[7]<d,) be the Weyl al-
gebra of the variable 7 and let %’(A!) be the Schwartz space of temperate distributions on
the complex line. If M', M" are C[f]<d,)-modules, we will consider sesquilinear pairings
M ®@cM" — F'(A).

If M/ = M" =: M, we say that a sesquilinear pairing k : M @ M — '(A') is Her-
mitian if k(m, i) = k(n,m) for any m,n € M (and a similar definition for the sheaf-theoretic
analogue).

The sesquilinearity of k allows one to extend k as a sesquilinear pairing from the bi-
complex DR* M’ ®- DR*™ M "an into the d’, d” bicomplex of currents on A! (we forget
here the behaviour at infinity). As this complex is a resolution of the constant sheaf, one
obtains a morphism kg in the derived category?

kB . Dl{anj\d/’drl ®C DRanM//an — q:Alzm.

If we use the notation DR (resp. ”C) to denote the de Rham complex (resp. the constant
sheaf) shifted by the dimension of the underlying manifold, this can also be written as

(1.1) kg : PDR*™M"™ @c PDR™ M@ — PC 4 1[1].

Laplace transform of a C[¢]<{J;»-module. If M is a C[7]<0,)-module, we denote by
M its Laplace transform: this is the C-vector space M equipped with the following struc-
ture of C[z]{d,y-module: 7 acts as d, and 0, acts as —¢. Given a C[z]<J,y-module N, we
denote by 1*N (recall that 1 denotes the involution 7 — —1) the C-vector space N equipped
with the following structure of C[z]{d,)-module: 7 acts by —t and ¢, acts by —0..

The Laplace transform can be obtained in a sheaf theoretic way. We will work on P!
and we denote by (1 (*00) the sheaf of meromorphic functions on P! having pole at most
at infinity, so that (P!, Ui (x00))= C[i].

We denote by (xc0) the effect of tensoring (over (1) with Op:1(xc0) and we call this

operation “localization away from infinity”. In particular Zp:1(*c0) denotes the sheaf of
analytic differential operators localized away from infinity. To a C[#]<{J,)-module M is as-

2 The index g is for “Betti”.



Sabbah, Fourier-Laplace transform 127

sociated a Zp1(xo0)-module M(*c0), that we usually consider as a Zpi1-module. Recall
that, if M is holonomlc then M(xo0) is Zpi-holonomic. For such an M, let us denote
by p*M(x0) its inverse image on P! x A! (corresponding to C[z] ®¢ M). Let us also de-
note by &~ the free rank-one Opi, 4 (*00)-module with the connection induced by
d — tdt — tdz. In the following, we will use the notation p™M(x00)é™" for the Zp1, 4:-
module p*M(x0) @, @@_”, that is, the (1, 4,-module p*M(xo0) with connection
twisted by e**. Then

(1.2) M = g, (p"M(3e0)67),
where ¢ is the projection to A! (see e.g., [15)).

Fourier transform of a sesquilinear pairing. The Fourier transform F, with kernel

exp(ft — tr) L dtndiis an isomorphism between #'(A') (t-plane) and &'(Al) (z-plane).

2n
Given a 2-form  in the Schwartz space ¥ (A!) (i.e., ¥ = x(t)dt Ad7 where y is C*,
rapidly decaying as well as all its derivatives when 7 — o), we set, for u e &'(A!),

<Ftu,lp> = <M,Ff¢édl‘/\di>, with Frlp — ‘Jﬂeﬁftr lﬁ

(Recall that F,y belongs to #(AN) If k : M' ®c M" — &'(A') is a sesquilinear pairing,
we denote by F;k the composition F; o k of k with the Fourier transform of temperate dis-
tributions. Then F;k becomes a sesquilinear pairing

Fk: M ®Cz+fﬁ — y'(&‘)
(the r* is needed as we use the kernel e’ for the Laplace transform of M, not e~'%). Let us

notice that, at this stage, k can be recovered from F,k by composing with the inverse Four-
ier transform.

The case of holonomic C[¢]{J,)>-modules with regular singularity at infinity. Let us
now assume that M’, M" are holonomic C[]<0,)>-modules which have a regular singularity
at infinity. Then M M ” have singularities at 7 = 0 and 7 = oo only. Denote by | V' V" the

holomorphlc vector bundles with connection V obtained by restricting M, M, M" to © + 0,
and by ¥/, 7" the corresponding local systems ker V.

The sesquilinear pairing F;k induces a sesquilinear pairing
(1.3) Fk:V' @ctV" — €%,
the datum of which is equivalent to that of a sesquilinear pairing of local systems
(1.4) (Fik)g: ¥ ®c 179" = Cprsoy,
and, denoting by S' the circle |z| = 1, it is equivalent to the datum of a sesquilinear pairing

(1.5) (Fik)g: V51 ®c 1774, — Csn.
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Examples 1.6. (i) Let us first assume that M’ = M” = M is equal to C[¢]{d,)/(t — ¢)
for some ¢ € C. Denote by m the class of 1 in M and by J. the distribution which satisfies,

for any C* function ¢, the equality <(5C, qozidt/\df> = ¢(c). Then, up to a constant, we
T

have k(m,m) = 6. and Fik(m,im) = e,

(i) Let us now assume that M’ = M"” = M is equal to C[7]<d,>/(t0; — o) for some
o €]—1,0[. Denote by m the class of 1 in M. Then, up to a constant, k(m,im) = |¢f|** and

_ Tl +1 2(a
Ftk(m,m) = &f{x))hw XA +1).

Computation using direct images. In order to compare with the topological Fourier
transform (see below), it will be convenient to have another formulation of the Fourier
transform. Recall that M can be regarded as ¢, (p* M ® &%) (see the diagram below for
the notation p, g), that is, the cokernel of the injective morphism

(—Tdt

Cld @c M Y% Clr) @ M ® dt

[where V, is the connection relative to ¢ only] via the map 3. t/m; dt — 5(8,)'m; € M, and

the action of 0, is induced by that of d; — ¢ on C[zr] ®c M. We consider the pairing
(1.7) (Z fim,.’) dt ® (Z r/m]f’> dt
i J
o [FANY 5o S ), F ) de .
ij

Let us notice that it vanishes if one of the terms belongs to Im(d; — ), hence naturally de-
fines a sesquilinear pairing between the cokernels of 9, — t with values in %/(Al), that we
denote by k. The following is then clear:

Lemma 1.8. We have F;k = ZLlAc O]
T

1.b. Topological Fourier-Laplace transform and sesquilinear pairings. With the sup-
plementary assumption that M’, M" have regular singularity everywhere, the sesquilinear
pairing kg = —2mni(F;k)g can be obtained from kg (defined by (1.1)) in a topological way.
We will explain here the relationship between these pairings.

Definition of the topological Laplace transform of sheaves. In this paragraph, we use
the analytic topology of A', P! or A!, so we do not indicate it by the exponent ‘an’. Al-
though the following construction holds over A!, we only use it (and therefore explain it)
out of 7 = 0, that is, over A!*.

We denote by / the open inclusion A! — P! or Al x A" — P! x Al* (and, as
above, we have j: PI\P— A"). Let ¢: P! — P! be the real oriented blowing-up of
weP! (P' is topologically a disc). We also denote by & the induced map



Sabbah, Fourier-Laplace transform 129

P! x A" — P! x A and we denote by L'* =& !(c0) ~ S! x Al* the closed subset
Re(ze’@8’) > 0 and by L'~ its complement in P! x A!*. We will consider the commutative
diagram

Let % be a complex of sheaves on A!. Recall (see e.g., [15]) that the topological Lap-
lace transform of % with kernel e~** (restricted to A'*) is the complex

9 := RG.[B/Ro. p~'9][1],

where we still denote by p the projection A! x A* — A!. This definition can be simplified
if we assume that ¢ is a constructible sheaf: then ¥ is a local system near oo, and we have
Ro! p~'%9 = o p~'%. Moreover, fijo! p~'% commutes with the restriction to 7, € A'*, that
is, denoting by L. the intersection L'~ N IP>1 x {7} and by o, , ﬁ the corresponding in-
clusions, we have (ﬂ, o p- g)|l]3’1>< () = ﬁ;w 1 .%. By base change for a proper morphism,
we then have

0

H'G., =R [BRep'G), = HT (P ol 9).

If @,, denotes the family of closed sets of A, the closure of which in P! does not cut L;j,
we have by definition

HIY(PY Lol 9) = HY (A, 9).

Let us now assume that & is a C-perverse sheaf.’ Then H Y P, BL ol ,9) = 0 for
j # —1.% In other words, the complex % has cohomology in degree —1 only Up to a shift
by —1, it is a local system on Al with fiber at 7, equal to HO (N %). Hence ¥ is a
smooth perverse sheaf on Al*.

The Laplace transform with kernel e’ is defined similarly, using L”* obtained with
Re(ze’?®") <0, by replacing o/, f’ with o”, 8”.

Let us notice that L'~ A L"~ = A x Al*,

3 We refer for instance to [8] for basic results on perverse sheaves; recall that the constant sheaf supported
at one point is perverse, and a local system shifted by one is perverse, see e.g., [8], Ex. 5.2.23. Let us notice that, in
this paragraph and in the next one, one can work with Q-perverse sheaves.

4 This can be proved as follows: using the structure theorem for perverse sheaves on A!, one reduces to
the case of a sheaf supported on some p; (trivial), and to the case of j.#"[l], where ¥~ is a local system on
AN{p1,..., p}; clearly, there is no Hc%,n (A, j,7) and, by duality, there is no Hg (AL, j.1).
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Topological Fourier transform of a sesquilinear pairing. Let 4’ 4" be C-perverse
sheaves on A!. Recall that we denote by ”C the constant sheaf shifted by the dimension
of the underlying manifold.

Let us assume that we are given a morphism (in the derived category of bounded
complexes with constructible cohomology) kg : ¥’ ®¢ 4" — ’Cpi[1]. We then get a mor-
phism

(1.9) Blolp™ G @c Bl p1G" — HPC i -
For any 7, € A!*, we obtain a sesquilinear pairing
(1.10) ks, : HY (A, %) ®cHY (A", %") — HX(A',C) ~C

using that a closed set in A! is both in ®, and ®_,, iff it is compact. This pairing defines a
sesquilinear pairing at the sheaf level between local systems:

(1.11) ks : 951 (1] ®c 19" 51[~1] — Cg1.

Computation of %. We keep notation as above and we set M = M’, M" and
F = DR*M[1], which is a C-perverse sheaf, if DR denotes the usual de Rham functor.
Let us assume that we are given a sesquilinear pairing k. In order to compare kg and kg,
we need to consider a space where both pairings are defined simultaneously, and to sheafify
the construction of k on this space. We will work on P! x Al*,

Let us first recall the natural identification of local systems on A'!*

(1.12) Fl-1~7,
when M has a regular singularity at infinity. We have
¥ = DR™(M,4o) = DR™(V,V).

By restricting (1.2) to 7 # 0, we find M|, 4o = ¢4 (p"M(x00)&~ ), and we have, as ¢
is proper (so that we can use GAGA relative to P!),

(1.13) ¥ = Rq,(DR™ (p"M(x00)& ")) [1].

If 4 is a subset of P! x A!*, we denote by 4* its intersection with A' x A", Let K be
a compact set in P! x A'* and let ¢ be a C* function on A! x A'* supported in K*. One
sets

k
Nplo) = 3 %0l
k=p

e <p

where « is a multi-index indicating derivations with respect to ¢, 7, 7, 7.

In order to give a realization of the complex (1.13), we introduce the following
sheaves on P! x A!*. We will not distinguish between distributions and currents, by fixing

the volume forms Ldt Adt and Ldr AdT.
2n 2n
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— The sheaf &5} <A, (C functions on A! x A" with compact support in P! x A*,
with rapid decay, as well as all their derivatives, along ¢ '(c0)): for any open set
U < P! x Al and any compact set K = U, p € 6357 .. (U) iff p € € (U*) has support
in K* and, for any p e N, A4,(p) < +c0. 7

— The sheaf é"mOdA]* (C™ functions on A' x A having moderate growth, as well as
all their derivatives, along ¢~!(0)): a section ¢ € & m"dN*(U ) is a C* function on U* such
that, for any compact set K = U and any p € N, there exists an integer N = N(K, p) such
that | |t|_2N¢HCﬁ7K < +00.

— The sheaf @@m"dN .. same as above, with compact support. So ¢ has support in
some K and for any p there exists N = N(p) such that || |1 ¢l -, < +c0.

— The sheaf é’;f’fgf‘ the subsheaf of &21°%;,, of functions which are holomorphic
with respect to the 7 variable (i.e., killed by 0;). Using a Cauchy-type argument with respect
to 7, it is enough, to control the moderate growth of the derivatives with respect to ¢, 7.

— The sheaf .o/ m"dw the subsheaf of (o@m"d&l* of functions which are holomorphic on
Al x Al*. Using a Cauchy-type argument, it is enough to control the moderate growth of
the function itself, not its derivatives.

— The sheaf bbm;’dw

space of linear forms on 5 Al ¢
p e N and C = 0 such that, foranygoe@@

for any open set U of P! x A'*, the space Db™(U) is the
(U) such that, for any compact set K = U, there exists
52 4w (U), one has [<u, 03] < CA;(g).
— The sheaf Db;lml* for any open set U of P! x A'*, the space Db=*(U) is the
space of linear forms on & m"dm* (U) such that, for any compact set K < U and for any
integer N = 0, there exists an 1nteger p=pK,N) =0 and a number C = C(K,N) >0
such that, for any ¢e &2°4(U), one has [{u, |l|2N(p>| < C||¢||¢». Let us notice that
D<"(U) = Db(V).

Proposition 1.14. The previous sheaves are stable by the derivations 0, 0;, 0., Oz
Moreover:

%

(i) We have 8*%m°dN = Op1 41 (x00) and st*tsz/m"dN* =0forjz1

(i) The Dolbeault complex cﬁ"mOd .00 s a resolution of &/mOd that is

< Al* < Al*>
05 ﬁmOdAj‘]‘l — @@']T]Od A is onto and its kernel is o, mOdAl

b

%

(iti) The complexes DRDDI.  and DR?Db<0 <Al

Bl Al are resolutions of Cg z1. and
/i C a1y a1 Tespectively.

*

[Let us notice that the moderate Dolbeault complex can be computed with 0; because,
if ¢' is a local coordinate on P! at oo, we have 05 = —120;, and multiplication by 7 is an
isomorphism on (E”‘m"d ]

Indication of proof. For the first point, see e.g., [19], Cor. I1.1.1.8. The second point
is analogous to Prop. I1.1.1.7 in loc. cit., as well as the third point. []
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We can compute (1.13) at the level of P': by the projection formula and Lemma
1.14(i), the right-hand term of (1.13) is isomorphic to

RG, (DR™(p"M(x00)6~"))[1],

where DR™ is the de Rham complex of

"Q{mOdAl* ®8710D3'1><A]* 671 [p+M(*()O)57’T}.
Lemma 1.15. The complex DR™ (P™M(x00)& ) (1] is a resolution of Bo.p~' F.

Proof. Analogous to [15], Appendix A. []
The identification (1.12) is obtained by using Lemma 1.15:
(1.16)  Rq.(DR™(p*M(xo0)6 ")) (1] = Rg.(Bloip™' 7) = F[-1].

Using Dolbeault Lemma 1.14(ii), the g,-acyclicity of &, mod.an 4nd the Opi, 1--flatness
of pT.(x0)&™" near {00} x Al*, we find that the previous complex is

(1.17) ((?mod an, 1+e ®£716‘p1m1* 871 [p+M(*w)§7tT]).

PlxAl

Comparison with the analytic Fourier transform.

Proposition 1.18. Under the identification (1.12) (and its complex conjugate for
I+M”) we have kg = kg.

Proof.  We will sheafify below the construction ofAlAc. Let us begin with a basic fact.
Let # = x(t,7) dt Ad7 be a 2-form, with y € £™¢(P! x A'*) having support in K. We de-
note by F;() = | e "nits Fourier transform relative to 7. It is a function of ¢.
Al

Lemma 1.19. With these assumptions, for all integers p = 0 and N = 0, there exist
qg=q(K,p,N)e N and C = C(K, p,N) > 0 such that

Cp+q .

Ny (Fe(n)) £ €|l 14|

Proof. This is a variant of the fact that 1 +— [ e™™y(1) is in the Schwartz class
when  has compact support. [] Al

Lemma 1.20. Let U be an open set of P', U be an open set of A and u be a
moderate  distribution on U (relative to e (o) U). Then the  correspondence
EMY(U x U)dr AdT 35— {u, F.(n)) defines an element of Db=*(U x U).

Proof. As u is moderate, for any compact set L of U there exist p and a constant

<u,(pédt/\di> < CHy(p). One

can take ¢ = F;() and L = projection of K; ¢ has rapid decay, as well as all its derivatives,
after the previous lemma, and one gets, for any N = 0,

C > 0 such that, for any function ¢ € §7°(U), one has
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|[<u, Fo(m)] = C' (K, py N 7 Al v O

The sesquilinear pairing k: M' @ M” — &'(A') can be sheafified to give a
pairing k : M (x0) @ M (x0) — bbm"d For any a,b e {0,1,2}, we define a pairing
kg between sections of Vofu;f}oxdw ®e’1[ o an ®@ pTM/(x00)87] and  sections  of
&/m"dN*@g*‘[ ot Al ® pTM(x00)6"] with values in the sheaf of a+ b-currents

Db<0 “+b " by setting, for any 4 — (a + b)-form 5 with coefficients in & mOdAl
in the open set where the sections are defined,

with support

*

<g<21//;®m;72%{/®m;/>,,7> :Z<k ml,m . e ! /\IVI/\H>
i j

i,j Al*

We note that the right-hand term is meaningful because of Lemma 1.20.

Lemma 1.21. The pairing E induces a pairing of bicomplexes

DRmOd (p+M/(*OO)g—TT) ®C DRmOd (P+M/'<*OO) [‘[) N bb<0 A;)

and induces (1.9), as obtained from (1.1), at the level of the associated simple complexes.

Sketch of proof. The first point follows from the sesquilinearity of k. By Lemma
1.15, the left-hand term is a resolution of /o’ p~'F'[—1] ®¢ B/« p~'F "[—1], and by Pro-
position 1.14(iii), the right-hand term is a resolution of 4C AlxAl-- As, In any case, the mor-
phism induced by kg coincides with (1.9) along ¢~!(o0) (where both are zero), it is enough
to show the coincidence locally on A' x A'*, where the result is standard. []

In order to compute analytically the pairing @, we resolve the de Rham complexes
above with coefficients in /7 mOd .. by C* de Rham complexes with coefficients in (g’m(’d o
in order to get g-acyclicity. Then kB is obtained by applying ¢, to the pairing

(122) (6595 @0y, . 8 ' [PTM (+00)67")

[ M (xo0)6 ) X% Do (1),

PIxAl

*

mod, an, 1
® (g~ A ®871(0p1XA1

PlxAl

Comparing then to (1.7), we get the assertion of Proposition 1.18. [

1.c. Twistor conjugation and twistor sesquilinear pairings. We now work on the pro-
jective line P! equipped with two affine charts Q and Q.., and we denote by z (resp. z) the
coordinate in the chart Q (resp. Q) with z’/ = 1/z.

Twistor conjugation. In this setting, we denote by ¢ the conjugation functor consid-
ered in §l.a and, if ¢ : P! — ¢P! or ¢P! — P! is the map® z — —1/¢(z) or ¢(z) — —1/z,
we denote by  the functor o*c. We call it the geometric or twistor conjugation functor.

) Where we use the notation ¢ for the usual map sending a complex number to its conjugate, not to be
confused with the conjugation functor or the conjugation morphism, also denoted by c.
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For instance, if # is an (g,-module, then J# is an (g, -module.

In the following, we denote by S the circle |z| = 1 and by (s the sheaf-theoretic re-
striction (g, |s (Which can be identified with the sheaf of complex valued real-analytic func-
tions on S).

Twistor sesquilinear pairing and objects of 22-Triples(pt). Let #', #" be two (g, -
modules. A (twistor) sesquilinear pairing between these modules will be by definition an
Og-linear morphism

C: %é ®(os %/S/ — @S.
In [22], §2.1.b, we have denoted by #-Triples(pt) the category of such triples (#', #", C).

We say that such a triple is integrable if #', #" are equipped with a meromorphic
connection having a pole of order at most 2 at z =0 and no other pole (i.e., if they are
equipped with an action of z20.) and if the sesquilinear pairing C satisfies

(1.23) 20,C(m',m") = C(zo.m',m") — C(m’,z0.m"),

where the action of zd. on #s is defined as that of z=1. 224, and the action of zd. on (g is
the natural one. We denote by 2 int-Triples(pt) the category of integrable triples.

Denote by &' < J{"; 0 L' I;’ . the local systems ker z20.. The local system at-
tached to #" on z + 0 is then o~ 'c.#”. Let us notice that, when restricted to S, ¢ is equal
to 1 (introduced in §1.a) and that, when restricted to the local systems, the sesquilinear pair-
ing C takes values in the constant sheaf Cg = (s defined as ker zd,. Therefore, the sesqui-
linear pairing of an object of Z int-Triples(pt) is determined by the C-linear morphism (its
restriction to horizontal sections):

(1.24) C: %5 ®ci'cL§ — Cs.

Polarized twistor structures of weight 0. Let #', #" be two vector bundles (of the
same rank) on Qy. We say that the object (#', #", C) of #-Triples(pt) is a twistor struc-
ture of weight 0 if C defines a gluing between #'V (dual bundle) and #” (in other words, C
is nondegenerate) and if the resulting vector bundle on P! is trivial (as we assume that the

weight is 0).

A polarization is then an isomorphism (that we usually assume to be the identity) be-
tween # and A" (cf. [22], §2.1.c) such that, if we set # = #' = #", the sesquilinear
pairing C : #|s ® #|s — Os is Hermitian (i.e., C(m, i) = C(u,m) for local sections m of
Hs and p of a’lyf‘s) and positive definite, i.e., there exists a C-vector space H < I'(Qq, #)
such that

— ‘%:@QO ®CH7

— C sends H ®¢ H to C = I'(S, Us) (hence induces a Hermitian form in the usual
sense on H),

— and is positive definite as such.
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Twistorization. We will often use the following procedure, that we call twistoriza-
tion, which replaces a usual sesquilinear pairing as in §l.a with a twistor sesquilinear
pairing.

We consider the affine line with coordinate 0. Let us assume that we are given a free
C[0]-module Gy of finite rank, equipped with a connection V having Poincaré rank one at
the origin (i.e., a pole of order two) and no other pole. We do not make any assumption on
the behaviour of the connection at infinity, that will be lost anyway. Let us also assume that
G:=C[0,07"] ®cjg Go is equipped with a sesquilinear pairing s : G*" ®_, 17 G — G as
in (1.3), compatible with the connection.

Definition 1.25 (Twistorization). The twistorization (¢, %, C) of the data (G, V,s) is
the following object of Z int-Triples(pt):

— 4 = G§", equipped with V" (the analytization of (Gy,V)), and the variable 0 is re-
named as z;

— the twistor sesquilinear pairing C : 9|5 Qg g_|s — (s (Where % is the twistor conju-
gate of %) is obtained from (1.24), where we take for ¥’ = %" the local system ker V*" and
for C the restriction of s to this local system, when restricted to S = {|z| = 1}.

We equip this object with the sesquilinear duality . = (Id, Id ).

1.d. Fourier-Laplace transform of a filtered C[#]<0;)>-module with a sesquilinear pair-
ing. In this paragraph we associate to any holonomic C[#]<d,y-module M equipped with a
good filtration F, M and a sesquilinear pairing k : M @ M — #'(A') an object (Gy, V, s)
as in Definition 1.25, in order, through the twistorization, to get an object (#, #, C) of
2 int-Triples(pt). Let us note that (G*",V,s) has yet be obtained in (1.3), and we are left
to define Gy.

Saturation of lattice in a holonomic C|#]<{0d;>-module. Let M be a holonomic
C[#]<0,»>-module and let L be a lattice of M, that is, L = M is a C[f]-submodule of finite
type and M = C[0,] - L (notice that the generic rank of L as a C[¢f]-module may be strictly
smaller than that of M). We set G := M[d,'] = C[1]<d,, 5;1>/@c[z]<a,> M (it is known that
G is also holonomic as a C[7]<d,)-module) and we denote by loc : M — G the natural mor-
phism (the kernel and cokernel of which are isomorphic to powers of C[¢] with its natural
structure of left C[¢]{d,)-module). Let us set

(1.26) G =3 o7 Toc(L).
Jjz0

This is a C[d, ']-submodule of G. Moreover, because of the relation [7,0, '] = (0, 1)?, it is
naturally equipped with an action of Clz]. If M has a regular singularity at infinity, then
GE)L) has finite type over C[d;'] (cf. [20], Th. V.2.7).

For any /7 = 0, we set L, =L+~~+8fL. We also have
Gy = X a7 loc(Ly) = U 87 loe(Ly).

jz0 jz0

Moreover, for any 7 € Z, let us define Gy‘) as 8[/GE)L) < G. Then we have, for any 7 = 0,
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(1.27) G = 320 Toc(Ly) = ¥ 6,7 Toc(Les),
j20 /20
and therefore G = C[0,] - GE)L) (and thus G = C[9,] - G}L) for any / € 7).

The case of a filtered C[¢]<{0;)-module. Let us now assume that (M,F,M) is a
C[#]<0,y-module equipped with a good filtration. Let py € Z. We say that F, M is generated
by F,,M if, for any / > 0, we have F,,.,M = F, M + --- 4 0! F,,M. In other words, set-
ting L = F,,M, L is a lattice and F,,,,M = L, for any / = 0. We notice that the C[d,']-

module Gg,”[?) =0,7 GE)F”O) does not depend on the choice of the index py, provided that
the generating assumption is satisﬁedl.F Indeed, ;etting L'=F,, 1M =L,, we have
Gy = 0,6y = G") by (1.27), hence G0, = G, We thus set

(1.28) GE)F') = G(f;”g) for some (or any) index py of generation.

If we also set 0=20,' then Gf)m is a free C[0]-module which satisfies
G =C[0,07") ®cy Gy and which is stable by the action of 6?9y = 1.

Definition 1.29 (The basic correspondence). If (M, F, M, k) consists of
— a holonomic C[7]<d,y-module M which is regular at o,

— a good filtration F, M of M,

— a sesquilinear pairing k : M @ M — &'(A"),

we associate to such data an object (#, #, C ) of Z int-Triples(pt) by using the twistoriza-
tion process of Definition 1.25 applied to the filtered Laplace transform of (M, F,M):

— we set # = G(()F')’a1n (the analytization of the object defined by (1.28)), by renaming
z the variable 0 = 7! = 8;1, and we define the action of z20. as being that of ¢,

— the sesquilinear pairing (1.5) induced by Fik is now regarded as a sesquilinear pair-
ing (1.24), and therefore defines an integrable sesquilinear pairing C : #s ® % — Os.

Remarks 1.30. (i) In such a correspondence, if k is Hermitian, then so is C.

(i) If M is assumed to have only regular singularities, then we may replace the datum
of k with that of the topological kg. According to Proposition 1.18 and Lemma 1.8, the

sesquilinear pairing C is induced by %E
T

1.e. A criterion for the polarizability of (-7, A, C). In order to understand the basic
construction above, it is useful to associate to (M, F,M,k) an object of Z int-Triples(A')
before taking Fourier-Laplace transform. We will first work algebraically in the coordi-
nates ¢ and z.

The Rees module of a good filtration. Denote by RyM the Rees module
@ F, Mz*, where z is a new variable. We have RyM < C[z,z7'] ®c M and moreover
k
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Clz,z7"] ®cp ReM = Clz,z7'] ®¢ M. This is a C[t, z]<,»-module® (3, acts as z ® ;). It is
integrable, the z20.-action being the natural one.

We define the conjugate object in a mixed sense: we use the standard conjugation with
respect to the z-variable and the twistor one with respect to the z-variable. In particular,
the conjugate Clz,z!]®c M is Clz,z7'| ®c M with the twistor-conjugate structure of
Clz,z"']-module.

If k is a sesquilinear pairing on M, then we extend it by C|z,z~!]-linearity as
(131)  C:(Clz,"| ®@c M) @cpo ) (T2 @0 M) — Clz, =] @c #/(AY).
Clearly, C satisfies the integrability condition like (1.23).

Extension to P! and analytization. Recall that we denote by (xo0) the effect of ten-
soring with @1 (x00). In particular &1 (*xc0) denotes the sheaf of analytic differential oper-
ators localized away from infinity. We will similarly consider the sheaves RrZp1(x0) (Rees
sheaf of ring associated to the filtration of &1 by the order of differential operators, local-
ized away from infinity), its subsheaf RpOpi(xo0) = C[z] ®¢ Opi1(*00) and £,,1(xc0) (ana-
lytization of RpZp:i(*o0) with respect to z) as in [22], where we denote by 2! the space
P! x Q with its analytic topology.

To M one associates the sheaf M(xo0) of Zpi(*00)-modules, and to RrpM one
associates RpM(*xc0). The Z,1(*oc0)-module obtained from RrpM(xc0) by analytiza-
tion with respect to z is now denoted by .#(xc0): we have, by definition,
M(30) = Oy (+0) @y, (o) Rr-M (x20).

Let Dby be the sheaf of distributions on P'. Then #/(A') is nothing but the space of
global sections of Dbyi(x00). Formula (1.31) can be sheafified to produce a sesquilinear
pairing

C: f/%(*oo)‘s ®gq %(*oo)ls — Dbplxs/s(*oo),

where Db, g/g denotes the sheaf of distributions on P! x S which are continuous with re-
spect to z € S (see e.g., [22], §0.5).

Main Theorem 1.32. Let M be a regular holonomic C|t]{d,y-module equipped with a
good filtration F,M and a sesquilinear pairing k : M @c M — &'(A"). Let us assume that
the associated object (M (x0), M (xx0),C) of A int-Triples(P!)(x0) is the localization
away from oo of a polarized reqular twistor Z-module of weight 0 on P! with polarization
(I1d,1d) (c¢f [22], Def. 4.1.2 and 4.2.1). Then the object (#,#, C) associated to
(M, F.M k) is an integrable polarized twistor structure of weight 0 with polarization (1d, 1d).

Let us express the result without using the language of twistors when py = 0. Denote
by 0 the variable 7~'. Then G associated to My = FyM is a free C[0]-module of finite rank

) We denote by C[t,z]<0,) the Rees ring associated to the filtration of C[#]<d,» by the order of operators,
where we forget the grading; it is the free algebra generated by the polynomial algebras C[¢,z] and C[g,] modulo
the relation [0,,7] = z.
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u, equipped with an action of 620y, induced by the action of 7. Denote by A the closed disc
{l0] = 1}. Then, there exists a O(A)-basis o = (w1, . ..,w,) of T'(A, G§") such that, for any
i,j=1,...,4 the function S' >t Fk(w; ®;)(t) is constant and equal to the Kronecker
symbol 6;; (Where @; is computed in the twistor sense).

Let us notice that the basis @ is in general not contained in G, (which is a natural
C[0]-submodule of I'(A, G§")), i.e., cannot be obtained by an algebraic base change from
a basis of Gy. In other words, Gy and C[0] - @ correspond to distinct algebraic extensions
of G§". Indeed, on the one hand, the connection dyp on Gy has a regular singularity at
0 = oo (as M has a regular singularity at 7 = 0). On the other hand, the connection éy on
C[0] - @ has an irregular singularity at § = oo as soon as it has an irregular singularity at
0=0.

Examples 1.33. Let us explain the main theorem in the two elementary examples
1.6.

(i) In Example 1.6(i), we can take FyM = C - m, which generates a good filtration.
We have M = C[]6™, G = C[r,7 '], and G is the sub C[0]-module generated by
m. We search for w e G&" of the form f(0)m. We have Fk(m,m) = e = ¢¢/0=¢/%,
When restricted to |0| = 1, this is written as e/, Going to the twistor variable 0 — z,
and using twistor conjugation, this is written as f(z)f(z) with f(z) = e“. We can then
choose w = e~m.
(ii) In Example 1.6(ii), m remains a generator of Gy and, as |tf| = 1 on S!, we can

take w = /T (—a)/T(a + 1)m.

2. Proof of the Main Theorem

Let M be a regular holonomic %p,1-module equipped with a good filtration F.M and
a sesquilinear pairing k : M @ c M — Db, All these data can be localized away from oo
and, by taking global sections, we obtain (M, F, M, k) as in the Main Theorem.

2.a. The Rees module and its Laplace transform. We consider the Rees module
RpM associated to the filtration F,M, and its analytization (with respect to z) that we de-
note by .#. The conjugation is now taken in the usual sense with respect to the variable of
P! and in the twistor sense with respect to the variable z as in §1.e (cf. [22], §1.5.a).

As in §1.e, we construct a sesquilinear pairing C : 4|5 ®, M|s — Dbpi,gs from k.
Localizing away from oo gives the situation considered in §1.e.

The assumption made in the Main Theorem is that there exists (M, F,M, k) such that
the object (.4, #, C) (equipped with the isomorphism . = (Id, Id)) is a polarizable regu-
lar twistor Z-module of weight 0.

Then, by [21], Theorem 1 (with its correction in the erratum to [21]), the Fourier-
Laplace transform (4, .4, C) of (.4, .4, C) with polarization (Id, Id) is a polarizable reg-
ular twistor Z-module of weight 0 on the Fourier plane with variable 7, equipped with its
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analytic topology (that is, forgetting the behaviour at T = o0)”. In particular, its fibre at
7 =1 is a polarizable twistor structure of weight 0.

The proof of the Main Theorem therefore reduces to the identification of this fibre
with the object constructed in §1.d.

2.b. Laplace transform of the Rees module of a good filtration. We keep notation of
§§1.d and 1.e. The Laplace transform R M of RpM is by definition the C[z]-module Rr M
equipped with the action of Clz, z]<9,) where 7 acts as O, and 9, as —1.

Lemma 2.1. The localized Laplace transform Clr, 7', 2] ®crr, 4 Ry M with its natural
Clr, 71, z|<8, >-structure is isomorphic to Clr,77'] ®¢ GE)F') equipped with the following

structure:
— the Clt,t"Y|-structure is the natural one;
— the multiplication by z is given by z - (' ® g) = /' ® (0, '¢g), ie., z- = (1 ® 3, 1);
— the action of B, is given by 3,(t' ® g) = v’ ® [(£3;' — 1)g], i.e.,
8, =z-(0:®1) - 1®t=1, 00, — 11

We see in particular that the fibre of RzM at T = 1 is nothing but GE)F‘) with the C|[z]
action defined by z - g = 8;1g.

Proof. By definition, Ry M is included in C[z,z"'] ® M, and the action of  is in-
duced by z ® J,. By localization we thus have

Clt, 7] ®cpy (Clz, 271 ®c M) = Clz, 27" @c M[0, ],

where 7 still acts as z ® 0. The localized module C[z, 77!, z] ®crr, - RT:M is therefore equal

to the submodule of C[z,z7!] ®¢ M[d, '] generated by the v/ ﬂ)?:(R;M) for j = 0. The

coefficient of z/ can be written as 3 (0, ')’ loc(F,,;). If po is a generating index, this is
, jz0

nothing but 6/ fo,(’o for any / € Z (for / = po use (1.27), and for / < po, use also that, for

—

any k € Z, we have loc Fj, 6,’1 loc Fy.1 because 0,F; < Fj1). The localized Rees module

can now be written as @ (6/G\"))z/, and the correspondence t/ ® g — /gz’ induces
leZ

an isomorphism Clz,7!] ®c G — @ (0/G{*)z’. One checks that the action of
(el
Clr,77!,2]<d,) corresponds to that given in the lemma. []

Remark 2.2 (Integrability). As RpM is naturally equipped with an action of
220, (myz’ +— ¢myz’*1), its Laplace transform RrM is equipped with the twisted action

myz’ v (mpz’ 4+ 8tmyz’ = (0,8 + )myz'

7 More precisely, the proof in [21] is given when the twistor object (.#,.#, C) is simple and supported on
P!; the case when it is supported on a point is easy, as it reduces to Example 1.33(i).
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in order to understand this action, recall that R/FM can be regarded as the cokernel of the
map

elr/z 09, oe—tT/Z . C[T] ®C RrM — ([:[‘L'] ®@ Rp M,

tt)z tt/z

the action of 3,, resp. z20., on this cokernel is induced by that of e’”/? 08, 0 e~ ¥/ resp.

e”/720. o e'"/7; the latter is written as z20. + ¢ and is translated by the formula above.
The localized Laplace transform also has such an action. On the model C[r,77!'] ®¢ G( )
where the multiplication by z is given by the action of 7 ® 0t , the action of z20. is given by
that of 7 ® .

We thus see that the fibre of RFM at 7 = 1, as a C[z]<z%0.)-module, is identified with
Gém with its natural structure of C[0]<0%3,>-module (recall that we set 0 = 3,', 026y = 1):
z acts as 0 and 220, as 0°0,.

At this stage, we have identified the fibre at v =1 of ./ (analytization of RFM ) with
its z20.-action, with G (F.).an (analytization of G ) with respect to ) with its 0°8p-action.

2.c. Identification of the sesquilinear pairings. For any twistor Z-module, the sesqui-
linear pairing is defined away from z = 0. Let us begin thus by giving a more precise iden-
tification of RgM on the domain z + 0, 7 =+ 0.

Let us localize with respect to z the module considered in Lemma 2.1. If we first
localize RFM with respect to z, we obtain the module C[z,z7'] ® M. Then, localizing
with respect to t gives Clz,z7!| ®@c M [6;1]. We also have a description of this module
as Clr, 77! ®@ if we set G=M[o "] It comes equipped with an action
Clr, 7!, z,271¢0, 8-> by localization of that on RpM.

Let us denote @ = 7! and set 5 = 0 acting on G, so that ¢ acts as 7%0,. Let us give
the explicit form of the action on C[r,77'] ®¢ G = C[0,07'] ®¢ G. The action of z is by
0! ® n, that of 0. 1s by 0 ® d,. On the other hand, the action of ¢ is by 0 ® 1 and that of
Jpisby g ® 1 +o! ®no, = 69@ 1+ z(1 ® 0,) (using that dp = —720 )

Consider the morphism p : C* x C* — C* defined by (6, z) — 5 = z0. Then the pre-
vious module C[0,0”'] ®¢ G is nothing but the inverse image (in the sense of Z-modules)
pTG, if G is regarded as a C[n,771<d,>-module.

In particular, if 4 denotes the local system attached to V = G* on C*, we see that
the local system attached to RzM on C* x C* is p~ v,
Let u be a temperate distribution on A! (coordinate 7). One considers its Fourier
transform #.u with parameter z € S and kernel exp[—2i Im(tz/ z)] dt A dt (also written as
1 dt dt
exp[—2i Im(tr/z)}ﬁ — A—). It belongs to the space ./(A! x S/S), i.e., is a temperate
V(14 V4

distribution on the product A! x S which depends continuously on z € S.

Let m, e M and u = k(m, i) € #'(A'). Then, when restricted to z + 0, the distribu-
tion Z.u is C* with respect to (7, z) (being locally part of a horizontal section of an inte-
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grable connection). Working with the variable 0 = 7!, we see that Z,u is the inverse image

via the map p: (0,z) — n = z0 of the usual Fourier transform of the distribution u re-

stricted at ! # 0 (the kernel is exp — 2i Im(¢/7) édt Adt).

The sesquilinear pairing k : M ®c M — %'(A!) extends to a sesquilinear pairing
where conjugation is taken in the twistor sense with respect to the variable z
jug P

Rpk : RFM ®C[z,z*]] RFM — C[Z, Z_l] ®C y/(/&l),
(2.3) '
my=" @ gz v—s 2P 2k (my, ) = (—1) 7122~k (my, ).

By restricting (2.3) to S we can define 7. Rpk : R/FM|S ®os R/FKLS — %'(A' x S/S) by
composing Rgk with the Fourier transform .. If one also restricts to 7 & 0, one sees that
such a sesquilinear pairing takes values in C* functions. Let us notice that %, Rrk was de-
noted C in [22], §8.2.c, as the definition of direct image of a twistor Z-module involves a
factor 1/27i in the pairing.

We wish to show that the restriction of #.Rrk to T = 1 (that is, 0 = 1) induces on G§"
the pairing defined by the basic correspondence.

Recall that we set S' = {|tf|=1} ={|0| =1} and S = {|z| = 1}. The restriction
to horizontal sections on S' xS of the pairing Z.Rpk is a sesquilinear pairing
P s ®cole(p™ V)slxs — C, as p~'¥ is the sheaf of horizontal sections of ReM
on C* x C*. Recall also that, on S, we have a(z) = —1/¢(z) = —z = 1(2).

If we use the involution 7 : # — —#, we see that (:%Rpk)‘ sixs 18 p~! of the sesqui-

linear pairing (Fik)p: “Iﬁsl ®c 1‘1% — Cgi. The restriction to 0 =1 (that is, 7 = 1) of
F-Rrk thus coincides with (Fik), at the level of horizontal sections, as was to be
proved. []

2.d. Dilatation. We will now identify the fibre at 7 =7, # 0 of the twistor object
(RFM RFM Z.Rrk) by a similar computation.

Let us fix 4, € C*. We denote by x; : A" = A! the multiplication by 4,. If ¢ is a
function on A'!, we have (15 0)(1) =9 o,uM( ) = p(Aot).

If F is a C[7]-module, we identify w; F with the C-vector space F where, for m e F,
the C[z]-action is given by p(z) -m = p(t/} )m. The fibre of w; F at ¢ =1 is identified with
the fibre of F at t = A,.

Similarly, if M is a C[7]<d,y-module, the module ,ujM is the C-vector space M with
the previous twisted action of C[¢f] and 0, - m = 4,0,m.

We then clearly have ,u+ M = ,u+ M and y M 7 /i, M.

If ue9'(A"), we define w;u so that, for any pe (A, one has
ORI RS Iﬂ»o|’2<u,ﬂ1*/w>- We have uf u = [2,| "} 1,0
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Ifk: M ®cM"— &'(A') is a sesquilinear pairing, we define 4 k so that, for any
m',m" e M', M", we have (u; k)(m',m") = (k(m',m")). Then x; k is a sesquilinear
pairing on x; M' ®c p; M.

Given a filtered C[¢]<d,)-module with sesquilinear pairing (M, F, M, k), we denote by
15 (M, F.M, k) the object (u; M, 1 FoM, pi} k).

Similar formulas can be obtained for the dilatation of a Rees module and its Laplace
transform. We then obtain:

Lemma 2.4. The fibre at t =1, + 0 of the twistor object (R;—]\W, RiM, F.Rrk) is
the object associated, through the basic correspondence of Definition 1.29, to the triple
il (M FM ). O

Remark 2.5. With this interpretation of ,uT/T“ (M,F M k), [21], Theorem 1 can be
restated by saying that the family ,uf/f) (M,F.M k) (7, € C) corresponds, through the basic

correspondence 1.29, to a variation of polarized twistor structure of weight 0 having a tame
behaviour when 7, — 0.

3. Variations of polarized complex Hodge structure and polarized twistor &-modules

We will associate to any variation of polarized complex Hodge structure® of weight 0
on P!\ P (where P is a finite set of points) a set of data (M, F, M, k) as in the basic corre-
spondence of Def. 1.29. In §3.g we will show that the assumptions of the Main Theorem are
satisfied for these data. This will allow us to apply it to a variation of polarized complex
Hodge structure and obtain Corollary 3.15, which is the main result of this section.

The properties we want would basically follow from Schmid’s results [26] (at least if
we assume that the local monodromies of the variation are quasi-unipotent; for variations
defined over R, see [28], §11). Nevertheless, we will directly construct the twistor Z-module,
using the general results of [27], as translated in terms of twistor Z-modules in [22], Chap. 5.
Our objective is to make clear the characterization of those polarized twistor Z-modules
which come from a variation of Hodge structure. The study of smooth objects is made in
§3.e and their extension to P! in §3.g.

The variation of polarized complex Hodge structure we start with is a set of data de-
fined on P!\ P (cf. §3.a). We want to extend these data to P!. The problem is local near
each puncture in P, so we work locally analytically near each puncture. We denote by X
the disc of radius 1 centered at the origin in the complex plane with coordinate x and we
denote by X * the punctured disc X'\{0}.

3.a. Variation of polarized complex Hodge structure on X*. We consider on X* a
variation of complex Hodge structure of weight 0, which is polarized. It consists in giving
a C™ vector bundle H on X* equipped with a flat connection D, a decomposition

H = @ H? (H? is usually written as H?” 7 as the weight is 0) and a Hermitian metric /
pe”z
on H, satisfying the following properties:

8 We restrict the study to weight 0 for the sake of simplicity.
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— the decomposition is orthogonal with respect to /4 and the nondegenerate Hermi-
tian form k = @(—1)" 1y, is D-flat,
P

— (Griffiths’ transversality)

D'(H?) = (H* @ H"™") R, Q..

(3‘1) " 1 1
D"(H?) = (H" ® H'"') @, Q}..

We define the (increasing) Hodge filtration F, H as

FpH: EB HY,
qZ-p

so that D'F,H < F, ;1 H ®q,, Q..

We denote by (¥, V) the holomorphic bundle with connection (ker D", D') and we set
F,V = F,HnV.Wehave VE,V < F, .1V ®,. Qy..

The triple (H, D, h) is harmonic (cf. [27]), the metric connection Dj, (resp. the Higgs
field 0) is obtained by composing D with the projection on the first (resp. second) factor in
(3.1). In particular, Dj, respects the decomposition.

Remark 3.2 (Twist and shift). Let w be some integer. A variation of polarized com-
plex Hodge structure of weight w consists of the same data H = @ H” and the Hermitian

P
metric i, where one now defines k = i"(—1)”h on H? (which is written as H?-"7), satisfy-
ing the same properties. Going from weight 0 to weight w consists only in multiplying k&
by ".

If one shifts the filtration F, or the decomposition P H” by setting F[—/], = F,., or
p
H[—/] = @ H? (¢ € Z), the pairing k has to be replaced with k¥’ = (—1)"k.
P

3.b. The Z-module associated to a variation of polarized complex Hodge structure.
We first extend the holomorphic vector bundle with connection (V,V) as a meromor-
phic vector bundle with regular connection on X. We denote by j: X* — X the open in-
clusion.

Theorem 3.3 (cf. [26]). (i) The Ox[1/x]-module (j, V)™ < j.V of local sections of
J«V on X, the h-norm of which has moderate growth near the origin, is free of rank rtk V.
We denote it by M[1/x].

(i) The connection V is meromorphic on M[1/x] and has a regular singularity at the
origin.

(i) Each term (j. V)b (b € R) of the parabolic filtration of h at the puncture—defined
as the Ox-module of local sections v of j.V such that, for any & > 0, \x|7b+8Hth is bounded
near the origin—is a locally free Ox-module of rank rtk V.
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(iv) The connection V is logarithmic on each (j,V)". On (j,V)"/(j. V)", its residue
has b as unique eigenvalue. In particular, the filtration (j,V)* of (j.V) mod " oincides with
the (decreasing) Malgrange-Kashiwara filtration V°(M][1/x]).*

The parabolic filtration (/. 7)* is decreasing and we will usually consider the asso-
ciated increasing filtration (j. V'), = (Jj« V) foraeR.

Sketch of proof. One reduces to variations defined over R in a standard way. Then
the result is essentially proved in [26] (cf. also [28], §11). [

Remark 3.4. The basic result of Schmid that the #-norm of D-horizontal sections has
moderate growth near the origin is equivalent to saying that the harmonic bundle (H, D, h)
is tame in the sense of [27]. Theorem 3.3 is proved in this more general setting of tame har-
monic bundles in loc. cit. We will use the more general version stated at the level of twistor
Z-modules in §3.g.

The Ox[1/x]-module with connection (M[1/x],V) is thus a Zy-module with regular
singularity at 0. Denote by M its minimal extension at the origin: by definition, this is the
P x-submodule generated by (j.V)_, in M[1/x]. For a < 0, the filtration (j,V"), of M is
nothing but the V-filtration of Malgrange-Kashiwara at the origin, that we denote!® by
V.M.

3.c. Extending the sesquilinear pairings. By definition (and by Cauchy-Schwarz), the
metric / extends as a Uy ®¢ Og-linear pairing VoM ®¢ VoM — L v (vol), where vol
is the Euclidean volume form on X. Unless / is flat, this sesquilinear form, regarded as tak-
ing values in the sheaf Dby of distributions, is not Yy ® Z y-linear.

On the other hand, the sesquilinear form k also extends as a sesquilinear pairing
VeoM ®¢ VoM — Llloc, y(vol): this is seen, using Schmid’s results, by considering the ma-
trix of the base change between a horizontal basis of V', where k is constant by flatness, and
a basis of V_oM,; this will be also recovered in §3.g where we will also obtain:

Proposition 3.5. The sesquilinear form k is VoZx Q¢ Vo< y-linear and extends in a
unique way as a Iy Q¢ Z y-linear form

k:M®cM — Dby.

Remark 3.6. To be more precise, the pairing k takes values in the subsheaf of regular
holonomic distributions (cf. [12], [3] for such a notion, which will not be used here).

3.d. Extending the Hodge filtration. We wish to define a good filtration F,M on
M, starting from the Hodge filtration F, V. We follow [23], §3.2. We first set, for any
pe’,

) Recall that, as x is invertible on M[1/x], the Malgrange-Kashiwara filtration of M[1/x] is the unique
filtration by locally free ¢y-modules of finite rank such that the connection V on ¥? has a logarithmic singularity
at 0 with residue having b as unique eigenvalue.

10 The letter V here should not be confused with the previous notation, corresponding to the holomorphic
bundle; it is the standard notation for the Malgrange-Kashiwara filtration.
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This is clearly an Ox-module (recall that VoM = (j.V)_,). In other words, a local section
vof j.V on X isin F, VoM if and only if

— v is a local section of j,F,V,
~ lim [ - o], = 0.
x—0

Let us notice that F,V oM = VM for p > 0 and that F,V oM = 0 for p « 0. We next
define, for any p € Z,

(3.8) FEM =30/

X
j=0

Fy VoM = M.
This is clearly an Ox-module, we have 0,F,M < F, 1M for any p € Z, and F,M = 0 for
p < 0. Let us also notice that F, M n VoM = F,V_oM, as we have F,M c j,.F,V, and
that j'F,M = F,V.

For any a < 0 we have

(3.9) F,V. oMV M=FMn VM= jEV VM.
Indeed, the inclusions = are clear. On the other hand, we have

JEV A VoM = (F,V A VaM) A VoM = E,V oM A VM.

For such an a, there is no ambiguity to denote by F, V,M any of the expression in (3.9).

Proposition 3.10. (i) For any p € Z, F,M is Ox-coherent.

(i) The filtered D x-module (M, F,M) is strictly specializable at x = 0, that is,

(a) for any a < 0 and any p € Z, we have x - F,V,M = F,V, 1M,

or any a = —1 and any p, we have 0y - F, gr =F,.gr , where we
b > —1 and have 0 - Fygr) M = F,. 1 gr) | M, wh
set, as usual, F, grl M = (F, M n V,M)/(F, M~ V_,M).

It follows from (i) that F,M is (locally) free as an Oy-module, as it has no (y-torsion
(being contained in M[1/x]).

Sketch of proof. The Ox-coherence of F, VoM is the main point. It can be obtained
from Schmid’s Nilpotent Orbit Theorem [26], but we will recover it in §3.g. The coherence
of F,M follows, hence (i). For (ii), argue as in [23], Prop. 3.2.2. [

3.e. The smooth polarized twistor structure associated to a variation of polarized com-
plex Hodge structure. Let (H, D, k) be a variation of polarized complex Hodge structure
of weight 0 on a Riemann surface ¥ (we will take ¥ = P!\P or ¥ = X*, the punctured
disc). Let (77, V) be the corresponding holomorphic bundle with holomorphic connection
and F,V its increasing Hodge filtration, as in §3.a.
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We associate with (H, D, k) as above the triple 7 = (RgV, RgV, Rpk), where RpV is

the Rees module € zXF; V and Rpk is the sesquilinear pairing obtained from k by twistor
keZ
sesquilinearity over Clz,z"!] as in (2.3):

Rrk <Z 27vy, z‘1wq> =202k (v, Wy).
» q p.q

Lemma 3.11. The triple 7 = (RpV,RpV,Rrpk) equipped with the polarization
& = (Id,1d) is a smooth polarized twistor structure of weight 0.

Proof. 1t is enough to show that each fibre of 7 over Y is a polarized twistor struc-
ture of weight 0; we can therefore assume that Y is a point, so that there is no difference
between 7 and H. We are reduced to finding a Cl[z]-basis ¢ of RpV which is orthonormal
for Rpk (cf. [22], Remark 2.2.3).

For any p, let ¢, be an i-orthonormal basis of H,. Then (z’¢,), . ; is the desired basis
of RpV: that it is a basis is clear, and

Rrk(z%¢, i, 2%, ;) = 22 (ep i, 84 );

this expression vanishes unless p = ¢, hence is equal to (—1)"k(¢, ;,&, ;) = h(ep,1,,;) = i ),
if 0 is the Kronecker symbol. [

Remark 3.12 (Integrability). It is easily seen that this object of #-Triples(Y) is inte-
grable: indeed, RV is integrable (cf. Remark 2.2) and Rrk satisfies the integrability condi-
tion

zazRFk(u, ﬁ) = Rpk(zazu, 17) — RFk(u,zéjJ)

3.f. Characterization of polarized smooth twistor structures coming from variations
of polarized complex Hodge structure. Consider the analytization of the object
(RpV, RpV, Rpk) constructed in the previous section, i.e., tensor it with Oy over Oy|z]. It
takes the form (#', #', C), where #"' is a locally free ()»-module of finite rank. Is it pos-
sible to recover (RgV, RpV, Rpk) from its analytization, and how to do so?

Proposition 3.13. Let 7 = (', #', C) be a smooth object of R-Triples(Y). It is the

analytization of a triple (RpV, RpV, Rpk) if and only if it satisfies the following supplemen-
tary properties:

() 7 is integrable.

(i) A is relatively logarithmic, i.e., stable under z0. (and not only under z*0.,).

(i) The monodromy of the flat connection on %";*0 around z = 0 is the identity.

Proof. The conditions are necessary: this clearly follows from the definition of
the z20.-action on RyV for 3.13(i) and (ii); localizing along z = 0 (i.e., tensoring with

Oylz,z7"]) changes RrV to Clz,z7!] ®¢ V and the 0.-action is trivial on 1 ® V. This gives

(iid).
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Let us now consider .7 satisfying Properties 3.13(i)—(iii). We argue in four steps:

(a) We show that, locally on Y, there exists a basis of %1110 as an Oy|._o-module
(where |._o means the sheaf-theoretical restriction) such that the matrix of the connection
in this basis is relatively logarithmic and takes the form Ddz/z + B(y,z)dy/z, where D is
a diagonal matrix with integral entries and B is holomorphic.

(b) If Gy denotes the free ¢'y-module generated by the part of the previous basis cor-
responding with the eigenvalue k of D, the ¢y-module

Fi = ker|[(z0: — k) : Jflézo — A

is equal to @@ Gz, hence is locally free. Moreover, the integrability of the connection
/eN
implies that 20,7y = Fy1. Setting V' = ker[z0, : #'[z7"] _y — #'[z7"]_,], we see that
V=@ Gz’ is a locally free Oy-module filtered by the F,V =z %, = @ G,z
tez (<k

and that this filtration satisfies Griffiths transversality 0,F; < Fy4. Let us also notice that
the filtration F, V is the filtration by the order of the pole when V' is considered as a sub-
sheaf of #'[z7"]__, thatis, FV =V nz 7%,

(¢) The morphism Oy._g ®¢, RV — #/!_, sending Fi.z* to Z is an isomorphism
of germs of bundles with meromorphic connection. It extends in a unique way by horizon-
tality as a morphism of bundles with connections Oy ®,, RpV — . This morphism
identifies (7, V), defined as ker zd. as above, with #”'/(z — 1)#"' equipped with its natural
connection.

(d) The integrability property for C shows that, when restricted to F s ®¢g 7 ¢js, C
is homogeneous of degree (k — /) with respect to zd.. Therefore, C takes the form Rpk for
some sesquilinear pairing k on V.

Let us indicate the proof of Step (a). This is a particular case of the Levelt normal
form with parameter. Take a local coordinate y on Y and choose a local basis of #._,,.
The matrix of the connection in this basis can be written as

dy

T
z

dz -
A(y,Z)?—FB(y,Z)

where 4 and B are holomorphic. As the monodromy relative to z is unipotent (being the
identity), the characteristic polynomial of A (0, y) is constant and its roots are integers.
Therefore, one can assume that 4(0, y) = D+ N(0, y), where D is diagonal with integral
eigenvalues and N(0, y) is strictly upper triangular and commutes with D.

Arguing as for the construction of the Levelt normal form (see e.g., [20], Exer.
11.2.20), it is then possible to find a finite number of (possibly nonzero) holomorphic
matrices A;(y) such that [D, 4;] = —jA; (j € N*) and a formal series

P(y,z) =1d +zPi(p) + -

where Py (y) are holomorphic on a fixed neighbourhood of y = 0 such that
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Zg(%z) = P(y,z)- (D +N(0, )+ ZZ’Aj(y)) = A(y,2)P(3,2).

After the formal meromorphic base change with matrix P(y,z)z~?, the matrix of zd. is
N(0,y)+ > Aj(y) (see e.g., loc. cit.) and therefore, restricting to curves y = y, and apply-

j

ing the classical theory of differential equations with regular singularities in dimension one,

the monodromy around z = 0 is exp —27i (N (0,y)+ > A4 y)) The assumption that the
J

monodromy around z = 0 is the identity is then equivalent to the vanishing of each term in
the sum.

D

B

Applying now the formal base change with matrix P(y, z) instead of P(y,z)z~2, we

find that in the new (formal) basis, the matrix of the connection is written as

Dd + B(y,:z @
z

where B= P 'BP + zP~ 1815/ dy is a formal series in z with holomorphic coeflicients
in y. In particular, we have B(0,y) = B(0, y) and the integrability condition implies
z&B( y,z)/0z = [B, D] + B. Expanding this equality with respect to powers of z shows that
B is a polynomial in z with holomorphic coefficients in y. The new matrix has the desired
form.

Last, the formal matrix P is a horizontal section of a holomorphic bundle with
meromorphic connection having regular singularities along z = 0 (in order to justify this
statement, let us remark that is so for its restriction to curves y = y,; we then apply the
regularity criterion in [6]). It is therefore convergent. []

3.g. The polarized twistor &-module associated to a variation of polarized complex
Hodge structure. Let (H,D, k) be a variation of polarized complex Hodge structure of
weight 0 on P!\ P. By the results of §§3.b, 3.c and 3.d applied to the neighbourhood of
each point of P, we associate to it a filtered Z-module (M, F,M) on P! equipped with a
Hermitian pairing k : M ®c M — Db

The main result of this section is:

Proposition 3.14.  The object of R-Triples(P') associated to (M, FJM, k) is a polar-
ized reqular twistor Z-module of weight 0 on P'.

If (M,F.M) denotes the (global sections of) the localization away from oo of
(M, F,M) and if k denotes the associated Hermitian pairing with values in .’ (Al), it fol-
lows that the Main Theorem of §1.e applies to (M, Fo M, k):

Corollary 3.15. Let (H,D,k) be a variation of polarized complex Hodge structure of
weight 0 on P'\P, let (M, F,M) be the corresponding filtered C| ](6 Y-module and still de-
note by k the extension of k as a sesquilinear pairing M @c M — &' (AY). Then the associ-
ated object (A, H C) through the correspondence 1.29 is an integrable polarized twistor
structure of weight 0 with polarization (1d,1d). [
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In order to prove Proposition 3.14, we will directly construct a twistor £-module ex-
tending the one attached to the variation on P!\ P, and show that this object takes the form
(RFM, REM, Rpk) for some filtration F on M and sesquilinear pairing k. We will then
show that the filtration F and the sesquilinear pairing & coincide with those defined in
§§3.b, 3.c and 3.d. This will give in particular the finiteness results obtained there using
Schmid’s results.

Extending (#”, #’,C). Denote by (#', #' C) the analytic triple attached to
(H,D,h) as in §3.f, with polarization (Id,Id). We have yet seen that the results of Schmid
imply that the harmonic metric / is tame near the punctures. In [22], Cor. 5.3.1, we have
constructed, as a consequence of the results of [27] and [2], an object 7 = (M, 4, C)
which is a polarized twistor Z-module if we take (Id,Id) as the polarization, such that
it restricts to (#', #',C) on [P’I\P. More precisely, we have also defined the extension
Vool = J«#', which is a locally free (/,,1-module (where 2! = P! x Q) and Q is defined
in §1.c), where j : P!\ P — P! denotes the open inclusion (and also the same inclusion after
the product with Q). Let us notice that, as the eigenvalues of the local monodromies of
(H, D) near the punctures have modulus equal to one (cf. [26]), the V-filtration constructed
in [22] is defined globally with respect to z and not only locally near each z,. We will show
that (., .4, C) is the analytization of some (RpM, RrM, Rpk).

Extending Rp V. Let us first show the existence of RpV_ oM.
Lemma 3.16. The z0. action on #' extends to VoM.

Proof. Let us work near a puncture, with local coordinate x. Recall (cf. [22], Cor.
5.3.1) that V_¢.# is defined as the subsheaf of j..#"', the germ at (0, z,) of which consists
of local sections m such that lil’I(l) |x| - ||m]|,-;, = 0, uniformly for z near z,.

Let X denote a small disc centered at x = 0, X the punctured disc and X the closure
of X. Choose an orthonormal basis (¢, ;) of H on X*, which is adapted to the decomposi-
tion H =@ H,, and write m =) f, ;j(x,z)z¢, ;, where each f,; is C* with respect

p pJ

to xe X* and holomorphic with ’respect to z near z,. The action of zd, is given by
20:m = ) _(pfp,j + 20fp.j02)2"¢p.j.
p.J

The condition that m is a local section of V(.4 is then equivalent to the fact that, for
any p, j, the map z — [x — xf, ;(x,2)z?] is a holomorphic function from a neighbourhood
of z, to the Banach space of continuous functions on X vanishing at 0. It is then clear, from
Cauchy’s inequality, that |x| - [|z0.m|| ., = c|x| - ||m]| ,.;, for some ¢ > 0. [

It follows that V.4 is a locally free (1-module with a meromorphic connection V
having regular singularities along its polar locus {z =0} U (P x Q). Let us also notice
that, as we have seen in §3.f, the monodromy around z = 0 is the identity.

Lemma 3.17. Denote by V_oM the kernel of z0. acting on VoM ‘Zzo[z”] and by
FoVooM the filtration by “the order of the pole in z”. Then we have a natural isomorphism
Op1 ®q,, 12 Rr VoM = VoM, identifying (the restriction of ) C with Rpk.
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Proof.  Let us fix a local coordinate x on a small disc X centered at a puncture and a
local basis of V_g.# near the point (0,0). The matrix of the connection in this basis can be
written as

with 4(x, z), B(x, z) holomorphic.
The argument used in the proof of Proposition 3.13 extends to the present situation:

— For Step (a), we can apply exactly the same arguments; at the end, we find that Pis
a z-formal horizontal section of a holomorphic bundle with meromorphic connection on %'
having poles along {z = 0} U {x = 0}; moreover, the restriction to the curves x = x,, & 0
and z = z, & 0 of this bundle with connection has a regular singularity at the origin, as
can be seen on its matrix; after Deligne’s criterion in [6], the meromorphic connection has
regular singularities; it follows that any formal solution is convergent.

— Similarly, for Step (b), we apply the same argument, where the (xy-module ker zd.
is now called VoM instead of V.

— The bundle Home,(Or g, RrFV<oM, VoA is naturally equipped with a
meromorphic connection having regular singularities along {z =0} U {x = 0}; we have
constructed a germ of horizontal section of this bundle on X x A, where A is a neigh-
bourhood of 0 in Qg, which is an isomorphism of bundles with connection; it extends
in a unique way by horizontality as a section on X * x Qp, and is at most meromor-
phic along {x = 0} x Q; it is in fact holomorphic along {x = 0} x Q, being yet holo-
morphic along {x =0} x A; this gives Step (c); in particular, we have identified
VoM = ker[z@z : V<0%|Z:0[Z_l] — V<0.%~‘4=0 [Z_IH with V<()¢ﬂ~/(2 — 1) V<0.ﬂ~.

— The equality C = Rpk holds away from {x = 0}, and both are L] . along {x = 0}
(cf. [22], §5.3.c, for C), thus they coincide as sesquilinear pairing taking values in distribu-
tions, hence Step (d). [

Lemma 3.18. The filtration F, VoM satisfies (3.7).

Proof. Looking back to Step (b) in the proof of Proposition 3.13, the assertion is
equivalent to saying that the order of the pole along z = 0 can be computed away from

{x=0}. O

The minimal extension. We now construct RzM. We continue to work locally near
a puncture. We denote M= Oy [x‘l] ®0, V<0ﬂ~ and we denote by .# the Z4-submodule
generated by V_o.# in .. It is clear that .# < j,#" is stable by z0.. Let us notice more-
over that .# is so, according to the commutation relation z0.0, = 0x(z0: + 1). We can
therefore define M and M by the procedure above, i.e., by taking the kernel of the action
of zd. on the z-localized modules. We similarly get a filtration F, on these modules.

Z

RrZy-submodule generated by RpV_ oM in RpM. We conclude that M is a minimal ex-

We have then RpM = Ox[x71,z] ®0yz) REV<oM and RpM is identified with the
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tension (i.e., Zx-generated by V.oM) and that F,M is a good filtration, as RpM is then
clearly RpZx-coherent.

By localization with respect to x of the isomorphism in Lemma 3.17, we get an iso-
morphism Uy ®, ;) RFM = M, and by taking the submodules generated by RrV_oM, we
get 04 ®d')([3] RFM =M.

Extending the sesquilinear pairing. We have yet obtained a sesquilinear pairing k£ on
VoM ®¢ VoM with values in L] ., such that the sesquilinear pairing C restricted to
RF V<()M ®C[z,z*]] RF V<0M coincides with RFk

Consider local sections m’, m” of Fi M and F,M. Then
C(m'z* m"z") = Kz C(m',m")

belongs to Dby, g/s, and so does C(m’, m"). But m’, m" are obtained from V_oM by acting
differential operators. It follows that, by sesquilinearity, C(m’,m") is a distribution on X
(i.e., does not depend on z), as this is true on VoM. We denote by k(m’, m") this distribu-
tion. Then, clearly, k is the desired extension, and it satisfies C = Rpk.

Description of the filtration F,M. In order to end the proof of Proposition 3.14, it
remains to identify the previously constructed filtration F,M with that given by Formula
(3.8).

Taking the degree p part in z of the equality RekM = RrPy - Rp VoM of submod-
ules of RpM gives

FEEM=YF%x F, VoM inM,
k

which is exactly (3.8). [

4. Application to cohomologically tame functions on smooth affine varieties

4.a. Cohomologically tame functions. Let U be a smooth complex affine variety of
dimension n + 1 and let /' : U — C be a regular function on U. We say that f is a cohomo-
logically tame function (cf. [18]) if there exists a diagram

N

Al

where X is quasi-projective and F is projective such that, for any ¢ € A!, the support of the
complex of vanishing cycles ¢,_.Rx,Qy is contained in U. This implies in particular that
the critical points of f in U are isolated. This also implies that the cone % of the complex
11Quy — Ri,Qy is such that ¢,_.% =0 for any c € C, hence each cohomology sheaf of
RF,% is (locally) constant on A'. We mainly use this last property, which has been consid-
ered by N. Katz [14], Th. 14.13.3, in an arithmetic setting and in [18] in the complex setting
(cf. also [16], [17], [9] and [8], §6.3).
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Remark 4.1. There are many examples of cohomologically tame functions. Namely,
if f is a polynomial on C"*!, then it is cohomologically tame with respect to the closure X
in P""! x C of the graph of f (contained in C™! x C if and only if it satisfies Malgrange
condition (cf. [17])). Polynomials which are tame in the sense of Broughton [4] are examples
of this kind. Recall also that (Laurent) polynomials which are convenient and nondegener-
ate with respect to their Newton polyhedra are cohomologically tame.

Recall that we denote by ?Qy the complex Q[dim U]. Let us recall some properties
of the complex Rf.”?Qy. We denote by pi,...,p, the critical values of f and by
jo ANy p} < Al the open inclusion. We will use basic results concerning per-
verse sheaves and intersection cohomology, for which we refer to [8] and the references
therein. We also use the nearby and vanishing cycle functors i, ¢, relative to a function
g (see loc. cit.), and their perverse counterpart ”y, =y, [~1], ¢p, = ¢,[—1].

A basic point will be to compare the direct image Rf,”Q with the direct image by F
of the intersection complex ICy (7 Q).

Proposition 4.2.  The perverse sheaf P4 " Rf.?Qy shifted by —1 is a sheaf, with fibre at
¢ equal to H" ( o), @). Moreover, there is an exact sequence

42)(*)  0— 7 — P#°RF.ICx("Q) — P # Rf.PQy — Fy — 0

in the perverse category, where F,, %, are constant sheaves shifted by 1. Last, the perverse
sheaf P#°RF, I1Cyx (PQ) decomposes as the direct sum of two perverse sheaves:

— J« (1], where V. is the local system with fiber the intersection cohomology
IH"(F~'(c),Q) on A{p1,...,p:},

— a sheaf supported on {pi, ..., p:}, each fiber being of finite rank.

Example 4.3. Consider the function f : C"*! — C given by f(xo,...,x,) = X2,
We have r =1 and p; = 0.

—If n=1, then ?#°Rf.’Qu = ji"Qu,
%*20,% :Oandﬁzzl’@ﬁl.

oy PAORFICK(PQ) = i . Qp, 5O

— If n =2, then »#°Rf.?Qy = j, 7", where 7" has rank one,
P#ORF,ICy(PQ) = j. 7.,
where 7, has rank two, % has rank one and %, = 0.

Proof. The first point was proved in [18], Th. 8.1(3); more precisely, to identify the
fibre, we use that, if i, : F~'(c) — X denotes the closed inclusion and x. : f~!(c) — F~!(c)
denotes the open inclusion, then we have i ! Rk, Qp = Rrc. «Qp-1(: this is proved in [18],
Prop. 8.3(3).

For the second point, let us first remark that the intersection complex ICy(?Q) also
satisfies the non-existence of vanishing cycles at infinity. Indeed, cohomological tameness
for f is equivalent to the vanishing along X\ U of the complexes ?¢._ . "#' (Ri,.’Qy) for
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all 7, if 77 denotes the /-th complex of perverse cohomology. This follows from the com-
mutation of the functor 7¢_, with the functors 2# (see e.g., [13], Cor. 10.3.13, where our
notation ”¢ corresponds to their notation ¢).

On the other hand, one has ICy(?Q) = x\,”Qy and x,”Qy is a perverse subsheaf of
?#°(Ri,”Qy). Therefore, P¢ 1.”Qp is a perverse subsheaf of ?¢. P#°(Ri,”Qy),
hence is zero on X\ U.

In the same way one shows that, for all ceC, the cone of the complex
.’ Quy — Rr,’?Qy does not have vanishing cycles along F' = ¢. This remains true after di-
rect image by the proper morphism F, and thus the perverse cohomology sheaves of the
cone % of the complex RF,ICx(?Q) — Rf.?Qy are locally constant perverse sheaves
(i.e., locally constant sheaves shifted by 1) on A'3 hence constant.

On the other hand, still considering the vanishing cycles, one shows that the perverse
sheaves 7/ RF, ICx(?Q) and »#/Rf,?Qy = ?»#’ RF, Rk’ Qy are constant if / = 0.

In the long exact sequence of perverse cohomology
o = PATIRAPQu — PAHE — PAHORE, ICy (PQ) — P#°Rf.PQy
— PG — P RF, ICx(PQ) — - --

all the terms but those in the middle are constant sheaves (shifted by one), hence we get a
short exact sequence (4.2)(x).

The Decomposition Theorem [1] gives the desired decomposition. Let us show
that the fibre of 7, at ce A'\{pi,...,p,} is the intersection cohomology
IH"(F~'(¢),@), and the morphism 77, .— ¥ is the natural restriction morphism
IH"(F~'(c),Q) — H"(/7(c), Q).

To prove this statement, it is enough to prove that, in some neighbourhood of X\ U,
we have, for any ¢ € A3 the equality i;lK!*@U = K,1:Qp1(,). Let us use the shifting con-
vention for perverse sheaves. Recall that r.1.” Q1) is the image (in the perverse category)
of the natural morphism p,}fOK(x’!p@f'fl(c) — pJKOKQ*” Qf-1()- In some neighbourhood of
X\U, according to the non-existence of vanishing cycles of the complexes involved, we
have, setting 7i-! =i 1[-1],

pic_lkg*p@y ="y, 1.”Qu  (no vanishing cycles)
= image["yy,;_ LA i’ Qu — P, LA Ric,’Qy]
= image[’ A", " Qu — P AP, Ric.”Qu] (Y, is t-exact)
= image[”%ol’i;lm”@y — "’Jfol’ic_erc*”@ v]  (no vanishing cycles)
= image["#”i; P Qy — PAHRi,PiT P Qy]  (cf. [18], Prop. 8.3(3))
= image["A# e P Qp-1(0) — PH " Rice L Q1 ]

= ket Qpr. O
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4.b. Semisimplicity of the Gauss-Manin system. The Gauss-Manin system M of f
defined as #°f Oy, is known to be a regular holonomic C[f]<d,y-module. Its Laplace
transform M is a C[7]<d,y-module having thus a regular singularity at 7 = 0 and a (usually)
irregular singularity at T = oo, and no other singularity. Then G := C[r, 77| ®cp Misa
free C[z, 7 !]-module of rank u (sum of the Milnor numbers of the critical points of /" on

U), equipped with a connection V (regular singularity at ¢ = 0, irregular one at 7 = oo, and
no other singularity).

Theorem 4.4.  With these assumptions, the meromorphic bundle with connection (G, V)
is semisimple, i.e., is a direct sum of simple (that is, irreducible) meromorphic bundles with
connection.

R. Garcia Lopez informed me that this result has been shown by N. Katz ([14], Th.
14.13.4(4)) by arithmetical methods.

Proof. Let My, be the regular holonomic C[#]<d,-module having »#°RF, ICy(?C)
as its de Rham complex (using the Riemann-Hilbert correspondence on P! and GAGA).
From (4.2)(x), we get an exact sequence

(4.5) 0— N — Myy - M— N, — 0,

where Ny, N, are isomorphic to powers of C[#] (with its usual C[¢]<d,)-action). In particu-
lar, setting Gy = Clr, 7] ®c[ Miy, one has

Let us notice that if My, is semisimple as a C[]<{d,)-module, then ]l/l;r 1S SO as a
Cl[7]<0.y-module and C[r,7"'] ®¢[y Mj4 is so as a meromorphic bundle with connection.

The semisimplicity of M;, follows from the Decomposition Theorem for the direct
image of an intersection complex by a projective morphism ([1] or [23], see also [5]) and of
the Semisimplicity Theorem [7]. []

4.c. The Brieskorn lattice. We denote by G, the Brieskorn lattice associated to f
(see [18]): by definition, one introduces a new variable ¢ and one sets

Go = Q" (U)[0]/(0d — dfNQ"(U) (0]

It is known that Gj is a free C[0]-module of rank x := dim Q"™ (U)/df A Q"(U). The mul-
tiplication by f on Q"(U) naturally induces a connection on G, with a pole of order 2 at
0 = 0, a regular singularity at § = oo, and no other pole.

We have G = C[0, 0] ®cp Go, equipped with the corresponding connection.

Comparison with G, . After [23], the module M, is equipped with a good filtra-
tion that we denote by F1M;,, so that (M, FA M) underlies a polarizable Hodge mod-
ule of weight dim U = n+ 1 on A! (which corresponds, on A\{py,..., p,}, to a variation
of polarized Hodge structure of weight n). We will be interested in the shifted filtration

FoM:, = FHn+ 1]M;,, defined by F, M;, = F/If(nH)MH for any / € Z. We then define
G G(F.)
4,0 a8 Gy -
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Lemma 4.7. We have Gy o = G.

Proof of Gi; o = Go. By definition of the direct image f,, the module M can be
written as Q”H(U)[(?t]/(d — df A e8,)Q"(U)[3;]. We denote by M, the image of Q""(U)
in M. Then Gy is the saturation (1.26) of M, by 6[_1. It is therefore enough to show that
the natural map M, — M of (4.5) sends FyM; into M, and that 0 is a generating index
for FoM;, (cf. (1.28)).

We consider a diagram

X
/
K

s

U F

s

ln
X
lF
Al
where X is smooth and 7 is projective and birational. The direct image #°F, (% is the 0-th
cohomology of the complex

RY(X,(Q"*[0,],d — dF A e0,))
and we have a natural restriction morphism
RT (X, (Q5'*°[0,],d — dF A ed,)) — RU(U,(Q}*[0),d — df A ed)))
= (Q"**(U)[0),d — df ~e0))
inducing a natural morphism
(4.8) HF Oy — M.
We filter the de Rham complex by

(4.9) Fo(QE[0,],d — dF A 00y) = (Frsa[QE[0,)),d — dF A 00,)

with
+1+/ g +1+7 ~a
Fier[QF "[51]]22‘6933 07

This induces the filtration F, #°F O5. We have a similar definition for U instead of X, and
(4.8) is, by construction, compatible with the filtrations. We remark that FoM = My; hence,
the morphism (4.8) sends Fo#°F (O into M.

By construction, Fo#°F . Oy generates F, #°F, (5 over C[d/], as

Fo(Q1°(0,],d — dF ned,) = Q.
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In order to conclude, we apply [23]: setting as above FH = F,[—(n+1)],
(#°F 0y, F1) underlies a polarizable Hodge module of weight n+ 1, and, by the
decomposition theorem of loc. cit. for n Oy, (Mi., FAM;,) is a direct summand of
(#°F 0y, F1). Last, the morphism (4.5) is induced by (4.8). [

End of the proof of Lemma 4.7. Once we know that Gi, o and Gy are two lattices
of G = G4 and that the former is included in the latter, the lemma follows from the
equality after tensoring with C[0] over C[f]. From the formal stationary phase for-
mula (see e.g., [20], Prop. V.3.6), this reduces to the formal microlocal equality
(M,F,M)" = (M, F,M;.)" at each point p;.

In order to obtain such an equality, one interprets both microlocal filtered modules as
microlocal direct images by F of ;. Oy and «;, Oy respectively (see e.g., [18], §11). In such a
direct image, no contribution comes from X\ U, and the contributions coming from the
critical points of f in U coincide. []

Remark (Birkhoff problem for the Brieskorn lattice). It follows from Theorem 4.4
and of a theorem of Bolibrukh and Kostov that Birkhoff’s problem for the Brieskorn lat-
tice has a solution. This result can also be obtained in another way, which is more precise:
Hodge Theory allows one to apply M. Saito’s criterion [24] to obtain a remarkable solution
to this problem (cf. [18], [10]).

4.d. The sesquilinear pairing. By Poincaré-Verdier Duality Theorem, we have a nat-
ural pairing (that we consider from the sesquilinear point of view)

P: Rfi’Cy ®c RAPCy — Chu2).

As the perverse cohomology sheaves in degree distinct from 0 of both complexes Rfi/?Cy
and Rf.”Cy are constant shifted by one, their topological Laplace transforms vanish on
A, and the topological Laplace transforms of these complexes take the form ¥ (1], if a
is the sheaf of horizontal sections of G on A!*. By topological Fourier transform, we get a
sesquilinear pairing (1.11):

Py a[l] ®ci¥si[l] — Ca[2].
For any integer /, let us set (/) = (—1)""V/2,

Theorem 4.10. Let us assume that f is cohomologically tame. Then the integrable tri-
ple (A, #, C) associated with (Go, Go, le(n + 1)/(27i)"] 13) by the twistorization process
of Definition 1.25 (i.e., 0 — z and replacement of the standard conjugation with the twistor
conjugation), equipped with the sesquilinear duality & = (1d,1d ), is an integrable polar-
ized twistor structure of weight Q.

Proof. We will apply Corollary 3.15 to a suitable variation of polarized Hodge
structure.

Let us choose a relatively ample line bundle for F. Denote by PM:, the correspond-
ing primitive submodule of M;, (its fibre at ce A'\{py,...,p,} is the primitive part of
IH"(F~'(c),C)). The filtration F}'M;, induces a filtration F/1PM;,.
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Lemma 4.11.  The primitive filtered module (PMy.., FAPM:. ) is a direct summand in
(M, FAM;,), the other summand being isomorphic to a constant Hodge module.

Proof. By the decomposition theorem [23], we have a Lefschetz decomposition
(Mis, FAM,.) = (PMy . FFPM, ) ® LA 7*F ki (Oy, FFOy)

if (Oy, FAOy) is Oy with its trivial filtration shifted by —(n+ 1) and L denotes the Lef-
schetz operator relative to the chosen relatively ample line bundle. The second summand
is isomorphic to # F, ki, (Oy, F0y). As we have seen in the proof of Proposition 4.2,
the corresponding perverse sheaf is constant. []

Poincaré-Verdier duality also induces a sesquilinear pairing Py, on ?#°RF,x,.”Cy, in
a way compatible to P. We also denote by Py, the restriction to the primitive part. Then (cf.
[23]) [e(n)/(27i)"]Py. induces the polarization of the variation of Hodge structure of weight
non A"\{pi,..., p,} corresponding to (PM;,, FAPM;.). It also induces the polarization
of the Hodge structure corresponding to the punctual components of (PMy, FAPM;, ). If
we replace FH by FH[n + 1], we have to replace [e(n)/(27i)"|Py, by (—1)"[e(n) /(27i)"]P,
(cf. Remark 3.2), that is, by —[e(n + 1)/(27i)"]P,..

By Lemma 4.7, G;; o = Gy, and by Lemma 4.11, Gy,  is equal to the lattice asso-
ciated to (PM;,, F,PM;). Moreover, we have P,. = P. We can apply the Main Theorem,
according to Corollary 3.15 for the non punctual components of (PM;, F,PM;,) (for the
punctual components, we apply Example 1.33(i)).

Let us now notice that

en+1)

ia en+1) P
Q2mi)" 2 (@)t

o>

Theorem 4.10 is then a consequence of the Main Theorem and of the previous results.
O
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