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Dedicated to Yuri Manin
ABSTRACT. — We give an explicit description of the canonical Frobenius structure at-
tached (by the results of the first part of this article) to the polynomial f(uo,...,un) =
wouo + -+ - + Wnun restricted to the torus U = {(ug,...,un) € C*1 | [[,u* = 1},
for any family of positive integers wo, ..., wn such that ged(wo,...,wn) = 1.

RESUME (Systémes de Gauss-Manin, réseaux de Brieskorn et structures de Frobenius

(11))

Nous donnons une description explicite de la structure de Frobenius associée (par

les résultats de la premieére partie de cet article) au polynéme f(uo,...,un) = wouo +
-+ + Wpun restreint au tore U = {(uo,...,un) € C"T1 | [[,uw;"" = 1} pour toute
famille de poids wo, ..., wn tels que pged(wo, ..., wn) = 1.

1. Introduction

1l.a. This article explains a detailed example of the general result developed
in the first part [3]. We were motivated by [1], where S. Barannikov describes a
Frobenius structure attached to the Laurent polynomial f(uq,...,u,) = up +
-+ + uy, restricted to the torus U = {(ug,...,u,) € C"* | [],u; = 1}, and
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shows that it is isomorphic to the Frobenius structure attached to the quantum
cohomology of the projective space P"(C) (as defined e.g., in [5]).

We will freely use the notation introduced in the first part [3]. A reference
like “61.3.¢” will mean [3, §3.c].

In the following, we fix an integer n > 2 and positive integers wy, . . . , w, such
that ged(wo, ..., w,) = 1. It will be convenient to assume that wy < -+ < wy,.
We put

n
(1.1) W= Z w;.
i=0
We will analyze the Gauss-Manin system attached to the Laurent polynomial
flur, .. un) = woug + wiug + -+ + wpuy,
restricted to the subtorus U C (C*)"*! defined by the equation

wo w p—
U - uy,™ = 1.

The case p =n + 1 (and all w; equal to 1) was considered in [1]. We will not
need any explicit use of Hodge Theory, as the whole computation can be made
“by hand”. We will use the method of §1.3.c to obtain information concerning
the Frobenius structure on any germ of universal deformation space of f. As
we have seen in [3], we have to analyze with some details the structure of the
Gauss-Manin system and the Brieskorn lattice of f.

1.b. Fixa Z-basis of {3, w;z; = 0} C Z" 1. It defines a (n+1) x n matrix M.
Denote by myg, ..., m, the lines of this matrix. We thus get a parametrization
of U by (C*)™ by putting u; = v™i for i = 0,...,n and v = (v1,...,v,). The
vectors my, . . ., m, are the vertices of a simplex A C Z", which is nothing but
the Newton polyhedron of f when expressed in the coordinates v. Notice that
the determinant of the n x n matrix (mq, ..., m;,...,my) is Tw;.

LEMMA 1.2. — The Laurent polynomial f is convenient and mondegenerate
with respect to its Newton polyhedron.

Proof. — The nondegeneracy follows from the linear independence of any n
distinct vectors among my, . .., m,. Clearly, 0 is contained in the interior of A.
O

We know then that f is M-tame (c¢f. §1.4) and we may therefore apply the
results of §1.2 to f. An easy computation shows that f has p simple critical
points, which are the ¢(1,...,1) with ¢* = 1, and thus p distinct critical values
u¢. We hence have u(f) = p.
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1.c. Denote by S, the disjoint union of the sets
{p/w; | £=0,...,w; —1} C Q.

Hence #&, = p. Number the elements of S, from 0 to 4 — 1 in an in-
creasing way, with respect to the usual order on Q. We therefore have S,, =
{8w(0), ..., 8wt — 1)} with s, (k) < s (k + 1). In particular, we have

I
max; w;

Sw(0) =+ =54(n) =0, sun+1)= <n+ 1

Moreover, using the involution £ +— w; — ¢ for £ > 1, one obtains, for k > n+1,
the relation

(1.3) Sw(k) + swlp+n—Fk) = p.

We consider the function oy, : {0,...,u — 1} — Q defined by

(1.4) ow(k) =k — su(k).

Hence o, (k) = k for k=0,...,n. That s,(+) is increasing is equivalent to
(1.5) VE=0,....,p0—1, ouk+1)<oulk)+1,

where we use the convention o, (1) = 0,,(0) = 0. We will prove:

THEOREM 1. — The polynomial H’,i;é (S+0w(k)) is equal to the spectral poly-
nomial SP¢(S) attached to f (cf. §1.2.e).

For instance, if we take the Laurent polynomial f(ug,...,u,) on the torus
[Tui=1,ie, wy="-=w, =1, weget SPs(S) =T[;_o(S+k).

Notice that the symmetry property (1.3) is a little bit more precise than
the symmetry of the spectrum (cf. [9]), which would say that, for any j €
{0,...,n},

#{k | ow(k) = j} = #{k | ow(k) =n — j}.
Indeed, for k € {n+1,...,p—1}, (1.3) means that o, (k) + op(p+n—k)=n
and we clearly have o,,(k) + op(n — k) =nfor k=0,...,n.

1.d. Consider now the two p X p matrices

(e
—

o O

(1.6) Ao = diag (04(0),...,00(u—1)), Ag=pn|0 1 0
o --- 0 1 0

Notice that Ag is semisimple with distinct eigenvalues p¢, where ¢ is a u-th

primitive root of 1. In the canonical basis (eq,...,e,—1) of the space C* on



4 A. DOUAI & C. SABBAH

which these matrices act, consider the nondegenerate bilinear form g defined
by
if0<k<nand k+/¢=n,
g(ex,er) = {or1fn+1\k\,u1andk+€u+n,
0 otherwise,
with respect to which A, satisfies Ao + A = nld. The data (Ao, Ao, g, €0)
define (cf. [4, Main Theorem p. 188], see also [5, §I1.3] or [10, Th. VIL.4.2]) a
unique germ of semisimple Frobenius manifold at the point (u, u¢, ..., u¢*~ 1) €
CH.
The main result of this article is then:

THEOREM 2. — The canonical Frobenius structure on any germ of a universal
unfolding of the Laurent polynomial f(uo,...,un) =Y, wiu; on U, as defined
in [3], is isomorphic to the germ of universal semisimple Frobenius structure
with initial data (Ao, Aso, g, €0) at the point (u, uC, ..., uC*=1) € CH.

REMARK. — It would be interesting to give an explicit description of the
Gromov-Witten potential attached to this Frobenius structure.

2. The rational numbers o, (k)
Let us be now more precise on the definition of s, (k). Define inductively
the sequence (a(k),i(k)) € N**1 x {0,...,n} by
a(0) = (0,...,0), i(0)=0
It is immediate that |a(k)| := "I a(k); = k and that, for k£ < n+1, we have
a(k); =1if i < k and a(k); = 0 if ¢ > k. In particular, a(n +1) = (1,...,1).

LEMMA 2.1. — The sequence (a(k),i(k)) satisfies the following properties:
k); k+1), k)i +1
(1) for all k € N, alk)ite) < o ) (k+1) < alk)ice)
Wi(k) Wi(k4+1) Wi(k)
(2) a(p) = (wo, ..., wp) and for all k € {0,...,pu — 1}, we have a(k);) <
wik) — 1,
(3) the map {0,...,p — 1} — I o{0,...,w; — 1}, defined by k —
[i(k), a(k);y] is bijective.
(4) For £ € N, we have i(k+£Lp) = i(k) and a(k+£p) i) = lwik) +a(k)i)-

We will then put s, (k) := pa(k)ix)/wiky. We have sy, (k+L0u) = L+ s,(k)
for ¢ € N.
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Proof

(1) By induction on k. If i(k + 1) = i(k), the result is clear. Otherwise,
we have a(k + 1)ikt1)/Wik+1) = @(k)igk1)/Wik+1) and the first inequality
follows from the definition of i(k). Similarly, the second inequality is given by
the definition of i(k + 1).

(2) Let us first remark the implication

a(k)j < W V] and {] | a(k)j < w]-} 7é %) :>(l(k+1)] < W V]

[Indeed, from the assumption we have a(k);x) < wir), hence a(k + 1);) =
a(k)ik) +1 < wjy. For j #i(k), a(k +1); = a(k); < w;.] Therefore, there
exists ko such that a(kg) = (wo, ..., wy). Then ko = |a(ko)| = p. Moreover, by
what we have just seen, we have a(k);x) < wi) for k < p.

(3) The map does exist, after (2), is clearly injective, therefore bijective as
the two sets have the same number of elements.

(4) We have a(u) = (wo, ..., wy), so that i(u) = 0, and we may apply the
reasoning of (2) for k= p,...,2u — 1, ete. O

REMARK 2.2. — In general, the numbers s,,(k) are rational. These are inte-
gers (hence the spectrum of f is integral) if and only if the following condition
holds:

(2.3) Vi, w;|p=wo+- -+ wy.

Consider the simplex A(w) in R™ obtained as the intersection of the hyper-
plane H = {Z?:o wxr; = O} C R with the half spaces z; > —1. Fix also
the lattice Hz = HNZ"*L. Then Condition (2.3) is equivalent to the condition
that the vertices of A(w) are contained in the lattice Hz. In other words, A(w)
is a reflexive simplex in the sense of Batyrev [2]. For instance, if n = 3, one
finds the following possibilities for w; (up to a permutation):

wo | w1 | w2 | ws n wo | w1 | w2 | ws u
1 1 1 1 4 1 2 3 12
1 1 1 3 6 1 3 4 12
1 1 2 2 6 1 2 6 18
1 1 2 4 8 1 4 5| 10 || 20
1 2 2 5| 10 1 3 8| 12 || 24
1 1 4 6 || 12 2 31 10| 15 || 30

1 6| 14| 21 || 42
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For n = 4, here are some examples (maybe not complete):

wo | w1 | w2 | w3 | wa m wo | w1 | w2 | w3 | wa n
1 1 1 1 2 6 1 1 2 8 || 16
1 1 2 2 2 8 1 1 4 10 || 20
1 1 1 1 4 8 1 1 4 12 || 24
1 1 1 3 3 9 1 1 2 12 || 24
1 1 1 2 51| 10 1 1 3110 15| 30
2 2 2 3 31| 12 1 1 41 12| 18 || 36
1 1 3 3 41 12 1 1 8| 10 | 20 || 40
1 1 2 2 6 || 12 1 1 6| 16 | 24 || 48
1 1 1 3 6 || 12 1 1 81 20| 30 || 60
1 1 3 5 5| 15 1 2112 15| 30 || 60

3. The Gauss-Manin system

The Gauss-Manin system G of the Laurent polynomial f is a module over
the ring C[r,771]. Tt is defined as in §1.2.c:

G=Q"U)[r,7"/(d—7df Q"1 (U)[r, 77 "].

Put § = 7!, The Brieskorn lattice Gy = image(Q2"(U)[f] — G) is a free C[0]-
module of rank p because, by Lemma 1.2, f is convenient and nondegenerate
(loc. cit.). We will consider the increasing filtration G, = 7™°Gy (p € Z). Let
wp be the n-form on U defined by

M/\.../\M
ug

Un,
AMLE) I
Let v — u = v™ be a parametrization of U as in §1.b. The form wy can be
written as wg = idv—? ARERWA ‘?’—n". The Gauss-Manin system G is then identified
with the C[r,771]-module (putting v = (vy,...,v,))

wWo =

(C[va_laTa T_l]/{vjavj (@j)_T(Ujavjf)(Pj | w; € (C[Uav_lvTaT_l]a j=1,... 771}.

It comes equipped with an action of 9: if ¢ € Clv,v~1], let [¢)] denote its class
in G; then 0-[¢)] = [—f4] (this does not depend on the representative of the
class). Using the coordinate 0, we have §29y[1)] = [f]; this action is extended
in the usual way to Laurent polynomials in 7 with coefficients like [¢].
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It is convenient to use the coordinates u = (ug,. .., u,). Then the previous
quotient is written as

Clu, uil,T,'r*l]/(Iw + Clu,u™, 7,77 (g(u) — 1)),

where we have put g(u) = [[,u;” and I, is the C[r,7!]-submodule of
Clu,ut, 7,771] consisting of the expressions

(3.1) E M (uzai — 'rwiui)cpj, with ; € Clu,u ', 7,77, (j=1,...,n).
u;
i=0

Consider the sequence (a(k),i(k)) of Lemma 2.1, and for each k =0,..., u,
put
wi = uP g € G,
Notice that w, = wo and, using (3.5) below, that fwy = pw;.
PROPOSITION 3.2. — The classes of wo,w1,...,wu—1 form a Clf]-basis w of
Go. Moreover, they satisfy the equation

1
—;(T@T +ow(k))wr =Twip41 (K=0,...,u—1),

and we have Bernstein’s relation in G:
p—1

H [- %(T@T — 5u(k))] - wo = THwo.
k=0
The V -order of wy, is equal to 0., (k) and w induces a C-basis of Dagrt (Go/G_1).
From Theorem 1.4.5, Lemma 1.4.3(3), and the symmetry (1.3), we get
W) =0= k=0,
(3.3) fork=0,...,u—1, 0<ou(k)<n and ow(k)
ow(k)=n=k=n.

This implies that, for any a € ]0,n[, the length of a maximal subsequence

a,a+1,...,a+Lof oy(e) is < n, and even < n—1if o is an integer. In other
words:
COROLLARY 3.4. — The length of any mazimal nonzero integral (resp. non-

integral) constant subsequence of sy, () is <n—1 (resp. < n).

The proposition also gives a Birkhoff normal form for Gyg:
0%20pw = wAg + 0w Ao

with Ag, Ao asin (1.6). The matrix Ay is nothing but the matrix of multiplica-
tion by f on Go/0Gy in the basis induced by w. Its eigenvalues are the critical
values of f, as expected. In the case where p = n + 1 (and all w; equal to 1),
we find that Ao = diag(0,1,...,n) and A is as in (1.6) with size p =n + 1.
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Proof of Proposition 3.2. — It will be convenient to select some coordinate,
say ug. Multiplying (3.1) (applied to @1 = -+ = ¢, = ) on the left by the
inverse matrix of the matrix formed by the columns of mq,...,m,, one finds
that, for any ¢ € Clu,u™!,7,771], we have in G

(3.5) Vi=1,....n (wiulaul — w%)uoauc)gowo = 7(u; — ug)pwo.

Applying this to any monomial ¢ = u* and summing these equalities, we

get the following relation for j = 0, hence for any 5 = 0,...,n by a similar
argument:

1
(36) —; (7'87— + L] (a))uawo = T’U,a+1jLUO,

where we put Lj(a) = Y. ;a; — paj/wj. This is nothing but (I1.4.12) in the
present situation. Apply this for a = a(k) and j = i(k) (k=0,...,u—1) to get
the first relation in the lemma (remark that L;)(a(k)) = 0y (k)). Bernstein’s
relation for wq is then clear. Remark also that wy is given by

k—1 1
wp=T1" 1:[ [— ;(Ta-,— - Sw(j))} - wp.

It is not difficult to derive from Bernstein’s relation for wg a Bernstein relation
for each wy and conclude that wy has V-order < o,(k). [Notice also that,
as 0u(k) = Liu)(a(k)) = max; Lj(a(k)), the order of wy with respect to the
Newton filtration is < o, (k); this is compatible with Theorem 1.4.5.]

Let us now show that w,...,w,—1 generate Gy as a C[f]-module. Notice
that Bernstein’s relation for wy implies that 94wy € C[0]{wo, ..., 0" twy) =
C[0)(wo, - - -,wu—1), and this also holds for 9fwg for £ > p. It is therefore
enough to show that (f‘wo)e>o generate Go over C[f]. Write (3.5) as

(3.7) w iy = [u“uo + (ﬂ — @)HU“} wp.

w; wo
The Brieskorn lattice Gy is generated over C[f] by the u§wy with ¢ € N: indeed,
it is generated by the u®wq; then,

— if a; > 1 for some i > 1, one decreases a; to 0 with (3.7);

— if a; < —1 for some i > 1, one iterates (3.7) wo times and use the relation
u®wy = wo to express u’wy (any b) as a sum (with constant coefficients) of
terms Gkugub*‘w/wo and of ubt¥ 1 with k, £ > 0 and v’ = (0,wy,...,w,);
hence if b; < 0, there exists r such that b; + rw; > 0 and one iterates r times
the previous process to write ubwg with terms 8*u®, with a; > 1, to reduce to
the previous case;
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— notice that, in both previous processes, we never decrease the degree in
up; now, we are reduced to considering ugwo with ¢ < 0; use once more the
relation uf“ubwy = ubwy (for any k > 0, any b) to replace ufj with u® with

ao, - -.,a, = 0 and apply the first case.

A similar argument gives the result for the family (f‘wq)e0. As Go is C[0]-free
(cf. Remark 1.4.8 and §1.2.c), we conclude that w is a C[f]-basis of Gy. [Instead
of using Remark 1.4.8, one can directly conclude here that Gy is C[f]-free of
rank g by showing first that w generates G as a C[r, 7~ !]-module.]

Remark also that (wo, . . ., f*~lwp) is another basis, but the differential equa-
tion does not take Birkhoff normal form in such a basis.

We will now determine the V-filtration. Put wj, = rlow®ly,. Then W' is
another C[r, 77!]-basis of G. The V-order of wj, is < 0, (k) — [0, (k)] < 1. For
a € [0,1], put

UaG = Clrl{wy, | 0w (k) = [ow (k)] < @) + 7C[r{(w}, | 0w (k) — [ow (k)] > )
UcaG = Clr|{wy, | 0w (k) = [ow (k)] < a) + 7Cl7){w}, | ow (k) — [ow(k)] > a),

and Ua4pG = TPULG (resp. UcaqpG = TPU<oG) for any p € Z. We then have
UoaG = Clwy, | 0w (k) — [0 (k)] = a) + U< G.

Notice that, according to the formula for wy, the elements wj, satisfy

1
o (70r + 0w (k) — [ou(R)])uf, = T O

(3.8)
— plaw DIy
with [s] := —[—s]. Recall that the sequence (s, (k)), hence the sequence

([sw(k)]), is increasing. If [s,,(k + 1)] > [sw(k)], then
(T0r + 0w (k) = [ow(k)])wi € UcoG.
Otherwise, we have
[sw(k)] = sw(k) = [sw(k + 1)] — sw(k+1),
ow(k) = [ow(k)] Z ow(k +1) = [ow(k + 1)),

and we conclude that U,G is stable under 79; and that 79, + « is nilpotent on
gr/G. The filtration U,G satisfies then the characterizing properties of V,G,
hence is equal to it.
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We may now compute G, NV, for p € Z and « € [0,1]. Any element of
Gp NV, decomposes uniquely as Z’;;é pi(T)w},, with

( Polow®ICr=1NC]  if 0w (k) — [0w(k)] < o,
PiAT =lew®ICr— N rCl7]  if 0y (k) — [0w(k)] >

It follows that

(3.9) GpNVa= > Cowp+GNVea+Gp1nVa,
klow(k)=a+p

and therefore grigr!

G is generated by the classes of wj, with oy, (k) = o + p.
These classes form a basis of gr?ngG, as dim @®p Baclo,1] grggrgG = p. This

gives the last statement of the proposition. o

For a € [0, 1], let w}, be such that [s, (k)] — sw(k) = a and denote by [w}]
the class of w}, in H, :=gry G. After (1.5) we have:

0 if su(k+1) > sy (k),

1
3.10 ——(70; + )[w] =
(3.10) ,u( + a)[wy] {[W;wrl] if sy(k+ 1) = s4(k).

It follows that the primitive elements relative to the nilpotent operator induced
by (=1/p)(10; + ) on H,, are the elements [w)] such that

Ezn+1, [suk)] —swk)=a and s,(k—1) < syu(k)

and, if moreover a = 0, the element [w(] = [wo].

Therefore, the Jordan blocks of (—1/u)(70, + ) on H, are in one-to-one
correspondence with the maximal constant sequences in S,,, and the corre-
sponding sizes are the same. All Jordan blocks, except that of [we] if @ = 0,
have thus size < n, and even < n—1 if « is an integer (¢f. Cor. 3.4). Recall also
(cf. 8, 9]) that H := ©qe[o,11H{o may be identified with the relative cohomol-
ogy space H™(U, f~1(t)) for |t| > 0, that H, corresponds to the generalized
eigenspace of the monodromy corresponding to the eigenvalue exp 2ima, and
that the unipotent part of the monodromy operator T is equal to exp2imN
with N := — (70, + ).

ExAMPLE 3.11. — Taken = 4 and wg = 1, w1 = 2, we = 12, w3 = 15 and
w4 = 30, so that u = 60. Then the only possible a is 0 and N has one Jordan
block of size 5, 3 blocks of size 3, 13 blocks of size 2 and 20 blocks of size 1.
On the other hand, if u =n + 1 (and all w; equal to 1), the only possible « is
0 and N has only one Jordan block (of size n + 1).
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4. Poincaré duality and higher residue pairings

Consider on C[r,77!] the ring involution induced by 7 +— —7. We will
set p(7) := p(—7) (there is no complex conjugation involved here). Given a
C[r, 7~ !]-module G, we denote by G the C-vector space G equipped with the
new module structure p(7) - g = p(—7)g. For convenience, we denote by g

the elements of G. The C[r, 7~ !]-structure of G is therefore given by the rule:

p(1)g = p(7)g.
If G is moreover equipped with a connection, 7.e., with a compatible action
of 9, then so is G and we have 9,5 := —0,¢g. Notice that 70,5 = 70,g.
Duality for D-modules gives (cf. [9]) the existence of a nondegenerate
C[r, 7~ 1]-bilinear pairing

S:G ® G-—C[r,77!]
Clr,7—1]

satisfying the following properties:
dS(q'. g" _ _ L
(1) PYI) _ 50,4 77) + (', 057) = S(000'.57) — S(d . TP,
(eqUivalentlya TaTS(g/a F) = S(Ta‘l'g/a F) + S(glv 7'(97-9”)),
(2) S sends Vy ® V- in Cl7],
(3) S sends Gy ® Gy in 9"C[0] = 7~"C[t~}],

(4) S(¢",9") = (=1)"S(¢’,g") (this reflects the (—1)"-symmetry of the
Poincaré duality on U).

Notice that (1) means that S is a horizontal section of the C[r,77!]-
module Homgy, ,-1(G ® G, C[r,771]) equipped with its natural connection,
or also that S is a C[r](0;)-linear morphism G — G*, if one endows
G* = Homg(, ,-1)(G,Clr,77']) with its natural connection. Therefore, (2)
follows from (1) because any C[r](0;)-linear morphism is strict with respect

to the Malgrange-Kashiwara filtrations V' and we have
Vg(G*) = HOIH(C[T] (V<_5+1G, (C[T])

(cf. [9)).

In the case of singularities, this corresponds to the “higher residue pairings”
of K. Saito [11]. The link with Poincaré duality is explained in [12].

For our Laurent polynomial f, we will recover in an elementary way the
existence of such a pairing S satisfying the previous properties. More precisely,
we have:
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LEMMA 4.1. — There exists a unique (up to a nonzero constant) nondegener-
ate pairing S satisfying Properties (1), (2), (3). It is given by the formula:
if0<k<nandk+{¢=n,
orifn+1<k<py—1landk+L=p+n,

S(wo,w_n) {

0 otherwise.

S(wr,we) =

Moreover, for any k, £, S(wg,wr) belongs to Ct~™ and S satisfies (4).

Proof. — Assume that a pairing S satisfying (1), (2), (3) exists. For k,¢ =
0,...,u—1, wehave S(wy,wz) € 7~ "C[r~!] by (3) and S(wp,wz) € 7o« OIC][r]
by (2). Therefore, S(wo,wg) # 0 implies [0y, (¢)] > n, and if [0, (¢)] = n, we
have S(wo,wg) € Ct~". But we know by (3.3) that

<n ifl#mn,
ow(l
[ ()]{:n if £ =n.
Therefore, S(wo,wg) = 0 if £ # n and S(wp,wy,) € CT7™.
Notice also that we have by (1) and Proposition 3.2:

(4.2) - %(T@T + n)S(wk, wp)

ow(k) +ow(l) —n
i

= T[S(warl;W_l) - S(wkvwarl)} + S(Wk,w_e),

if we put as above w,, = wo.

Argue now by induction for k < n: as S(wg,wg) € Cr~™, the LHS in (4.2)
vanishes. This shows that S(wg4+1,w¢) =0 if £ #n —k,n—1 — k. Moreover, if
{=mn—k, we have o, (k) + 0, (¢) —n =0, hence S(wg+1,wn—r) = 0. Last, we
have S(wk+1,Wn-1-%) = S(Wk, Wn—k)-

Argue similarly for k > n + 1. O

Notice that, if A% denotes the adjoint of A, with respect to S, then A +
Ax =nld, ie., Ax — (n/2)1d is skewsymmetric with respect to S.

5. M. Saito’s solution to the Birkhoff problem

One step in constructing the Frobenius structure associated to f consists
in solving Birkhoff’s problem for the Brieskorn lattice G in the Gauss-Manin
system G, that is, in finding a C[7]-lattice F of G, which glues with Gy to a
trivial vector bundle on P!. Recall (cf. [3, App.B] for what follows) that there
is a one-to-one correspondence between such lattices E which are logarithmic,
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and decreasing filtrations ©qc(o,1H;, of H = ©ae0,1Ho Which are stable under
N and which are opposite to the filtration
GuH) == & (GyN1Va)/(Gy N Vew) = Clisf] | o (B)] <p) - after (39)

This is analogous to [12, Th. 3.6].

In [12, Lemma 2.8], M. Saito defines a canonical decreasing filtration Hg,;,,,
in terms of the monodromy filtration M, of the nilpotent endomorphism 2im N
of H and of the filtration conjugate to G,(H), the conjugation being taken
with respect to the real structure on H coming from the identification with
H™(U, f~%(t)). This defines therefore a canonical solution to Birkhoff’s prob-
lem for Gy.

Consider now the decreasing filtration H*® of H explicitly defined by

(5.1) H? = C{lwg] | [ow (k)] = p),

where [] denotes the class in H = ©q¢[0,1]VaG/V<aG. Then H* is opposite to
G.(H). It satisfies

H°=H, H""' =0, NHP C HP!
and, for k=0,...,u—1 and a € [0, 1],

(HP)E {Hff if o #0,

HJT'P if =0,

where + means taking the orthogonal with respect to the symmetric bilinear

form g on H induced by S. If g = n+ 1 (and all w; equal to 1), then HP =
M,,_2, (this implies that the mixed Hodge structure on H is “Hodge-Tate”).

PROPOSITION 5.2. — The filtration H*® is equal to the opposite filtration
Hg,ito- The associated logarithmic lattice is E = C[r]{wo, ... ,wu—1).

Proof. — Let us begin with the second statement. The lattice E introduced in
the proposition is logarithmic, by Proposition 3.2. A computation analogous
to that of G NV, shows that the filtration 7PE N V,/TPE N V<, of H, is
equal to H?. Therefore, E is the logarithmic lattice corresponding to H*® by
the correspondence recalled above.

For the first statement, put F*(H) = G,,—,(H). This is a decreasing filtra-
tion. Consider also the increasing filtration

W) = 4 Memn-1(fa) if a 70,
oo M,_,(Ho) if o =0,
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where M, (H) denotes the monodromy filtration of the nilpotent endomorphism
2irN on H. Recall that W, (H) is defined over R (even over Q) as 2iwN is so.
Then the opposite filtration given by M. Saito is

. -9
HSaito - Z F'n WnJr‘I*'(H)?
q
where E denotes the conjugate of the subspace E of H with respect to the
complex conjugation coming from the identification
H = H"(U, f~(t),C) = Cor H"(U,f~'(t),R).

We therefore need to give a description of the conjugation in term of the basis
wil.

Let ko be such that [w), ] is a primitive element with respect to N, and denote
by vk, its weight. Then N*koF![w; ] =0. For j =0,..., vk, put k = ko + j.
Then [w},] = (%N)j [w},,] has order v, + 1 — j with respect to N, and weight
Vg 1= Uk, — 2. Moreover, we have oy, (k) = oy (ko) + J, as j — sw(ko + j) is
constant. The space By, := (N7[w}, ] [ j =0,...,v,) is a Jordan block of N.

Assume that kg > n + 1. Then [wIL 4n_k,) 18 Primitive with respect to N,

hence [w is primitive with respect to N. It will be convenient to

- :H-n—ko—ukg] S
put ko = p+n—ko—uvy, and, for k = ko+j with j =0,...,vk,, k = ko+7. We
therefore have k = p +n — k — vy, Notice that, for such a k, we have s,,(k) =
sw(ko) = pt — 8w (ko) = pt — 5w (k). We also have o, (1 +n — k) — vg, = 0y, (k) if
k>n+1.

For k € [0,n], we simply put k = k.

The proof of the following lemma will be given in §6.

LEMMA 5.3. — For ko > n+ 1, the conjugate of the Jordan block By, is the
Jordan block By, , and By is self-conjugate.

It follows from this lemma that, for k as above, we have

ko+vo

(5.4) wi] = Z aelwy]

o=k
with ar # 0.
Let us now end the proof of Proposition 5.2. We have

FINWyyq—p = GuogNMy_p—1) = ([wi] | [0w(k)] < n—q and v < g—p(—1)),
where (—1) is added if o, (k) € Z and not added otherwise. Therefore,

S FA Wy = (4] | [0 (k)] + v <n — p(—1)).
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Remark now that, if k > n + 1,

[ow(k)] + vk <n—p(=1) <= [n—ow(p+n—k)]+vp <n—p(-1)
= [ow(utn—k—m)] > p(+1)
— [owlpt+n—k—v)]=p
= [ow(k)] = p.

Arguing similarly for k& < n, we conclude from Lemma 5.3 and (5.1) that

S N Wargmp = (5] | fow ()] + v < n = p(=1))

(5:5) ! = ([wg] | [ow(®)] = p)
= .
Notice that (5.5) follows from (5.4), as o, is increasing on each By . O

6. Some topology of f and proof of Lemma 5.3

6.a. Lefschetz thimbles. — Denote by A the subset (R%)"*' NU c U,
defined by u; > 0 for @ = 0,...,n. The restriction fia of f to A takes
values in [, +00[ and has only one critical point (which is a Morse critical
point of index 0), namely (1,...,1), with critical value equal to u. Notice also
that fia is proper. Therefore, A is a Lefschetz thimble for f with respect to
the critical point (1,...,1). Other Lefschetz thimbles at ¢*(1,...,1) are (‘A
(£=0,...,u—1).
Fix 7 # 0. The morphisms

Hy(U,Retf > C"Q) — Hy(U,Rerf > C;Q)

for C' > C are isomorphisms if C'is big enough. We denote by H,,(U,Re7f > 0)
the limit of this inverse system. This is the germ at 7 of a local system H of
rank g on C* = {7 # 0}. Notice that A defines a nonzero element of the germ
H, at any 7 with Re7 > 0, i.e., a section A(7) of H on {Rer > 0}. Therefore,
it defines in a unique way a multivalued section of H on C*.

Let ¢ > 0 be small enough. As f is a C'° fibration over the open
set C~{u¢’|¢=0,...,u—1}, it is possible to find a basis of sections
Ao(T),...,A,_1(T) of H on the open set

S={r= |T|62”9 |6 €le—1,¢e[}

in such a way that, for any £ € {0,..., u—1} and |7| > 0, we have A, (¢! |7|) =
C'A. Of course, this basis extends as a basis of multivalued sections of H on C*.
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\ l‘ Rer
The images f(Ae(|7])) The domain &
6.b. Integrals along Lefschetz thimbles. — Let n € G and let 77 be a
representative of  in Q"(U)[r,771]. Then the function
So>57— e Ty
Ag(‘l’)

only depends on 7 and is holomorphic on S. It is denoted by ¢y ,, (7). Moreover,
we have

Opr.n(7)

— oy = Prom(T).
It follows that, if n € V,,G, then

[ Ry (— 5 log )"
(6.1) en(r) =770 > ) 2B

m=0

+o(1)] =777 [Yge(7) + 0(1)],

m!

where 7~

cg;fé) € C. The coefficients ¢\™

£
we will denote them by CE;T;, and we have

@ =|r|"%e %m0 L logT = (5= log|7|) + 6, with § € e — 1,¢[ and

’ 24w

) only depend on the class [n] of nin gr¥ G, so

(6-2) k= iy (e

We will now characterize the Jordan blocks By, in H,. Such a Jordan block
is characterized by the constant value s of s, (s), so that it will be convenient
to denote such a block by By s.

LEMMA 6.3. — For [n] € H,, we have [n] € Ba,s if and only if, for any
{=0,....,u0—1 and any j > 0, we have
(0) (*f/ﬂ)m'

(0) __ ls
CimNyfle =S 2L C@inN+minl 0 ]
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Proof. — For n = wy, denote cf;i)w = CEZZ)M by c,(:z). Then we have

(6.4) / e fwp =777 ® ( [c,(:z")
Ag(T) 7

where mj, + 1 denotes the order of [wg] in grgw(k)G with respect to 2imN.

(= g5z log 7)™

+~~~+c,(£ﬂ +0(1)),

Remark now that, as wy, = u*®wy and |a(k)| = k, we have
/ o= Urli = / ¢S = gu/ 1717,
Ag(CHT)) QAN A
Hence, we get

(0)
totey

() (=5 log|7] + £/p)™
k.4 mk!

(0)

— 5= log |7[)™*
:Clsw(k) [c(mk)( 247 gl |) +"'+Ck,0 ,

k,0 mk'

and in particular

O _ csutt) S (U™ )
(65) Ck,@ = g . Z T Ck,O .
m=0
Therefore, any element [n] in B, s satisfies the equality of Lemma 6.3 for j = 0,
hence for any j.
Conversely, remark first that, if [n] is fixed, then the equality of Lemma 6.3

for any j > 0 is equivalent to

Ve (€T = ¢ p0(I7)),

where vy, ; is defined by (6.1) (two polynomials are equal iff all the correspond-
ing derivatives at 0 are equal).

Write [n] = > Agfwj] in Ha,, denote mfn] = maxy|, 20 Mk and put
Ky = {k [ my = mg,}. Notice that, for k, k" € K, we have sy (k) # sw(K').

If mf,) > m,, we have ZkeK[n] (esw(k)/\kc,g%") =0forany £ =0,...,u— 1.

np
It follows that Akc,g%k) = 0, hence A\ = 0, for any k € KJ), a contradiction.
Therefore mfn] = my,. Argue similarly to show that K, is reduced to one
element, denoted by ki, and that s, (kp;) = s. Apply the lemma by induction
on mpy) to ] = [n] = Ak, (W, ] O
6.c. Isomorphism between nearby cycles. — The multivalued cycles
Ag(7) form a basis of the space of multivalued global sections of H, that we
denote by 1, H. This basis defines the integral (hence the real) structure on

v H.
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Denote by N, , the space of linear combinations with meromorphic coeffi-

cients of germs at 7 = 0 of the multivalued functions eq 4 = 7%(— 1= log 7)7/¢!

(¢ < p). For p large enough (here p > n + 1 is enough), the map
0 : VoG — Vo (G RNy p)

P
nr— Z[Qiﬁ(T@T +a)’n®eaq,;
§=0
induces an isomorphism

gry G — Ker [10; : gry (G ® Nop) — grg (G @ Nayp)].

As G is regular at 7 = 0, there exists a perturbation n — (1) € Veo(GRN,,p)
such that ¢(n) + 1 (n) € Ker [70; : G @ Nap — G @ Nap).

Recall (see, e.g., [7]) that Ker [70; : GO Na,p — GR&Ny p) is identified with
H,. Set N = @qcpo,1Na,nt1. Given a section A of H = Ker [Ta-,— GON —
G ® N and a section & of ¢, H, choose a representative Xof Ain Q"(U)®@cN.
Then f5 e~™f\ € C. Then (see Appendix) A belongs to Hg if and only if, for
any £ =0, ..., and some nonzero 7, we have

(6.6) / X eq.
Ag(T)
For n € V,G and \ = ©(n) + ¥(n), and using (6.1), one finds

/ e T o(n) = ) + o(1).
Ag(T)

As a consequence, the conjugate [n] of [n] satisfies

(0) (0)

‘e = Cle

It follows now from Lemma 6.3 that
) Bi—au-s ifac 10, 1],
BO if « = 0.

«,s
=8

As s,(ko) = pt — 54 (ko), this ends the proof of Lemma 5.3. O

Appendix

In this appendix, we explain with some details why the real structure on H
as defined by (6.6) is indeed the real structure used in [8] to define the Hodge
structure on H. We will need to recall some notation and results of [8].

We will denote by U a smooth quasi-projective variety and by f : U — Al a
regular function on U. We denote by t the coordinate on the affine line Al. We
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also fix an embedding « : U — X into a smooth projective variety such that
there exists an algebraic map F : X — P! extending f. We have a commutative
diagram, where the right part is Cartesian, thus defining X as a fibred product,

\ [Px o |r

Al (—>P1

Denote by ¢ : P! — P! the real blow-up of P! centered at co (P! is diffeo-
morphic to a closed disc) and by F:X — P! the fibre-product of F' with the
blowing-up €. Denote by k the inclusion U — X.

Denote by S* the inverse image of co by the blowing-up €. Let Al be an affine
line with coordinate 7. Denote by L'* the closed set of S x Al P! x Al defined
by Re(e??7) > 0, with § = argt and where ¢ is the coordinate on A! = P!\ {oo},
and set L™ = P! x Al \ L'*. For 7 # 0, denote by L'+, L= C P! the fibre of
L't L~ over T.

In1t|/ Imt
Rejt L=

Ret

L L

|r=—1 |r=1

Affine line A! with coordinate 7
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Denote similarly by Lg,L% C X xA (resp. L%T,L;C _C 3~C) the inverse
image of the corresponding sets by F x Idg (resp. by ﬁ)

We denote by o : Al x Al < L~ and 8 : L™ < P! x Al (resp. a, : Al < L7
and 3, : L7 — P!) the inclusions, and by the same letters the corresponding
inclusions

a:sz&l‘—>LjiC and B:L§C<—>3~Cx1&1,
resp.

oy i X — LD:C,T and [, : LD:C,T .

Therefore we have 3, o a; 0 j = K.

In [8, (1.8)], we have defined the Fourier transform §r(Rj.Cy) as the fol-
lowing complex on X x Al (there is a shift by 1 in loc. cit., that we do not
introduce here):

SF(Rj*(CU) := Re, i Ra. Rj*(CUXKl’

where we still denote by j (resp. ) the inclusion U x Al < X x Al (resp. U X
Al < X x Al). This complex has a natural Q-structure (replace Cy with
Qu). This induces a Q-structure on the nearby cycle complex ¢, Fr(Rj.Cy) =
5 r(Rj.Qu) ®g C.

Denote by £~7/ the algebraic Dy, z-module OUX&le_Tf (i.e., the O
module O, 2 with connection e™f odoe™"F). The quasi-isomorphism

UxAl~

(Al) DR;HX§1 (H-l-g_Tf) - SF(RJ*(CU)

constructed in [8, Th. 2.2] is then used to define the Q-structure on the complex
(of sheaves on X) 1~ DRY? 4 (k4 €77) [on the other hand one uses the V-
filtration relative to 7 = 0 on k&7 to construct the Hodge filtration on this
complex]. By DR we mean the usual de Rham complex, starting in degree 0.

Denote by O the sheaf of multivalued holomorphic functions on Al < {0}
Then

e DRY 5y (0 £771) = 1720 DR, (54 €777 @103 OF),

where p: X x Al — Al denotes the projection and i,—g : X x {0} — X x Al
denotes the inclusion (see, e.g., [7, (4.9.4)]). We are interested in analyzing
the Q-structure on the cohomology of RI’ (f)C, ¥ DRY (mré'*ff)). Use C*°
forms on X to identify it with

U(X, i & 5 (i €777 ©p-10m OF)),
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with n = dim X. Similarly, denote by @&1 the sheaf of multivalued local sec-
tions of C4, (i.e., local sections on the universal covering of A' \ {0}). Then
0,5 (Rj.Cur) i equal to i=Ly (5 (Rj.Cu) 0 5-1Cp).

In order to know that the cohomology class of a closed multivalued section
of P&l 4 (
in Rp.§r(Rj.Cy) ® (CAl and decide whether its class is rational or not. As
the section is closed, it is enough to verify this after restricting to some (or
any) 7 # 0. Therefore, we need to compute the map (A.1) after restricting to

ki TS ®p-10m OA ) is rational, one has to compute its image

some fixed nonzero 7. In (6.6), we apply this computation to the multivalued
form e~/ \.

Denote by £5 the sheaf of C*° functions (in the sense of Whitney) on I)~C, by
5 mod the sheaf on X of C™ functions on U which have moderate growth along

f)C \ U, and by 5 mod: =+ the subsheaf of functions which moreover are infinitely
flat along L”r :

On the other hand, denote by C*

oLy L the complex of sheaves on X,

consisting of germs on X of relative smgular cochains (i.e., germs of singular
cochains in U U L’; with boundary in L7 =+,
T T
By the de Rham theorem, the mtegratlon of forms induces a quasi-
isomorphism of complexes f : & — Cpy ®z C; moreover, the natural morphism
S;Od" — (ar 0 j)«& is a quasi-isomorphism, so the integration morphism
I E;Od" — (ar 0 j)«Cl; ®z C, which is obtained by composing both
morphisms, is a quasi-isomorphism.
Similarly, we have a commutative diagram

mod,—-,*

57.5’“0‘" — e

| T

BT,!(aT © j)*g& % ﬁ‘r,!(ar © j)*c[} XKz C % C[.JULQ;T,L;;T ®z C

Hence we get:

PROPOSITION A.2 (A variant of the de Rham theorem)

Both complexes C®

di—roe . :
UL L ®z C and 5m° ™" are quasi-isomorphic to
o

BriRa,  Rj,.Cy. Moreover the integration of forms induces a natural quasi-
isomorphism of complexes

mOd,— »® .
/ g T CUULL+ ,Lf~+ ®Z (C D
X, T X, T
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Now, given a section of S;Od" ®j+E77F, d.e., a section of £

A. DOUAI & C. SABBAH

mod,e

% multiplied

by e~ 7/, it is also a section of Sgc’d’fﬁ', and its image by (A.1) is nothing but

its integral, according to the previous commutative diagram.

[1]
2]

3]

[12]
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