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ABSTRACT. We express the Lyubeznik numbers of the local ring of a complex
isolated singularity in terms of Betti numbers of the associated real link.

1. INTRODUCTION

Let A be a Noetherian local ring which contains a field. In [9], G. Lyubeznik
introduces a set of numerical invariants for A. The purpose of this note is to
compute these invariants when A is the local ring of an isolated singularity of a
complex space in terms of topological invariants attached to it, more precisely in
terms of some of the Betti numbers of the associated real link.

In order to introduce Lyubeznik’s numbers, we recall first some definitions: let R
be a commutative Noetherian ring, p C R a prime ideal, M a R-module and p > 0
a positive integer. The p-th Bass number of a R-module M with respect to p is the
number

fip(p, M) := dimyy,) Extl (k(p), M)
where k(p) = R, /pR, is the residue field at p and M, denotes the localization of M
at p. Bass numbers were introduced in [1] and they describe the structure of the
minimal injective resolution of M. Namely, if 0 — M — I® is a minimal injective
resolution then the p-th term is of the form

1P = @pGSpccR(ER(R/p)eaMp(p’M))

where Eg(R/p) denotes the injective envelope of R/p in the category of R-modules.
We remark that, in general, Bass numbers are not necessarily finite. If R is a
Gorenstein ring, the Bass numbers of R describe the structure of the Cousin complex
of R (cf. [5, Chapter IV, §2]), since in this case it is a minimal injective resolution.
See [13], [4] for further details and results on these topics.

We recall as well that if I C R is an ideal, M a R-module and j > 0 an integer,
then the j-th local cohomology module of M with supports on I is the R-module

H(M) := indlim , Ext},(R/I*, M).

Now we come to the definition of Lyubeznik’s numbers: let (4, m4) be a Noe-
therian local ring which contains a field. Because of Cohen’s theorem there is an
epimorphism of rings 7 : R — A where R = k[z1,...,x,] is a ring of power series
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with coefficients in a field k and A is the completion of A with respect to the m4-
adic topology. Denote m C R the maximal ideal and set I = kerw. Following [9],
for given integers p > 0 and ¢ < n put

Ap,i(A) = pp(m, HY 7(R)) = dimy, Exthy(k, (H] " (R))m)-

It is proved in [9] (see also [7] for the case char(k) = p > 0) that these numbers
are always finite and that they depend only on the ring A and not on the chosen
presentation of A as a quotient of a power series ring. According to [9, (1.4) and
(3.4a)], the number ), ;(A) is equal to dim Homg(k, H%(H}*(R))). See [9, §4]
for further properties of these invariants and [15] for an algorithm which allows to
compute the numbers A, ;(R/I) from a set of generators for the ideal I. In this
paper we prove the following theorem:

Theorem. Let V' denote a complex space with an isolated singularity at x € V and
of pure dimension d > 2 at x. Let A = Oy, and denote by H"QL_}(V7 C) the singular
cohomology groups of V' with complex coefficients and support on {x}. Then one
has:

(a) Xoi(A) =dim¢ fo}(vv C) for 1<i<d-1.

(b) Ap.a(A) = dime HPH(V,C) for 2<p<d.

{a}
(c) All other Xy ;(A) vanish.

Ifd =1, all My ;(A) vanish except A1,1(A) which is equal 1.

Remark 1.1t follows from the theorem that the d — 1 numbers Ag; (1 < i <
d — 1) determine all the others. Indeed, there is a compact real orientable (2d — 1)-
manifold K(y,; (the link of the singularity germ (V, z), see e.g. [3, chap.I, §5]) such

that Hfm}(V, C) ~ I?Fl(K(V,w),C), where H denotes reduced cohomology. Then,
because of Poincaré duality applied to K (V,)> one has the relations Ao ; = Ag—i+1,4
2<i<d-1), Xo1+1=Xgq

Remark 2. Tt is pointed out in [9, p.54] that statement (a) above follows from
a theorem of Ogus ([11, 2.3]) relating local cohomology and algebraic de Rham
cohomology and the comparison theorem between algebraic de Rham cohomology
and singular cohomology proved by Hartshorne in [6, IV.3.1]. The proof given here
replaces these arguments with the use of the theory of D-modules (in particular
duality) and the regularity property of the local cohomology (see e.g. [10, chap.IT]).
When d = 2 the theorem follows also from the results of Walther in [14].

Acknowledgements. The first named author has profited from conversations with F. Castro
and S.Zarzuela about the results in [9]. Thanks are also due to Ph. Maisonobe for sug-
gesting some improvements on the exposition.

2. PROOF OF THE THEOREM

From now on we fix k = C, \,,; will stand for A, ;(Oy). For some n > 1
we will have Oy, = C{z1,...,2,}/I., where C{x1,...,z,} is the ring of germs
at 0 € C™ of convergent power series and I, C C{z1,...,z,} is an ideal. Set
R. = C{x1,...,zn}, m, C R, its maximal ideal. Setting R = C[z1,...,z,],
m = (z1,...,2,) C R and I = I.R; it follows from the flatness of R over R. and



TOPOLOGICAL COMPUTATION OF LOCAL COHOMOLOGY MULTIPLICITIES 3

from [9, Lemma 3.1] that we have:
Ap,i = dim¢ Homp (C, HE (H} ~*(R)))
= dim¢ Homp(C, HY, (H} (R.)) ®r, R)

= dim¢ Homp, (C, HY (H}(R.))),

Moreover, we can choose an open neighborhood of z in V' (that we will denote
by V' as well) and an embedding j : V < X in an open polydisk X C C” sending
x €V to 0 € X such that if Ox denotes the ring of analytic functions on X then

)\pﬂ' = dim(c HOHloX ((C, H{EJ] (H{‘L/_]Z(Ox)))
(If Y € X is a closed analytic subset H[*g/] will stand for the algebraic local co-

homology with support on Y, thus in more algebraic terms H[*Y] = Hj,, where
Iy C Ox is the ideal of analytic functions vanishing on Y).

Denote by Dx the ring of analytic differential operators on X (cf. e.g. [10,
chap.1, §2]). Then, because HY (Hﬁ;]l(ox)) is a coherent left Dx-module sup-

[0]
ported only at 0 € X one has (see e.g. [loc. cit., chap.I, (2.3.1)]):
i Dx Dx
p n ? = — ... [
Hig (Hiyy (0x)) = 520 @ @ 52
where Dxm C Dy is the left ideal generated by the coordinate functions z1, ..., x,

(this follows also from the results in [9]). It is not difficult to see (e.g. using [9,
Proposition 2.3]) that the invariant A, ; is exactly the number of copies of Dx /Dxm
appearing in this decomposition. Therefore, if we denote by e(-) the multiplicity at
0 € T*X of a Dx-module (see [10, chap.I, (2.4)]), we have

Api = e(HE (HIH(Ox))-

Now we come to the proof of the theorem. Consider first the spectral sequence
(see e.g. [12, Theorem 11.38])

M) ELY = HY,

[0] (H[L]V](OX)) = Herq(Ox).

[0]

Notice that H[%]ﬂ(OX) = 0 for p+q # n and also HFV}(OX) =0ifg < codim(V, X) =
n —d or ¢ > n. Moreover, since the singularity of V' at x is isolated, the modules
H[qv] (Ox) are supported at 0 for g # n — d, thus H[’(’)] (H[{IV](OX)) =0ifp>0and
q # n—d. Therefore A, ,,_, = 0 in this range, and the only possibly non-zero terms

in this spectral sequence are those on the thick dots in the picture below:

q

n

n—de e e e e e e

d P

This implies that if d > 1 then Ag g = A1, = 0 (actually this is a general fact) and
proves part (c) of the theorem.
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In order to prove parts (a) and (b) we will use duality for D-modules. We
refer to [10] for details. If M is a holonomic left Dx-module we denote M* =
Homo, (wx, Ext} (M, Dx)) its dual. We denote by D} (Dx) the derived category
of complexes of Dx-modules with bounded and holonomic cohomology. We recall
that the duality functor (-)* defined above extends to a duality functor (-)* defined
on D) (Dx). For Y C X a closed analytic subspace we denote Ry (Ox) €
Db (Dx) the derived functor of I'y(+) applied to Ox (cf. [10, chap.I, §6]). Finally,
if M € D?(Dx) we denote by H*(M) its s-th cohomology module (so that we have
Hy,(0x) = H*(RI'y1(Ox)))-

From the definition of the duality functor it is easy to see that if M € D% (Dx)
then H*(M)* ~ H=*(M™*). It follows that in our situation we have a Grothendieck
spectral sequence ([12, Theorem 11.38])

(2) EpY = 2 ((H1(0x))7) = HP (R (R (Ox))7)).

Notice that, applying the same considerations as for spectral sequence (1), the only
possibly non-zero terms of this sequence are those on the thick dots pictured below:

QT d

A&~

d-neeesees

This implies that this sequence degenerates at the Fs-term, thus
(3) HE (A (Ox))) = HPF (R (RDyy (Ox))°)-

Let DR denote the de Rham functor RHomp (Ox,-)[dim X]. Notice that the
Dx-module HPT9(RT((RT1(Ox))*)) is supported only at zero. Using this fact
and (3) above we have:

e(Hiy(Hf(0x))")) = e(HP (R (R (0x)) ")

(4) = dim¢ HPTIDR((RL ) (RTv1(Ox))*)))o

where the subscript 0 denotes the fiber at the origin. We want to compute now the
de Rham complex of RI'(g)((RI'[y)(Ox))*). If Y is a locally compact topological
space we denote by Cy the constant sheaf C on the space Y (notice that for the
polydisk X we have DR(Ox) = Cx[n]). We denote by D%(Cy ) the derived category
of the category of complexes of sheaves of complex vector spaces on Y with bounded
and constructible cohomology. We denote by Dy : D%(Cy) — DY(Cy) the Verdier
duality functor (see e.g. [8, chap.Il and III] for details). If f : Z — Y is a
proper continuous map between locally compact topological spaces we denote by
f« : D%(Cz) — D%Cy) (resp. by f~! : D%(Cy) — D%(Cg)) the direct (resp.
inverse) image functor, and we set f' = Dz - f~!- Dy. Finally, if f : Z < Y is the
inclusion of a closed subspace and F € D%(Cy) we set

RIz(F) = f. [1(F).
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We recall that in our situation, j : V < X denotes the inclusion map. Set k :
{z} — V the inclusion, i = j - k. From the regularity of Ox as a Dx-module and
the local duality theorem (commutation DxDR = DR - ()*, see e.g. [10, chap.II]),
we get

DR(RLo) (RI'v1(Ox))")
= RI'{oyDR((RT'[1)(Ox))*) by regularity of (R['[y1(Ox))*
= RI'0y Dx DR(RI'[y(Ox)) by local duality
= RI'joy Dx RI'v(Cx) by regularity of Ox
= RI'{0}j«(Cy [n])
where the last equality follows from the definition of RI'y, using that Dx - j,. =
J« - Dy (j is proper) and also that Dy - Dy = Id (see e.g. [8, chap.III] for more
details). By the definition of RI'foy and [8, Proposition 3.1.9,(ii)] this complex is
equal to i,k'Cy[n] in DY(Cx). It follows that we have:
DR(RT (o (RTy)(Ox))")o = RT({«}, k' Cy'[n])
= RI'(V, k. k' Cy[n])
= RI(V,RI' (43 (Cv)[n])
= RI'(,;(V,Cy[n]).
Thus, from this computation and (4) above we have
e(HE ((HFH(Ox))")) = dime HIHI(RT 4y (V, Cy [n])) = dim e HEH(V, ©).

If M is an holonomic Dx-module, then one has e(M) = e(M*). Therefore, if for
1 < dweput g =n—1, we get

Mo = e(Hly (7 (0x))) = e(HI (Ox)
= e(HOx)) = e(HY (H7(Ox))")
= dim¢ H},,(V,C),
which proves part (a) of the theorem.
In order to prove part (b) we have to show that for p > 2,
e(H (I (Ox))*)) = e(HE (I (Ox).
Set K = H[%]((H” YOx))*), L = (H74Ox))*/K. On the one hand, since K is

supported only a[tvg) the long exact se[ciﬂence obtained by applying H [T)] to
(5) 0— K — (H};4(Ox))" — £ —0

gives

(6) e(Hfy (Hf;1(0x))")) = e(Hfy (L)) for p > 1.

On the other hand, the singularity (V, z) being isolated, the holonomic Dx-module
L is the one introduced in [2, Proposition (8.5) and its proof] if d > 1. In particular
L is self-dual (i.e., £* = £) and DRL is the intersection complex ICy (cf. [2,
Theorem 8.6]).

Thus, dualizing (5) and applying H, 0] again, we get

e(Higy (Hy(Ox))) = e(Hig (L)) for p > 2.
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Together with (6), this equality gives the desired result for d > 2. If d = 1 the
spectral sequence (1) degenerates already at the Eo-term. From this fact follows
that all Lyubeznik numbers are zero except Ao ¢ and Aj,; which verify Ao g+A; 1 = 1.
But Mg =dim¢ H‘?I}(V7 C) = 0 and the claimed result follows.
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