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LECTURE 1

BASIC CONSTRUCTIONS

In this first lecture, we introduce the sheaf of differential operators and its (left or
right) modules. Our main concern is to develop the relationship between two a priori
different notions:

(1) the classical notion of a &x-module with a flat connection,
(2) the notion of a left Zx-module.

Both notions are easily seen to be equivalent. However, the extension of the equiv-
alence to complexes (or to the derived category) is less clear. We will introduce the
notion of differential complex to express this equivalence. The main result in this
direction is therefore Theorem 5.2.7.

The relationship between left and right Zx-modules, although simple, is also some-
what subtle, and we insist on the basic isomorphisms.

We also develop the same theory with filtration, by explaining a recipe (Rees con-
struction) to treat the filtered analogue along the same lines. The notion of strictness
plays a major role here.

The results in this lecture are mainly algebraic, and do not involve any analytic
property. They could be translated easily to the algebraic situation. One can find
many of these notions in the classical books [24, 3, 5, 41, 32, 33, 4, 9, 25]. Some of
them are also directly inspired from the work of M. Saito [54, 56, 55] about Hodge
Z-modules.

In this lecture, we denote by X a complex manifold of dimension dim X = n.

1.1. The sheaf of holomorphic differential operators

We will denote by ©x the sheaf of holomorphic vector fields on X. This is the
Ox-locally free sheaf generated in local coordinates by Oy,,...,0,,. It is a sheaf of
Ox-Lie algebras which is locally free as a &x-module, and vector fields act (on the
left) on functions by derivation, in a way compatible with the Lie algebra structure:
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given a local vector field £ acting on functions as a derivation g — &(g), and a local
holomorphic function f, f£ is the vector field acting as f - £(g), and given two vector
fields &, n, their bracket as derivations [, 7](g) := &£(n(g)) —n(&(g)) is still a derivation,
hence defines a vector field.

Dually, we denote by Q% the sheaf of holomorphic 1-forms on X. We will set
0k = A*QL. We denote by d : Q% — Q% the differential.

Exercise 1.1.1. Let & be a locally free Ox-module of rank d and let &Y be its dual.
Show that, given any local basis e = (e, ..., eq) of & with dual basis e", the section
2?21 e;®e; of §®p, &Y does not depend on the choice of the local basis e and extends
as a global section of & ®g, &Y. Show that it defines, up to a constant, a &x-linear
section Ox — & ®p, & of the natural duality pairing & ®¢, &Y — Ox. Conclude
that we have a natural global section of Q% ®4, ©x given, in local coordinates, by

Let wx denote the sheaf Q4™ X of forms of maximal degree. Then there is a natural
right action (in a compatible way with the Lie algebra structure) of ©x on wx: the
action is given by w - { = —Lw, where L¢ denotes the Lie derivative, equal to the
composition of the interior product ¢¢ by £ with the differential d, as it acts on forms
of maximal degree. The action is on the right since applying the vector field f¢ (as
defined above) to w consists in multiplying first w by f, and then applying £. The
choice of the sign above makes this definition compatible with bracket.

Exercise 1.1.2 (The sheaf J#om). Let X be a topological space and let .# and ¥

be two sheaves of &/-modules on X, & being a sheaf of rings on X. We de-

note by Hom g (.%#,¥) the I'(X, &)-module of morphisms of sheaves of &/-modules

from .7 to 4. An element ¢ of Homy(.#,%) is a collection of morphisms ¢(U) €

Hom (1) (#(U), 4 (U)), on open subsets U of X, compatible with the restrictions.
Show that the presheaf J#om (% ,¥) defined by

DU, #om o (F,9)) = Hom gy, (F v, Y )

is a sheaf (notice that U + Hom ) (F (U),4(U)) is not a presheaf, because there
are no canonical morphisms of restriction).

Definition 1.1.3 (The sheaf of holomorphic differential operators). For any open set U
of X, the ring Zx(U) of holomorphic differential operators on U is the subring of
Hom¢ (Oy, Oy) generated by

« multiplication by holomorphic functions on U,

« derivation by holomorphic vector fields on U.
The sheaf Zx is defined by I'(U, Zx) = Px (U) for any open set U of X.

By construction, the sheaf Zx acts on the left on Oy, i.e., Ox is a left Zx-module.
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Definition 1.1.4 (The filtration of Zx by the order). The increasing family of subsheaves
Fr.9x C Px is defined inductively:
e Fi;9x =0if k < -1,
o Fo9x = Ox (via the canonical injection Ox — Homc(Ox, Ox)),
« the local sections P of Fj41%x are characterized by the fact that [P, ¢] is a
local section of Fj, Zx for any holomorphic function ¢.

Exercise 1.1.5. Show that a differential operator P of order < 1 satisfying P(1) =0 is
a derivation of Oy, i.e., a section of ©x.

Exercise 1.1.6 (Local computations). Let U be an open set of C" with coordinates
Z1,...,%n. Denote by Oy, ,...,0,, the corresponding vector fields.

(1) Show that the following relations are satisfied in 2(U):

00, = gf, Yo e 6U), Vie{l,... n},

[83717858]]:0 v%]e{l,ﬂl},

al _
03 o=y ———02 ()0l

0<5<a (a=pB)pr"
ol _ -
p oy = m(*l)‘“ Yolo2=" (),
0<B<a o

with standard notation concerning multi-indices a, 3.

(2) Show that any element P € Z(U) can be written in a unique way as ) aq0%
or Y, 0sbawith aq,by € O(U). Conclude that Zx is a locally free left and right
module over Ox.

(3) Show that max{|a| ; an # 0} = max{|a| ; b, # 0}. It is denoted by ord, P.
(4)
(5) Show that PQ=0in 2(U) = P=0or Q =0.
6)

(6) Identify Fy,Zx with the subsheaf of local sections of Zx having order < k (in
some or any local coordinate system). Show that it is a locally free &'x-module of

Show that ord, P does not depend on the coordinate system chosen on U.

finite rank.

(7) Show that the filtration F,Zx is exhaustive (i.e., Zx = |, FrZx) and that it
satisfies
F.9x - FyPx = Fiu9Dx.
(The left-hand term consists by definition of all sums of products of a section of Fy,Zx
and a section of FyPx.)
(8) Show that the bracket [P, Q] := PQ — QP induces for each k,¢ a C-bilinear
morphism F,Zx Qc FePx — Fri0—1Dx-

(9) Conclude that the graded ring gr?x is commutative.
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The sheaf Zx is not commutative. The lack of commutativity of Zx is analyzed
in Exercise 1.1.7.

Exercise 1.1.7 (The graded sheaf gr”” 7). The goal of this exercise is to show that the
sheaf of graded rings gr’”Zx may be canonically identified with the sheaf of graded
rings Sym O x. If one identifies © x with the sheaf of functions on the cotangent space
T*X which are linear in the fibres, then Sym ©x is the sheaf of functions on 7% X
which are polynomial in the fibres. In particular, grf Zx is a sheaf of commutative
rings.

(1) Identify the @x-module Sym” © x with the sheaf of symmetric C-linear forms
£:0x ®¢ - R®c Ox on the k-fold tensor product, which behave like a derivation
with respect to each factor.

(2) Show that SymOyx := Py, SymlC Ox is a sheaf of graded &x-algebras on X and
identify it with the sheaf of functions on T*X which are polynomial in the fibres.
k
(3) Show that the map Fp,Zx — Homc (®<cﬁx, ﬁx) which sends any section P
of Fi. Zx to
1@ ®pp [+ [P p1]pa] - - o]
induces an isomorphism of &x-modules gri Zx — Sym"* O .

(4) Show that the induced morphism
grf Px == @pgrk Ix — Sym Oy
is an isomorphism of sheaves of &'x-algebras.

On the other hand, it has no non-trivial two-sided ideals (see Exercise 1.1.8), hence
it is simple.

Exercise 1.1.8 (The sheaf of rings 7 has no non-trivial two-sided ideals). Let .# be a
non-zero two-sided ideal of Zx.

(1) Let z € X and 0 # P € .#,. Show that there exists f € Ox,, such that
[P, f] # 0. [Hint: use local coordinates to express P].

(2) Conclude by induction on the order that .#, contains a non-zero g € Ox ,.

(3) Show that .7, contains all iterated differentials of g, and conclude that .7,
contains h € Ox , such that h(z) # 0.

(4) Conclude that .#, > 1, hence .9, = Px ,.

This leads us to consider left or right Zx-modules (or ideals), and the theory of
two-sided objects is empty.

Exercise 1.1.9 (The universal connection).
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(1) Show that the natural left multiplication of Ox on Zx can be written as a
connection
V:9x —>Q}(®ﬁx Dx,

i.e., as a C-linear morphism satisfying the Leibniz rule V(fP) = df ® P + fVP,
where f is any local section of &x and P any local section of Zx. [Hint: V(1) is the
global section of Q% ®4, ©x considered in Exercise 1.1.1.]

(2) Extend this connection for any k > 1 as a C-linear morphism
BT 0% Q¢ Ix — O ®g, Dx
satisfying the Leibniz rule written as
BV(w® P) =dw® P+ (—1)*w A VP.

(3) Show that F*1)V o () =0 for any k > 0 (i.e., V is flat).

(4) Show that the morphisms (*)V are right Zx-linear (but not left &x-linear).
Exercise 1.1.10. More generally, show that a left Zx-module .# is nothing but a
Ox-module with an integrable connection V : .# — QL ®¢, 4. [Hint: to get
the connection, tensor the left Zx-action Zx ®g, A — M by Q} on the left and
compose with the universal connection to get Zx @ .4 — Q% ® .#; compose it on

the left with .# — Px ® 4 given by m — 1 ® m.] Define similarly the iterated
connections MV : Ok Roy M — Q’)“(H ®gy A . Show that 1)V o W)y =0,

In conclusion:

Proposition 1.1.11. Giving a left Dx -module A is equivalent to giving a Ox -module A
together with an integrable connection V.

Proof. Exercises 1.1.1, 1.1.9 and 1.1.10. O

1.2. Left and right

The categories of left (resp.right) Zx-modules are denoted by *M(Zx)
(resp. "M(Zx). We analyze the relations between both categories in this sec-
tion. Let us first recall the basic lemmas for generating left or right Z-modules. We
refer for instance to [8, §1.1] for more details.

Lemma 1.2.1 (Generating left Zx-modules). Let .#' be a Ox-module and let o' :
Ox ®cy A" — A" be a C-linear morphism such that, for any local sections f of Ox,
&,m of ©x and m of A", one has

(1) @M (fE@m) = fo(E@m),
(2) 9l (E®@ fm) = fe'(E@m)+£(f)m,
(3) ¢ ([&,n@m) = (€@ (n@m)) — ¢ (n® (€ @m)).
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Then there exists a unique structure of left Dx-module on ' such that &ém =
o @m) for any &,m.

Lemma 1.2.2 (Generating right Zx-modules). Let .#* be a Ox-module and let ©* :
M Rcy, Ox — AT be a C-linear morphism such that, for any local sections f of Ox,
&,m of ©x and m of A", one has

(1) o"(mf &) =" (Mm® fE) (¢* is in fact defined on A" Rpy Ox),
(2) ¢ (m @ f€) = P (m@E)f — me(f),
(3) ' (me[&n]) =" (P (M) @n) — ' (P (men) ®E).
Then there exists a unique structure of right Px-module on M such that m& =
(&) for any € m.
Example 1.2.3 (Most basic examples).
(1) x is a left and a right Zx-module.
(2) Ox is a left Zx-module (Exercise 1.2.4).
(3) wx = QImX is a right Zx-module (Exercise 1.2.5).
Exercise 1.2.4 (Ux is a simple left 2 x-module).

(1) Use the left action of ®x on Ox to define on Ox the structure of a left Zx-
module.

(2) Let f be a nonzero holomorphic function on C™. Show that there exists a
multi-index o € N™ such that (9, f)(0) # 0.

(3) Conclude that Ox is a simple left Zx-module, i.e., does not contain any proper
non trivial Zx-submodule. Is it simple as a left &x-module?
Exercise 1.2.5 (wx is a simple right Zx-module).

(1) Use the right action of Ox on wyx to define on wx the structure of a right
P x-module.

(2) Show that it is simple as a right Zx-module.

Exercise 1.2.6 (Tensor products over Ox).
(1) Let A& and A be two left Zx-modules.
(a) Show that the Ox-module .# ®¢, A" has the structure of a left Zx-
module by setting, by analogy with the Leibniz rule,
E-(men)=&meAn+maen.
(b) Notice that, in general, m @ n — (§ém) @ n (or m @ n — m ® (¢n)) does
not define a left Zx-action on the Ox-module # Qg, N .

(c) Let o : M — A" and ) : N/ — A be Dx-linear morphisms. Show that
» ® 1 is Px-linear.
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(2) Let A be a left Zx-module and A be a right Zx-module. Show that
N Ry A has the structure of a right Zx-module by setting
(ne@m)-£E=nf@m—n®&m.
Remark: one can define a right Zx-module structure on .# ®4, 4/ by using the

natural involution .# ®¢, N — AN ®¢, A, so this brings no new structure.

(3) Assume that .# and .4 are right Zx-modules. Does there exist a (left or
right) Zx-module structure on # ®¢, A defined with analogous formulas?

Exercise 1.2.7 (7/om over Ox).
(1) Let &, N be left Px-modules. Show that J#om g, (A ,./") has a natural
structure of left Zx-module defined by
(€ )m) =& (p(m)) + p(& - m),
for any local sections £ of Ox, m of .# and ¢ of Hom g, (M, N).
(2) Similarly, if .#, .4 are right Zx-modules, then J#om g, (A ,./") has a natural
structure of left Zx-module defined by
(€ ¢)(m) = plm - &) — plm) &

Exercise 1.2.8 (Tensor product of a left Zx-module with Zx). Let .#' be a left Zx-
module. Notice that . ®ex Px has two commuting structures of x-module.
Similarly Zx ®g, .#" has two such structures. The goal of this exercise is to extend
them as Zx-structures and examine their relations.

(1) Show that .#' ®4, Px has the structure of a left and of a right Zx-module
which commute, given by the formulas:

f-(m@P)=(fm)@ P=m®e (fP),
_ (m® P)- f=m®a (Pf),
(right) {(m®P)-§:m®(Pf),

for any local vector field £ and any local holomorphic function f. Show that a left
PDx-linear morphism ¢ : .4} — A} extends as a bi-Zx-linear morphism ¢ ® 1 :
M Rpy Dx — My R0y Dx.

(2) Similarly, show that Zx ®¢, 4" also has such structures which commute and
are functorial, given by formulas:

fPem)=(fP)om,
(left) { ¢ (Pem)=(EP)@m,

(right)

{(P@m)-f=P®(fm)=(Pf)®m,
(P@m)-£=P¢@m—P®E&m.
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(3) Show that both morphisms

M @6y Dx — Dx Ry M Dx Qo M — M @0, Dx
mP+— (l®m)-P Pam— P-(m®1)
are left and right Zx-linear, induce the identity .#'® 1 = 1 ® .#", and their com-
position is the identity of .#Z' ®¢, Zx or Zx ®e, A", hence both are reciprocal

isomorphisms. Show that this correspondence is functorial (i.e., compatible with
morphisms).

(4) Let A be a left Dx-module and let £ be a Ox-module. Justify the following
isomorphisms of left Zx-modules and right &'x-modules:
M R0y (Dx Ry L) = (M R0, Dx) Roy L
~ (Dx Qo M) Roy L ~ Dx Qoy (M Rpy L).

Assume moreover that .# and .Z are Ox-locally free. Show that # e, (Zx Rey L)
is Zx-locally free.

Exercise 1.2.9 (Tensor product of a right Zx-module with Zx). Let .#" be a right
P x-module.

(1) Show that .#* ®¢, Zx has two structures of right Zx-module denoted -,
(right) and - (tensor; the latter defined by using the left structure on Zx and Exercise
1.2.6(2)), given by:

. (m®P) - f=m&(Pf),
(right), {<m®P> +§=m® (PY),
. (mM@P)«f=mfQP=m® fP,
(right) {<m®P> E=mE@ P —m® (EP).

(2) Show that there is a unique involution ¢ : A" ®g, Dx — M* D6y Dx
which exchanges both structures and is the identity on .#* ® 1, given by (m ® P), —
(m®1) - P. [Hint: show first the properties of ¢ by using local coordinates, and glue
the local constructions by uniqueness of ¢.]

(3) For each p > 0, consider the pth term F, Zx of the filtration of Zx by the order
(see Exercise 1.1.4) with both structures of €@x-module (one on the left, one on the
right) and equip similarly 4" ®¢, F,Zx with two structures ¢ and r of €x-modules.
Show that, for each p, ¢ induces an isomorphism of &y-modules (#*® ¢, F,Px )y —

(.///r Qo Fp_@x)r.

Definition 1.2.10 (Right-left transformation). Any left Zx-module .#' gives rise to a
right one .#" by setting (see [8] for instance) .#* = wx ®¢, .#' and, for any vector
field ¢ and any function f,

(weam) - f=fuem=w® fm, (WOmM)-{=wEm—w®Em.
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Conversely, set A = S#om o, (wx, .#*), which also has in a natural way the structure
of a left Zx-module (see Exercise 1.2.7(2)).

Exercise 1.2.11 (Compatibility of right-left transformations). Show that the natural
morphisms

L//l%f%%mﬁx(wx,wx R ey ///1), wx Qe Hom ey (wx, M*) — M*

are isomorphisms of Zx-modules.

Exercise 1.2.12 (Compatibility of left-right transformation with tensor product). Let .7
and 4! be two left Zx-modules and denote by .#*, 4" the corresponding right Zx-
modules (see Definition 1.2.10). Show that there is a natural isomorphism of right
P x-modules (by using the right structure given in Exercise 1.2.6(2)):

/r®ﬁxﬁl;<%r®ﬁxe/‘/l
(wen)@mr— (Wm)®n

and that this isomorphism is functorial in .#' and 4.

Exercise 1.2.13 (Local expression of the left-right transformation). Let U be an open
set of C™.

(1) Show that there exists a unique C-linear involution P — P from 2(U) to itself
such that
- Ve o), o =¢,
Vie{l,...,n}, 10y, = —0,,,
< VP,Qe20U),H(PQ)="Q-'P.
(2) Let .4 be a left (resp. right) Zx-module and let ‘# be .# equipped with the
right (resp. left) Zx-module structure

P-m:="'"Pm.
Show that ‘¥ > A" (vesp. Ll — a").
Exercise 1.2.14 (The left-right transformation is an isomorphism of categories). To any

left Zx-linear morphism ¢! : .#' — 4! is associated the Ox-linear morphism ¢* =
Id,, @' : A" — N

(1) Show that ¢" is right Zx-linear.
(2) Define the reverse correspondence ¢ — @'

(3) Conclude that the left-right correspondence *M(%Zx) +— "M(Zx) is a func-
tor, which is an isomorphism of categories, having the right-left correspondence
'M(Zx) — *M(Zx) as inverse functor.
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1.3. Examples of Z-modules

We list here some classical examples of Z-modules. One may get many other
examples by applying various operations on Z-modules.

1.3.a. Let .# be a sheaf of left ideals of Zx. We will see in Lecture 2 that, locally
on X, 7 is generated by a finite set {Py, ..., P} of differential operators (this follows
from the noetherianity and coherence properties of Zx). Then the quotient .#Z =
Px /S is aleft Dx-module. Locally, 4 is the Zx-module associated with P, ..., Py.

Notice that different choices of generators of .# give rise to the same Zx-module .Z .
It may be sometime difficult to guess that two sets of operators generate the same
ideal. Therefore, it is useful to develop a systematic procedure to construct from a
system of generators a division basis of the ideal in order to have a decision algorithm
(see Lecture 6 on Grébner bases).

Exercise 1.3.1. Show that the two sets of differential operators {0,,...,05,} and
{02y, 2102, + -+ -+ Tpn_10,, } generate the same ideal of Zcn.

1.3.b. Let .Z be a Ox-module. There is a very simple way to get a right Zx-
module from .Z: consider . ®4, Zx equipped with the natural right action of Zx.
This is called an induced Px-module. Although this construction is very simple, it
is also very useful to get cohomological properties of Zx-modules, as we will see in
Section 5.1. One can also consider the left Zx-module Zx ®g, £ (however, this
is not the left Zx-module attached to the right one ¥ ®¢, Zx by the left-right
transformation of Definition 1.2.10).

1.3.c. One of the main geometrical examples of Zx-modules are the vector bundles
on X equipped with an integrable connection. Recall that left Zx-modules are Ox-
modules with an integrable connection. Among them, the coherent Zx-modules are
particularly interesting. We will see (see Exercise 2.4.6), that such modules are Ox-
locally free, i.e., correspond to holomorphic vector bundles of finite rank on X.

It may happen that, for some X, such a category does not give any interesting
geometric object. Indeed, if for instance X has a trivial fundamental group (e.g. X =
P1(C)), then any vector bundle with integrable connection is isomorphic to the trivial
bundle &% with the connection d. However, on Zariski open sets of X, there may exist
interesting vector bundles with connections. This leads to the notion of meromorphic
vector bundle with connection.

Let D be a divisor in X and denote by &x (xD) the sheaf of meromorphic functions
on X with poles along D at most. This is a sheaf of left Zx-modules, being a Ox-
module equipped with the natural connection d : Ox (*D) — Q% (xD).

By definition, a meromorphic bundle is a locally free O'x (*D) module of finite rank.
When it is equipped with an integrable connection, it becomes a left Zx-module.
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1.3.d. One may twist the previous examples. Assume that w is a closed holomorphic
form on X. Define V : @y — QL by the formula V = d + w. As w is closed, V is an
integrable connection on the trivial bundle Ox.

Usually, there only exist meromorphic closed form on X, with poles on some divi-
sor D. Then V is an integrable connection on Ox (xD).

If w is exact, w = df for some meromorphic function f on X, then V may be
written as e f odoel.

More generally, if .# is any meromorphic bundle with an integrable connection V,
then, for any such w, V + wId defines a new Zx-module structure on ..

1.3.e. Denote by ®bx the sheaf of distributions on X: given any open set U of X,
Dbx (U) is the space of distributions on U, which is by definition the week dual
of the space of C*° forms with compact support on U, of type (dimU,dimU). By
Exercise 1.2.5, there is a right action of Zx on such forms. The left action of Zx
on distributions is defined by adjunction: denote by (p,u) the natural pairing of a
compactly supported C'*°-form ¢ with a distribution v on U; let P be a holomorphic
differential operator on U; define then P - u such that, for any ¢, on has

(o, Pru) = (¢ Pu).

Given any distribution u on X, the subsheaf Zx -u C Dby is the Zx-module gener-
ated by this distribution. Saying that a distribution is a solution of a family Py, ..., P
of differential equation is equivalent to saying that the morphism Zx — Zx - u send-
ing 1 to u induces a surjective morphism 2x/(Py,...,P;) — Px - u.

Similarly, the sheaf €x of currents of maximal degree on X, dual to €%, is a right
P x-module.

In local coordinates x1,...,x,, a current of maximal degree is nothing but a dis-
tribution times the volume form dxq A --- Adxy, ANdxT1 A --- ANdTy,.

As we are now working with C'*° forms or with currents, it is natural not to
forget the anti-holomorphic part of these objects. Denote by 0% the sheaf of anti-
holomorphic functions on X and by %y the sheaf of anti-holomorphic differential
operators. Then Dby (resp. €x) are similarly left (resp. right) Zy-modules. Of
course, the Zx and %5 actions do commute, and they coincide when considering
multiplication by constants.

It is therefore natural to introduce the following sheaves of rings:

ﬁX,Y = ﬁX ®C ﬁf?

D5 = 9x ®c %,
and consider Dbx (resp. €x) as left (resp. right) 2, -modules.

1.3.f. One may construct new examples from old ones by using various operations.
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« Let A& be aleft Zx-module. Then som o, (A, Px) has a natural structure
of right Zx-module. Using a resolution .4#° of .# by left Zx-modules which
are acyclic for #om g, (s, Zx), one gets a right Zx-module structure on the
5It%x (A, Dx).

« Given two left (resp. a left and a right) Zx-modules .# and .4, the same
argument allows one to put on the various Br; g, (A, /) a left (resp. a right)
P x-module structure.

« We will see in Lecture 3 the geometric operations “direct image” and “inverse
image” of a Yx-module by a holomorphic map.

1.3.g. Solutions. Let .#, .4 be two left Zx-modules.
Definition 1.3.2. The sheaf of solutions of .# in A is the sheaf Hom g, (A, N).

Remark 1.3.3.

(1) The sheaf s#om o, (#,./") has no structure more than that of a sheaf of C-
vector spaces in general, because Zx is not commutative.

(2) According to Exercise 1.2.7(1), Jomeg, (A, N) is a left Zx-module,
that is, a Ox-module with an integrable connection (Proposition 1.1.11). Then
Hom g, (M ,N) is the subsheaf of H#om g, (A, V) consisting of local morphisms
M — A which commute with the connections on .# and .4, in other words local
sections which are annihilated by the connection on Hom g (A, N).

Example 1.3.4. Let U C X be a coordinate chart and let P € Z2x(U). Let & =
Py - P be the left ideal of 9y generated by P and let # = 2y /.. We have a
canonical isomorphism #om g, (M, V) ~ Ker[P- : A — A, and this explains the
terminology “solutions of .Z in 4"

If /" = Ox, we get the sheaf of holomorphic solutions of P. If 4 = Dby, we get
the sheaf of distributions solutions of P.

If /" = Dx (with its standard left structure), then P - : Zx — Px is injective
(Exercise 1.1.6), so #om g, (M, Px) = 0. It maybe therefore interesting to consider
higher J#om , namely, &xt sheaves. We consider the free resolution of .# defined as

O—>@U—'B%@U—>///—>O.

The map - P is injective (same argument as for P-), so this is indeed a resolution. By
definition, &xt' (.4 ,./) is the cokernel of

Htom g, (Du, N) — Hom g, (Dy, N)
(%) — p(x - P).
If one identifies H#om g, (Zy, A") with A4 by ¢ — (1), the previous morphism reads

vy



1.4. DE RHAM AND SPENCER 13

so we recover that Somg, (M, V) = Ker[P - : A — 4], and we find that
Sut* (M, N) = Coker[P - : A — #]. In other words, &ut'(.#,.¥) measures
the obstruction to the solvability of the differential equation Pm = n for n € 4.

Notice that, in this example, since the free resolution of .# has length two, we
have cg’xtlﬁjx(///,%) =0 for k > 2, for any ¥,

When 4 has a supplementary structure which commutes with its left Zx-
structure, then J#om o, (#,./") and the &xt ’%X (A, /) inherit this supplementary
structure.

Example 1.3.5.

(1) Assume A4 = Px. Then the definition of Jomgy, (A, /) and the
é’xtgx (A, .N) uses the left Zx-module structure of Px, which commutes with
the right one, so these solution sheaves are right Zx-modules.

(2) Assume that .#° = Dbx. Then the definition of J#om g, (A ,.+") and the
éut %X (A ,.N) uses the left Zx-module structure of Dbx, which commutes with the
left Z+-structure, so these solution sheaves are left Z5-modules.

1.4. de Rham and Spencer
Let .#' be a left Zx-module and let .#" be a right Zx-module.

Definition 1.4.1 (de Rham). The de Rham complex Q%" (') of 4" is the complex
having as terms the &x-modules Q’;f’ Qg M I'and as differential the C-linear mor-
phism (—1)"V defined in Exercise 1.1.10.

Notice that the de Rham complex is shifted n = dim X with respect to the usual
convention. The shift produces, by definition, a sign change in the differential, which
is then equal to (—1)"V. The previous definition produces a complex since VoV = 0,
according to the integrability condition on V, as remarked in Exercise 1.1.10.

Definition 1.4.2 (Spencer). The Spencer complex (Sp (.#*), ) is the complex having
as terms the Ox-modules # ® ¢, AN"*Ox (with « < 0) and as differential the C-linear
map ¢ given by

k
mE N N »—5>Z(—1)i71m§i®§1/\.../\é/\.../\gk
i=1

3 (DT Mm@ [ELGINE A AEN NG A A

i<j

Exercise 1.4.3. Check that (Sp% (#"),d) is indeed a complex, i.e., that § o § = 0.
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Of special interest will be, of course, the de Rham or Spencer complex of the
ring Zx, considered as a left or right Zy-module. Notice that, in Q%" (Zx), the
differentials are right Px-linear, and in Sp% (Zx) they are left Zx-linear.

Exercise 1.4.4 (The Spencer complex is a resolution of O'x as a left Zx-module). Let
F,Zx be the filtration of Zx by the order of differential operators. Filter the Spencer
complex Sp (Zx) by the subcomplexes F),(Sp (Zx)) defined as

: —5> -k Dx ® /\k@X —5> Fo b 19x ® Ak_l@X —5> s

(1) Show that, locally on X, using coordinates z1,...,x,, the graded com-
plex grf" Sp% (Zx) := @pgrh Spx(Zx) is equal to the Koszul complex of the ring
Oxl&, ..., &) with respect to the regular sequence &1, ..., &,.

(2) Conclude that grf’ Sp% (Zx) is a resolution of €.

(3) Check that F,Spy(Zx) = 0 for p < 0, FySp%(Zx) = grl Spx(Zx) is iso-
morphic to Ox and deduce that the complex

. 4 ) B P
grh Spx (Zx) = {- - l) grh_ 1 Ix @ N"Ox u grh_ 1 Zx @ NTlOx u) )

is acyclic (i.e., quasi-isomorphic to 0) for p > 0.

(4) Show that the inclusion Fy Spy(Zx) — F,SpX(Zx) is a quasi-isomorphism
for each p > 0 and deduce, by passing to the inductive limit, that the Spencer complex
Sp% (Zx) is a resolution of Ox as a left Zx-module by locally free left Zx-modules.

Exercise 1.4.5. Similarly, show that the complex Q%"*(Zx) is a resolution of wx as a
right Zx-module by locally free right Zx-modules.

Exercise 1.4.6. Let .Z* be a right Zx-module
(1) Show that the natural morphism
M D9, (Dx Qe N*Ox) — M @6, NFOXx
defined by m ® P ® £ — mP ® £ induces an isomorphism of complexes
M Rqy SpX(Dx) — Sp°(A™).
(2) Similar question for Q%™ (Zx) ®gy A — QL (4.

Let .# be a left Zx-module and let .#Z" the associated right module. We will now
compare Q%"*(.#) and Spy (.#"). Consider the function

Z -5 (%1}, ar— e(a) = (—1)leD/2
which satisfies in particular

g(a+1)=e(—a) = (-1)%(a), ela+b)=(—1)(a)e(b).
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Given any k > 0, the contraction is the morphism
wx gy /\k@X — Q?{k

(1.4.7)
w&r—e(n—k)w(Ns).

Exercise 1.4.8. Show that the isomorphism of right Zx-modules
wx oy (Dx ®ox NOx) —— O * @0, Ix
we(1®E)] P+ (e(n—kwEns))@P

(where the right structure of the right-hand term is the natural one and that of the
left-hand term is nothing but that induced by the left structure after going from left
to right) induces an isomorphism of complexes of right Zx-modules

L:wx oy (Spk(@x),(S) = (Q}+. Koy @)@V).

Exercise 1.4.9. Similarly, if .# is any left Zx-module and 4" = wx g, A is the
associated right Zx-module, show that there is an isomorphism

M D9, (SPX(Zx),0) = (wx ®oy M @6y N"Ox,0)
= (T ®@oy AV = (VT ®oy Dx,V) Qo M
given on wx Rg, A e, NFOx by
w@mEEr—e(n—k)w(E A+ @m.

Exercise 1.4.10. Using Exercise 1.4.9, show that there is a functorial isomorphism
Spi (™) — Q5 (M) for any left Zx-module .#, which is termwise Ox-linear.

Remark 1.4.11. We will denote by PDR x (.#") the Spencer complex Sp% (.Z") and
by PDRx (.#"') the de Rham complex Q%*(.#'). The previous exercise gives an
isomorphism PDRx (.#") > PDRx (.#") and justifies this convention. We will use
this notation below. Exercise 1.4.6 clearly shows that PDR x is a functor from the
category of right (resp. left) Zx-modules to the category of complexes of sheaves of
C-vector spaces. It can be extended to a functor between the corresponding derived
categories.

However, in §5.1, we will introduce a functor DR x to a subcategory, in order to
keep the information that the differentials in such a complex are of a special kind,
i.e., are differential operators. We will then extend this functor as a functor between
suitable localized categories. Then PDRx will be the composition of DRx and the
forgetful functor Forget.

Denote by (éa)((n+°’0), (—1)"d') the complex € ®g, Q%" with the differential

induced by (—1)"d (here, we assume n + + > 0). More generally, let g)((nﬂj’q) =

& )(("ﬂ) 0) /\3)((0"1) and let d” be the antiholomorphic differential. For any p, the complex
(5)(("+p"), d") is a resolution of Q%". We therefore have a complex (&g, (—1)"d),

which is the single complex associated to the double complex (zo@)(gLJr"°)7 (=n)"d’,d").
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In particular, we have a natural quasi-isomorphism of complexes of right Zx-
modules:
(Q?{-’_. Ko .@X,V) = ((ga;-i_. Reox Px,V)
by sending holomorphic k-forms to (k,0)-forms. Remark that the terms of these
complexes are flat over Ox.

Exercise 1.4.12. Define a sheaf & L for k,f > 0 and find a Dolbeault resolution of
Sp*(Zx) by fine sheaves.

Exercise 1.4.13. Let £ be a Ox-module.

(1) Show that, for any k, we have a (termwise) exact sequence of complexes
0= . Z@0y Fio1(SpX (Zx)) = £ @0y Fr(Spx (2x)) — £ @0 g1t (SPX (Zx)) — 0.
[Hint: use that the terms of the complexes F;(Sp%(Zx)) and gri (Spx(Zx)) are
Ox-locally free.]

(2) Show that . ®¢, gr Sp%(Zx) is a resolution of £ as a Ox-module.

(3) Show that .£ ®¢, Spx(Zx) is a resolution of £ as a Ox-module.

Definition 1.4.14 (Godement resolution)

(1) The Godement functor €V (see [14, p. 167]) associates to any sheaf . the flabby
sheaf C°(.Z) of its discontinuous sections and to any morphism the corresponding
family of germs of morphisms. Then there is a canonical injection . — C°(.%).

(2) Set inductively (see [14, p.168]) 2°(¥) = &, ZFT1(¥) = €k (L) /2F(¥),
CHI(Z) = COZFH(Z)) and define § : CF(L) — CFF(Z) as the composition
CF (L) — 21 L) — CO(ZF+1(Z)). This defines a complex (C*(Z),§), that we will
denote as (God® .Z,9).

(3) Given any sheaf .Z, (God® .Z,d) is a resolution of £ by flabby sheaves. For
a complex (£°,d), we view God® .Z* as a double complex ordered as written, i.e.,
with differential (6;, (—1)’d;) on God’ #7, and therefore also as the associated simple
complex.

The following exercise will be useful when computing direct images of Z-modules
in Lecture 3

Exercise 1.4.15 (Compatibility with the Godement functor).

(1) Show that, if £ and % are Ox-modules and if .Z is locally free, then we have
a natural inclusion (%) ®¢, F — CY(Z ®g, F), which is an equality if .# has
finite rank. More generally, show by induction that we have a natural morphism
CH L) ey F — CH(ZL ®e, F), which is an equality if .# has finite rank.

(2) With the same assumptions, show that both complexes God®(.¥) ® ¢, # and
God* (€ ®¢gy F) are resolutions of £ ®¢, Z. Conclude that the natural morphism
of complexes God* (¥) ®¢g, F — God' (£ Q¢ F) is a quasi-isomorphism.
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(3) Let 4 be a Px-module. Show that PDRx God® .# = God® PDRx ..

1.5. Filtered objects: the Rees construction

Definition 1.5.1 (of a filtered Zx-module). A filtration F, . # of a Px-module .# will
mean an increasing filtration satisfying (for left modules for instance)

Fi.9x ~Fg// C Fk-_;,_e/% Vk,é € 7.

We usually assume that Fy.# = 0 for { < 0 and that the filtration is exhaustive, i.e.,
U Fett = 4.

Definition 1.5.2 (of the de Rham complex of a filtered Zx-module). Let F,.#Z be a
filtered Zx-module. The de Rham complex PDR .# is filtered by sub-complexes
F,PDR .# defined by

’ L p—k A" @ NFex L Fy i1 M* @ AFTO L
.V__, Q?)l(+k ® Fp+k//1 L Q§+k+1 ® Fp+k+1//1 L o

and the filtered de Rham complex is denoted by PDR F,.# .

F,’DR.# =

Exercise 1.5.3. Show that the isomorphisms in Exercises 1.2.8 and 1.2.9 are isomor-
phisms of filtered objects .#' ® ¢, F.Px, F.9x ®¢y A" and A" @6, F,Px.

It is possible to apply the techniques of the previous sections to filtered objects.
A simple way to do that is to introduce the Rees object associated to any filtered ob-
ject. Introduce a new variable z. We will replace the base field C with the polynomial
ring Cl[z].

Definition 1.5.4 (Rees ring and Rees module). If (o7, F,) is a filtered ring, we denote
by o (or Rp4 if we want to insist on the dependence with respect to the filtration)
the subring @y, Fy. - 2* of & @c Clz,271]. For instance, if Fy.o/ = 0 for k < —1 and
Fod = o for k > 0, we have o = o ®¢ C[z]. Any filtered module (.#, F,) on the
filtered ring (7, F,) gives rise similarly to a module M on .

Notice that < is a graded ring with a central element z and that M is a graded
module on this graded ring. Notice also that, as .# is contained in .# ®¢ C[z, 271,
the multiplication by z is injective on ..

Exercise 1.5.5.

(1) Show that the Rees construction gives an equivalence between the category of
filtered (<, F,)-modules (the morphisms should preserve the filtrations up to some
fixed shift) and the subcategory of the category of graded o/-modules (the morphisms
are homogeneous), the object of which have no z-torsion. [Hint: recover .# from M

by setting 4 = M /(z — 1).4
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(2) Recover grf’. # as //flv/z///fv
(3) Show that, if one defines the filtration
ﬁk//?/: &b Fj///zj e P Fk///zj,
J<k i>k
then grj; M can be identified with erf # ®c C[z], where the grading in the previous
term is the sum of the grading on grf.# and of the grading of C[z] by the degree
in z.
Applying this construction to the filtered ring (Zx, F.,) and its (left or right) mod-
ules, we ~0btain the following properties:
. ﬁX = ﬁx [Z}, _
« in local coordinates, any local section of Zx may be written in a unique way
as Y., aa(2)02 =3 0%b,(x), where we set Oy, := 20,,;
» Ox is the locally free sheaf locally generated by 0g,,...,0,, and we have
[0z,, ] = z0p/0x; for any local section ¢ of Ox; N
« the sheaf QY is defined as 27 !C[z] ®c Y, and Q% = AFQL; the differential d
is induced by the differential d on Q%; the local basis (dz; = z~dz;); is dual to
the basis (9,,); of Ox.
Exercise 1.5.6.
(1) Extend the results of §§1.1-1.4 to graded Zx-modules.

(2) Show that the same results hold for unnecessarily graded P x-modules and
unnecessarily homogeneous morphisms.

Definition 1.5.7 (z-connectiog). Let A b/ev al x-module. A z-connection on M is a
C[z)-linear morphism V : .# — Q% ® .# which satisfies the Leibniz rule

V(fm)=fVi+df®m.
Exercise 1.5.8.
(1) Show that Zx has a universal z-connection V for which V(1) = > da; ® D, .

(2) Show the equivalence between left @X—modules and O 'x-modules equipped with
an integrable z-connection.

Definition 1.5.9. Let M be a left .@X—module. The de @am complex PDR.Z is
the complex having as terms the &x-modules Q;L(Jr' ® A and as differentials the
z-connection (—1)"V.

Right analogues (in particular, the Spencer complex) are defined similarly as well
as the right-left correspondence. All properties of §1.4 extend in this setting.

Exercise 1.5.10. Using Exercise 1.4.4, show that é;)(@x) is a resolution of Ox.



LECTURE 2

COHERENCE

Although it would be natural to develop the theory of coherent Zx-modules in
a way similar to that of &x-modules, some points of the theory are not known to
extend to Zx-modules (the lemma on holomorphic matrices). The approach which
is therefore classically used consists in using the Ox-theory, and the main tools for
that purpose are the good filtrations.

This lecture is much inspired from [17].

2.0. A reminder on coherence

Let us begin by recalling the definition of coherence. Let &7 be a sheaf of rings on
a space X.
Definition 2.0.1.

(1) A sheaf of &7-modules .Z is said to be «7-coherent if it is locally of finite type:

V.’EEX, Hsz an 3‘%(\1/!_»?\‘/1’

and if, for any open set U of X and any «7-linear morphism ¢ : ;zflg — Fu, the
kernel of ¢ is locally of finite type.

(2) The sheaf <7 is a coherent sheaf of rings if it is coherent as a (left and right)

module over itself.

Lemma 2.0.2. Assume <f coherent. Let F be a sheaf of o/ -module. Then F is o -
coherent if and only if F is locally of finite presentation: Va € X, 3V,, Ap,q and
an exact sequence

Classical theorems of Cartan and Oka claim the coherence of Ox.
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2.1. Coherence of Zx

Let K be a compact subset of X. We say K is a compact polycylinder if there exist
a neighbourhood € of K, an analytic chart ¢ : @ — W of X, and (py,...,pn) € (RT)"
such that
O(K)={(z1,...,2,) €C" |Vi e {L,...,n}, |x;| < pi}.

In particular a point € X is a compact polycylinder. Let .# be a sheaf on X and
K a polycylinder. We know by [14], that

lim (V) = F i (K)

UDK
Uopen

denoted by .# (K). We have Zx|q ~ Zcnw and this isomorphism is compatible with
the filtrations. Thus, to study local properties of gr’” Zx or of Zx in the neighbour-
hood of a polycylinder K we can assume that K C C" is a usual polycylinder.

We have 2x (K) C stomc(Ox, Ox)(K) and any element of Zx (K) can be written
in a unique way as ) ., c,0%, with ¢, € Ox(K) and I C N" finite. The relations
in Exercise 1.1.6 remain true when we replace U by K. We also have

lim FuZx(U) = {P € Ix(K) | P = ¥ja1cp cad® with cu € Ox(K)}.

UDK
Uopen

Let F, Zx (K) be this (K )-submodule of 2(K). We get a filtration of Zx (K) having
the same properties as that of Zx(U). Finally, we deduce from Exercise 1.1.7 the
existence of a canonical ring isomorphism

g’ (Zx(K)) — (gr" 7x)(K).
We thus have an isomorphism
grf (Zx(K)) = Ocn (K)[&, ... &)
by an inductive limit on U D K. By a theorem of Frisch [11], ¢ (K) is a Noetherian
ring and, for any x € K, the ring Ocn , is flat over Ocn (K). We therefore get:
Proposition 2.1.1. If K is a compact polycylinder, gr’ @x (K) is a Noetherian ring. [
Proposition 2.1.2. The ring 9x(K) is Noetherian.

Proof. Let I C Px(K) be a left ideal. We have to prove that it is finitely generated.
Set Fi.I = 1N Fkgx(K). Then gI‘FI = @kENFk‘I/Fk—II is an ideal in gI'F_@)((K),
thus is of finite type. Let eq,..., e, be homogeneous generators of gri'I, of degrees
di,...,d; and Pp,..., P, elements of I with o(P;) = e;. It is easy to prove, by
induction on the order of P € I, that I = Zle Ix(K) - P; (left to the reader). O

Theorem 2.1.3. The sheaf of rings Px is coherent.
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Proof. If U C X is open and

¢ (IZx1v)! — (Ixw)’
is a morphism of left Zx|y-modules, we have to prove that Ker ¢ is locally of finite
type. We may assume that U is an open chart, thus in fact an open subset of
C". Let €1,...,&4 be the canonical base of Zx(U)? and k € N be such that, for
all i € {1,...,q}, é(;) € Fr2x(U)?. We then have ¢(F;2}) C Fpie 2}, and
Ker ¢ N Fy2{ is the kernel of a morphism between locally free &y-modules of finite
type
Fi 9 — Fr 9y

Thus Ker ¢ N F; 2}, is Oy coherent, and Ker ¢ is the union of these &y-modules.

Let K C U be a compact polycylinder. By Theorem A of Cartan, for any z € K,
the sheaf [Ker ¢ N Fg@%w]m is generated by I'(K, Ker ¢ N Ff@;](w)’ which is included
in I'(K,Ker ¢). Thus for any « € K, (Ker ¢), is generated by I'(K, Ker ¢), i.e., any
germ of section of Ker¢ at x is a linear combination with coefficients in Ox , of

sections of Ker ¢ over K. By left exactness of I'(K,+) we have an exact sequence of
left Ix (K)-modules:

0 — I'(K,Ker¢) — I'(K, 2}) = Zx(K)P M Dx (K)P.
Because Zx(K) is Noetherian, I'(K, Ker ¢) is then of finite type as a left Zx (K)-
module. It is then easy to build a surjective morphism of left Zx|x-modules
(Zx k)" — (Ker¢)jx — 0
using the two properties above. This proves that Ker ¢ is locally of finite type. O
Exercise 2.1.4.

(1) Prove similarly the coherence of the sheaf of rings gr” 2y and that of the Rees
sheaf of rings RpZx (see Definition 1.5.4).

(2) Let D C X be a hypersurface and let &x (D) be the sheaf of meromorphic
functions on X with poles on D at most (with arbitrary order). Prove similarly that
Ox (xD) is a coherent sheaf of rings.

(3) Prove that Zx (xD) := Ox (D) ®p, Px is a coherent sheaf of rings.

(4) Let ¢ : Y — X denote the inclusion of a smooth submanifold. Show that
i*Dx = Oy Qg Px is a coherent sheaf of rings on Y.

2.2. Coherent Zx-modules and good filtrations

Let .# be a Px-module. From Theorem 2.1.3 and the preliminary reminder on
coherence, we know that .Z is Px-coherent if it is locally finitely presented, i.e.,
if for any x € X there exists an open neighbourhood U of x an an exact sequence

q P
9X|U - 9X|U - AU-
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Exercise 2.2.1.

(1) Let A4 C A be a Px-submodule of a coherent Zx-module .4#". Show that,
if A is locally finitely generated, then it is coherent.

(2) Let ¢ : A4 — A be a morphism between coherent Zx-modules. Show that
Ker ¢ and Coker ¢ are coherent.

Definition 2.2.2 (Good filtrations). Let F,.# be a filtration of .Z (see §1.5). We say
that the filtration is good if the Rees module Rp.# is coherent over the coherent sheaf
RrZx (i.e., locally finitely presented).

It is useful to have various criteria for a filtration to be good.

Exercise 2.2.3 (Characterization of good filtrations). Show that the following properties
are equivalent:

(1) F,# is a good filtration;

(2) for any k € Z, Fy# is Ox-coherent, and, for any € X, there exists a
neighbourhood U of x and ko € Z such that, for any k > 0, Fy.Zxv - Fro My =
Fiey ko M\ur;

(3) the graded module grf’.# is gr’” Zx-coherent.

Conclude that, if F,.#,G,. # are two good filtrations of .#, then, locally on X, there
exists kg such that, for any k, we have

Fk—ko'/// C GpH C Fk_;,_kot//.

Proposition 2.2.4 (Local existence of good filtrations). If .# is ZDx-coherent, then it
admits locally on X a good filtration.

Proof. Exercise 2.2.5. O

Exercise 2.2.5 (Local existence of good filtrations).

(1) Show that, if .# has a good filtration, then it is Zx-coherent and gr¥.Z is
grf’ Px-coherent. In particular, a good Zx-module is coherent. [Hint: use that the
tensor product C[z]/(z — 1) ®c[,) + is right exact.]

(2) Conversely, show that any coherent Zx-module admits locally a good filtration.
[Hint: choose a local presentation 2%y =, DX \v — My — 0, and show that the
filtration induced on .|y by F, Qf(w is good by using Exercise 2.2.3: Set # = Im ¢
and reduce the assertion to showing that F;Zx N % is Ox-coherent; prove that, up
to shrinking U, there exists k, € N such that p(Fr2% 1) C Frir, Z% v for each k;
deduce that ¢(F,Z%|u), being locally of finite type and contained in a coherent
O'x-module, is Ox-coherent for each k; conclude by using the fact that an increasing
sequence of coherent &x-modules in a coherent &'x-module is locally stationary.]

(3) Show that, locally, any coherent Zx-module is generated over Zx by a coherent
O x-submodule.
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(4) Let 4 be a coherent Zx-module and let .% be a O'x-submodule which is locally
finitely generated. Show that % is @x-coherent. [Hint: choose a good filtration
F, # and show that, locally, # C Fy.# for some k; apply then the analogue of
Exercise 2.2.1(1) for &x-modules.]

Good filtrations are the main tool to get results on coherent Zx-modules from
theorems on coherent &'x-modules. This justifies the following definition:

Definition 2.2.6 (Good Z-modules, see [60]). A Zx-module is good if, for any compact
set K C X, there exists, on some neighbourhood U of K, a finite filtration of .#);;
by Zy-submodules such that each successive quotient has a good filtration.

Remark 2.2.7. 1t is not known whether any coherent Zx-module has globally a good
filtration, or even whether it is good. Nevertheless, it is known that any holonomic
Px-module (see Definition 4.2.1) has a good filtration (see [38, 39, 40]); in fact, if
such is the case, there even exists a coherent Ox-submodule .% of .# which gener-
ates ., i.e., such that the natural morphism Zx ®¢, % — # is onto (this is a little
stronger than the existence of a good filtration, if the manifold X is not compact).

The main results concerning coherent Zx-modules are obtained from the theorems
of Cartan and Oka for &'x-modules.

Theorem 2.2.8 (Theorems of Cartan-Oka for Zx-modules). Let .Z be a left Dx-module
and let K be a compact polycylinder contained in an open subset U of X, such that A
has a good filtration on U. Then,

(1) I'(K,.#) generates Mk as a Ok -module,

(2) Foranyi>1, H(K, #) = 0.
Proof. This is easily obtained from the theorems A and B for &x-modules, by using
inductive limits (for A it is obvious and, for B, see [14, Th.4.12.1]). O
Theorem 2.2.9 (Characterization of coherence for x-modules).

(1) Let A be a left Dx-module. Then, for any small enough compact polycylinder
K, we have the following properties:

(a) A (K) is a finite type 2(K)-module,
(b) For any x € K, O, ®¢(x) M (K) — My is an isomorphism.
(2) Conversely, if there exists a covering {Ky} by polycylinders K, such that X =
Ulga and that on any K, the properties (1a) and (1b) are fulfilled, then A is Dx-
coherent.

Proof. Let U C X be an open subset small enough for .# to have a presentation
0— AN — D — My — 0.
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The Zy-module .4 is coherent, therefore we have H'(K,.#") = 0 for any small enough
compact polycylinder K C U, and PP(K) — #(K) is surjective. This proves (1a).

The Ox-module Fy.#)y = image F, 2%, being coherent we also have for any k an
isomorphism 0, ® Fy#(K) — Fy#,, by Theorem A of Cartan-Oka. From this we
get (1b) by using an inductive limit

O o(x) A (K) =~ 1im O @p(x) Fretl (K).
k

Conversely, if Condition (1a) is fulfilled we have, since 2(K) is Noetherian, a finite
presentation

PUK) -2 9P (K) " (K) — 0,
which gives sheaf morphisms which we denote again by ¢, 7:

¢

q P ™
‘@X|K DXk » Mg — 0,
and, by the exactness of the functor 2,®4 k), an exact sequence

912 gr P g 6y M (K) — 0,

By Condition (1b) and the lemma below, the morphism

Co: Dy P9(K) ///(K) — My
is an isomorphism. We deduce from this, and from the equality m, = ¢, o p, that
M = Coker(¢) is finitely presented on K. O
Lemma 2.2.10. For any left 2(K)-module N, the canonical homomorphism

Or Qo) N — Y Q) N
is an isomorphism.
Proof. This is clear when N = 2(K), hence for any free module and finally, in the
general case, by the right exactness of the functors 0, ®g i)+ and Z, @y +. O
Exercise 2.2.11.

(1) Show similar statements for RpZx-modules, gr’’Zx-modules, Ox(xD)-

modules, Zx (x*D)-modules and i* Zx-modules (see Exercise 2.1.4).

(2) Let .# be a coherent Zx-module. Show that Zx(xD) g, A is Px(xD)-
coherent and that i*.# is i* Zx-coherent.

Exercise 2.2.12 (External product).

(1) Let A, B be two Noetherian C-algebras. Show that A ®c B is Noetherian.

(2) Let X,Y be two complex manifolds and let px,py be the projections from
X xY to X and Y respectively. For any pair of sheaves of C-vector spaces Zx, %y
on X and Y respectively, set Fx ¢ Fy := p}lyx ®(Cp;/1yy. Show that Ox X¢ Oy
is a coherent sheaf of rings on X x Y. [Hint: Use an analogue of Theorem 2.2.9(2).]
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(3) Prove similar properties for Zx K¢ Py .
(4) Show that Oxy is faithfully flat over Ox K¢ Oy. [Hint:.]
(5) Show that

Dxxy = Oxxy Q(oxReoy) (Px M Dy ) = (Ix Bec Dy) @oxReoy) Oxxy-

(6) For a Ox-module Zx (resp. a Px-module .#x ) and a Oy-module %y (resp. a
Py-module Ay ), set

Lx Vo Ly = (Lx B L) @oyreoy Oxxy
resp. Mx By My = (Mx Ko My) RoyReoy Oxxy
= (Mx R My) @9y Reay DX xY-

Show that if ¥x, % are O-coherent (resp. .#x,.#y are Z-coherent), then
Zx R Ly is Ox yy-coherent (vesp. M x Ry My is Dx xy-coherent).

(7) Show that, if F,.#x,F,#y are good filtrations, then F;(.#x WRg My) =
Zk+€:j Fytx Rg Fypdly is a good filtration of .#x K¢ .#y for which

ng(.//X &@ ./%y) = ng%X ﬁgr}“@ ng%y.

[Hint: See [25, §4.3].]
A first application of Theorem 2.2.9 is a variant of the classical Artin-Rees Lemma:

Corollary 2.2.13. Let 4 be a Px-module with a good filtration F,.# and let A be a
coherent Dx -submodule of A . Then the filtration F, NV := N N F, # is good.

Proof. Let K be a small compact polycylinder for Rp.#. Then I'(K, Rp.#) is finitely
generated, hence so is I'(K, Rp.A4), as I'(K, RpZx) is Noetherian. It remains to be
proved that, for any x € K and any k, the natural morphism

O, ®ﬁ(K) (Fk%(K) OJV(K)) — Fk%:c ﬁJVx

is an isomorphism. This follows from the flatness of &, over O(K) (see [11]). O

Exercise 2.2.14.

(1) Similarly, prove that if ¢ : .# — A4 is a surjective morphism of coherent
Px-modules and if F,.# is good, then F, A" := p(F,.#) is good as well.

(2) Let A be a good Zx-module (see Definition 2.2.6). Show that any coherent
Px-submodule and any coherent quotient Zx-module of .Z is good.

A compléter
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2.3. Support

Let 4 be a coherent Zx-module. Being a sheaf on X, .# has a support Supp .,
which is the closed subset complement to the set of z € X in the neighbourhood
of which .# is zero. Recall that the support of a coherent &x-module is a closed
analytic subset of X. Such a property extends to coherent Zx-modules:

Proposition 2.3.1. The support Supp .# of a coherent Px-module M is a closed ana-
lytic subset of X.

Proof. The property of being an analytic subset being local, we may assume that .#
is generated over Px by a coherent Ox-submodule .# (see Exercise 2.2.5(3)). Then
the support of .# is equal to the support of .. O

Let Y C X be a complex submanifold. The following is known as “Kashiwara’s
equivalence”.

Proposition 2.3.2. There is a natural equivalence between coherent Px-modules sup-
ported on'Y and coherent Py -modules.

Proof. We will prove this in the special case where X is an open set in C" with
coordinates x1,...,x, and Y is defined by z,, = 0. Given a coherent Zx-module
M supported on Y, we set A := Ker[z,,- : # — #]: this is a Py-module. We
also set A[0,] == A @c C[D,,]: this is a Zx-module by the following rule; let
f(x1,.. o 2n) =3 fe(1, ..., 2n—1)2% be a holomorphic function and n be a section
of 4; then we set

(—1)k;!
f-(n®d;) = .
! ,; (j = k)!
\]
We first claim that .# = A47[0;,]. Indeed, let m be a local section of .#. We will
prove that it decomposes uniquely as y ®8;1nnj for some local sections n; of 4.
The section m generates a & x-submodule of .#, which is finitely generated, hence

(fx-n) @95 F.

coherent since . is coherent, and is supported on Y. Therefore, locally, there exists ¢
such that x5 'm = 0. Then

0=20,, (m“lm) = (€+1)xﬁm+xfj18mnm = mfl((f—f— 1)+xn81n)m = xfl(ﬁ—i—amnxn)rm

n

£

so m = my + Oy, ma, my = (£ + 0y, xn)m/l, my = —x,m/l, with x‘m; = xtmy = 0.
This gives the existence by decreasing induction on ¢. Uniqueness is obtained similarly.
It remains to be proved that the natural Zy-linear morphism .47[0,, ] — .# defined
by >2,n; ® o =3 j 91 n; is a Px-linear isomorphism, which is straightforward.
Lastly, the proof that .4 is Zy-coherent is obtained by using the coherence crite-
rion given by Theorem 2.2.9. O
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2.4. Characteristic variety

The support is usually not the right geometric object attached to a Zx-module .,
as it does not provide enough information on .Z. A finer object is the characteristic
variety that we introduce below. The following lemma will justify its definition.

Lemma 2.4.1. Let # be a coherent Px-module. Then there exists a coherent sheaf
I (M) of ideals of gr¥Px such that, for any open set U of X and any good filtration
F. My, we have I (M ),y = Rad(anng, rg, gr’a|y).

We denote by Rad(I) the radical of the ideal I and by ann the annihilator ideal of
the corresponding module. Hence, for any z € U, we have

Rad(annng@X@ng//lz) ={pe ngQXﬂ. | 3¢, wzng%x = 0}.

Proof. It is a matter of showing that, if F,.#|y and G,.#|y are two good filtrations,
then the corresponding ideals coincide. Notice first that these ideals are homogeneous,
i.e., if ¢ belongs to the ideal, then so does any homogeneous component of ¢. Let ¢
be a homogeneous element of degree j in the ideal corresponding to F,.# and let @
be a lifting of ¢ in F;Zx. Then, locally, there exists £ such that, for any k, we have
G Fytl C Fyyyjo—1# and thus, for any p > 0,

GPTVE M C Froyjioryo—pr A .
Taking kg as in Exercise 2.2.3, associated to F,.#,G,.# , we have

PR DECy o PPRAVEE o C Fitkoti(2ko+1)0—2ko -1
C Grtako+j(2kot+1)t—2ko— 14

= Grtj@ko+1)0—14 -

This shows that, by setting ¢/ = (2ko + 1), (Zele% C Grtjor—14, and thus ¢ is in
the ideal corresponding to G,.#. By a symmetric argument, we find that both ideals
are identical. O

Notice that we consider the radicals of the annihilator ideals, and not these anni-
hilator ideals themselves, because of the shift ky. In fact, the annihilator ideals may
not be equal, as shown by the following example.

Exercise 2.4.2. Let t be a coordinate on C and set .# = O¢(x0)/O¢c. Consider the two
elements m; = [1/t] and my = [1/t?], where [+] denotes the class modulo ¢. Show
that the good filtrations generated respectively by m; and ms do not give rise to the
same annihilator ideals.

Definition 2.4.3 (Characteristic variety). The characteristic variety Char .4 is the sub-
set of the cotangent space T*X defined by the ideal & ().
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Locally, given any good filtration of .#, the characteristic variety is defined as the
set of common zeros of the elements of anng,rg erf .

Assume that .# is the quotient of Zx by the left ideal #. Then one may choose
for F, # the filtration induced by F, Zx, so that Char .# is the locus of common zeros
of the elements of gr” Z . In general, finding generators of grl _# from generators of _#
needs the use of Grobner bases.

In local coordinates 1, ..., x,, denote by &1, ...,&, the complementary symplectic
coordinates in the cotangent space. Then gr # is generated by a finite set of homo-
geneous elements a, ()£, where « belongs to a finite set of multi-indices. Hence the
homogeneity of the ideal & (.#) implies that

(2.4.4) Supp # = w(Char #) = Char 4 NTx X,
where 7 : T* X — X denotes the bundle projection and T% X denotes the zero section

of the cotangent bundle.

Exercise 2.4.5. Let 0 — . #' — .# — .#" — 0 be an exact sequence of Zx-modules.
Show that Char .# = Char.#’ U Char.#". [Hint: take a good filtration on .# and
induce it on .Z’ and .#".]

Exercise 2.4.6 (Coherent Zx-modules with characteristic variety T X). Recall that a
local section m of a left Zx-module .# is said to be horizontal if Vm = 0, i.e., in
local coordinates, forall i € N, (9/0x;)m = 0. Let .4 be a coherent Zx-module such
that Char .# = T3 X. Show that

(1) for every z € X, M, is a Ox z-module of finite type;

2) My is therefore free over Ox ;

(2)
(3) Ay has a Ox ,-basis made of horizontal sections;
(4)

4) A is locally isomorphic, as a Zx-module, to ﬁ’;l( for some d.

Exercise 2.4.7 (Coherent Zx-modules with characteristic variety contained in 77 X).

Let i : Y — X be the inclusion of a smooth codimension p closed submani-
fold. Define the p-th algebraic local cohomology with support in Y by RFT'y)0x =
h_n)lk Ext?(Ox | F¥F,Ox), where fy is the ideal defining Y. RPT'(y10x has a natu-

tal structure of Zx-module. In local coordinates (z1,...,2,) where Y is defined by
21 =--- =1z, =0, we have
Ornll ey,
Rp].—‘[y]ﬁx ~ c [ /1’1 :E }

im1 Ocn (xi/z1 - 7).
Denote this Zx-module by By X.

(1) Show that %y X has support contained in Y and characteristic variety equal
to Ty X.

(2) Identify By X with i4 Oy
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(3) Let 4 be a coherent Zx-module with characteristic variety equal to Ty X.
Show that .# is locally isomorphic to (By X)? for some d.

2.5. Involutiveness of the characteristic variety

Let .4 be a coherent Zx-module, Char .# C T*X its characteristic variety and
Supp . its support. For (z,0) € T*X, we denote by dim(, gy Char.# the dimension
at (z,0) of the analytic space Char .Z.

Proposition 2.5.1. Let # be a nonzero coherent Px-module. Then, for any v € X,
dim(, o) Char .# > dim X.

This inequality is called Bernstein’s inequality.

Proof. We can assume that X = C". The proposition is proved by induction on
dim X. If Supp.# is n-dimensional, the inequality is obvious. Then, it is enough
to prove the proposition for every x in the smooth part of Supp.#. Therefore, we
have to consider the case where Supp . is contained in the hypersurface x,, = 0.
The proposition follows from Kashiwara’s equivalence of categories between coherent
Yen-modules supported on z, = 0 and coherent Zgn—1-modules (Proposition 2.3.2)
(for the details, see [17, p.129]). O

But there exists a more precise result. In order to state it, consider on T*X
the fundamental 2-form w. In local coordinates (x1,...,2Zn,&1,...,&,), it is written
w =", d& Adx;. For any (z,€) € T*X, w defines on T, ¢)(T*X) a nondegenerate
bilinear form. We denote by E+ the orthogonal space in the sense of w of the vector
subspace I of T(, ¢)(T™X). Recall that if V' is a reduced analytic subspace of T*X,
with smooth part Vj,

. V is said to be isotropic if, for any a € Vj, we have T,V C (T,V)*,

« V is said to be involutive (or co-isotropic) if, for any a € Vy, we have (T,V)* C
T.V,

« V is said to be Lagrangean if, for any a € Vj, we have (T, V) = T,V.

We observe that if V' is involutive, the dimension of any irreducible components
of V is bigger than dim X.

Exercise 2.5.2. Let V be a reduced analytic subspace of T*X of pure dimension dim V.
(1) Show that if dimV =1, then V is isotropic.
(2) Show that if codim V' = 1, then V is involutive. (Hint: for £ C T(, ¢)(T*X) of

codimension 1, show that E+ has dimension 1, and thus E+ C E++ = E.)

Theorem 2.5.3. Let .4 be a nonzero coherent Px-module. Then Char .#Z is an invo-
lutive set in T*X. O
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The first proof has been given by Sato, Kawai, Kashiwara [58]. Next, Malgrange
gave a very simple proof in a seminar Bourbaki talk ([35], see also [17, p.165]). And
finally, Gabber gave the proof of a general algebraic version of this theorem (see [12],
see also [4, p.473]).

A consequence is that any irreducible component of the characteristic variety of
a coherent Zx-module has a dimension > dim X. On the other hand, we can get
homological consequences of this result by using the homological theory of dimension.

Let .# be a Zx-module coherent and x € X and let F,.# a local good filtration
of .#. The dimension of the characteristic variety Char .# at x € X can be deter-
mined with grilZ. Let (x,¢) € Char.# and let m(; ¢) be the maximal ideal defining
(z,€). For d sufficiently large, dim ng////m?z’g) is a polynomial in d. Let d(z,&) be
its degree. We have

dim, Char .# = sup{d(zx,&) | (z,&) € T*X}.

Then, the following results can be proved using algebraic properties of grf@y
(see e.g. [3, 17]).

Proposition 2.5.4. Let # be a coherent Px-module. We have
é"xt%x(///,gx):() fori>=mn+1. O
Theorem 2.5.5. Let # be a coherent Px-module and x € Supp 4. Then
2n — dim, Char # = inf{i € N | &utly, (Mo, Px..) =0} O

Another useful consequence of the homology theory of the dimension is the follow-
ing proposition:

Proposition 2.5.6. Let .# o coherent Px-module. Then, the Px-submodule of .#
consisting of local sections m such that dim Zxm < k is coherent. O

2.6. Non-characteristic restrictions

Let ¢ : Y — X denote the inclusion of a closed submanifold with ideal .#y (in
local coordinates (x1,...,zy), Hy is generated by z1,...,x,, where p = codimY’).
A local section £ of i7 1@y (vector field on X, considered at points of Y only; we
denote by i~! the sheaf-theoretic pull-back) is said to be tangent to Y if, for any
local section f of 7y, £(f) € #y. This defines a subsheaf © x|y of i"'©x. Then
Oy = Oy ®i-16, Ox|y =i"Ox |y is a subsheaf of i"Ox.

Given a left Zx-module, the action of i '@y on i~ !.# restricts to an action
of Oy on i*# = Oy ®;-1¢, i "4 . The criterion of Lemma 1.2.1 is fulfilled since
it is fulfilled for © x and .#, defining therefore a left Zy-module structure on i*./#.
We denote this left Zy-module by i*.7.
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Without any other assumption, coherence is not preserved by iT. For example,
it Px is not Py-coherent if codimY > 1. A criterion for coherence of the pull-back
is given below.

The cotangent map to the inclusion defines a natural bundle morphism
w : T" Xy — T"Y, the kernel of which is by definition the conormal bundle
Ty X of Y in X.

Lemma-Definition 2.6.1 (Non-characteristic property). We say that Y is non-
characteristic with respect to the coherent Zx-module .#Z if one of the following
equivalent conditions is satisfied:

« Iy X NChar# C T X,

« w : Char .#|y — T*Y is finite, i.e., proper with finite fibres.

Exercise 2.6.2. Show that both conditions in Definition 2.6.1 are indeed equivalent.
(Hint: use the homogeneity property of Char .#.)

Theorem 2.6.3 (Coherence of non-characteristic restrictions). Assume that 4 is Dx-co-

herent and thatY is non-characteristic with respect to .# . Then i™.# is Dy -coherent
and Chari*.# C w(Char 4}y ).

Sketch of proof. The question is local near a point z € Y. We may therefore assume
that .# has a good filtration F,.Z .

(1) Set Fpit.# = imageli*Fx.#/ — i*.#]. Then, using Exercise 2.2.11(2), one
shows that F,it.# is a good filtration with respect to F,i™ Zx.

(2) The module grf’it . # is a quotient of i*grf# hence its support is contained
in Char.Z|y. By Remmert’s Theorem, it is a coherent grfPy-module.

(3) The filtration F,i*.# is thus a good filtration of the Zy-module i™.#. By
Exercise 2.2.5(1), iT.# is Py-coherent. Using the good filtration above, it is clear
that Chari™.# C w(Char .4}y ). O






LECTURE 3

DIRECT IMAGES OF Zx-MODULES

The notion of direct image of a Z-module answers the following problem: given a
C*® differential form 7 of maximal degree on a complex manifold X, which satisfies a
linear system of holomorphic differential equations (recall that Zx acts on the right
on the sheaf &y of forms of maximal degree), what can be said of the form (or more
generally the current) obtained by integrating 7 along the fibres of a holomorphic map
f: X — Y? Does it satisfy a finite (i.e., coherent) system of holomorphic differential
equations on Y7 How can one define intrinsically this system?

Such a question arises in many domains of algebraic geometry. The system of
differential equation is often called the “Picard-Fuchs system”, or the Gauss-Manin
system. A way of “solving” a linear system of holomorphic or algebraic differential
equations on a space Y consists in recognizing in this system the Gauss-Manin system
attached to some holomorphic or algebraic function f : X — Y. The geometric
properties of f induce interesting properties of the system. Practically, this reduces
to expressing solutions of the system as integrals over the fibers of f of some differential
forms.

The definition of the direct image of a Z-module cannot be as simple as that of
the direct image of a sheaf. One is faced to a problem which arises in differential
geometry: the cotangent map of a holomorphic map f : X — Y is not a map from
the cotangent space T*Y of Y to that of X, but is a bundle map from the pull-back
bundle f*T*Y to T*X. In other words, a vector field on X does not act as a derivation
on functions on Y. The transfer module Zx_.y will give a reasonable solution to this
problem.

We have seen that the notion of a left Zx-module is equivalent to that of a Ox-
module equipped with a flat connection. Correspondingly, there are two notions of
direct images.

o The direct image of a Ox-module with a flat connection is known as the
Gauss-Manin connection attached to te original one. This notion is only coho-
mological. Although many examples were given some centuries ago (related to
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the differential equations satisfied by the periods of a family of elliptic curves),
the systematic construction was only achieved in [28]. The construction with a
filtration is due to Griffiths [18, 19] (the main result is called Griffiths’ transver-
sality theorem). There is a strong constraint however: the map should be smooth
(i-e., without critical points).

« The direct image of left Z-modules was constructed in [58]. This construction
has the advantage of being very functorial, and defined at the level of derived
categories, not only at the cohomology level as is the first one. It is very flexible.
The filtered analogue is straightforward. It appears as a basic tool in various
questions in algebraic geometry.

3.1. Example of computation of a Gauss-Manin differential equation

Let f € Clzt!,...,2%'] be a Laurent polynomial in n variables. Consider the
following integral depending on a parameter ¢:
d d
Ity=| >, =LA p
o f—1 1 T

where T™ is the real torus {|z;| = 1Vi}.

Proposition 3.1.1. There exists a non-zero differential operator q(t, 0) with polynomial
coefficients such that q(t,0;)I(t) = 0.

We will show how to compute algebraically this differential operator. Denote by
OF = QF((C*)™) the space of differential forms of degree k with Laurent polynomials
as coefficients and by Q¥[r] the space of polynomials in the new variable 7 with
coefficients in QF. The differential d : Q% — QF+! gives rise to a twisted differential

d—TdfN: Qk[T] — QkJrl['r].
Lemma 3.1.2. We have (d — 7df \)? = 0, hence (Q°[r],d — 7df \) is a complex.

Definition 3.1.3. The k-th Gauss-Manin system GMk( f) is defined as the k-th coho-
mology H*(Q*[r],d — 7df A).

Lemma 3.1.4. The following action:
O - (omit') = Somim !
t-(Cnr') = 2 (fmi — (i + V)niga) 7"
defines an action of the Weyl algebra C[t](0;) := 2(AL}) on GM*(f) for each k. [

The Gauss-Manin systems GM®(f) are an algebraic version of the direct image
J+O(c+yn that we will consider later.

Theorem 3.1.5 (Bernstein). Each non-zero element of GM”(f) is annihilated by a
non-zero element of C[t](0;). O
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Proposition 3.1.6. Let p € C[t](0;) be such that p - [w] = 0 in GM"(f). Then there
exists N > 0 such that
AN - p(t,8y) - I(t) = 0.
Proof. We write p asp = Z?:o dfa;(t). The relation p- [w] = 0 shows that there exists
k> 0and n,...,n4:k € Q! such that
0= —df AMask
0 = dnitr — df Aatr—1

(3.1.7) 0 =dna+1 — df Anq
ago f-w=dng—df Ana—1

ap o f-w = dnp.
Claim. We have for all j, ¢:

/ dn; , df \nj
W (f=0) T e (f =Y

This follows from Stokes formula: / d(n;/(f —t)") = 0. From (3.1.7) we get
Tn

dnga df Amg dna+r o _
/n(f—t)_/n(f—t>2_/n(f—t)2_ b

On the other hand, let us work modulo C[t], and use the sign = instead of =. For
any polynomial a(t) we thus have

0 [ G =L G medch,

since [a(t) —ao f]/(f —t) € ClzF', ...,z !][t]. Now,

d w _d agof-w _d df Ama _df/\nd
@) Tnﬁ:a/w*f—t :a/Tn‘f—t -/ 70

and by using Stokes formula,

d w dng_ w df N nq_
—ad(t) / o Nd—1 =—ad,1(t) / f Nd 2.

dt oo f—t f—t o f—t f—t
Iterating this reasoning (by applying d/d¢ once more, etc.) gives:
p(t,3) | —2—=0, ie., €C[].
T"L f - t

Applying now a sufficiently high power of d/dt to kill the polynomial, we get

N p(t,d / Y . O
tp( t) Tnf_t
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3.2. Inverse images of left Z-modules

Let us begin with some relative complements to §1.2. Let f : X — Y be a
holomorphic map between analytic manifolds. For any section £ of the sheaf ©x of
vector fields on X, Tf(€) is a local section of Ox ®;-14, f~'Oy. We hence have a
O x-linear map

Tf :©x — Ox @414, [ 'Oy,
and dually
Tf:Ox @510y 0 — Q%.

Therefore, if 4 is any left Zy-module, the connection VY on .4 can be lifted as a

connection

VX Ox @10y fTIN — Q4 @prgy, 1N
by setting
(3.2.1) V¥ =d@Id+(T*f@Idy)o (1@ VY).

Exercise 3.2.2 (Definition of the inverse image of a left Zx-module).

(1) Show that the connection V¥ on f*.4" := Ox ®;-14, f~'.4 is integrable and
defines the structure of a left Zx-module on f*.4". The corresponding Zx-module
is denoted by f+.4.

(2) Show that, if 4" also has a right %y-module structure commuting with the
left one, then V¥ is right f~!%y-linear, and f¥.4 is a right f~!%y-module.
Exercise 3.2.3.

(1) Express the previous connection in local coordinates on X and Y.

(2) Show that, if .#" is any left Zx-module and .4~ any left f~!%y-module, then
M ®f-16, f~1/ may be equipped with a left Zx-module structure: if ¢ is a local
vector field on X, set

§-(m®n)=(Em)®@n+Tf(E)(man).
[Hint: identify .4 Rf-10y 1A with #' ®e, fT.4 and use Exercise 3.2.2.]

Definition 3.2.4 (Transfer modules, see, e.g. [8] for details).

(1) The sheaf Zx_y = Ox ®@f-1¢4, 19y = f+ Py is a leftright (Zx, f~1Dy)-
bimodule when using the natural right f~!'%y-module structure and the left Zx-
module introduced above.

(2) The sheaf Py . x is obtained from Zx_,y by using the usual left-right trans-
formation on both sides:

Dy x = %mf—lﬁy (WY,WX Ry .@X_,y).
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Notice that, 2y being a locally free Oy-module, f* 2y is a locally free 0x-module.
Choose local coordinates x1,...,x, on X and y1,...,ym on Y. Then Zx_.y =
Ox[0y,,--.,0y,]. The left Px-structure is given by

0aq  ~— f;
8:61‘ : Zaa(x)a; = Z (% + Zaa(‘r)aifa%)a;
e} a B j=1 ¢

Exercise 3.2.5 (9 _y for a closed embedding). Assume that X is a complex submani-
fold of Y of codimension d, defined by g1 = - -+ = g4 = 0, where the g; are holomorphic
functions on Y. Show that

-@X—>Y = 93’/2?:1 gi.@y’

with its natural right 2y structure. In local coordinates (z1,...,Zn, y1,...,yqd) such
that g; = y;, show that Zx .y = Zx[0y,,...,0y,].

Conclude that, if f is an embedding, the sheaves Zx .y and Py . x are locally
free over 9x.

Exercise 3.2.6 (Filtration of Zx_.v). Put I Ix_ v = Ox @514, f'F,2x. Show
that this defines a filtration (see Definition 1.5.1) of Zx_y as a left Zx-module and
as a right f~!%2y-module, and that grf Zx_y = Ox Rf-10y FlerF 9y

Exercise 3.2.7 (The chain rule). Consider holomorphic maps f: X —=Y and g: Y — Z.

(1) Give an canonical isomorphism Zx_,y ® -1, [~ 'Dy_z — Dx_.z as right
(g o f)"'Zz-modules.

(2) Use the chain rule to show that this isomorphism is left Zx-linear.
(3) Same question with filtrations F,.
We can now give a better definition of the inverse image of a left Zy-module .4,

better in the sense that it is defined inside of the category of Z-modules. It also
allows one to give a definition of a derived inverse image.

Definition 3.2.8 (of the inverse image of a left Zy--module). Let .4 be a left Zy-module.
The inverse image fT.4" is the left Zx-module Zx_y Q@¢-14, A .

Exercise 3.2.9.

(1) Show that the provious definition coincides with that of Exercise 3.2.2(1).

(2) Let f: X - Y, g:Y — Z be holomorphic maps and let .4 be a left -
module. Show that (go f)*. A ~ fr(gtA).

The derived inverse image LfT.4 is now defined by the usual method, i.e., by
taking a flat resolution of .4 as a left Zy-module, or by taking a right f~' 2y -flat res-
olution of Zx_y by (Zx, f~'Py)-bimodules. The cohomology modules L? f+. 4 :=
%rfﬁl@y(@)(_,y, f~1A) are left Zx-modules.
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3.3. Direct images of right Z-modules

Recall that the Spencer complex Sp (Zx ), which was defined in 1.4.2, is a complex
of left Zx-modules. Denote by Sp%_,y (Zx) the complex Spy (Zx) ®py Zx—_v (the
left Ox-structure on each factor is used for the tensor product). It is a complex
of (Zx, f~'%y)-bimodules: the right f~1%y structure is the trivial one; the left
PDx-structure is that defined by Exercise 1.2.6(1).

Exercise 3.3.1 (The (filtered) relative Spencer complex).
(1) Show that Spy_,y (Zx) is a resolution of Zx_y as a bimodule.

(2) Show that the terms of the complex Sp%_.y(Zx) are locally free left Px-
modules. [Hint: use Exercise 1.2.8(4).]

(3) Define the filtration of Spk_,y (Zx) by the formula

FySpx_y(Zx) = D F;Spx(Zx) @10, FiPx v,
jk=¢
where the filtration on the Spencer complex is defined in Exercise 1.4.4. Show that,
for any ¢, FySpx_.v(Zx) is a resolution of FyPx_y.

Examples 3.3.2.

(1) For f = 1Id : X — X, the complex Spk_, y(Zx) = Zx Qo, Spx(Zx) is
a resolution of Zx_x = Px as a left and right Px-module (notice that the left
structure of Zx is used for the tensor product).

(2) For f : X — pt, the complex Spy . (Zx) = Spx(Zx) is a resolution of
-@X—»pt = ﬁx.

(3) If X =Y x Z and f is the projection, denote by © x,y the sheaf of relative tan-
gent vector fields, i.e., which do not contain d,, in their local expression in coordinates
adapted to the product Y x Z. The complex Zx ®¢, A~ "Ox/y is also a resolution
of Zx_y as a bimodule by locally free left Zx-modules (Exercise: describe the right
f19y-module structure). We moreover have a canonical quasi-isomorphism as bi-
modules

Spx_y (Zx) = (Zx ®ex N "Ox/y) f_‘?ﬁ fH A" Oy ®ay Dy)

Y

= (Z2x ®ox N "Ox)y) f_(?@ FH(Spy (Zv) ®ay Py)
Y

— (Zx ®@ox N "Ox/y) ff?@ 9y .y
Y

=9y Ry /\_.ex/y.
Recall that the flabby sheaves are injective with respect to the functor f,. (direct

image) in the category of sheaves (of modules over a ring) and, being c-soft, are
injective with respect to the functor f, (direct image with proper support).
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Definition 3.3.3 (Direct images of Z-modules).
(1) The direct image fy is the functor from M(Zx) to C*(Zy) defined by (we
take the single complex associated to the double complex)
fosdt = f. God® (/// Ry sp;(éy(@X)).
It is a realization of R f, (/// ®éx Qxﬁy).

(2) The direct image with proper support f; is the functor from M(Zx) to C*(2y)
defined by (we take the single complex associated to the double complex)

Jitl = JiGod” (M ©a, SpX v (7x) ).
It is a realization of Rf) (/// ®éx _@Xﬂy).

Remarks 3.3.4.
(1) If A is aleft Zx-module, one defines fr. /4 as (fi.#")\.

(2) If f is proper, or proper on the support of .#, we have an isomorphism in the

category DV (Zy):
fitl = [y M.

(3) One may replace .# with a complex of right Zx-modules which is bounded
from below. Then .# ®4, Spyx_y(Zx) is first replaced with the associated single
complex. Up to this modification, one defines similarly fy, fi. These can be extended
as functors from DT (Zx) to DT (Zy).

(4) If .Z is any sheaf on X, we have R/ f,.% = 0 and R’ fi.7 = 0 for j & [0,2dim X].
Therefore, taking into account the length dim X of the relative Spencer complex, we
find that 7 f,.# and 7 fi. Ml are zero for j € [—dim X,2dim X]: we say that
f+ A, fr# have bounded amplitude. Similarly, if .#° has bounded amplitude, then
so has f;.".

Theorem 3.3.5.
(1) Let f : X =Y and g : Y — Z be two maps. There is a functorial canonical
isomorphism of functors (go f)+ = g+ f+. If f is proper, we also have (go f)4 = g4+ f+.
(2) If f is an embedding, then fi.ll = f1 M = f (M @9 DPx_v).
() If f: X =Y x Z =Y is the projection, we have
fot = f.God’ (/// R ey /\_'@X/y) and  fi.# = fi God® (/// R ey /\_'GX/Y).
Proof. Let us begin with (1). We have a natural morphism of complexes

Spx—y(Zx) f*(?@ 71 Spy 2 (Zy) — Spx_y (Zx) ff?@ Dy 2,

lifting the identity morphism of Zx_y ®;-14, f~'9y_.z, obtained by using the
augmentation morphism Spy-_, ,(Zy) — Py _ .
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On the one hand, the left-hand term is a resolution (in the category of (Zx, (g o
f)~t2z)-bimodules) of Zx_.7 by locally free Zx-modules. Indeed, remark that, as
Spy .z (Zy) is Dy locally free, one has

Spx .y (Zx) A Sy z(Py) = Dx—y A FSpy_z(%y)

=0x @ [7'Spy_4(Py)
f~10y

L .
=0x ® [T'Dy_.z
f~1o0y

=0x ® g 'f'9, (Dy_yzis Oy locally free)
g

“lfTloz
= @XHZ-
On the other hand, there is a natural morphism
Spx_y(Zx) ® [T'Dyv_z — Spx_z(Zx).
19y
Indeed, we have a natural morphism

[SPS((-@X) X -@X—»Y} & f_l.@Y_)Z = Sp;((@X) ® Dx_.7,
Ox 12y Ox

which, according to the chain rule (Exercise 3.2.7), is an isomorphism of (Zx, (g o
)1 9z)-bimodules.
We have found a morphism, lifting the identity,

Spx vy (Zx) fj?@ F7Spy_z(Zy) — Spx_.2(Zx),
Y

between two resolutions (in the category of (Zx, (g o f)~1%z)-bimodules) of Zx_.z
by locally free Zx-modules. This morphism is therefore a quasi-isomorphism.
We now have, for an object .# of M(Zx) of DT (Zx):

(go fid = (go f)God® (///gi Spx—2(Zx))

~ (go f) God* (///5@ Spkay(gx) f*(?@ f_l SP;HZ(QY»

(3.3.6) ~ g1 God" fi God® (///5@ Spx—y(Zx) fﬁ‘?@ 71 Spy_2(2v))
(3.3.7) ~ ¢ God" f, [God' (M & Spx_v(Zx)) @ f Sp;/_)Z(.@y)}
Dx f=1oy
(3.3.8) ~ ¢, God" [ fiGod® (# ® Spy_y(Zx)) @ sp;ﬂz(@y)}
@X @Y
= g1fr .

Indeed, (3.3.6), as fi God"® is c-soft, it is acyclic for g, hence the natural morphism
91f1God" — g God® fi God® is an isomorphism. Next, (3.3.7) follows from Exer-
cise 1.4.15, as the terms of Spy_, ,(%y ) are Dy -locally free. Last, (3.3.8) follows from
the projection formula for fi (see, e.g. [26, Prop.2.5.13]).
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If f is proper, then f; = f. and f, God® is flabby, so (3.3.6) still holds with g., and
the same reasoning gives (go f)y = g4 f+.

Remark 3.3.9. If f is not proper, we cannot assert in general that (gof); = g4 f4. How-
ever, such an identity still holds when applied to suitable subcategories of D+(@X)7
the main examples being:

« the restriction of f to the support of .# is proper,

o ./ has Px-coherent cohomology.
In such cases, the natural morphism coming in the projection formula for f, is a
quasi-isomorphism (see [42, §11.5.4] for the coherent case).

The point (2) is easy, as Zx_y is then Zx locally free. For (3), use Example
3.3.2(3). Remark that the analogous result holds with fy if f is proper on the support
of A . O

This theorem reduces the computation of the direct image by any morphism f :
X — Y by decomposing it as f = po iy, where iy : X — X x Y denotes the graph
inclusion = — (z, f(z)). As iy is an embedding, it is proper, so we have fi = pyiss.

Exercise 3.3.10 (Direct image of left Zx-modules). Let f : X — Y be a holomor-
phic map (dimX = n, dimY = m) and let .# be a left Px-module. As Px_.y
is a left Yx-module, # ®g, Zx_y has a natural structure of left Zx-module
(see Exercise 1.2.6(2)) and of course a compatible structure of right f~!%y-module.

(1) Show that the de Rham complex Q%" (.# ®4, Zx_y) is isomorphic, as a
complex of right f~!%y-modules, to A" @4, Spx_.y(Zx).

(2) Conclude that fi.# is the complex of left Zy-modules associated to the double
complex f. God" Q¥ (M ®py Dx—v).

Choose local coordinates yi,...,ym on Y and write f; = y; o f.

(3) Show that iy A = M0y, ,...,0y,] with left Zx .y structure given locally by

By, - mOy =mogth,
(% (% - af (0% i
O, - MmOy = (02,m)05 — ;1 axi moo+h.

(4) Show that Py x ®gq, 4 is isomorphic to the complex Q¥ ™" ®4, [0,
with differential (—1)"T™<; defined by

V(wemdy) =Vwemdy =3 djAwemdyth,
J
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where V : Q% @ .4 — Q%' ® 4 is the differential of the de Rham complex
(see Exercise 1.1.10), and with left f~1%y structure given by

yilw® m@l‘j‘) =w® fimiy —w® m[a;, fils

Dy, (w@mdy) = w®@mdythi.
Exercise 3.3.11 (Direct image of induced Z-modules, see [55, Lemma 3.2]). Let £ be
a Ox-module and let .Z ®¢4, Px be the associated induced right Zx-module. Let
f X — Y be a holomorphic map. Show that f;(.Z ®¢, Zx) is quasi-isomorphic

to RfiZ ®e, Dy . [Hint: use that . Qg Spg(_,y(.@)() — Z RQey Px_y is a
quasi-isomorphism as Zx is Ox-locally free, and use the projection formula.]

Exercise 3.3.12 (Direct image of Z-modules and direct image of &-modules). Let f :
X — Y be a holomorphic map and let .#Z be a right Zx-module. It is also a Ox-
module. The goal of this exercise is to exhibit natural y-linear morphisms

Rifodl — H'foll and R'frtd — H'fr M.
(1) Show that Zx ®@s-1¢, f~'92y has a natural global section 1.
(2) Show that there is a natural f~!@y-linear morphism of complexes
M — M Rg, SPx_v(Px), mr— m®1,

where .# is considered as a complex with .# in degree 0 and all other terms equal
to 0, so the differential are all equal to 0. [Hint: use Exercise 1.2.8(3) to identify
SP% v (Zx) = ft Py ®6, Px with Zx @6, ftPy equipped with its trivial left
Px structure, and then identify # ®g, (9x ®oy [TDy) with M R, [T Dy =
M D516y [T Dy ]

(3) Conclude with the existence of the desired morphisms.

3.4. Direct images of differential complexes
We wish to define, in this section, the direct images as functors
foieet, foie+ : DT (Ox, Diff x) — DT (0y, Diffy).

These functors should make the following natural diagrams to commute up to func-
torial isomorphism:

n DRy n ) Forget n
D (Qx)(i[) (ﬁx,Dlﬂx) D ((Cx)
DR
(3.4.1) ft Ioift ¢ Rf = fiGod"
DRy Forget
D*(Zy) = D" (0, Diffy) — 2 D*(Cy)

DRy!
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and a similar diagram for fpig .
Let # = £ ®¢, Px be an induced Zx-module. Recall that, after Exercise 3.3.11,
we have

M Dy DXy (Dx) = M Qay Dx—y =L Qf16, [ Dy

Let .Z,.%" be two Ox-modules and let u : £ — £’ be a differential morphism. Let
vl =L Qo DIx — M =L e Px be the corresponding Zx-linear morphism
(see Lemma 5.1.13). It defines a f~!%y-linear morphism v ® 1 : A4 ®Rg, Dx_y —
M Qg Dx_y, where 1 is the section introduced in Exercise 3.3.12(1). This is
therefore a morphism v : £ Q-1 [Py — &L Q-10, [ Dy.

Proposition 3.4.2 ([55]). Under these conditions, we have 7#° DRy (V) = u.
In other words, M(€x,Diff x) is a subcategory of M(&x, Diffy).

Proof. We keep notation of the beginning of §5.1. The problem is local, so that we
can use coordinates on X and Y and write f = (f1,..., fm). Let £ be a local section
of £, and let 1x be the unit of Zx. Then, v({ ® 1x) = w(l) =, w(l)o ® 0 and
(l®1lx)=v(l®1x)®1x_y. If a; # 0, we have

_ o1 O
09 @1xy =00y 01; & By, -
J

8951-
The image of (¢ ® 1x) by the map £ ®¢-14, f~'%y — £ is therefore equal to the
image of w({)p, which is nothing but u(¢) by definition of w. O

Let .£* be a differential complex on X, i.e., an object of Ct(0x,Diffx). It is
therefore also an object of CT (&, Diffy) and we have (see Exercise 5.2.16) a quasi-
isomorphism in this category:

DRy DRy' 2 = 2°.
We define the functor fpig+ from C*(0x,Diffx) to CT(0y,Diffy) as the composite
fiDRy God® DRy' = fi God® DRy DRy
Corollary 3.4.3. If .Z* is Diff x -acyclic, i.e., if DR)_(1 Z* is acyclic, then fpigiZ*
is Diffy -acyclic. The functor fpigs can be extended as a functor from the derived

category D1 (Ox, Diffx) to DY (Oy,Diffy) and the following diagrams commutes up
to functorial isomorphisms:

DR Forget

D+(9)()<—D+(ﬁx,[)iffx) D+((Cx)

Tt Jpif + Rf = fiGod’

DRy! Forget
D+(@y) — D+(ﬁy, lefy) — D+((Cy)



44 LECTURE 3. DIRECT IMAGES OF 2x-MODULES

Proof. By Proposition 3.4.2 and Exercise 3.3.11, we have by definition
DRy'.#* = (DRY' .£") ®9y SPX_y(Zx).

Hence, f; DR;(1 Z* = fiGod® DR{/1 Z° and therefore fpig+2* = DRy f; DR;(1 L.
If #* is Diff x-acyclic, then f; DR;(1 £ is acyclic, so fpig+-Z° is Diffy-acyclic.
The other points are then left to the reader. O

Using the isomorphisms DR;(1 DRyx — Id and DR;,1 DRy — Id, we get the essen-
tial commutativity of the diagram

DR
D™ (2x) ——=— D' (0x, Diffy)
ft foift 1

DRy

D+(.@y) E—— D+(ﬁy, lefy)
We also get:

Corollary 3.4.4 (Compatibility of direct images with the de Rham functor). Let .Z" be
a right Dx-module or, more generally, an object of DT (Zx). Let f : X — Y be a
holomorphic map. Then there is a functorial canonical isomorphism

PDRy fy.#" — Rfi’DRx 4"
If f is proper on Supp A" or if #* has Dx-coherent cohomology, there is a similar
isomorphism with fy and Rf,. O

Notice that this corollary can also be obtained directly, by applying the proof of
Theorem 3.3.5(1) with Z = pt and forgetting g in the proof.

3.5. Direct image of currents

Let ¢ be a C*° form of maximal degree on X. If f : X — Y is a proper holomorphic
map which is smooth, then the integral of ¢ in the fibres of f is a C*° form of maximal
degree on Y, that one denotes by ff ®.

If f is not smooth, then [ X is only defined as a current of maximal degree on Y,
and the definition extends to the case where ¢ is itself a current of maximal degree
on X (see §1.3.e for the notion of current).

Exercise 3.5.1. Extend the notion and properties of direct image of a right (resp. left)
QXX—module, by introducing the transfer module ‘@XHY,YHY = 9x_y ®c Y%_v
One denotes these direct images by f.4 or fi;.
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Definition 3.5.2 (Integration of currents of maximal degree). Let f : X — Y be a proper
holomorphic map and let T be a current of maximal degree on X. The current | f T
of maximal degree on Y is defined by

</fT,sD> =(T,po f).

We continue to assume that f is proper. We will now show how the integration of
currents is used to defined a natural -@Y,? morphism J#°f, | €x — €y. Let us first
treat as an exercise the case of a closed embedding.

Exercise 3.5.3. Assume that X is a closed submanifold of Y and denote by f: X — Y
the embedding (which is a proper map). Denote by 1 the canonical section of
9D _vx_7y- Show that the natural map

:%&Of_;._t,_ Q:X - f*(Q:X ®-@x,§‘@X~>Y,Y—>7) — Q:y, T®1+— /fT

induces an isomorphism of the right %, -module #°f,, €x with the submodule
of €y consisting of currents supported on X. [Hint: use a local computation.

By going from right to left, identify J#Vf, , Dbx with the sheaf of distributions
on Y supported on X.

Denote by Db’y 7"""% or Dby, , the sheaf of currents of degree p, g, which are
linear forms on C*° differential forms of degree p,q. The integration of currents is a
morphism

/f . @E,T)L(—Pa"—q SN @b;?_p’m_q,

if m = dimY and n = dim X, which is compatible with the d’ or d” differential of
currents on X and Y.
Exercise 3.5.4.

(1) Show that the complex fi; €x is quasi-isomorphic to the single complex as-
sociated to the double complex f, (Db """ ®ﬁx,§@X—>Y,Y—>7)‘ [Hint: use Exer-
cise 3.3.10(1).]

(2) Show that the integration of currents | s induces a 2y 3-linear morphism of
complexes

/f Cfr+ Cx — Cy ®9, & Sp;,’;yyﬂy ~Cy.

3.6. The Gauss-Manin connection

Let # be a left Zx-module and let f : X — Y be a holomorphic mapping.
On the one hand, one may define the direct images fy.# or f;.# of .# viewed
as a Yx-modules. These are objects in D+(@y)1. On the other hand, it is possible,
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when f is a smooth holomorphic mapping, to define a flat connection, called the Gauss-
Manin connection on the relative de Rham cohomology of .#. We will compare both
constructions, when f is smooth. Such a comparison has yet been done when f is the
projection of a product X =Y x Z — Z (see Example 3.3.2(3) and Remark 3.3.4(3)).

Let us begin with the Gauss-Manin connection. We assume in this section that
f+ X — Y is a smooth holomorphic map. We set n = dim X, m = dimY and
d =n —m (we assume that X and Y are pure dimensional, otherwise one works on
each connected component of X and Y').

Consider the Kozsul filtration L° on the complex (Q%"*, (—1)"d), defined by
LP QO = Tm(f* Q7P @6, QP — Q).
Exercise 3.6.1.
(1) Show that the Kozsul filtration is a decreasing finite filtration and that it is
compatible with the differential.

(2) Show that, locally, being in L” means having at least m + p factors dy; in any
summand.

Then, as f is smooth, we have (by computing with local coordinates adapted to f),

POon+i _ prxoym+p d+i—p
gl = 1y Qo Ux)y

where Q];(/Y is the sheaf of relative differential forms: Q’)“(/Y = /\kQ&/Y and Qk/y =
Q% / Q). Notice that Q’)“(/Y is Ox-locally free.

Let .# be a left Zx-module or an object of DT (Zx)!. As f is smooth, the sheaf
Px,y of relative differential operators is well defined and, composing the flat connec-
tion V : 4 — QY @4, 4 with the projection Q% — Qﬁ(/yv we get a relative flat
connection Vx/y on .#, and thus the structure of a left Zx/y-module on .#. In
particular, the relative de Rham complex is defined as

PDRxy M = (Q?;'y Qox M,V x)y)-

We have PDRx .4 = (Q% *®g, A, V) (see Definition 1.4.1) and the Kozsul filtration
L? Q%" ® g 4 is preserved by the differential V (recall that being in L” means having
at least m + p factors dy; in any summand). We may therefore induce the filtration
L® on the complex PDR x .#. We then have an equality of complexes

griPDRx A = f* QP ®6, PDRy,y A [—p).

Notice that the differential of these complexes are f~!@y-linear.
The complex f, God® PDRx .# (resp. the complex fy God® PDRx .#) is filtered by
subcomplexes f, God® LP PDRx .# (resp. fi God® LP P DRy .#). We therefore get a

spectral sequence (the Leray spectral sequence in the category of sheaves of C-vector
spaces, see, e.g. [14]). Using the projection formula for f; and the fact that Q?ﬂj is
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Oy-locally free, one obtains that the E; term for the complex fi God® PDRx .# is
given by

EP = Q7P @, R*f°PDRyy A,

and the spectral sequence converges to (a suitable graded object associated with)
RPT4fPDRy .#. If f is proper on Supp.# or if .# has Zx-coherent cohomology,
one may also apply the projection formula to f, (see [42, §11.5.4]).

By definition of the spectral sequence, the differential d; : EP? — EPT1 is the
connecting morphism (see Exercise 3.6.2 below) in the long exact sequence associated
to the short exact sequence of complexes

0 — gt "'"PDRy A4 — LPPDRx 4 | LP*>PDRx 4 — g PDRx M — 0

after applying fi God® (or f. God® if one of the previous properties is satisfied).

Exercise 3.6.2 (The connecting morphism). Let 0 — C] — C5 — C5 — 0 be an
exact sequence of complexes. Let [u] € H*C3 and choose a representative in C with
dp = 0. Lift p as € C}.

(1) Show that dfi € CF! and that its differential is zero, so that the class [dfi] €
H*1C3 is well defined.

(2) Show that 6 : [u] — [dfi] is a well defined morphism H*C§ — H*+1C3.

(3) Deduce the existence of the cohomology long exact sequence, having § as its
connecting morphism.

Lemma 3.6.3 (The Gauss-Manin connection). The morphism
VEM = dy : RUPDRy)y A = By ™ — BTN = Q5 @4, RUPDRx)y M

is a flat connection on RYfi°PDRx y ., called the Gauss-Manin connection and the
complex (E7?,dy) is equal to the de Rham complex PDRy (RYfi°PDRx )y 4, VEM),

Sketch of proof of Lemma 3.6.3. Instead of using the Godement resolution, one may
use C* differential forms &%. One considers the complex &4 1° ® g, #, with the
differential D defined by

D(p@m)=(—1)"dp @m + (fl)kgo AVm,

if ¢ is a local section of é";““ (k < 0). This C* de Rham complex is quasi-isomorphic
to the holomorphic one, and is equipped with the Kozsul filtration. The quasi-
isomorphism is strict with respect to L°. One may therefore compute with the C'>®
de Rham complex.

Choose a partition of unity (x.) such that f is locally a product on a neighbourhood
of Supp x. for any a.
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Let n A (¢ ® m) be a section of &' ® fi(& 7;7, ® ). In the neighbourhood of

Supp X, we can choose a decomposition D = D(a) + DX/Y As > Xa =1, we have

din A (p @ m)] Zxadew@m Zxa 'In A (p @m)]

- Zxa[ D™dn A ©m) + (<) A (¢V5m) |,
for a suitable r. One gets the desired result by a local computation. O

This lemma shows in particular that the £, complex is a complex in C* (&0y, Diff x ),
and DRy (E?, dy) ~ (R1fiPDR )y 4, VM)

Theorem 3.6.4. Let f : X — Y be a smooth holomorphic map and let A be left
Dx -module—or more generally an object of DT (Zx)'. Then there is a functorial
isomorphism of left Py -modules

RFfPDRy )y M — A frll

when one endows the left-hand term with the Gauss-Manin connection VM. The
same result holds for fy instead of f; if f is proper on Supp A or M is Dx-coherent
(or has coherent cohomology).

Proof. Recall that, for a left Zx-module .#, we have
M Rgy SPX oy (Dx) =~ QN (M Ry Dx—v),
so that the direct image of .Z is
J1+# = fiGod" DRx (A ®6, Ix—y) = fiDRx((God" #) ®p, Ix—v),

by using Exercise 1.4.15(1). There is a Kozsul filtration L° DRx (/4 ®¢, Zx—v)-
Notice that grf DRy (4 @6y Zx—v) is equal to the complex

F O @ PDRx)y M @510, [ Dy [-p],

with differential induced by Vx/y on .# (remark that the part of the differential
involving T*f is killed by taking grl). The differential is now f~!&y-linear.

The filtered complex fiL° DR x(# Q¢ Px_y) gives rise to a spectral sequence
in the category of right Zy-modules. By the previous computation, the E*? term of
this spectral sequence is an induced Zy-module, equal to DR{,1 of the corresponding
Gauss-Manin term. We will show below that the differential d; becomes the Gauss-
Manin d; after applying ##° DRy . This will prove that the Gauss-Manin E; complex
is equal to DRy of the E; complex of Zy-modules, i.e., this complex is isomorphic
to DR{/1 of the Gauss-Manin F; complex. By Lemma 3.6.3 and the remark after its
proof, the F; complex of the Zy-Leray spectral sequence has therefore cohomology
in degree 0 only, hence this spectral sequence degenerates at Es, this cohomology
being equal to (R?fi’DRx/y ., VEM)T - But the spectral sequences converges (the
Kozsul filtration is finite) and its limit is @,gr? ¢ fi.# for some suitable filtration
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on s f;.#. We conclude that this implicit filtration is trivial and that 9 f;.# =
(R1fiPDRxy A, VM)

Let us now compare the d; of both spectral sequences. As the construction is clearly
functorial with respect to .#, we can assume that .# is flabby, by replacing .# by
God® A for any £. It is also enough to make the computation locally on Y, so that
we can write f = (f1,..., fm), using local coordinates (y1,...,¥ym). If p is a section
of Q’)‘(Jrk ® A and 1y is the unit of Py, then (3.2.1) can be written as

VX(/L@) 1y) = (Vu) ® 1y +Z,u/\dfj ®6yj.
j=1
Using the definition of d; given by Exercise 3.6.2 and an argument similar to that of
Proposition 3.4.2, one gets the desired assertion. O

3.7. Coherence of direct images

Let f : X — Y be a holomorphic map and .# be a Zx-module. We say that .#
is f-good if there exists a covering of Y by open sets V; such that .# is good on each
f7Y(V}). As we indicated in Remark 2.2.7, any holonomic Zx-module is good with
respect to any holomorphic map.

Theorem 3.7.1. Let # be a f-good Dx-module. Assume that f is proper on the support
of #. Then fi M = [+ M has Dy-coherent cohomology.

This theorem is an application of Grauert’s coherence theorem for &x-modules,
and this is why we restrict to f-good Zx-modules. In general, it is not known
whether the theorem holds for any coherent Zx-module or not. Notice, however,
that one may relax the geometric condition on fjgupp.# (Properness) by using more
specific properties of Z-modules: as we have seen, the characteristic variety is a
finer geometrical object attached to the Z-module, and one should expect that the
right condition on f has to be related with the characteristic variety. The most
general statement in this direction is the coherence theorem for elliptic pairs, due to
P. Schapira and J.-P. Schneiders [60]. For instance, if X is an open set of X’ and f is
the restriction of f/ : X’ — Y, and if the boundary of X is f-noncharacteristic with
respect to .# (a relative variant of Definition 2.6.1) then the direct image of .# has
Py -coherent cohomology.

Proof of Theorem 3.7.1. As the coherence property is a local property on Y, the state-
ment one proves is, more precisely, that the direct image of a good Zx-module .#
is a good Zy-module when f is proper on Supp.#. By an extension argument, it is
even enough to assume that .# has a good filtration and show that, locally on Y, the
cohomology modules of f;.# have a good filtration.



50 LECTURE 3. DIRECT IMAGES OF 2x-MODULES

First step: induced Z-modules. Assume that # = £ ®p, Px and £ is Ox-coherent.
By Exercise 3.3.10, it is enough to prove that the cohomology of Rf,.Z is Oy -coherent
when f is proper on Supp.Z: this is Grauert’s Theorem.

Second step: finite complexes of induced Z-modules. Let £, ®¢g, Px be a finite
complex of induced Zx-modules. Recall that its direct image complex was defined
in Remark 3.3.4(3). Assume that f restricted to the support of each term is proper.
Using Exercise 2.2.1(2) and Artin-Rees (Corollary 2.2.13), one shows by induction on
the length of the complex that the cohomology modules of f;(.Z, ®¢ Zx) have a
good filtration.

Third step: general case. Fix a compact set K of Y. We will show that the co-
homology modules of f;.# have a good filtration in a neighbourhood of K. Fix a
good filtration F,.# of .#. As f~1(K) N Supp.# is compact, there exists k such
that .Z° := Fj.# generates .# as a Zx-module in some neighbourhood of f~!(K).
Hence .#° is a coherent €x-module with support contained in Supp .# and we have
a surjective morphism #° ®¢, Zx — . in some neighbourhood of f~1(K) that
we still call X. The kernel of this morphism is therefore Zx-coherent, has support
contained in Supp .# and, by Artin-Rees (Corollary 2.2.13), has a good filtration.

The process may therefore be continued and leads to the existence, in some neigh-
bourhood of K, of a (maybe infinite) resolution .2 ~* ® s, Zx by coherent induced
P x-modules with support contained in Supp ..

Fix some ¢ and stop the resolution at the ¢-th step. Denote by .4 ~* this bounded
complex and by .#’ the kernel of 4 ¢ — _#~¢+1 We have an exact sequence of
complexes

0— A)— N — M — 0,

where .# is considered as a complex with only one term in degree 0, and .Z’[(] a
complex with only one term in degree —¢. This sequence induces a long exact sequence

s A AN ) s Ay tl) — AT (fll) —
Recall (see Remark 3.3.4(4)) that #7(f1.#) =0 for j ¢ [— dim X, 2dim X]. Choose
then ¢ big enough so that, for any j € [—dim X, 2dim X], both numbers j 4+ ¢ and
j+¢+1 do not belong to [— dim X, 2dim X]. With such a choice, we have 77 (f1.4) ~
HI(fr N ~*) for j € [—dim X, 2dim X] and 57 (f1.#) = 0 otherwise. By the second
step, 7 (fi.#) has a good filtration in some neighbourhood of K. O

3.8. Kashiwara’s estimate for the behaviour of the characteristic variety

Let .# be a coherent Zx-module with characteristic variety Char .#. Let f : X —
Y be a holomorphic map and assume that the cohomology modules 7 (f;.#) are
Py -coherent (for instance, assume that all conditions in Theorem 3.7.1 are fulfilled).
Is it possible to give an upper bound of the characteristic variety of each J#7 (f;.#)
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in terms of that of .#7 There is such an estimate which is known as Kashiwara’s
estimate.

The most natural approach to this question is to introduce the sheaf of microdiffer-
ential operators and to show that the characteristic variety is nothing but the support
of the microlocalized module associated with .#. The behaviour of the support of
a microdifferential module with respect to direct images is then easy to understand
(see, e.g. [3, 37, 4] for such a proof, see [60] for a very general result and [31] for an
algebraic approach).

Nevertheless, we will not introduce here microdifferential operators (see however
[59] for a good introduction to the subject). Therefore, we will give a direct proof of
Kashiwara’s estimate.

This estimate may be understood as a weak version of a general Riemann-Roch
theorem for Zx-modules (see, e.g. [49] and the references given therein).

Let f: X — Y be a holomorphic map. We will consider the following associated
cotangent diagram:

T*
xS pepey ey
Theorem 3.8.1 (Kashiwara’s estimate for the characteristic variety). Let .# be a f-good
Dx-module such that f is proper on Supp .#. Then, for any j € Z, we have

Char 7 (fi.4) C f((T*f)~(Char .4)).

Exercise 3.8.2. Explain more precisely this estimate when f is the inclusion of a closed
submanifold.

Sketch of proof. Asin the proof of Theorem 3.7.1, we first reduce to the case where .#
has a good filtration F,.Z .

Notice first that it is possible to define a functor f; for gr”Zx-modules, by the
formula f;(s) = RA(L(T*f)*(+)). Moreover, the inverse image (7%f)* is nothing but
the tensor product ®¢-14, gr’ 9y . We therefore clearly have the inclusion

Supp o frgr". A  f((T*f) "' (Suppgr”.)) = f((T*f)*(Char.#)).

The problem consists now in understanding the difference between figrf” and grf f;.
In order to analyse this difference, we will put .# and gr’.# in a one parameter
family, i.e., we will consider the associated Rees module.

One then defines direct images of Rr Zx-modules, still denoted by f;, and shows
the Rp analogue of Theorem 3.7.1. Therefore, f;Rp.# has Rr%y-coherent coho-
mology. One has to be careful that the cohomology of f; Rp.# may have z-torsion,
hence does not take the form Rp of something. Nevertheless, as 7 (fiRp.#) is
Rp 9y -coherent,

- the kernel sequence Ker [2¢ : A (fiRp.#) — A7 (f;Rp#)] is locally sta-
tionary,
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« the quotient of 7 (fiRp.#) by its z-torsion (i.e., locally by Ker z* for ¢ big
enough) is Rr Zy-coherent, hence is the Rees module associated with some good
filtration F, on €7 (f1.4).

Consider the exact sequence

) £ . .
< A (fiRp M) —— A (fiRp M) — A (fy(Rp M |2 Rp M) — -
Then,
« HI(fiRp M) |2 A (fiRp M) is a submodule of 7 (fi(Rp.M |z*Rp.H))
« and, on the other hand, if ¢ is big enough, Rp S (fi.M)|2* A7 (f1.M) is a
quotient of S (fiRp. M)z A (fiRp M ).

For £ > 1, let us denote by grﬁ] the grading with step £, namely @, Fj/Fj—¢, and
let us define f, for gr[l}z] P x-modules in a way similar to what is done for Zx-modules.
The conclusion is that grfz}jfj(ff.///) is a grfz] Py-submodule of f%”j(f]ugr[lz],///).

The sheaf of rings gr[lz] Px is filtered by the finite filtration ngrfz] Dx
Dy Fitrj—1Px/Fr—tPx, and there is the notion of a G-filtration of a gr[lz] Dx-
module (these filtrations should be finite). Moreover, nggr[I;]@X ~ grfPx [u] Ju’
by suitably defining the grading on the left-hand term. Given a coherent gr[lz] Dx-
module, the graded module with respect to any G-filtration is grf%x [u] /u’-coherent,
hence grf'?x-coherent, and its support as such does not depend on the choice of such
a filtration (same proof as that for the characteristic variety, in a simpler way).

Since the filtration G, is finite, there is a finite spectral sequence having Fs
term equgml to jfj(f]»nggr[I;]///) = jfj(ffng///[u]/yz) ~ A (frerF )t abutting
to gr& .7 (nger]///) for a suitable G-filtration on J#7 (ffgrfz] A ). Tt follows that the
support of ngij(ngrfz]///) is contained in f((T*f)_l(Char M)).

The filtration G, 77 ( f]»grf;]/// ) induces in a natural way a G-filtration on any
submodule and any quotient of it, and therefore on gr@%ﬂj (ft#). The sup-
port of nggrfz]jfj (fs M) as a grf’ Zx-module is therefore included in that of
ngjfj(ngrf;]///), hence in f((T*f)~(Char AM)). Now, as already remarked, as
grf’ Zx-modules we have ngger]%j(fT///) ~ (ng%j(fT///))g, which has the same
support as grl” I (fy. 4 ), that is, Char 7 (fi M ). O



LECTURE 4

HOLONOMIC Zx-MODULES

4.1. Motivation: division of distributions

Let f € C[zy,...,%,] be a non-zero polynomial. In general the function 1/f is not
locally integrable, hence does not define a distribution on C”.

Question. Does there exist a distribution T on C™ (or, better, a temperate distribu-
tion) such that f -T = 179 (More generally, given any distribution (resp. temperate
distribution) S on C™, does there exists a distribution (resp. temperate distribution) T
such that fT =S.)

The solution given by J. Bernstein [2] proceeds along the following steps.

(1) For s € C such that Res > 0, the function |f|** is continuous, hence defines a
distribution T on C": for each test (n,n)-form ¢ € C°(C™)dx A dZT, set

Tu(p) = / P,

One reduces the question to prove that, for each ¢, the holomorphic function s —
T,(p) on the half plane Res > 0 extends as a meromorphic function on C. One also
shows that, denoting by S(¢) the constant term in the Laurent expansion of Ts(p)
at s = —1, the correspondence ¢ — S(p) defines a distribution (i.e., a continuous
linear form on test (n,n)-forms). Lastly, |f|2S(¢) = S(|f|*¢) is seen to be equal to
the constant term of the Laurent expansion of Ti(¢) at s = 0. This is nothing but
[ . In other words, |f|>S = 1, hence T := f5S is a solution to fT = 1.

(2) In order to obtain the meromorphic extension of s — Ts(¢), one looks for a
pair of differential operators P € C[s][x](0z) and @ € C]s][Z](0z) and polynomials
b'(s),b"(s) € C[s] such that

V()| =P If1*F,
V' (s)If** = Q- If*F.
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Assume P,Q,b',b"” are found. Then, for Res > 0,

o) [ 120 = [(PlrPepe = [Irpe.

where P* denotes the adjoint differential operator (the previous formula corresponds
to an iteration of integrations by parts). Therefore,

W) [1Pe =) [17Pre = [@UPTIsPre = [ 1570,

where ¥ = Q* P*p. The right-hand term is holomorphic on Res > —1, and thus the

expression
1 2(s+1)
b (s)b"(s) / /] ¥

is a meromorphic function on Res > —1 which coincides with [ |f|**¢ on Res > 0.
Iterating this process gives the desired meromorphic extension.

(3) It remains to find P,Q,b',b”. Let us try to find P and o'. Then @ and b”
are obtained similarly, by working with  and dz. Consider the ring of differential
operators C(s)[x](05). We wish to find P € C(s)[x](d) such that P|f|2f = |f|2
(we then get P, b’ by eliminating denominators in P). Note that C(s)[z, 1/f] - | f]?* is
naturally a left C(s)[x](0)-module.

The main observation of Bernstein is that this C(s)[x]{0,)-module has finite length.
This means that any decreasing sequence of submodules is stationary.

Consider the decreasing sequence consisting of C(s)[x](0z)-submodules M; of
C(s)[z, 1/f]-|f|** generated by fj|f|2g (j = 0). There exists therefore k > 1 such that
f¥|f|?* € My, 1, hence there exists Pk € C(s)[z](8,) such that f¥|f|2 = Py, fe+1]f]2s.
Multiplying by f* and using that Py, is holomorphic, we get | f|2(+h) = By f| f|2(s+5).
We can change the variable s to s — k to get the desired relation.

The property that C(s)[z,1/f] - |f|*® has finite length as a C(s)[x](0x)-module is
the main property used, which follows from a finer property called holonomy, con-
cerning dimension. In the next sections, we make explicit this notion in the analytic
framework. We come back to the algebraic framework at the end of §4.4.

Exercise 4.1.1. Let f(x1,...,2,) = 27" ---z’, m; € N. Show that

n m;
[TTTTtmas+ 0] 1912 = fom oz Jenis).
Exercise 4.1.2. Consider the quadratic form
f(xla"'vxn) :(le%+"'+an$i
with a; # 0 for each i. By using
0, (F1F17°) = 2ai(s + 1) (| F1** + 2s(asa?) | FPC7VF)
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show that

s+ 1)+ /DI = (302 (1512,

Exercise 4.1.3. Consider the semi-cubic parabola
fzy, o) = 22 + 3.
Show the following relations
02, (FIF12) = 2(s + D(If1** + 2528 | [PV F)
0%, (FIS1*) = 3(s + Dz (21117 + 353 | 2V,
Deduce that
(92207, + 402, )(f1f1**) = 6(s + 1)(65 + T)aa| f|**
and then
(O, (9207, +407,)) (FIf1*) = 6(s + 1)(65 + T) (/> + Bsa3| [~V ).
As in the previous exercise, show that
(654 5)(65 4 6)(65 + 7)[ f[** = (9(65 + 7)02, + 204, (92207, + 403,)) (f|f**).

Notice that the operator P(s,x,d;) depends on s.

4.2. First properties of holonomic Zx-modules

We consider a complex analytic manifold X of pure dimension n and we introduce
in this general setting the notion of holonomic Zx-module.

Definition 4.2.1. A coherent Zx-module is said to be holonomic if its characteristic
variety Char .# has dimension dim X.

It follows from the involutiveness theorem 2.5.3 that, if .# is holonomic, Char .#
is a Lagrangean conical subspace of T*X.

Let us recall a result on conical Lagrangean subspaces of T*X. Denote by w :
T*X — X the canonical projection. Let Y be a closed analytic subset of X and Y,
the smooth part of Y. The conormal bundle Ty X C T*X is the following vector
subbundle of T* X:

Ty X ={veT"X | p=n(v) € Y, and v annihilates T),Y'}.

The conormal space of Y, denoted by Ty X, is by definition the closure in T*X of
Ty X. We say that a subspace V of T* X is conical if (v,§) € V = (z,)\§) € V, for
any A € C.
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Lemma 4.2.2. If V C T* X is an analytic conical and Lagrangean subset of T*X, then
there exists a locally finite set (Yo)aca of closed irreducible analytic subsets of Y such
that V. = (U, Ty, X. Moreover, the Y, C X are the projections of the irreducible
components of V.

As a consequence, if . is holonomic, there exists a locally finite family (Y,,) of
irreducible closed analytic subset of X such that Char.# = J,, Ty, X, and if we know
Char . , we can recover the sets Y, as the projections of the irreducible components
of Char ./ .

Examples 4.2.3

(1) Ox is a holonomic Zx-module and Char Ox = T%X.

(2) For any smooth hypersurface H of X, Ox(xH) is holonomic, Char Ox (xH) =
Ty XUTy X.

(3) If n = 1, a Zx-module is holonomic if and only if each local section of m is
annihilated by a non-zero differential operator.

(4) For n > 2, if P is a section of Zx, the quotient Zx/Zx P is never holonomic.
Its characteristic variety is a hypersurface of T*X.

From Exercise 2.4.5 we get:

Corollary 4.2.4. In an exact sequence 0 — M — M — MH" — 0 of coherent Dx-
modules, A is holonomic if and only if A’ and A" are so. O

Remark 4.2.5. 1t is possible to make this result more precise. One can attach to each
irreducible component of Char.# a multiplicity, which is a strictly positive number.
This produces a cycle in T* X, that is, a linear combination of irreducible analytic
subsets of T* X with multiplicities. Then one can prove that the characteristic cycle
behaves in an additive way in exact sequences.

Corollary 4.2.6. A decreasing sequence M1 O Mo D --- of holonomic Px-modules is
locally stationary.

Proof. By considering the exact sequences 0 — A4 11 — M; — M;] M;j+1 — 0, one
checks that the family of characteristic cycles is decreasing. In the neighbourhood of
a given compact set, we have a decreasing family of cycles with a finite number of
components and integral coefficients. It is therefore stationary. Now for j > 0, the
characteristic cycle of .# /.#;1 is zero, hence this module is zero, so the sequence .Z;
is stationary. O

Corollary 4.2.7. Each holonomic Px-module has a Jordan-Holder sequence which is
locally finite. O
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Corollary 4.2.8 (of Th.2.5.5). Let . be a coherent Dx-module. Then .# is holonomic
if and only if é"xti@X (M, Px) =0 fori+#n. In this case the natural right Px -module
Sty (M, Dx) is a holonomic Dx-module. The associated left Dx-module is called
the dual of A .

4.3. Vector bundles with integrable connections

Let & be a locally free Ox-module of finite rank r, equipped with an integrable
connection V: & — QY @4, &.

Lemma 4.3.1 (Cauchy-Kowalevski’s theorem). In the neighbourhood of each point of X
there exist a local frame of & consisting of horizontal sections, i.e., annihilated by V.

This classical theorem is equivalent to the property that, as a vector bundle with
connection, (&, V) is locally isomorphic to (Ox,d)”. As an immediate consequence,
the corresponding Zx-module (see Proposition 1.1.11) has characteristic variety equal
to T%X (see Example 4.2.3(1)), and is therefore holonomic. In fact the converse is
true (see Exercise 2.4.6).

What happens now if the connection has a pole along a hypersurface D C X7 In
such a case, &(xD) := Ox(*D) ®¢4, & has an integrable connection, hence is a left
P x-module. Is it coherent, or holonomic, as such?

Theorem 4.3.2 (Kashiwara [22]). Let .# be a coherent Px-module. Assume that
M xp 15 holonomic. Then .4 (xD) is a holonomic (hence coherent) Px -module.

Note that the coherence property of .# (xD) is already not obvious. This theorem
extends the algebraic result of Bernstein used in §4.1 to the analytic setting.

Corollary 4.3.3. Let & be a locally free Ox-module equipped with an integrable mero-
morphic connection, having poles along a hypersurface D C X. Then (&(xD),V)
defines a holonomic (hence coherent) Px-module.

Proof. We have & C &(xD). Let us consider the Zx-submodule A4 = Px-& C &(xD)
generated by &. Consider the filtration Fy.# = F,Zx - &. The criterion of Exer-
cise 2.2.3(2) shows that it is a good filtration, hence .# is Zx-coherent. Moreover,
M\ x p is the left Zx-module associated with the holomorphic bundle & x. p with
holomorphic connection V|x. p. From Kashiwara’s theorem 4.3.2 we conclude that
A (%D) is Px-holonomic. But from the inclusions & C .# C &(xD) we deduce that
A (xD) = &(xD). O

The following converse holds.

Theorem 4.3.4 (Malgrange [38, 39, 40]). Let .# be a holonomic Px-module.
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(1) If # xp is a vector bundle with integrable connection, there exists a coher-
ent Ox-module & equipped with an integrable meromorphic connection V such that

A (xD) = (8(xD), V).
(2) In general, # has a globally defined good filtration.

4.4. Direct images of holonomic Zx-modules

Theorem 4.4.1 (Kashiwara [21]). Let f : X — Y be a holomorphic map between complex
manifolds and let ./ be a holonomic Px-module. Assume that f|supp .« is proper.
Then the cohomology sheaves 7 (fy. ) are holonomic.

Proof. Since .4 has a globally defined good filtration (Theorem 4.3.4), it is f-good,
and 7 (f.#) are coherent Py-module whose characteristic variety is controlled by
the estimate of Kashiwara (Theorem 3.8.1). The result is then a consequence of the
following geometric lemma.

Lemma 4.4.2. Let A =T} X be a Lagrangean closed analytic subvariety in T*X (i.e.,

Z is a closed analytic set in X ). Then each irreducible component of f((T*f)~'A)
is isotropic in T*Y .

Assume that the lemma is proved. It follows that each irreducible component of
f((T *f)~! Char .#) is isotropic. As a consequence, according to Kashiwara’s esti-
mate, each irreducible component of Char 57 (f.#) is isotropic. Since such a com-
ponent is also involutive (Theorem 2.5.3), it is therefore Lagrangean, so 7 (f,.#)
is holonomic. O

Proof of Lemma 4.4.2. It is convenient to decompose f in the following way:
foxdoxxy 2y
z (z,f(z)) f(z)
and we are reduced to showing the lemma when f is an inclusion (like ¢ ;) and when f is
a submersion (like py). The first case is easy, and we will only consider the second one.
We will use the following property, which follows from a theorem due to H. Whitney:
let A C A be to closed analytic subsets of T*X; if A is isotropic (i.e., wx vanishes
when restricted to pairs of vectors tangent to the smooth part A°), then A’ is also
isotropic.
Recall the basic diagram:
f

T f =:
rx L= ey ey

wx prwx = frfwy wy

Then wx vanishes on any A’ C (AN f*T*Y) (i.e., on any pair of vectors tangent
to A’), hence so does p*wx, that is, f*wy. Argue now by contradiction: assume

there is an irreducible component Ay of f((T*f)7'A) such that wy # 0 on A%;
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let A’ be an irreducible component of A N f*TY whose image by f is Ay; then
f A — Ay is generically a submersion; therefore, f*wy cannot vanish identically
on A’°, a contradiction. O

Application to the proof of Theorem 3.1.5. The algebraic analogues of the previous
results are due to J.Bernstein (note however that the algebraic analogue of Mal-
grange’s theorem is much easier than the analytic one). We explain now how they
can be combined to obtain a proof of Theorem 3.1.5.

Firstly, GMk(f) is identified with the algebraic direct image f%”k_”(erﬁ(C*)n).
Since f is not proper, one cannot apply the coherence and holonomy theorem.
However, choose a smooth quasi-projective variety X and a projective morphism
g: X — C such that (C*)" is a dense Zariski open set of X whose complement is
a hypersurface D, and gjc«y» = f. Let i : (C*)" — X denote the inclusion. Since
goi= f, we have

AT [ Ocoyn) = A (g4 (Ox (xD))).

Since Ox (¥D) is Px-holonomic, these Ze-modules are holonomic, that is, GM"(f)
are holonomic. In particular (Exercise 4.2.3(3)), any section of GMF(f) is annihilated
by a non-zero differential operator. O

4.5. The de Rham complex of a holonomic Zx-module

Theorem 4.5.1. Let .# be a holonomic Px-module. Then PDR .#Z has constructible
cohomology. More precisely, PDR .4 is a perverse sheaf on X.

Proposition 4.5.2 (Behaviour with respect to external product, see [41, Prop. 10.19]). Let
X,Y be complex manifolds and let #Mx (resp. My ) be a Dx- (resp. Dy -) module (or
an object of D®(Zx), resp. D®(Zx)). There is a natural and functorial morphism in

Db((CXXy).'
PDR x (A x) B PDRy (My) = PDRx xy (M x Kc AMy) — PDRxxy (Mx Koy My ),

which is an isomorphism if Mx has holonomic cohomology and My has Dy -coherent
cohomology.

4.6. Recent advances

4.6.a. Local normal form of a meromorphic connection near a pole. Clas-
sical asymptotic analysis in one complex variable produces a normal form for a mero-
morphic connection in one variable near one of its pole. It is now standard to present
this result in three steps:

(1) existence of a local formal normal form for the matrix of the connection,
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(2) asymptotic — or multisummable — liftings of this normal form in sectors around
the pole,

(3) comparison between the various liftings, which gives rise to the Stokes phe-
nomenon.

In higher dimension, such results have only been obtained recently. More precisely,
work of Majima [34] and C.S. [48, 50] answer the second point, if the first one is
assumed to be solved.

A precise conjecture for a statement analogous to the first point is given in [50].
It has been solved recently in two different ways:

« T. Mochizuki has solved the conjecture as stated in [50], that is, in dimension
two, by using a reduction to characteristic p and the notion of p-curvature [45].
He then solved the analogue of the conjecture in arbitrary dimension by using
techniques of differential geometry (Higgs bundles and harmonic metrics) [47].

« K. Kedlaya used techniques inspired from p-adic differential equations (in par-
ticular, a systematic use of Berkovich spaces) to solve the conjecture in any
dimension [29, 30].

The third point has been generalized by T.Mochizuki [47, 46] and C.S. [53] by
developing the notion of Stokes filtration, following a previous approach in dimen-
sion one by P.Deligne [10] and B. Malgrange [36]. This leads to a Riemann-Hilbert
correspondence in arbitrary dimension, and in the setting of possibly irregular singu-
larities.

4.6.b. A conjecture of Kashiwara. One of the consequences of the previous re-
sults is the following theorem, proved by M.Kashiwara [23] under the assumption
of regular singularity, and in general (a conjecture of Kashiwara) by T.Mochizuki
T. Mochizuki [46] and C.S. [50, 53].

Theorem 4.6.1. Let ./ be a holonomic Dx-module. Then Stom o, (M ,Dbx), equipped
with its left D-module structure coming from that on Dbx, see §1.3.e, is a holonomic
(hence coherent) P-module. Moreover, for each i >0, uty, (M ,Dbx) = 0.

This statement has many consequences, already noted by M. Kashiwara [23] (see
also [4]). One of them says that any holonomic Zx-module is locally a Zx-submodule
of @bx.

4.6.c. Wild Hodge theory. The theory of Hodge Z-modules developed by M. Saito
[54, 57] allows one to consider Hodge theory for singular spaces. The basic objects are
holonomic Zx-modules equipped with a specific good filtration (the Hodge filtration).
Following Deligne, Beilinson and Bernstein [1], this makes an analogy with the theory
of pure perverse f-adic sheaves with tame ramification on an algebraic variety in
characteristic p.
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In order to extend such an analogy in the case of wild ramification, a generalization
of Hodge theory (and thus of Hodge Z-modules) is needed. This has been developed
by T.Mochizuki and C.S. in the tame case first [44, 51] and then in the wild case
[47], see also [52].






LECTURE 5

DIFFERENTIAL COMPLEXES AND LOCAL DUALITY

5.1. Induced Z-modules and differential morphisms

5.1.a. Right induced Z-modules. Let £ be a Ox-module. It induces a right
Px-module £ ®g, Px (notice that £ ®¢, Px has two structures of Ox-module,
one on the left and one on the right, and they do not coincide; we will mainly use
the right one). The category M;(Zx) of right induced differential modules is the
full subcategory of M(Zx) consisting of induced Zx-modules (i.e., we consider as
morphisms all Zx-linear morphisms).

There is a natural @x-linear morphism (with the right structure on the right-hand
term)

L — L Roy Ix, L— L1

There is also a (only) C-linear morphism
(5.1.1) L @oy Ix — &

defined at the level of local sections by ¢® P — P(1)¢, where P(1) is the result of the
action of the differential operator P on 1, which is equal to the degree 0 coefficient
of P if P is locally written as ) an(2)05. In an intrinsic way, consider the natural
augmentation morphism Zx — Ox, which is left Zx-linear, hence left Ox-linear;
then apply Z®e,  to it.

Remark 5.1.2. The “left” Ox-module structure on . ®4, Yx will not be used in
the following, except when noticing that some naturally defined sheaves of C-vector
spaces are in fact sheaves of &x-modules. Notice here that (5.1.1) is left €x-linear.

Exercise 5.1.3. Let £ be a Ox-module. Show that the terms of the Spencer complex
Spx (€ ®¢, Px) are left Ox-modules, that the differential is &x-linear, that this
complex is a resolution of £ as an Ox-module and that the morphism (5.1.1) is the
augmentation morphism Sp% (£ ®¢, Zx) — Z. [Hint: use Exercise 1.4.13.]

The category M;(Zx) is an additive category. One can associate to it the category
C/(Zx) of complexes which are *-bounded (i.e., for x = &, 4, —,b, no condition,
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bounded from below, bounded from above, bounded), and the category Ki(Zx) of
complexes up to homotopy. The category CI'(Zx) is a full subcategory of C*(Zx).
Note also that two morphisms in C(Z2x) are homotopic when regarded as morphisms
in C*(Z2x) if and only if they are homotopic in CI(Zx). Therefore, KI(Zx) is also
a full subcategory of K*(Zx). Moreover, since the mapping cone of a morphism
in C}(Zx) is equal to the mapping cone of this morphism considered in C*(Zx), a
triangle in K{'(Zx) is distinguished if and only if it is distinguished when regarded as
a triangle in K*(Z2x).

Since M(Zx) is an abelian category, we have the usual definition of a null sys-
tem A in K*(Zx) (see [26, Def. 1.6.6] and Exercise 5.2.3 below for the definition of a
null system in a triangulated category, and [26, (1.7.1)]): an object K* belongs to A4
if HYK* = 0 for all j. Inverting the associated multiplicative system S(.4") gives rise
to the derived category D*(Zx) (see |26, §1.6]).

Let us now define .4; as the family of objects of K'(Zx) which belong to .4 when
regarded as objects of K*(Zx), that is, which are quasi-isomorphic to 0 in K*(Zx).
This clearly defines a null system in the triangulated category K(Zx). Inverting the
associated multiplicative system gives rise to the category that we denote by D} (Zx).
By definition, there is a natural functor D} (Zx) — D*(Zx).

5.1.b. Differential morphisms. Let %, ¥’ be two Ox-modules. A (right) Zx-
linear morphism

(5.1.4) v: ¥ Roy Ix — &L Qoy Dx

is uniquely determined by the Ox-linear morphism

(5.1.5) w: ¥ — L' ®ey Dx

that it induces (where the right &x-module structure is chosen on ¥’ ®¢, Zx). In
other words, the natural morphism

Homﬁx (f,gl Reox gx) — HOHI@X (f Rey gx,gl Reox 9}()
is an isomorphism. We also have, at the sheaf level,
(5.1.6) Home (L, L D6y Dx) — Homag, (L Rey Dx,L Q6 Dx).

Notice that stom ¢, (L, L' @6 Px) is naturally equipped with a &x-module struc-
ture by using the left €x-module structure on £’ ® s, Zx (see Remark 5.1.2), and
similarly Homg, (.Z,.Z' ®y Px) is a I'(X, Ox)-module.

Now, w induces a C-linear morphism
(5.1.7) u: ¥ — &
by composition with (5.1.1): &' ®g, Zx — Z’. By Exercise 5.1.3, u is nothing but

the morphism

A (PDRx (v)) : z%”o(pDRx(‘i” Qe Qx)) — %O(I’DRX(Z' Qe Qx)).
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Definition 5.1.8 (Differential operators between two &'x-modules). The C-vector space
Homp;g (£, L") of differential operators from £ to £’ is the image of the morphism
HOIH@X (g Ko @X,f/ Ko @)() — Homc(éf,.i”).

Similarly we define the sheaf of C-vector spaces S#ompig (L, -L").

Exercise 5.1.9.

(1) Show that any COx-linear morphism u : ¥ — %’ is a differential operator
from £ to ¢’ and that a corresponding v is u ® 1.

(2) Assume that .Z,.¢" are right Zx-modules. Let u : £ — £’ be Px-linear.
Show that the corresponding v is Px-linear for both structures (right), and (right)
(see Exercise 1.2.9) on ) @4, Px.

(3) Show that %mDiﬁ‘(ﬁx, ﬁx) = @)(.

(4) Show that the morphism in Definition 5.1.8 is compatible with composition.
Conclude that the composition of differential operators is a differential operator and
that it is associative.

Exercise 5.1.10 (Connections are differential operators). Let £ be a 0x-module and
let V:.¥ — QL ®p, £ be an integrable connection on .Z.

(1) Show that V is a differential morphism, by considering the right Zx-linear
morphism

v(l®P):=V()®P+L® V(P),

for any local section £ of . and P of Zx, and where VP is defined in Exercise 1.1.9.
Extend this result to connections (*)V.

(2) Let £, £" be Ox-submodules of £ such that *)V induces a C-linear mor-
phism V' : Ok ®p, £ — Q5 ®4p, £". Show that F)V’ is a differential mor-
phism.

Definition 5.1.11 (The category M(CO'x, Diff x)). We denote by M(€x, Diff x) the cat-
egory whose objects are @x-modules and morphisms are Homp;g(-%,.¢") (this is
justified by Exercise 5.1.9(4)).

In particular, M(€Ox) is a subcategory of M(Ox, Diff x), since any €x-linear mor-
phism is a differential operator (of degree zero).

Exercise 5.1.12. Show that M(Ox,Diff x) is an additive category, i.e.,
« Homp;g(-Z,-%") is a C-vector space and the composition is C-bilinear,
« the 0 Ox-module satisfies Homp;g(0,0) = 0,
. HomDiff(fl D fz,gl) = HomDiff(fl,iﬂ') D HOIIlDiﬂr(gQ,g/) and similarly
with .4, .%,.
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We will now show that the correspondence . — £ ®¢, Px induces a functor
M(Ox,Diffx) — M;(Zx). We will then compose with the inclusion M;(Zx) —
M(Zx). In order to do so, one first needs to show that to any differential morphism u
corresponds at most one v.

Lemma 5.1.13. The morphism
Homg, (£ ®ey Dx, <’ Rey Dx) — Homc(ﬁ,f’)
vV— U

18 injective.

Proof. Recall that, for any multi-index 3, we have 9% (2”) = 0 if 8; < a; for some 4,
and 0% (z%) = al. Assume that u = 0. Let ¢ be a local section of ¢ and, using local
coordinates (z1,...,2,), write in a unique way w(¢) = Y w({)o ® 0%, where the
sum is taken on multi-indices @ and w is as in (5.1.5). If w(¢) # 0, let 8 be minimal

(with respect to the usual partial ordering on N™) among the multi-indices « such
that w(f)s # 0. Then,

0=u(z’f) = Z@;‘(xﬁ)w(f)a = Blw(l)g,
a contradiction. O

According to Lemma 5.1.13, the following definition is meaningful.

Definition 5.1.14 (The inverse de Rham functor). The functor
DRy : M(Ox, Diffx) — M;(Zx)
is defined by DR (%) = . @6, Zx and DR (u) = v.

Exercise 5.1.15 (De Rham and inverse de Rham on induced Z-modules).

(1) Let £ be a Ox-module. Show that #*(PDRx(Z ®¢, Zx)) = 0 for k # 0
and #° (PDRx (¥ ®o, Px)) = Z.

(2) Show that ##°PDRx defines a functor M;(Zx) — M(Ox,Diffx), which will
be denoted by DR x.

(3) Show that DRy : M(0x, Diff ) — M;(Zx) is an equivalence of categories, a
quasi-inverse functor being DRx : ¥ ®p, Zx — £, DRx(v) = u.

(4) Show that the composed functor M(&x,Diff x) — M;i(Zx) — M(Zx), still
denoted by DR}l, is fully faithful, i.e., it induces a bijective morphism

HomDiﬂr(X,g') AN HOHI@X (g Reox @)(7.,%/ Ko —@X)

(One may think that we “embed” the additive (nonabelian) category M(Ox, Diff x)
in the abelian category M(Zx); we will use this “embedding” to define below acyclic
objects).
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Remark 5.1.16. By the isomorphism of Exercise 5.1.15, Homp;g(-Z,-Z") is equipped
with the structure of a T'(X, Ox)-module. Similarly,

‘%m@X("g ®ﬁx @X7$I ®ﬁx @X) — j%m@(f7$/)

is injective, and and this equips the image sheaf 0m (L, -£’) with the structure
of a Ox-module.

Remark 5.1.17. When considered as taking values in M(Zx ), the functor DR)_(1 is not,
however, an equivalence of categories, i.e., is not essentially surjective. The reason
is that, first, not all Zx-modules are isomorphic to some .Z ®», Px and, next, its
natural quasi-inverse is the de Rham functor DR x which takes values in a category
of complexes. Nevertheless, if one extends suitably these functors to categories of
complexes, they become equivalences (see below Theorem 5.2.7).

Exercise 5.1.18 (Stability by the Godement functor). Let .# be a right Zx-module. Use
Exercise 1.4.15 to show that God® DRy .# is a differential complex. [Hint: Identify
this complex with DR x God® .# ]

Exercise 5.1.19 (A relative version of differential morphisms). Let f : X — Y be a
holomorphic map between to complex manifolds. Let .Z,.%’ be 0x-modules.

(1) Define a C-linear morphism £ ®-14, f~'%Py — £ and a morphism
Homj-1g, (£ ®f-10, 1oy, 2 ® -1y fﬁl_@y) — Hom¢ (%, Z).
Define the space Homp;g, (-Z,.Z") as the image of this morphism

(2) Show that the category M(Ox,Diffy) is additive. Introduce the cate-
gory M(f~10y,Diffy) and show that M(Ox,Diffy) is a full subcategory of
M(filﬁy,Diﬁ‘y).

(3) Using the projection formula (see [26, Prop.2.5.13]), define a functor f
(direct image with proper support) from M(Ox,Diffy) (or M(f~10y,Diffy)) to
M(Oy, Diffy), sending £ to fi-Z (in the usual sheaf-theoretical sense).

5.2. Differential complexes

According to Exercise 5.1.12, one may consider the category C*(Ox,Diffx) of
*-bounded complexes of objects of M(Ox,Diffx) (with x = &,+,—,b), and the
category K*(0'x, Diff x) of x-bounded complexes up to homotopy (see [26, Def. 1.3.4]).
These are called x-bounded differential complezes.

Exercise 5.2.1 (The de Rham functor DR x).

(1) Show that the de Rham complex of a left Zx-module .Z is a complex in
CP(0x,Diffx). [Hint: use Exercise 5.1.9(1).]

(2) By using Exercise 1.4.10, show that the de Rham complex of a right Zx-
module .# is a complex in Cb(ﬁx7 Diff x)
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(3) Show that the de Rham complex of a x-bounded complex of right Zx-modules
has its associated single complex in C*(0x, Diff x). [Hint: use Exercise 1.4.6.]

(4) Conclude that DR induces a functor DRy : C*(Zx) — C*(0x, Diff x).

(5) Extend this functor as a functor of triangulated categories K*(Zx) —
K*(Ox, Diff x ).

There is a natural forget functor Forget from M(€x,Diffx) to M(Cx), and by
extension a functor Forget at the level of C* and K*. The previous exercise shows
that we can decompose the PDR x functor as

PDRy

//////II«H#‘\\\\\\N

M(Zx) ——— C(Ox, Diff x)

b
DRy C°(Cx)

Forget

and
PDR x

K*(@)(> e — K*(ﬁx,Diﬂx) EE—— K*((Cx)
DRx Forget

In order to define the “derived category” of the additive category M(Ox, Diff x),
one needs to define the notion of null system in K*(&x,Diffx) and localize the cat-
egory with respect to the associated multiplicative system. A possible choice would
be to say that an object belongs to the null system if it belongs to the null system
of C*(Cx) when forgetting the Diff structure, i.e., which has zero cohomology when
considered as a complex of sheaves of C-vector spaces. This is not the choice made
below. One says that a differential morphism u : . — £’ as in (5.1.7) is a Diff-
quasi-isomorphism if the corresponding v as in (5.1.4) is a quasi-isomorphism of right
PDx-modules.

The functor DRy' of Definition 5.1.14 extends as a functor C*(Ox, Diffx) +
C/(Zx) and K*(Ox,Diff x) — K (Zx) in a natural way, and is a functor of triangu-
lated categories on K. Moreover, according to the last part of Exercise 5.1.15, it is an
equivalence of triangulated categories.

We wish now to define acyclic objects in the triangulated category K*(Ox, Diff x),
and show that they form a null system in the sense of [26, Def. 1.6.6].

Definition 5.2.2. We say that a object .Z* of K*(0x, Diff x ) is Diff-acyclic if DR} (.£*)
is acyclic in K (Zx) (equivalently, in K*(Zx)).

Exercise 5.2.3. Show that the family .4 of Diff-acyclic objects forms a null system in
K*(ﬁx, Diﬂx), i.e.,

« the object 0 belongs to A/,

« an object .Z* belongs to A" iff Z*[1] does so,



5.2. DIFFERENTIAL COMPLEXES 69

o if L — L — L — £*[1] is a distinguished triangle of K*(&x, Diffx),
and if £°, %' are objects in .4/, then so is .Z"*.
[Hint: use that the extension of DR;(1 to the categories K* is a functor of triangulated
categories.]

Define, as in [26, (1.6.4)], the family S(.#") as the family of morphisms which can
be embedded in a distinguished triangle of K*(&x, Diff x ), with the third term being
an object of .#. We call such morphisms Diff-quasi-isomorphisms. Clearly, they
correspond exactly via DR;(1 to quasi-isomorphisms in K*(Zy).

We now may localize the category K*(Ox, Diff x ) with respect to the null system .4
and get a category denoted by D*(&'x, Diff x). By construction, we still get a functor

(5.2.4) DRy : D*(0x,Diffx) = D} (Zx) — D*(Zx),

where the first equivalence is by definition of the null system (since we have an equiv-
alence at the level of the categories K*).

Exercise 5.2.5 (The functor D*(0x) — D*(0x, Diff x)). Using Exercise 5.1.9(1), define
a functor C*(0x) — C*(Ox,Diffx) and K*(Ox) — K*(Ox,Diff x). By using that
9x is Ox-flat, show that if £* is acyclic in K*(Ox), then £* ®4, Zx is acyclic
in K*(Zx). Conclude that the previous functor extends as a functor D*(Ox) +—
D*(0x, Diffx).

Remark 5.2.6. The category M(Ox, Diff x) is also naturally a subcategory of the cat-
egory M(Cx) of sheaves of C-vector spaces because Homp;g(-Z,.Z’) is a subset
of Hom¢(Z,.%’"). We therefore have a natural functor Forget : K*(Ox,Diffx) —
K*(Cx), forgetting that the differentials of a complex are differential operators, and
forgetting also that the homotopies should be differential operators too. As a con-
sequence of Theorem 5.2.7, we will see in Exercise 5.2.14 that any object in the null
system .4/ defined above is sent to an object in the usual null system of K*(Cx), i.e.,
objects with zero cohomology. In other words, a Diff-quasi-isomorphism is sent into a
usual quasi-isomorphism. But there may exist morphisms in K*(&x, Diff x ) which are
quasi-isomorphisms when viewed in K*(Cy), but are not Diff-quasi-isomorphisms.

Theorem 5.2.7. At the level of the localized categories D*, the functors DRx and DR;(1
are quasi-inverse and induce equivalences of categories.

Lemma 5.2.8. Let .#* be a right Px-module and let .#' be the associated left
PDx -module. Then there is a functorial isomorphism of complexes of right Zx -modules
[DRx (A" ®0y QX)r]t (i.e., the structure (right), is used for DRx and the remaining
structure (right); gives the right Zx-module structure) and [DRx (4" ®o _@X)t}r
(similar meaning), and the latter complex is an object of C(Px).

Moreover, there is an isomorphism of functors DR;(1 DRy ~ DRx DR;(1 from
CP(2x) to itself.
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Proof. We note that (#' ®¢, Px)° ~ M" Rp, Px, both with the tensor struc-
ture, respectively left and right, and this isomorphism is compatible with the right
PDx-structure (right), on both terms. On the other hand, DRx (.#! ®4, Zx); is the
complex Q% @ (A" ®p, Px) with differential DR (V) given by a formula like
in Exercise 5.1.10, and is clearly a complex in C’(Zx) with respect to the (right),-
structure.

The isomorphism DR x (4 ®¢, Px); ~ DRx (A" R4, Px); of Exercise 1.4.10 is
compatible with the (right),-structure, hence

[DRX(///r Qo @X)r]t ~ [DRX(//Y Reoy @X)t]r (Exercise 1.2.9)
~ [DRx(//I Rex -@X)t}

For the last assertion, we note that, by definition (see Exercise 5.2.1(1) and (2)),
DRy' DRy .#" = DRy DRx .#'. Now, [DRy' DRx .#'|, ~ [DRx(DRy".Z")],
follows from Exercise 5.1.10: indeed, DRy DRx .#" is the complex (% @.4")® Zx
with differential DR ' (V), which is nothing but the complex Q4" ® (.#'® Zx ) where
the differential is the connection on the left Zx-module (.#' ® Px);. Moreover, this
identification is right Zx-linear with respect to the (right), structure on both terms.
Lastly, DR x DR)_{1 M" = [DRx (M@ Dx),]; is identified with [DRx (4" ® Zx )]s =
DRx DR)_(1 A by the previous computation. O

Exercise 5.2.9. By considering the filtered Zx-modules #" ®¢, F,9x and
M ®p, F,Px, show the analogue of the previous lemma in Cb(F,.@X) (bounded
complexes of filtered Zx-modules). [Hint: use Exercise 1.5.3.]

Lemma 5.2.10. There is an isomorphism of functors DRy DRy —— Id from D*(Zx)
to itself.

Proof. By the previous lemma, we have

DRy DRx(+) ~ DRx DR}'(s) = [DRx(+ ® Zx).]:
~ [+ @ DRx(Zx )]t = [+ @ Ox]i = ». a
Proof of Theorem 5.2.7. From the previous lemma, it is now enough to show that,
if #* is a complex in C*(Ox,Diffx), there exists a a Diff-quasi-isomorphism
DRx DR)}1 ZL° — £°, and this is equivalent to showing the existence of a quasi-

isomorphism DRy DRx DRy' .#* — DRy'.#*, that we know from the previous
result applied to .Z = DR)_(1 Z°. O

Remark 5.2.11. Exercise 5.1.3 only shows the existence of a quasi-isomorphism
PDRx DRy' .#* - Forget £*

in the category of sheaves of C-vector spaces.
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Exercise 5.2.12. Show that the following diagram commutes:

PDR x

D*(@X) E— D*(ﬁx,Diﬂx) —_—> D*<Cx)
DR x Forget

Corollary 5.2.13. The natural functor D} (Zx) — D*(Zx) is an equivalence of cate-
gories.

Proof. This follows from the isomorphism of functors DR)_(1 DRx — Id from D*(Zx)
to itself, and (5.2.4). O

Exercise 5.2.14. Assume that .£° is Diff-acyclic. Show that Forget.Z* is acyclic.
[Hint: by definition, DR (.£*) is acyclic; then PDRx DR (.£*) is also acyclic and
quasi-isomorphic to Forget £*.]

Conclude that Forget induces a functor D*(Ox,Diff x) — D*(Cx), and that we
have an isomorphism of functors

PDRx DR' = Forget : D*(0x, Diffx) — D*(Cx).

Remark 5.2.15 (The Godement resolution of a differential complex). Let .£° be
an object of CT(0x,Diffx). Then God®.Z* is maybe not a differential complex
(see Exercise 1.4.15(1)). However, God®* DRy DRy .Z"* is a differential complex, be-
ing equal to DRx God® DR ! .#*. Therefore, the composite functor God” DRx DRy
plays the role of Godement resolutions in the category of differential complexes.

Exercise 5.2.16 (Differential complexes in the relative situation). Keep notation of Ex-
ercise 5.1.19.

(1) Show the analogue of Lemma 5.1.13 and deduce the existence of a functor and
DRy : M(f~'0y,Diffy) — M(f~'%y).

(2) Construct the derived categories D*(f~! 0y, Diffy) and show that DRy and
DRy are quasi-inverse functors.

(3) Using Godement resolutions, define a functor
Rf,: DT (f~'0y,Diffy) — DT (0y, Diffy).

[Hint: Given a complex .Z* in C*(f~! 0y, Diffy ), replace it with DRy God® DR{/1 £
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(4) Show that the following diagrams commute:

-1

DR
D (/' Pvy) Dl Dt (f~'0y,Diffy) D' (f1%y) —— DT (f~16y,Diffy)
Rf!l JRﬁ Rf!l JRJ"!
DRy . DRy .
D" (2y) —————— D' (0y, Diffy) D" (%y) +—— D' (0y, Diffy)

Forget
D*(f~10y, Diffy) —— 2y D*(Cy)

Rf!l JRf!

Forget
D* (6, Diffy) ——25 D*(Cy)

5.3. Differential complexes of finite order

Recall (see (5.1.6)) that we have a natural identification
jfomﬁx (f,gl Koy @)() AN %mgx (g Koy @X,gl Koy -@X)

and that Px is filtered by F,Zx (see Definition 1.1.4), that we consider with its Ox-
module structures by multiplication on the left and on right. This defines a filtration

Fp%mﬁx(f,g/ Ry -@X> = %mﬁx(g,f/ Ko Fp.@)(),

(where the left &x-module structure of Fj,Zx is used for the tensor product and the
right one for #om ¢, ) that we also write as F), #om g, (£ @6 Ix, 2L’ Qox Dx),
according to the previous identification. This filtration is not exhaustive in general,
and we set

Hom'y (L @6y Dx, L oy Dx) =UF, Homa (L @6y Dx,L Doy Dx).
p

In other words, a Zx-linear morphism ¥ g, IZx — £’ Qo Px has finite order
if and only if, in the neighbourhood of each point of X there exists p, such that the
morphism sends . Qg F,Px to L' @6y Fpip, Px for each p.

Exercise 5.3.1.
(1) Show that the composition of morphisms of finite order has finite order.

(2) Show that any Ox-linear morphism ¥ — ¢’ has order zero, and that any
integrable connection V : ¢ — QL ®4, £ has order < 1, as well as any of its
extensions V*) (see Exercise 5.1.10).

(3) Let & = Px (with its right structure of Ox-module) and ¥’ = Ox. Let
w = Id € Homg, (Zx,0x Qe Px) = Homep, (Zx,Zx). Show that w does not
belong to any F, Home, (Zx, Zx).
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(4) Assume that .Z is Ox-coherent. Show that
Hom', (L @ox Dx, L' Qo Dx) = Hom o (£ @oy Dx, L Qoy Dx).

Definition 5.3.2. The category M, (Zx) is the category of induced Z-modules with
morphisms of finite order.

Note that this category is not a full subcategory of M(Zx). However, one can
construct the corresponding category of complexes Cif(gx), that of complexes up
to homotopy K{¢(Zx) and there is a natural functor Ki;(Zx) — K{(Zx) since a
homotopy of finite order is a homotopy. Defining then the null system in K;f(@X)
as consisting of complexes which are acyclic in K{'(Z2x) (equivalently, in K*(Zx)),
we define the derived category Df¢(Zx ), which is equipped with a natural functor to
D; (%),

Let £, %' be Ox-modules. There are two structures of x-module on ¥’ ® 4, Px
which commute, that we denote by (€' ®g, Zx), and (L' @6, Px )1, in analogy with
Exercise 1.2.9. Moreover, (£’ ®g, Zx): is a right Px-module. There is a natural
morphism &' — ¥’ ®p, Px which is Ox-linear for both x-structures and which
induces Ox-linear morphisms

Hom e, (L, (L Qe Dx)t)
Hom e (L, (L @6y Dx)r)

On the other hand, H#om g, (Z, (L ®ex Px)t) is naturally equipped with a right
Px-module structure induced by that on (£’ ®¢, Zx).. Therefore, there is a natural

(5.3.3) Hom o (£, L") — {

P x-linear morphism
(5.3.4) Jom ¢, (g,fl) Ry Ix — [%mﬁx (g, (.iﬂ/ Ry ‘@X)t)]r

where the right-hand term is equipped with its natural right Zx-module structure
(and the left-hand term with its structure of induced Zx-module). However, the
identification (5.1.6) uses (£’ ®ey Zx)r, and we cannot in general obtain a morphism
from Hom e (L, L") Qo Dx to Homg, (L ey Ix, L R0y Px). However,
when ' is a right Zx-module, the involution ¢ considered in Exercise 1.2.9 can be
used to circumvent this difficulty.

Exercise 5.3.5. Assume that .Z’ is a right Zx-module, so that £’ ® Px has two
natural right Z-module structures (right), and (right); which commute and are ex-
changed by the involution ¢ (see Exercise 1.2.9). For any &'x-module .Z, the sheaves
%mf@X (L®oyPx, L @6 Px)and Hom g, (L Re Dx, L' Qo Px) are equipped
with the right Zx-module structure coming from (right); on £’ ® Px (since (right),
is used for .om ).

Show that #om g, (+, L' ®e, Px) (resp. j%mf@x (o, 2" ®6y Px)) defines a con-
travariant functor M;(Zx) — M(Zx) (resp. M; ¢(Zx) — M(Zx). Extend this func-
tor as a functor Cf(Zx) — C*(Zx) (resp. C{¢(Zx) — C*(Zx)).
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Proposition 5.3.6. Assume that &' is a right Px-module. The composition of (5.3.4)
with the involution ¢ induces a morphism of right Zx-modules

Hom e (L, L) @oy Dx — [%mﬁx(.ﬂ, (L 0oy Qx)r)]t

= [%”omgx (L @6y Dx, (L R0y @X)r)h.
Moreover, for each p > 0, this induces a Ox-linear isomorphism
Hom g (L, L) ®oy FyDx — Homey (L, (L @6y FpPx)y),

where the Ox-structure on the left-hand term is induced by the right one on F,%Px,
and thus a Dx -linear isomorphism
(5.3.6%) Homo (L, L) @oy Dx — [ Hom (L @oy Dx,(L ®oy Dx):)],-
Proof. The first part follows from the previous discussion, and the second part follows

from the strictness of ¢ with respect to the filtration F, (see Exercise 1.2.9(3)) and
from the Ox-coherence of F,Zx. O]

Exercise 5.3.7 (Refinement of Exercise 5.3.5). The isomorphism (5.3.6 %) shows that
the contravariant functor ,%’bmf@X(-,f’ Qex Px) from M, (Px) to M(Px) takes
values in M;(Zx).

(1) Show that this functor takes values in M; ¢(Zx). [Hint: it amounts to proving
that a morphism .4 ®g, Ix — L5 Re, Px of finite order p induces a morphism
of finite order Jom ¢, (L2, L") ®ox Dx — Home, (L1, L") Qoy Px. Use the
composition

F, jfomfgx (L ®oy Dx, (L Qeyx Dx)r) = Hom o (Lo, (L Qoy FyPx)r)

— Hom oy (L2 @0y FpDx, (L @0k FpiqPx):)
— Hom oy (L1, (L @6y FpiqDx):)
& Fyiq Homy, (D oy Ix,(L @0y Px):)
and conclude.]

(2) On the other hand, show that jfomf@X (L ®oyx PIx,+ Qe Dx) is a covariant

functor from M(Zx) to M;(Zx) which takes values in M; ¢(Zx).
Exercise 5.3.8. Assume that .’ is a right Zx-module.

(1) Conclude from Exercise 5.3.1(4) that, if .Z is Ox-coherent, we have an isomor-

phism of right Zx-modules
Jlom o, (g,f/) ®ex Dx AN Hom g, (L Qe Dx, &' Reyx Dx)-

(2) Let Z° be a bounded complex of &x-module (and &x-linear differentials).
Assume that Z° has coherent cohomology. Show that the natural right Zx-linear
morphism

e%mﬁx(g.,gl) ®eyx Dx AN %m@X(a?' Rex @)(,g/ Rex gx)
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is a quasi-isomorphism.

Definition 5.3.9 (Differential operators of finite order). A differential operator ¥ — %’
has locally finite order if it is contained in the image of
Homps(Z, &) =T (X, Hom'y, (£ ®ey Dx, L @6y Px)) C Hompia( L, ZL").

The filtration on the latter defines a filtration F, Hompg(.Z,.¢’). We also set
Hompg (L, L") =, Fy Hompig( L, L") C Hompig(L, L")
Exercise 5.3.10.

(1) Show that F, #ompig(Ox,Ox) = F,Px (see Exercise 5.1.9(3)).

(2) Show that, if .Z is Ox-coherent, the filtration F, #ompig(L, L") is exhaus-
tive, i.e., Hombg( L, L") = Hompg( L, L").

(3) Define the category M(&x, Diffy).

(a) Show that it is additive, and equivalent, via DR x and DR", to M ¢(Zx).

(b) Deduce the construction of the categories C*(&x, Diffy ) and K*(€x, Diffl),
respectively equivalent to C¢(Zx) and K{';(Zx).

(¢) Define acyclic objects in K ¢(Zx) as objects whose image by the functor
Ki¢(Z2x) — K*(Zx) is acyclic, and define correspondingly acyclic objects in
K*(Ox,Diffl;). Show that they form a null system in K*(&x, Diff,).

(d) Define the category D*(@x, Diffy), and show the equivalence DR :
D*(Ox,Diff'y) — D} ¢(Zx).
(4) Using Exercise 5.3.1(2), show that the natural functor C*(0x) — C*(Ox, Diff x)
takes values in C*(Oy,Diff'y) and that D*(0x) — D*(Ox,Diff x) takes values in
D* (O, Diffl,).

Exercise 5.3.11. Let £* be a complex in C°(€x, Diffl;) and let .#’* be in CT(Zx).
Show that J#ombe(2*, DRy .£"*) is a complex in CT (0, Diff'y). [Hint: Use Ex-
ercise 5.3.7.]

Exercise 5.3.12.

(1) Let .# be a right Zx-module. Show that DRx .# is an object of
CP(0x,Diff;). [Hint: show that the connection has order one.]

(2) Let .#° be an object of C*(Zx). Show that DRx(.#") is an object of
C*(Ox,Diff';). [Hint: the differentials of the complex .#* induce differential mor-
phisms of order zero.]

(3) Show that DRx defines a functor D*(Zx) — D*(Ox,Diff'y). As a conse-
quence, the functor DR ' DR is regarded as a functor D*(Zx) — D (Zx).
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Proposition 5.3.13 (De Rham for 7om and jfomf). Let £ be a Ox-module and let L’
be a right Zx-module. Then we have isomorphisms in Db(ﬁX,Diffg():

(5.313%)  Hom5; (L, DRy &) ~ DRx Homb 5(L, L") ~ Hom e (L, L").
Moreover, these isomorphisms are functorial with respect to £ (and differential mor-
phisms) and L' (and Dx -linear morphisms).
Proof. We have isomorphisms
DRx Hompig(Z, L") = DRx [ Homa, (£ @ Ix, (L @ Dx):)],
= [Hom o, (£ @ Dx, (L' @ Dx))], @y SP"(Dx)
~ Homg, (£ ® Dx, (L ® Dx): ®ay 50" (Zx)]:)
~ Hom g, (£ @ Dx,[DRx (L' @ Dx)i:)
~ Hom g, (DRY' .2, DRy DRx.#") (Lemma 5.2.8)
= Stompig (L, DRx £").
Similarly, applying Exercise 5.2.9, we can replace £’ @ Zx with the filtered Zx-
module .Z’'® F, Zx in the isomorphisms above. As a consequence, these isomorphisms
preserver the subsheaves JZom f@X. We obtain thus the first isomorphism in (5.3.13 ).

The second one follows from Proposition 5.3.6 and the definition of DR x. Lastly, bi-
functoriality follows from Exercise 5.3.7. O

5.4. A prelude to local duality

Let .4 be a complex in CEf(QX), and let .’ be a right Zx-module. It follows
from Proposition 5.3.6 that each term of the complex e%”omf@x (N, L Roy Dx) is
an induced Zx-module, and from Exercise 5.3.1(1) that j‘famf@X (N, L Qoy Dx)
is a complex in C})’f(@X) (i.e., the differentials are morphisms of finite order). From
Exercise 5.3.12 we deduce that, for any bounded complex .#*° in Cb(@x), the com-
plex %mf@x (DRY' DRy .#*,. L @6, Px) is a complex in CEf(.@X), and we have a
natural morphism in D"(Zx):

(5.4.1) Homl, (DRy' DRx 4", % ®6, Ix)
— Hom g (DR DRx A°, L' @6, Dx)
— RM#om g, (DRY' DRx A4°, L @6, Dx).
Let us also notice that
R #om g, (DRY' DRy M*,. L' @0 Ix) = [RHAomao (M°, (L Doy Dx)0)],

This morphism (5.4.1) is functorial with respect to .Z’. Indeed, a Zx-linear morphism
v: L — &Ly gives rise to a Px-linear morphism u = DR (v) : (L Ry Dx)r —
(& @65 Px)r. The morphism v being Ox-linear, we have v = v ® 1, and it is also
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Px-linear with respect to the (right); structure. It induces therefore a morphism
between the corresponding last two terms of (5.4.1) (for £/ and .%3). Since v ® 1
sends .7 ® F,Px to £y @ F,Px for each p, it also induces a morphism between the
corresponding first terms of (5.4.1). Finally, the diagram (5.4.1)(.%]) — (5.4.1)(.%%)
commutes.

The main reason for using differential complexes of finite order instead of all dif-
ferential complexes is given by the following property.

Proposition 5.4.2. Let &' be a right Px-module which is Ox -injective and let .#° be
a bounded complex of right Dx-modules which is acyclic. Then the complex of right
Dx -modules %”omf@X (DR)_(1 DRx A*, % Q¢ Px) is also acyclic.

According to Exercise 5.3.7, som f@x (DRY' DRy .#*,. L' ®¢, Px) is an object of
C}}(.@X), therefore of K&(@X), and acyclicity in KP(Zx) is by definition equivalent
to acyclicity in KEf(@X).

One can choose for .Z’ an injective Zx-module. ) Note that &’ Ry Dx is
not Px-injective in general, and we cannot assert the same property for Jom ¢, .
Since we are mainly interested in the latter, we will complement this result with the
following extension of Exercises 5.3.1(4) and 5.3.8(1).

Proposition 5.4.3. Let .#* be an object of DY, (Zx) and let £' be a right Dx -module
which is Ox-injective. Then (5.4.1) is an isomorphism.

Proof of Proposition 5.4.2. Recall (see the proof of Theorem 5.2.7) that, if § denotes
the differential of .#* and V is the connection on each .#"* DRy' DRy .#"° is
the simple complex associated to (%™ @y A ®p Dx, DR™HV), 5), where § is
induced by § ® 1 (see Exercise 1.2.8(1)). Recall also that DR™'(V) is of finite or-
der (in fact, order < 1), as well as 5 (order zero). It is then enough to prove the
acyclicity of each complex %m%x (% @y A @0y Dx,0), L oy 9x). By
definition of § and of %mf@X and according to Proposition 5.3.6, this complex is
nothing but the complex #om o, (V5™ ®py A*,8), L") @6y Dx, where we still
denote by § the Ox-linear morphism associated to §. Since .’ is Ox-injective,
the complex #om g, (V%™ @y A"*,5), L") is acyclic, hence so is the complex
Jtom @’X((Q}+k Koy ./%1’.,5),‘,%/) ®e Px since Ix is Ox-flat. O

1. Let &7, & be sheaves of rings with unit, &/ being commutative, and assume that £ is a left and
right &/-module, which is left «/-flat. Let J# be an injective right #-module. Then % is injective
as a right «/-module. Indeed, let .# — ¢ be a monomorphism of sheaves of right </-modules and
let ¢ : & — X be o/-linear. Since £ is left &/-flat, F Q@ B — 4 Qo % is a monomorphism
and the composed %-linear morphism pg : F Ry B — H Ry B — A extends as a morphism
VYV Y Qg B — K since K is PB-injective. On the other hand, the composition of ¢ g with
F = FR1— .F Ry P is equal to ¢, hence the composition ¥ of g with ¥ - Y1 > Y Q. B
extends .
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For the proof of Proposition 5.4.3, we cannot directly apply Exercise 5.3.8(2), since
DR)_(1 DRx .#° is in general not of the form Z* ®¢, Px with Z* in Cb(ﬁx). We
will use the following.

Lemma 5.4.4 (see [20, Prop.1.4.4]). Let (F,)pen be a projective system of complezes of
sheaves of C-vector spaces. Assume that

(1) for each k € Z, the morphisms ﬁf_‘_l — ﬂ}f are onto (in particular the Mittag-

Leffler condition is satisfied for each projective system (fj)peN),

(2) there exists p, such that, for eachp > p,, the morphism F; ., — F is a quasi-
isomorphism (in particular the Mittag-Leffler condition is satisfied for each projective
system (JFF))pen ).

Then, for each k € Z, the natural morphisms

i

A (lim 73 ) — lim(#* 7)) — H*Z;,
p p

are isomorphisms. O]

Exercise 5.4.5 (#om, lim and lim).

(1) Let A be a ring and let F,G be A-modules. Let (F},)pen be an exhaustive

increasing filtration of F'. Show that
Homy (F,G) = @HomA(Fp,G),
P

i.e., giving a morphism ¢ : F' — G is equivalent to giving morphisms ¢, : F, — G
subject to the condition that ¢, 1r, = ¢p.

(2) Let o be a sheaf of rings on a topological space X and let .#,¥ be two sheaves
of o/-modules. Let (%#,),en be an exhaustive increasing filtration of .%.

(a) Show that, for each open set U C X, the natural morphism
(U, Hom (7 ,9)) — UmT(U, Hom o (F,9)) = T (U, lim Hom o7 (Fp,9))
P P
is an isomorphism. [Hint: use (1) and Exercise 1.1.2.]
(b) Conclude that the natural morphism
Hom o (F,9) — lUm Hom o (F,,9)
P

is an isomorphism.

Proof of Proposition 5.4.3. We first assume that .#° = .# consists of a coherent Zx-
module. The question is local on X, so we can assume that .# has a good filtration
(Fpt)pez, with Fp.#t = 0 for p < 0. The de Rham complex DR x .# is naturally
filtered, by setting Fj,(.# @¢ N*Ox) = (Fy_x M) @6y N*Ox, and F, DRx 4 is an
object of C”(Ox, Diff'y), according to Exercise 5.1.10(2).
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Lemma 5.4.6. For each p, grg DRx A is a complex in Cb(ﬁx),

Proof. Let us prove the lemma for left Zx-modules. It is a matter of showing that, if V
denotes the connection on .#, that we regard as a connection F,.# — Q% ® F 1.4,
then the induced map gr;V : grg/// — QL ®gr5+1/// is Ox-linear. This follows from
the Leibniz rule. O

Lemma 5.4.7. Locally, there exists p, such that DR)_(1 grzﬂm DRx A is acyclic for
P 2 Po-

Proof. According to the previous lemma, DR)}1 grf DRx # = (grg DRx #)®e6y Px.
It suffices therefore to prove the acyclicity of grg DRx 4 in Cb(ﬁ 'x). One can find,
locally, a resolution the filtered Zx-module (., F,.#) (more precisely, a resolution
of the associated Rees module, see §1.5) by coherent filtered Zx-modules of the form
D, L ®ox Foni|Zx, where 2, is Ox-free of finite rank, F,Zx is the standard
filtration of Zx, F,[ny] is the same filtration shifted by some integer ny, and the
direct sum is finite.

It is therefore enough to prove the assertion for such summands, by a classical
argument of homological algebra, and then for (Zx, F,%x), for which the assertion
was proved in Exercise 1.4.4(3) for p > 1. O

We now consider the commutative diagram

Hom', (DRTIDR .M, 2 ©py Dx) —— Hom o, (DR™'DR.MA, L @oy Dx)

| |
a
HomS, (DR™IF,DR .M, L @py Dx) —> Hom gy (DR E,DR.M,. L @0y Dx)

and we will prove that a,, c, b, hence a, are quasi-isomorphisms locally for p > 0.

(1) For a,, we identify DR~ F, DR . to (A% @y Fpretl' @6y Zx, DR (V)),
as in the proof of Proposition 5.4.2. Then a, is termwise an isomorphism for each p,
according to Exercise 5.3.1(4).

(2) According to Exercise 5.4.5(2), we identify J#om ¢, (DR DR.Z, L' ® ¢\ Px)

to
lim #om o (DR™' F, DR.#, %" @0, Ix)
p
and thus to

lim #om 'y, (DR™' F, DR, %' ®p, Ix).
P
That Condition 5.4.4(1) is fulfilled follows from the Ox-injectivity of £’ and Exer-
cise 5.3.8(1). Condition 5.4.4(2) follows from Lemma 5.4.7. Therefore, ¢ is a quasi-
isomorphism for p > 0, according to Lemma 5.4.4.
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(3) In order to prove that b is a quasi-isomorphism, we will first analyze the dif-
ferential of the corresponding complexes. We cannot apply directly Lemma 5.4.4 to
these complexes, since the terms are of the form #om g, (V% @ ', L") 26, Px and
we cannot assert that liilp(Op) Rey Dx = liglp(-p ®ey Px) for a projective system e,
of Ox-modules, since Zx is not of finite rank over Ox. We will thus consider the
filtration F,Zx in order to use 1i£ﬁp.

The differential @ of the complex %mf@X (DR_lDR ML Qe Dx) sends a
local section ¢ of om g, (™ @ 4", £") to the section p oV + ¢(+ ® V(1)) of
Hom o (Vv @ M, L @ Fy Dx), where V(1) is the same as in Exercise 1.1.9(1).

We can therefore filter the complex j‘(bmf%( (DR™'DR.#, %' ®¢, Px) by setting
Gy Hom o, (Vi @ M, L' @ Dx) = Hom oy (V5" @ M, L' @ Fpi1,Px).

The differential gryd of the graded complex satisfies gr;9(p) = ¢(» ® V(1)). The
graded complex can then be identified, up to a shift by n in the gradation, to the
complex #om g, (M, L' @ grf Sp® Zx). According to Exercise 1.1.9, we find that
the inclusion of complexes

Go somby, (DRT'DR.A,.L @oy Dx) — Homly, (DRT'DR.A,.L @6y Dx)

is a quasi-isomorphism. A similar argument applies for each p to the complex
f%”omfgx (DR F, DR A, @6, Zx). We can now apply Exercise 5.4.5(2) to
terms of the complexes Gg(+) in order to obtain

Go Hom'y, (DR DRA, L @0y Dx)

= lim Gy #omy, (DR™' F,DR.4,.%' @0, Px).
p

Since

[Go Aom?, (DR F, DR, % @0y 7x)]"
= Hom o (Vv @ Fy ', L' @ Fpyi v Dx) = FF

c Ty
Condition 5.4.4(1) holds by the O x-injectivity of £’ ® F), 4, Zx and Condition 5.4.4(2)
follows moreover from the local acyclicity of DR ™! grfj DR . for p > 0.

End of the proof of Proposition 5.4.3. We continue to assume that .#° = .4, and we
will prove that the composition of the arrows in (5.4.1) is an isomorphism. This is
a local question. Let .Z° be a resolution of .# by locally free Zx-modules of finite
rank. Then DR;(1 DRx #° is a resolution of DR;(1 DRx .# by locally free right
Px-modules, so by definition

Hom 5 (DR DRx A, L @¢y Dx) = RHom g, (DR DRx M, L @0y Dx).
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On the other hand, Proposition 5.4.2 applied to the acyclic complex --- — .#' —
Kerdy — 0, with do : #° — .#, shows that

Hom'y, (DRY' DRy M, L @6, Dx) — Homb, (DRY' DRx A, &' @oy Dx).
is a quasi-isomorphism. Since
Hom', (DRY' DRx A%, L' @6 Dx) — Hom g, (DRY DRx 4%, %' @6, Dx)

is an isomorphism for each k, we obtain that (5.4.1) is an isomorphism when . is
Px-coherent. By using similar arguments, we get that (5.4.1) is an isomorphism for
any bounded complex .#Z° with Zx-coherent cohomology. O

5.5. Local duality

The local duality theorem compares duality functors in various categories, and the
biduality isomorphisms in each category.

5.5.a. Duality in D" (Zx). We fix an injective resolution .#* of wx[dim X] as a

right Zx-module. Let .Z*° be a bounded complex of right Zx-modules. We set
D'.#* = #om', (DRy' DRy .#°,DRy' 7).

According to Exercise 5.3.7, this is a complex in C;&(@X). Moreover, since

Hom'y (L@ Dx, H* @ Dx) = Hom oy (L, H*)R6, Dx for every Ox-module .2,

this complex has zero kth cohomology for k > n + 2, after [16, Th. 3], and therefore

%m%x (DR%' DRy .#*, DRy #*) has zero cohomology for k > 0.

The correspondence D : .#* — D'.#* is a functor from K"(Zx) to Ki}(@x),
that we will also regard as a functor K”(2x) — K™(Zx). Proposition 5.4.2 and
the remark above (together with a standard result on derived categories, see e.g. [27,
Prop.13.1.12]) shows that it induces a functor from D”(Zx) to DEf(@X) and to
D"(Zx). Moreover, it does not depend on the choice of .#*: given two such reso-
lutions J£1°, 5" of wx[n], there exists a unique morphism J7;° — " and a unique
morphism 7" — J" extending Id : wx|[n] — wx[n]. These morphisms induce
canonical identifications of the corresponding D" (s).

More classically, the duality functor D from DP(Zx) to DP(Zx) is defined as the
functor R #om g, (M °,wx[n] ®eyx Px). According to (5.4.1), there is a morphism
of functors D' — D.

Corollary 5.5.1 (of Prop.5.4.3). When restricted to DY, (Zx), we have D' = D. [

5.5.b. Duality of bounded differential complexes of finite order. For JZ* as
above, we define a duality functor Dpg from D" (&0, Diffl,) to DT (€, Diff;) by
setting

Dpig&" = Hombyg (£, DRx #°) = #Homb, (DRY' £°, DRy DRy ).
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According to Exercise 5.3.11, it takes values in D"(&x, Diff'y) and does not depend,
up to a canonical isomorphism, of the choice of JZ*, by the same remark as above.

Proposition 5.5.2. There is a canonical isomorphism DRx oDf ~ Dpig o DRx of
functors from D (Zx) to D°(Ox, Diff'y).

Proof. According to the functoriality of the isomorphism of Proposition 5.3.13, we
have, for .#* in D"(Zx), a functorial isomorphism in D”(&, Diff%;):

Dpig DRx .#° ~ DRy tom5,c(DRx .#°, #*) = DRx D' ./". O

On the other hand, recall that Poincaré-Verdier duality Dpy is a contravari-
ant functor from D"(Cx) to itself defined as R.#mc(s,Cx[2n]) (see e.g. [26,
Def. 3.1.16)).

Proposition 5.5.3. There is a canonical morphism ForgetoDpig — Dpvy o Forget of
functors from D" (O, Diffl,) to D"(Cx).

Proof. By definition, there is a canonical and functorial morphism Forget #om b ¢ (s, «)
to omc(Forget s, Forget«). We therefore have such a morphism

Forget Dp;g." = Forget #om b o(#° DRx #°)
— JHomc(Forget £ ,PDRx £ °).

Now, each term of J#* is O'x-injective, and so is each term of PDRx .#°, since A*O x
is locally Ox-free (this follows for instance from the main theorem of [15]), and thus
Cx-injective, so that PDRx J£* is an injective resolution of PDR x wx[n] ~ Cx|[2n].
As a consequence,

Htomc(Forget £°,PDRx ") = R . #omc(Forget £°, Cx[2n]) =: Dpy Forget £*.
O

Corollary 5.5.4. There is a canonical morphism PDR x oD — DpyoPDRx of functors
from D2, (Zx) to D°(Cx).

Proof. Let us apply Forget to the isomorphism of Proposition 5.5.2, where we can
replace D! with D, according to Corollary 5.5.1. We get an isomorphism PDRx oD ~
Forget oDp;ig o DR x, and then the desired morphism, by applying Proposition 5.5.3.

O

5.5.c. The local duality theorem for holonomic Zx-modules.

Theorem 5.5.5 (Local duality theorem). When restricted to the category DEOI of bounded
complexes with holonomic cohomology, the morphism of Corollary 5.5.4 is an isomor-
phism.
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5.6. Local duality and external tensor product

Recall the notation of Exercise 2.2.12(2). Given to complex manifolds X and Y,
denote by px, py the projections of X XY to each factor. Given a sheaves of C-vector
spaces Fx and Fy, denote by Fx K¢ F#y the tensor product p}lﬁx ®c p{,lﬁy,
where p~! denotes the sheaf-theoretic inverse image. We call it the C-external tensor
product.

Exercise 5.6.1 (C-external product).
(1) Adapt the results of §§5.1-5.4 to the sheaves Ox K¢ Oy and Zx K¢ Dy .
(2) Show that X defines functors
M(Ox, Diffl,) x M(0y, Difft,) — M(0x K¢ Oy, Diff; Kc Diff!,),
and similarly for D?, etc.

(3) Show that the following diagram commutes:

M(Cx, Diffl,) x M(&y, Diff},) —— M(0x K¢ Oy, Diff'y K Diff})

Forge{ IForget IForget

M(Cx) x M(Cy) M(Cxxy)

and similarly for D’ and D*.

Exercise 5.6.2 (Diff-external product). We keep the notation of Exercise 2.2.12. Recall
that we have defined bifunctors

&g : M(ﬁx) X M(ﬁy) — M(ﬁxxy),
X@ : M(.@X) X M(@y) [ — M(.@Xxy).
(1) Let Zx (resp. Zy) be a Ox-module (resp. Oy-module). Show that
(Zx ®oy Ix )Xo (L Roy, Dyv) = (Lx N Ly) @0y Dxxy
= [(iﬂx Ne Zy) @oxReoy) (Zx Re @Y):| Q(oxReoy) Oxxy

= [(XX Qe Ix) Ke (Y Qoy @Y)} ®(oxReoy) Oxxy-

(2) Show that, given Zx-linear morphisms ux : Lx Qg Ix — Ly Qo Px and
uy : LYy ey Dy — L4 Q6 Dy, ux Kc uy induces a morphism
ux Mg uy : (Lx Qpy Dx) Ry (L Roy Dy) — (L% R0y Zx)NRo (L R0, Dy).

(3) Conclude that the external product Mg is a bifunctor M;(Zx) x Mj(Zy) —
M;(Zx xy)-

(4) Show that DRxy«y [(XX Ko 9}() X (gy &Koy @y)} = Y Kg Y
(see Exercise 5.1.15) and that X4 extends as a bifunctor

Rpig : M(Ox, Diffl,) x M(0y, Diffl,) — M(Ox .y, Diffy ).
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(5) Extend these constructions to D® and, by using flatness of @xyy over
Ox W Oy, to D*.

(6) Denote by D, (Ox,Diffl;) (resp. Dy (Ox,Diffl)) the full subcategory

of DP(0x,Diffl;) whose objects Ly are such that DRy'.Z% has Zx-coherent
(resp. Zx-holonomic) cohomology. Show that the following diagram commutes:

) ) Mpig .
DEol(ﬁXa Dlﬂg{) X Db (ﬁvalﬁ';) g chjoh(ﬁXXYv Dlﬁg(XY)

coh
Forge{ IForget IForget
Xc
DP(Cy) x D°(Cy)! D"(Cxxy)

[Hint: Use Proposition 4.5.2 and Exercise 5.2.12.]

Lemma 5.6.3. There exists a functorial morphism (DpyZx) Mc (DpyZFy) —
Dpv(ﬂ\X &(C yy) fO?" yx m Db((C)() and yy mn Db((Cy)

Proof. Let us choose injective resolutions .#x of Cx[2dim X] and #y of Cy[2dim Y.
Then Zx K¢ .y is a resolution of Cx xy[2dim(X x Y)], and there exists an injective
resolution x X¢ Sy — Fxxy. Then

(5.6.4) L%m«;(gzx, ﬂx) X e%”omc(ﬁ‘\y, fy) — %mc(ﬁx K Sy, Ix K¢ fy)
— Somc(Fx Be Py, Ixxy)

is the desired morphism. O

Proposition 5.6.5. There exists a functorial morphism (Df///X) Xy (Df///y) —
D' (x Ry My) for Mx in DLy(Dx) and My in D}y (Dy). Moreover, this mor-
phism gives rise to that of Lemma 5.6.3 after applying PDR and using the canonical
isomorphism of Proposition 5.5.2.

Proof. We first work everywhere with K¢ as in Exercise 5.6.1. Let Jx, #y be as in
§5.5.a and let #x xy be an injective resolution of #x Ky Ay ~ wxxy[dim(X x Y)]
(as a right Pxxy-module). It is also an injective resolution of #x K¢ #y as a
Px WV Py-module, since Dxy is Px K Dy-flat (see Footnote on Page 77). Then
Jx :=PDR Jx is an injective resolution of Cx[2dim X] and similarly for Y. More-
over, Ixxy = PDR J#x«y is an injective resolution of Cxxy[2dim(X x Y)] (here,
PDR is taken either in the K¢ sense or in the Xg-sense, this amounts to the same,
see Proposition 4.5.2).
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We have DR~ (#x K¢ #y) = (DR™ #x) B (DR %), and a natural mor-
phism, for .#x in D&(@X) and Ay in D}}(@y),
(5.6.6) Homb, (DR™'DR.#x,DR™' #x)Kc Hom?, (DR™'DR.#y, DR #y)
— Hom'y @, (DR DR(Ax K My), DR™ (A Hc Hy))
— Hom'y, 5.5, (DR DR(Mx B #My), DR™ (Hx xy))-
Let us apply PDR to both terms. Then, according to a K¢ analogue of Proposition
4.5.2 (which is simpler) and the local duality theorem (Corollary 5.5.4), we find the
morphism (5.6.4)
(567) %mC(pDR%)Qfx) g([j jfomc(pDRe/ﬂy,fy)
— Stomc(PDR( A x R My), Ixxv)
= %mc(pDR/fx Xc PDR Ay, jxxy)

for ¥x =PDR A x, Fy = PDR .#y and Ix, Iy, Ixxy as above.

On the other hand, since all terms in (5.6.6) are holonomic, (5.6.7) can be obtained
by first applying ®4,®.2, Zx xy to (5.6.6) and then PDR, according to Proposition
4.5.2. The first term gives

[%ﬂomf@x (DR™' DR .#x,DR™" #x) Kc #om',, (DR DR.#y,DR™! #)
RoxRezy Dxxy
= som?, (DR DR .#x,DR™' H#x) Ky Hom', (DR™'DR.#y, DR %)
= D' #x Ry D' My
For the last term, let us denote by DR}%CY the functor DR™" used in (5.6.6). Then

(DR}%CY J{/Xxy)t QpxRedy DXxy = (DR}&Y%XXy)t, and the r structures are
also compatible. We now have

Hom'y, 5.9, (DRxg y DR(Ax Re My ), DRy (Hx xv))t ®x ey Dxxy
= Hom'y, gy (DRxg y DR(Ax Re My), DR,y (Hxxv))
= Aom'y,, (DRY y DR(Mx B My), DRY v (Hx xv))
= D' (ttx Ry My). O
Corollary 5.6.8. Let p : X XY — Y denote the projection. There exist
e a functorial isomorphism a : pt Dy > D(p*.dly) for My in DYy (Dy),
« a functorial isomorphism b : p~(Dpy Fy)[dim X] — Dpy(p~ ' Fy[dim X])

for Py in D2(Cy),
which are compatible, up to a nonzero constant, via PDR.

Proof. By using the standard free resolution of wx, one constructs an isomorphism
¢ : Dwx — wx. On the other hand, there is a canonical isomorphism (Poincaré
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duality) 9 : DpyPCx — PCx. Applying PDR to the first one gives the second one
up to a nonzero constant.

Proposition 5.6.5 shows that local duality is compatible with external product. We
thus have a diagram:

PDR(p* D.#y)
\
PDR(wx Ky D.Ay) PDR(D(p*.#y))
||PDR(p K 1d)

pDR(DwX &@ Dﬂy) B — pDR( wX |X|@ %y))

l JZ
(DPVP(CX) |X|(c (DPVPDR %Y) E— Dpv(p(CX |Z|(c PDR ﬂy)
YRId

~

p(CX IXC (DpvaR .//)/) Dpv( DDR %y [dlm X])

/

p_l (DPVpDR %y) [dlm X]

whose middle rectangle commutes. The isomorphism a is defined by the commuta-
tivity of the upper part, and b by that of the lower one. The right vertical composed
arrow is produced by local duality, why the left one is a multiple of the local duality
by a nonzero constant. O



LECTURE 6

COMPUTATIONAL ASPECTS IN -MODULE THEORY

6.1. Review on the Grobner basis of an ideal in a polynomial ring

Let k a commutative field. We choose on N* a well-ordering. By definition, for
such an ordering, all nonempty subset in N* has a smallest element. We assume that
this relation is compatible with addition in the semi group N":

Va,f,yeN, azf=a+p20F+".

Exercise 6.1.1. Show that an ordering on N' is a well-ordering if and only if every
strictly decreasing sequence in N' is finite.

The first example is the lezicographic ordering, which is defined by induction:

a:(0417...,CY7~)>ﬁ:(/617""ﬁ7‘)

when ay > 1 or when a; = 81 and (aw,...,a;) > (B2,...,0,) (the natural ordering
of N for r =1).
The second example is the graded lexicographic ordering, defined by induction:

Oé:(Oél,...,Otr)>6:(ﬁla~"vﬂr)

if |a| > |B|, or if |a] = |B| and o > § for the lexicographic ordering define before
(Jal = 3"i_, a; denotes the length of the multi-index a € N¥).

Exercise 6.1.2. Show that the lexicographic ordering (resp. the graded lexicographic
ordering) is a well-ordering compatible with addition in the semi group N*.

Given a well-ordering on N*, we will use the following terminology:

Definition 6.1.3. Let P = a,X“ be a nonzero polynomial in k[X1,...,X,].
« The multidegree of P is d(P) = max{a € N* | a, # 0}.
+ The leading coefficient of P is LC(P) = aq(p) € k.
« The leading monomial of P is LM(P) = X¥P) ¢ k[X,,..., X,].

Proposition 6.1.4. Let P,Q € k[X4,...,X,] be two nonzero polynomials. We have:
« if d(P) > d(Q), then d(P + Q) = d(P) and LT(P + Q) = LT(P),
« if d(Q) > d(P), then d(P + Q) = d(Q) and LT(P + Q) = LT(Q),
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| ) d(P+ Q) = d(P) = d(Q)
« ifd(P) = d(Q) and LC(P)+LC(Q) # 0, then {LT(P +Q) = LT(P) + LT(Q),

« if d(P) = d(Q) and LC(P) + LC(Q) = 0, then d(P + Q) < d(P).
Proof. Write the polynomials P and @ as
P=LC(P)XP) + 3" a,X* Q=LCQX"D+ > byx*

d(P)>a AQ)>p
If d(P) > d(Q), we obtain:
P+Q=LC(P Y+ ) (ay+by)
d(P)>vy
If d(P) = d(Q), we obtain:
P+Q = (LC(P) + LC(Q Y+ Y (ay +b)X
d(P)>~

The proposition follows from these equalities. O

We can now give a division algorithm for polynomials in k[ X7, ..., X,] that extends

the Euclidean algorithm for one variable polynomials. The goal is to divide F' €
k[X1,...,X,] by nonzero polynomials F1,..., Fs € k[Xq,..., X,].

Proposition 6.1.5 (Division of a polynomial by a family). Let Fy,..., F, € k[X;,..., X,]
be nonzero polynomials and let F € k[Xy,...,X,]. Associate to F a sequence
(Agl)7 ., AD PO, RO)ey in k[X1, ..., X, ]°t? defined inductively by:

1) (A"”,..., AP, PO RO = (0,...,0,F,0),
(2) (2.1) if P%) =0, then for £ >k
(A, A0, PO ROy = (AP AW p®) RK)),
(2.2) if for every i, 1 < i < s, LM(F;) does not divide LM(P®*)), then
AR =AW 1 <igs
pl+l) — plk) _ (p(k))
R*+D — p) L (P,
(2.3) or else, let j = inf{i | 1 <i < s, LM(F;) divides LM(P®)}; then,
AR = AW fori#j
AP = AW LoP®) /Lo (Fy)) x AP -dE)

pl+) — pk) _(Lo(P®)/LC(F;)) X AP®)—d(F;) F
R+ — p(F)
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Then, for every integer k, we have:
F=APF +...4 AWF, 4+ p® 4 pK),
Moreover, d(P®)) > d(P®*+1), d(Al(»k)) < d(F) — d(F;) and P®) are zero for k large
enough. We set kg = inf{k | P*) = 0} and call the ordered family
(Af"),..., Alk), RlEo))
the result of the division of F by F,...,Fy and R%*®) the remainder of F in the
division by Fi, ..., Fs. We obtain:
F=AMpg ... Ak)p, 4 gko)
with d(Af”) + d(F;) < d(F) for 1 < i< s and none of the terms of R*%0) s divisible
by any of the LM(F;) for 1 <i < s.
Proof. By induction, it is easy to check that for every integer k, we have:
F=AYF 4. . APF, + p*) 4 gH),

By construction, if P**) # 0, the polynomial P*+1 is zero or has a strictly smaller
multidegree. This proves the existence of the integer ky. By induction, it is obvious
that no term of R%*) is divisible by the leading monomial of any F;. Moreover, for
every k, we have d(F) = d(P®) > d(P®). By induction, we deduce that, for
1<i<s, d(A¥) +d(F;) < d(F). We take k = kg to finish of the proof. O
Example 6.1.6. Let us consider the lexicographic ordering on N2. The result of the
division of F' = X% — XY2+ X2 —Y? by (F} = X?+ Y, Fy, = XY + X) is:

F=(X+1)F -YFRB-Y?-Y.
We remark that the remainder is not zero. But, as Y2 +Y = (1+Y)F; — XF,, we
have:

F=(X-Y)Fi+(X-Y)F,

and F is nevertheless in the ideal generated by Fi, Fb.

Exercise 6.1.7. Give a example where the remainder of a polynomial on division by a
family does depend on the order of this family.

Definition 6.1.8. An ideal of k[X7,...,X,] is a monomial ideal if it is generated by a
family of monomials

Proposition 6.1.9. Let I be a monomial ideal generated and (Xﬁ)geA a generating set.
Let P =€ )", aa X be a polynomial. Then, P belongs to I if and only if every term
of P is multiple of some X® for B € A.

Definition 6.1.10. Let I be an ideal of k[X, ..., X,]. We denote by in(I) the monomial
ideal of k[X1,...,X,] generated by the leading monomials of the nonzero elements
of I.
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Definition 6.1.11. Let I be an ideal of k[Xy,...,X,]. We call Grobner basis of I a
finite set F ..., Fs of I such that LM(F}),...,LM(Fy) generate in([).

If we lift a finite generating set of in(I), we obtain a Grobner basis of I. Therefore,
Grobner bases exist.

Proposition 6.1.12. Let I be a nonzero ideal of k[X1,...,X,] and let Gy,...,Gs be a
Grobner basis of I. Then, for every F € k[X1,...,X,], there exists Ay,..., A5 €
k[X1,...,X,] and a unique R € k[X;,...,X,] such that:

F:iAiGi+R,

i=1

where R =0 or none of the terms of R is in in(I).

The polynomial R is called the remainder of F' in the division by the Grobner basis
Gy,...,Gs.

Proof. We consider the division of F' by the family G1,...,Gs. None of the terms of
the remainder is divisible by LM(G,), ..., LM(Gs). If follows from Proposition 6.1.9
that none of these terms is in in(7). Then, the result of the division of F' by the
family G1,...,Gy gives a decomposition satisfying conditions of the proposition. If
we assume that there are two distinct remainders R and R’, we obtain R — R € I;
it follows that LM(R — R’) € in(]); this is impossible because, after the condition on
the remainder, none of the monomials of R — R’ is in in([). O

Proposition 6.1.13. Let I be a nonzero ideal of k[X1,...,X;]. Then, every Grobner
basis G1,...,Gs of I is a generating set of I. And for every F € k[Xq,...,X,], we
have F € I if and only if the remainder of F in the division by Gy, ...,Gy is zero.

Proof. The key is the last assertion. Let us show it. Let R be the remainder of F' in
division by the Grébner basis Gy,...,Gs. As G1,...,G, € I, the polynomial R is in
I. So, R =0 or LM(R) € in(I). From the assumption on R, this implies R =0. O

Definition 6.1.14. Let F,G € k[X, ..., X;] be two nonzero polynomials, X* = LM(F)
and X7 = LM(G). Let v be the least common multiple of X and X”. The S-
polynomial of F and G is the combination:
X« X718 X X
S(F,G) = F— G= F—
(F.G) LC(G) LT(F) LT(G)

- LC(F) ¢
Remark 6.1.15. We have d(S(F,G)) < 7.

Proposition 6.1.16. Let I be a nonzero ideal of k[X1,...,Xs] and Gy,...,Gs a gener-
ating set of I. Then, G1,...,Gs is a Grébner basis of I if and only if the remainders
of S(G;,G;), 1 <i<j< s in the division by G, ...,Gs are zero.
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Proof. Let G1,...,Gs be a Grobner basis of I. As S(G;,G;) € I it follows from
Proposition 6.1.13 that the remainder of S(G;,G;), 1 < ¢ < j < s in the division by
Gq,...,Gg is zero.

Conversely, assume that these remainders are zero. We have to show that, if P € T
is not zero, we have LM(P) € (LM(G1),...,LM(Gy)). As G1,...,G, is a generating
set of I, there exists Py,...,Ps € k[X1,..., X;] such that

(*) P = zg:PZGz
i=1

Let d = max{d(P;)+d(G;)}. Choose () with d minimum. Then, set I' = {i | d = d(P;) + d(G;) }.
If d(P) = d, we have

LT(P) = Y LT(P)LT(G;) and LM(P) € (LM(G)),...,LM(G,))
iel
If d(P) < d, we have
> LT(P)LT(G;) = X* Y LC(P)LC(G;) = 0.
i€l i€l
Then, choose ig € I' and let v(7,4) € N™ be such that
X700) = lem(LM(G;), LM(G3,))
For every i € ', X% is a multiple of X7(%%)  Therefore, we obtain
LT(P)G; = LM(P,)LC(P,)G; = Xd‘V(i’iO)LC(Pi)LC(GZ-)(mGi).
LT(G:)
But the remainder of S(G;, G;,) in the division by G, ..., G, is zero. Hence, we have
X V(%) X (0

) S
S(GiaGio) = Gi - Gio = § :UiviOfG‘?
LT(G;) LT(Gi,) =

with d(U; 4,,5) + d(G5) < v(4,40). It follows that

(i,%0) id
LT(P)G; =Y X G (pILC(G; LGi U i G
DLI(PIG =) (PILCE) (ferery o+ 3 Vit )

= Z Xd_’Y(i’iO)LT(Pi)LC(Gﬂ ( Z Ui7i0,jGj)
iel j=1

As P =3 cr LT(R)Gi + e (P — LT(R))Gi + 3 4p PiGi, we deduce a new way
of writing P. This shows that d is not minimum. O

We now explain an algorithm that computes a Grébner basis of an ideal I of
k[Xy,...,X,] from a given finite generating set.
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Proposition 6.1.17 (Algorithm for a Grébner basis). Let I be an ideal of k[X,. .., X{]
generated by a finite set Fy,...,Fs. Define by induction a sequence (Fl(k), ey F,Sl,f )
of polynomials

no=s, F”=Fr,. . F9=F,

If ng), e Rl(f) are the nonzero remainders of S(Fi(k),Fj(k)), 1 <1< j < nygin the
division by Fl(k), . ,Ffli), set

N1 = N + g, F
* R®  ifi >y

1—Nk

k p .
k) _ {Fi( b i<y,

Then, for kg large enough, (Fl(k“)7 . ,F}Lﬁg)) is a Grobner basis of I.

Proof. At each step, Fl(k)7 .. .,F,SIZ) is a generating set of I. If a remainder R of
S(Fi(k),Fj(k)) in the division by (Fl(k), . .,F,E‘;)) is not zero, LM(R) is not in the
monomial ideal J; = (LM(Fl(k)),...,LM(FT(Ll,i))) and Fl(k), . .,F,(le) is not Grobner
basis of I. The sequence Jj is an ascending chain of ideals in k[X7,...,X;]. As
k[Xy,...,X,] is a Noetherian ring, this chain stabilizes. Therefore, there exists kg
such that every remainder of S(Fi(ko), Fj(ko)) in the division by Fl(k“), s Fy(ll,fz) is zero.

By Proposition 6.1.16, we deduce that Fl(ko), e ,F,E’:g) is Grobner basis of 1. O

We end this section with an algorithm computing the intersection INk[Xy, ..., X;]
of an ideal I in k[Xy,...,X;] given by a finite generating set with the subring

k(X ..., Xs] for 1 < £ < s. We have seen there exists an algorithm computing
a Grobner basis of I, hence an algorithm computing the ideal I N k[Xy,..., X] in
k[Xy,...,X;] is a consequence from the following proposition:

Proposition 6.1.18. Let I an ideal in k[X1,...,Xs] and let £ € N, with 1 < £ < s.
Choose a well-ordering compatible with the addition such that, for 1 <i,57 < £—1, the
multidegree of X; is larger than the multidegree of any monomial which is independent
of X1,...,Xe—1 (for instance, a lexicographic ordering). Let G be a Gribner basis of
I, then the set G NKk[Xy, ..., Xs] is a Grobner basis of I N k[ Xy, ..., X;]

Proof. 1t is enough to use the criterion of Proposition 6.1.16 to get the result. O

6.2. Grobner basis of a noncommutative algebra

We choose on N" a well-ordering compatible with the addition. In this subsection,
we consider a commutative unitary ring A and we assume that A is an integral domain.
We denote by K the quotient field of A. And we consider a commutative, unitary,
associative A-algebra . We will make some assumptions on 4 in order to develop
a theory of Grébner basis similar to that of the previous section.
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Assumption 1. There exist z1, ..., z, € B such that the set of monomials (27" ... 22" )aenr
s a basis of # as a A-module.

We will set 2% = 27" ... z& (be careful however: in this way of writing, the ordering
of the z; is fixed).

Thus, we can define the multidegree of a nonzero element P = Y a,2“ of % as an
element in N':

d(P) = max{«a | an, # 0}

Then ¢(P), the leading coefficient of P, is defined as the coefficient of the the highest
degree term in P.

By convention, d(0) = —co. We then have

VP,Qe#, dP+Q)<sup(d(P),dQ))
with equality when d(P) # d(Q) or when d(P) = d(Q) and ¢(P) + ¢(Q) is nonzero.
For every a € N*, we set
By ={P € B|d(P)< a}
PBeo ={P € B|d(P) < a}
grB = @ %a/%<a
aEeNr

Assumption 2. For all o, 3 € N', B,PBg C Bos-
The graded ring gr4 is then naturally a A-algebra.
Assumption 3. The A-algebra grAB is commutative.

We can now define a natural map gr# — A[Z1,...,Z,.| that associates to [P] €
B | B the monomial in(P) = ¢(P)Z4F). This monomial is called the initial part
of P.

Assumptions 2 and 3 on & are in fact equivalent to the condition that, for all
i>je{l,...,r}, one has d(z;z; — z;2;) < d(2;2).

They also imply that, for all P,Q € %, one has d(PQ) = d(P)+d(Q) and in(PQ) =
¢(P)c(Q) ZUP)+d(Q),

We can now define a division of P € £ by a family (Py, ..., P,,) of elements in
%. Let a be the product of the ¢(P;). If d(P) > max{d(P;) | 1 < i < r}, let
j=inf{i | d(P) = d(F;)}. We consider
ac(P)
co(P;)
This element P(1) of % satisfies d(P(1)) < d(P). By iterating the process, we obtain
an algorithm that provides, for every P € %, an integer £ and a family Q1,...,Qmn, R

P(1) =aP — P;.

of elements in & such that

W'P=3 QP+ R
=1
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and, for every i € {1,2,...,r}, d(Q;) + d(P;) < d(P), d(R) < d(P;). As in the
commutative case, the family (Q1,...,Qm, R) depends on the ordering in the family
(Py,...,Py). We call R the remainder of P in the division by Py,..., Py.

Remark that, if % satisfies Assumptions 1, 2, 3 and if B is a A-algebra and an
integral domain, the B-algebra B ® 4 & also satisfies Assumptions 1, 2, 3. In partic-
ular, we will consider the case where B = K is the quotient field of A, or B = A, is
the localization of A along the multiplicative system A — p, or also B = k(p) is the
residual field of A,.

Definition 6.2.1. Let I a left ideal of %, Denote by ing (I) the ideal of k[Z1, ..., Z,]
generated by the initial part of the elements of I. A finite family G,...,Gs of I is
called a Grobner basis of I if (in(Gy),...,in(Gy)) is a generating set of ing (7).

The existence of a Grobner basis of I follows from a choice, for every a € F', of one
element P, in I such that in(P,) = ¢(P)Z*. The family (P,)acr is then a Grobner
basis of I.

Asing(I) = ing (K ®4 I), a Grobner basis of I is also a Grobner basis of the left
ideal K ®4 I of K ® 4 . By means of the division algorithm, we obtain:

Proposition 6.2.2. The remainder (by the previous division algorithm) of P € B in the
division by a Grobner basis of I belongs to ZzagzinK(I) Az®. It does not depends of
the Grébner basis up to a multiplicative constant.

Proposition 6.2.3. Let Py,..., P, € # be a Gribner basis of a left ideal I in B,
a =TI, c(Py) and P € B. The following properties are equivalent:
« there exists an integer ¢ such that a*P € I,

o the remainder of P in the division by Py, ..., Py, is zero,
e PeK®yl.

It follows from this proposition that a Grobner of I is a generating set of K ® 4 1.
Definition 6.2.4. Let P,Q € # ~ {0}, a = d(P), 3 = d(Q). For i € {1,...,r}, set
~vi = max(a;, ;) and v = (y1,...,7% ). We call

S(P,Q) = c(Q)2~"P — o(P)z"77Q
the S-polynomial of P and Q.

Proposition 6.2.5. Let I be a left ideal in B and let Py, ..., P, € I be a generating set
of K®@al. Then, Py,..., Py is a Grobner basis of I if and only if, for 1 <i,j < m,
the remainders of S(P;, P;j) in the division by Py, ..., Py, are zero.

Proof. Tt is the same proof as in the commutative case. O

Remark 6.2.6. As in commutative case, this proposition allows one to give a natural
algorithm for computing a Grobner basis of I from a family Py, ..., Py € I generating
K®yl.
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Let p be a prime ideal of A, k(p) = A, /pA, the residual field of A,. Denote by ¢
the natural evaluation map A — £(p) and the naturel map

B — k(p) @4 B, P=>a,2"r—e(P)=> clay)z".

If I is a left ideal of #, we denote by I - (k(p) @4 H) the ideal k(p) @ 4 L generated
by e(I).

Proposition 6.2.7. Let I be a left ideal of B, P, ..., Py, € # a Grébner basis of I, a the
product of ¢(P;) and p a prime ideal of A such that a ¢ p. Then, (¢(P1),...,e(Py))
is a Grébner basis of I - (k(p) @4 B).

Proof. Let be P € #. Remark that, if R is the remainder of P in the division by
Py,..., Py, then ¢(R) is, modulo the product by a power of e(a), the remainder
of (P) in the division by €(Py),...,e(Pp). On the other hand, the ¢(P;) generate
I (k(p) ®a B) and e(S(P;, P;)) = S(e(F;),e(F;)). Proposition 6.2.5 allows one to
conclude. O

Let ¢ be an integer smaller than r. We identify N with N? x {0} C N".
Assumption 4. € =3 5\, AZP is a subalgebra of B.

The restriction to N¢ of our well-ordering is a well-ordering and thus % satisfies
Assumptions 1, 2 and 3. In order to eliminate the (z;);>4, we make the following
assumption on our well-ordering:

Assumption 5. The well-ordering of N satisfies d(zj) > d(z?) for every j > q and
0 € N4,

Proposition 6.2.8. Let I be a left ideal in B and Py,...,P,, € B a Grébner basis of
I. The subfamily € N{Py,..., Py} is a Grobner basis of the left ideal INE of €.

Proof. Same as in the commutative case. O

We deduce from Proposition 6.2.5 and6.2.8 that specializing at a generic point of
the scheme of the coefficient ring commutes with the intersection:

Corollary 6.2.9. Let I be a left ideal of B et Py,..., Py € B a Grobner basis of 1. If
p is a prime ideal in A that does not contain the product of ¢(Py), then we have

(INE) - (k(p) ©a ) = (I (r(p) @a B)) N (r(p) @4 E).

Example 6.2.10 (Polynomial ring). The ring A[Z, ..., Z,] of polynomials with coeffi-
cients in A satisfies Assumptions 1, 2 et 3 for any total well-ordering compatible with
addition.
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Example 6.2.11 (Differential operators). Let A(Z1,...,2,,0/0Z1,...,0Z,) be the sub-
ring of

Homy (A[Zy, ..., 2], Al Z4, ..., Z}))
generated by Dera(A[Z1,...,Z,]) (derivations of the A-module A[Z1,...,Z,]) and
by the products by elements of A[Zi,...,Z,]. This ring can be called the ring of
differential operators with coefficients in A[Zy, ..., Z,]. It satisfies Assumptions 1, 2
and 3 for every well-ordering compatible with addition.

Example 6.2.12 (Enveloping algebra of a free finite type Lie A-algebra). Let g be a
Lie A-algebra. That is, a A-algebra where the product, denoted by (z,y) — [z,y],
satisfies, for every x,y, z € g,

(1) [z,2]=0

(2) [z, [y, 2]] + [y, [z, 2]] + [z, [z, y]] = 0 (Jacobi identity)
We assume that g is free and of finite type as a A-module. Let z1, ...,z be a basis
of g. The enveloping algebra % (g) of g is the quotient of the tensor algebra of the
A-module g:

T=A0g®(g0a0)®(g0a00a9) @

by the two-sided ideal generated by the tensors z ® y — y ® x — [z, y], where x,y € g.
It follows from the Poincaré-Birkhoff-Witt theorem that the enveloping algebra % (g)
is a free A-module with basis (2%),en and that g is naturally identified with a sub-
module of % (g) [6, Th.1 p.30 and Cor.2 p.33]. As for every i, j, the commutator
ziZ; — zjz; is in g, then, using on N' the graded lexicographic ordering, one has
d(ziz; — zjz;) < d(zzj). Therefore, g satisfies Assumptions 1, 2 and 3.

Another ordering can also be suitable. It depends on the expression of the com-
mutators [z;, z;]. Let a; j¢ € A such that

r
[2025) = ) aijaze.
(=1

The algebra % (g) is the solution to a universal problem. It is naturally isomorphic
to a quotient of the associative free algebra built on the alphabet {Z;,...,Z.} by
the two-sided ideal generated by the elements Z;Z; — Z;Z; — Zle a; ;120 where
1<i<j<r.

Example 6.2.13 (Quotient of a words algebra). Let {Z;,...,Z.} be a set of cardinal r.
Denote by & the associative free A-algebra built on the words of the alphabet
{Z1,...,Z,}. Foreveryl1 < i< j<rand0<{<r,letus give elements a; ;¢
of o and set R; ; = > ,_, i jeZ¢+ a;jo, and R;; =0 and R;; = —R,; ; (for j < i).

We assume that R; ; satisfy the so-called Jacobi relations: for every 1 < i < j <
kE<r,

r T r
E ajkeRip + E a0l 0 + E a; 0B = 0.
=1 =1 =1
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Let Z be the two-sided ideal of &7 generated by the elements
pi»j = ZZZJ - ZJZZ - Ri,j~

It is easy to deduce from the previous example that the A-quotient algebra o7 /%
satisfies Assumptions 1,2,3.

6.3. Some applications

6.3.a. Computation of the characteristic variety. Let A, (k) be the Weyl alge-
bra with n variables k(Z1,...,Z,,0/0Z1,...,0/0Z,). Let us consider the following
ordering of N x N™: (o, 8) < (/, ') if |B] < |B'] or |8] = |F| and («, 3) smaller
than (a/, 8") for the lexicographic ordering.

Let us consider a left ideal J of A, (k). If P1,..., P, is a Grobner basis of J, then
the principal symbols o(Py),...,0(P,) generate the ideal of k[x1,..., 2y, &1,. .., &)
generated by the principal symbols of the elements of J.

If k = C, the zero set of o(P1),...,0(P,) is the characteristic variety of A4,,(C)/J.

6.3.b. Algorithmic computation of the Bernstein-Sato polynomial, see [7].
Let m be a section of a left A, (k)-module M and let F' € k[X1,..., X,] be a polyno-
mial. We set A, (k)[s] = k[s] @k An(k), which has a natural structure of k-algebra.
We denote by M[1/F, s|F? the k[ X, s, 1/F]-module naturally isomorphic to M[1/F, s],
with the action of A, (k)[s]-module shifted from the natural one by F*:

0 m) s OF

F°+ — F*.
oxX, +

. B o
Vme M{U/F,s], Yi=1,..n, s (mF*) = (

We then consider the following ideal of k[s]:

Fox, "

I(m,F) = {b(s) € k[s] | b(s)mF* € A, (k)[sjmF*"'},

where F*tt = F . s,
We want to describe an algorithm to compute the ideal I(m, F'). We will make the
following assumptions.

(A1) We assume that we know a system of generators (P, ..., P,) of the left ideal
ann 4, (g An(k)m = {P € An(k) | Pm = 0}.

(A2) We assume (for simplicity) that A, (k)m has no F-torsion.

In order to get this algorithm, let us consider the algebra & = A, (k)[s](0/0T),
which is the quotient of the free A, (k)[s]-algebra generated by 0/9T by the only
supplementary non trivial relation

s(8/0T) — (8/9T)s = (9/IT).
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The formalism of Grobner basis can be applied to A,,(k)[s] and to &. We will consider
the lexicographic order such that:

o 0 . <
aT ~ 9X, ax, ~°
If P(X,s,0/0X) € A,(k)[s], we set
~ 0 OF 0 0 oF 0
P_P(X,s,—aX1 t oo gt aXneTT) cé&.

Let us describe now the algorithm. We start with the set of generators o(P),...,o(F;)
of ann 4, () An(k)m. By the algorithm giving a Grobner basis, we construct a Grébner
basis ¢ of the left ideal in & generated by

B Bst PO
Next, we consider 4 = ¢ NA,(k)[s]. Still using the algorithm giving a Grébner basis,
we construct a Grobner basis .Z of the left ideal in & generated by fg, F.

Assertion. I(m, F') is generated by £ N k|s].

In order to prove this assertion, notice that M[1/F, s|F*® has a natural structure
of left &-module which extends the structure of left A, (k)[s]-module:

a s s—1
8—Ta(s,X)mF =—a(s—1,X)smF°".

Notice that

0 0 s O s
(sa—T — a—Ts)a(&X)mF = a—Ta(s,X)mF .

Lemma 6.3.1. ’PZ, cee .’PZ, s+ FOF /0T is a set of generators of anng&mE*

Proof. The proof is left to the reader. Be careful, the assumption “no F' torsion” is
used here. ]
Then, we remark that
anngEmE* N A, (k)[s] = anny,, ()[s) An (k)[s]mF*.
Lemma 6.3.2. ann 4, iy(s) An (k)[s]mF® + A, (k)[s]F is the ideal annihilating the class
of mF* in the quotient A, (k)[s|mF?* /A, (k)[sjmFs+!.
Proof. Left to the reader (easy). O
Finally, the assertion follows from the lemmas and from Proposition 6.2.8.
If M is a holonomic A, (k)-module, Bernstein has proved in 1972 that, for any

section m of M, the ideal I(m, F') is not reduced to {0}. The generator of I(m, F') is
called the Bernstein polynomial associated to m, F' (see also Lecture 7).



LECTURE 7

SPECIALIZABLE %x-MODULES

In the theory of sheaves of vector spaces over a field, there are standard functors
which allow one to restrict a sheaf on X to a closed subset Y« X , namely the
inverse image, denoted by i !, and the extraordinary inverse image, denoted by 3'. For
constructible sheaves on complex analytic spaces, other functors (nearby/vanishing
cycles) may be used.

The notion of specialization of sheaves (more precisely the functors called “nearby
cycles” and “vanishing cycles”) has been introduced by P. Deligne. It is a powerful
tool as it generalizes the “cohomology of the Milnor fibre” attached to a function on a
manifold. A “dual” notion, that of microlocalization of sheaves, has been introduced
later by M. Kashiwara and P. Schapira (although some aspects of it were present in
the work of M. Sato). These functors often replace the inverse image functor with
respect to the inclusion of a hypersurface in the ambient manifold. One of their main
advantages is that they preserve the property for a sheaf of being perverse. The reason
for this is essentially that they commute with the duality functor for constructible
sheaves (Poincaré-Verdier duality), a theorem due originally to O. Gabber.

Except in the noncharacteristic situation (see §2.3), the restriction of a Zx-module
to a smooth closed subvariety Y is in general not Zy-coherent. Given a submanifold
Y C X, it is natural to consider the category of Zx-modules for which the restriction
to Y is Py-coherent. This is related to complex boundary value problems in the
theory of partial differential equations. However, even if the restriction of .Z to Y
is Yy -coherent, the restriction is usually not a single Zy-module but a complex
with many cohomology modules. Introducing the notion of specialization (also called
“moderate nearby cycles” and “moderate vanishing cycles”, in analogy with sheaves)
allows one to understand better each cohomology module of the restricted object.

One is therefore led to give an analytic or algebraic version of the topological
specialization functors (for instance, these functors happen to be one of the main
tools in the theory of polarized Hodge Modules [54]). This is has been done for Z-
modules by B. Malgrange in an important special case, and then by M. Kashiwara
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in general. Their interest was motivated by a topological theorem of M. Goresky and
R.D. MacPherson, which says that “the sheaf of nearby cycles of a perverse sheaf is
perverse”. Moreover, the notion of specialization for Z-modules is often more useful
than the restriction.

The basic idea in the construction is to replace the notion of monodromy and its
minimal polynomial, which is inherent to vanishing cycles of sheaves, with the notion
of Bernstein polynomial and Malgrange-Kashiwara filtration, denoted by V.

The purpose of this lecture is to introduce the latter notions and to consider their
behaviour under direct images. We will present them with some details. The compu-
tational aspect has yet been considered in §6.3.b.

Holonomic Zx-modules (see Chapter 4) are basic objects, when applying the the-
ory of partial differential equations to algebraic geometry. They may be defined in
various ways. The geometrical definition is by the dimension of the characteristic
variety. The algebraic definition is by the vanishing of &t %X (M, Dx) for k # n.
One of the main result says that holonomic Z-modules are specializable along any
hypersurface. This is Bernstein theory in the algebraic situation, and this is a result
of M. Kashiwara in the analytic setting.

There is a third definition of holonomic Z-modules by using the notion of special-
ization. Consider the category 4%, of coherent Zx-modules .# with dim Supp .# < n,
which are specializable along any germ of hypersurface cutting the support in codi-
mension one, and such that their moderate nearby or vanishing cycles are in ¢, 1.
This defines inductively the category 7;. One can prove that this category is nothing
but the category of holonomic Zx-modules with dim Supp .#Z < n.

It is not much more difficult to analyze the specialization of Z-modules equipped
with a good filtration. This explains the following notation in this lecture: @X denotes
the sheaf Zx or the Rees sheaf of rings RrpZx introduced in §1.5, from which we
keep notation. In the first case, we set z = 1 in the formulas below, and 0 = 0.
Similarly, we denote by ﬁ’NX the sheaf Ox or the sheaf RpOx = Ox|z].

The reader who wants to forget about good filtrations should replace @X with Zx
and, in the formulas below, should set z = 1 and d = 9. Moreover, the notion of
strictness is then tautological.

The filtered approach may be considered as an introduction to some parts of [54].

7.1. The V-filtration

Let Y C X be a smooth hypersurface ™ with ideal .4 C Ox. Put % =
Sy - Ox C Ox. Denote by V,Zx the increasing filtration indexed by Z associated
with Y for any = € X, one sets

ViDxw={P € Ixa | P- 5, Cc 5 Vjen}

1. The same definition applies to any closed analytic submanifold of X.
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where we set ¢ = 5)( if £ < 0. Let P be a germ in @X,I. In any local coordinate
system (t,xa,...,2,) = (t,2") of X centered in x for which Y = {¢ = 0}, one has
P e VoéX,x <— P = Z aa,jﬁg,(t&)j, QAq,j € &VX@
(a,j)EN™
and, for any k € N,
PEV_yDxq < P=1"Q with Q € Vox .,

P e VkéX,x <— P = Z Q]Eif with Q, € VO-@X@--
0<e<k
For k € Z, set Vké"x = Vkéx N 5;(. This is nothing but the j{z—adic filtration on
Ox viewed as an increasing filtration.

Exercise 7.1.1. Show that
« for any k, Vké is a locally free Vo.é—module.
. @X = UkaéX (the filtration is exhaustive),
. Vkéx . Vgéx C VkHéX with equality for k,/ < 0 or k,¢ > 0,
3 VkéX\NY = éx\y for any ke,
. (ﬂka@)()Df = {0}

Exercise 7.1.2 (Euler vector field).

(1) Show that the class E of t0; in gr(‘féx does not depend on the choice of the
local coordinate system (¢, z') as above.

(2) Show that gry Zx is a sheaf of rings and that E belongs to its center.

(3) Show that, locally on X, one has an isomorphism gry Zx ~ %y [E].
Remarks 7.1.3

(1) It is straightforward to develop the theory below in the case of right Dx-
modules. If U,(.#) is a V-filtration of the left module .#, then U, (wx ®z. M) =
wx @5 U,(#) is the corresponding filtration of the corresponding right module.
This correspondence is compatible with taking the graded object with respect to U,.
The operator —;¢ (acting on the left) corresponds to td; (acting on the right).

(2) In the literature, one also finds decreasing V-filtrations, by analogy with the
Fy-adic filtration. One uses the following rule for going from increasing to decreasing
filtrations: given an increasing filtration U,.# (lower indices), the associated decreas-
ing filtration (upper indices) is defined by U* = U_;_;.

7.2. Coherence

Coherence of the Rees sheaf of rings. Introduce the Rees sheaf of rings Ry 9?;( =
@1V Px - ", where T is a new variable, and similarly Ry 0x = @, Vi Ox - 7%, which
is naturally a &x-module.
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Exercise 7.2.1 (Coherence of Ry o X)-

(1) Let K be a compact polycylinder in X. Show that Ry Ox (K) = Ry (0x(K))
is Nogtherian. [Hint: it is the Rees ring of the #y-adic filtration on the Noetherian
ring Ox (K).]

(2) Show that the ring (RvﬁNX)x = Rvﬁx(K) ® ) éxw is flat over Rvﬁx(K).

Ox (K

(3) Show that Ry O is coherent. [Hint: let U be any open set in X and let
Y (Rvﬁx)qu — (Rvﬁx)fU be any morphism; let K be a compact polycylinder
contained in U; then, Ker ¢(K) is finitely generated over Ry €x (K) by noetherianity

and we have Kerp g = Kerp(K) ® (Rvéx)‘K by flatness; so Ker ¢k is

Ry 6x (K)
finitely generated.]

Exercise 7.2.2 (Coherence of Ry 17 X)-

(1) A simple situation. Let A be the ring C[t,6], on which one considers the
filtration V, A for which t has degree —1 and 6 has degree 1. Show that the Rees ring
Ry A = @V, ATF is isomorphic to the quotient ring B = C[t, u, v, w, 7]/ (vw —u, Tw —
t). Conclude that Ry A is Noetherian. [Hint: decompose B as C[t, u, w]®C[t, u, v, 7].]

(2) Consider the sheaf Ox [0,&2, ..., &] equipped with the V-filtration for which
0 has degree 1, &,..., &, have degree 0, and inducing the V-filtration on Ox. Show
that, if K C X is any polycylinder, then Ry Ox[0,&s, ..., &,](K) is Noetherian.

(3) Show that, if K is any sufficiently small polycylinder, then Rvéx(K) is
Noetherian. [Hint: Ry Zx can be filtered (by the degree of the operators) in such a
way that, locally on X, grRy Zx is isomorphic to Ry (Ox10,&2,...,&]) ]

(4) Conclude that Rvéx is coherent. [Hint: apply the same arguments as in
Theorem 2.1.3.]

Good V-filtrations. Let (#,U,.#) be a V-filtered Px-module. The filtration
U, is said to be good if any Uy is Vgéx—coheren‘u and, for any compact set
K C X, there exists kg > 0 such that, in some neighbourhood of K we have, for all
k = ko,

Uptl =t U ot and Ul = Y 0lUp, M.

0<j<k—ko

Exercise 7.2.3. Let U,(#) and U.(.#) be two good V-filtrations of a coherent Dx-
module .#. Show that, locally, there exist two integers ki, ko € Z such that:

VkeZ Ukl-i—k(//l) C U;;(L///) C Uk2+k(///)-
Exercise 7.2.4. Let .# be a coherent éx—module. Show that the filtration U, .# is
good if and only if one of the following equivalent properties is satisfied:

(1) the Rees module ®Uy A - 7% is coherent over Rvéx,
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(2) there exists, locally on X, a surjective morphism é}’( — # — 0, inducing for
each k € Z a surjective morphism U, 2§ — Up.# — 0, where the filtration on the
free module 2% is obtained by suitably shifting V, Zx on each summand.

In particular, we get:

Lemma 7.2.5. Locally on X, there exists ko such that, for any k < ko, t : U_p M —
U_k_1.# 1is bijective.

Proof. Indeed, using a presentation of .#Z as above, it is enough to show the lemma
for @3’( with a filtration as above, and we are reduced to consider each summand P
with a shifted standard V-filtration. There, we may choose ko such that Uy, éx =
Vo%x. O

Lemma 7.2.6 (Artin-Rees). If 4" is a coherent éx-submodule of M and U, is a
good filtration of A , then U, N := N NU, M is also good.

Proof. Analogous to that of Corollary 2.2.13. O

Exercise 7.2.7. Let ¢ : # — A be a surjective morphism of coherent @X—modules.
Let U, # be a good V-filtration. Show that U, 4" := o(U,.#) is a good V-filtration
of A .

Exercise 7.2.8. Let % be a coherent Voéx—module and let .7 be its t-torsion subsheaf,
i.e., the subsheaf of local sections locally killed by a power of ¢t. Then, locally on X,
there exists ¢ such that 7 Nt‘% = 0. [Hint: Consider the t-adic filtration on Voéx,
i.e., the filtration Vjéx with j < 0; remark that the filtration t 7% is good with
respect to it, and locally there is a surjective morphism (V()@X)" — 9/ which is strict
with respect to the V-filtration; its kernel J# is coherent and comes equipped with
the induced V-filtration, which is good; in particular, locally on X, there exists jo < 0
such that V4, =t 7V, ¢ for any j < 0; show that, for any j < 0, there is locally
an exact sequence

(V;Zx)™ — (Viajo Ix)" — 4700 — 0,

ast: Vi, Px — Vi_19Px is bijective for k < 0, conclude that ¢ : t=90% — ¢t=jo+19y ig
so, hence 7 Nt~ =0.]

7.3. Y-specializable Zx-modules

We now consider the non-filtered situation. We will denote by E any local lifting
in Vo(Zx) of the global section E of gry (Zx) (see Exercise 7.1.2).

Definition 7.3.1 (Bernstein polynomial). Let U,.# be a good V-filtration of a coherent
P x-module .. We say that this filtration has a Bernstein polynomial if there exists
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a nonzero polynomial b(s) € Cls] satisfying b(E + k)Up(A) C Up_1(A4), for any
k € Z. Any such polynomial is called a Bernstein polynomial for U,.Z .

Proposition 7.3.2. Let .4 be a coherent Px-module. The following properties are
equivalent:

(1) in the neighbourhood of any point of X, there exists a good V -filtration U,(.#)
having a Bernstein polynomial,

(2) any good V -filtration U,(#) has locally a Bernstein polynomial,
(3) for every finite system of local generators (m;)i=1,.. ¢ of M, there exists a
nonzero polynomial b(s) € Cls] such that b(E)m,; € Z§=1 V_1(Zx)m;,

(4) for any local section m of M, there exists a nonzero polynomial b(E) € C|s]
such that b(s)m € V_1(Zx)m.

Proof. (1) implies (2). Given two good filtrations U,.# and U..#, let b(s) be a
Bernstein polynomial for U,.#. Use Exercise 7.2.3 to get

bE+k+k) bE+k+ky—1)(E+k+k)Up (M) CU,_,(M).
(2) implies (3). After Exercise 7.2.4, Up(A) = Y, Vi(ZPx)mi, k € Z, is a good
V-filtration of .Z .
(3) implies (1). Let us consider the good V-filtration Uy(.#) = 3, Vi(Zx)mi,
k € Z. It follows from the commutation relations that one has

W(E + k)Vi(Zx) C Vi(Zx)b(E) + Vi_1(Zx)
for any k € Z, hence (1).
(4) implies (3). Clear.
(1) implies (4). Use Proposition 7.3.9 below. O

Definition 7.3.3 (Specializable Zx-modules).

(1) A coherent Px-module . is said to be specializable along Y or Y -specializable
if it satisfies one of the equivalent properties of Proposition 7.3.2.

(2) Let f: X — C be a holomorphic function. A coherent Zx-module .Z is said
to be f-specializable if its direct image i..# by the graph inclusion i : X — X x C
of f is specializable along X x {0}.

Exercise 7.3.4. Show that both definitions are consistent, namely that, if f is smooth,
then .# is f-specializable if and only if it is specializable along f~1(0). [Hint: work
in local coordinates; then, starting from a good V-filtration of .#, construct a good
V-filtration of iy.#

Exercise 7.3.5. Let .# be a Y-specializable Zx-module and let U,.# be any
good V-filtration. Show that, after a local identification of gry Zx with Zy[E]
(see Exercise 7.1.2), each gr{ .# is a coherent Zy-module.
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Exercise 7.3.6 (Basic examples to keep in mind). We assume here that X is a disc with
coordinate ¢t and that Y is equal to the origin of the disc.

(1) Show that, for any nonzero differential operator P on X, the Zx-module .# =
Px/Px - P is specializable at 0.

(2) Choose P = t?0;, + 1 (irregular singularity at 0). Show that the constant
filtration Vi # = A for all k is a good V-filtration and that the corresponding
Bernstein polynomial is 1. Deduce that, for any good V-filtration U,.#, we have
gri # =0 for all k.

(3) What can be the usefulness of the V-filtration in such cases? [Hint: see Propo-
sition 7.4.4.]

Definition 7.3.7 (Bernstein-Sato polynomial). Assume that .# is specializable along Y.

(1) Let U,(.#) be some good V-filtration of .#. Let K be a compact set of X
on which this filtration is defined. The unitary polynomial b(s) € C[s] with smallest
degree such that

Vk€Z, bE~+kU (M) K CUr(M)xk
is called the Bernstein-Sato polynomial of the good V-filtration U, (.#)k .

Let m a local section of Y-specializable module .#. The unitary polynomial of
smallest degree satisfying:

b(E)m € V_1(Zx)m

is called the Bernstein-Sato polynomial of the local section m. We denote by by, (s) €
C[s] this polynomial.

Exercise 7.3.8. Let .# be a Px-module which is specializable along Y and let K be a
compact set in X. Show that there exists a finite set A C C such that, for any z € K,
any germ m € 4, and any good V-filtration U, .#,, the roots of the Bernstein-Sato
polynomial of m and of U, .#, belong to A + Z.

Proposition 7.3.9 (Stability by extension). Let 0 — .#1 — M# — M5 — 0 be an exact
sequence of coherent Dx -modules. The module A is specializable along Y if and only
of the modules .4\ and M5 are so.

Proof. Assume that .# is Y-specializable. We denote by b(s) the Bernstein-Sato
polynomial associated to a good V-filtration U,(.#). After Proposition 7.2.6 and
Exercise 7.2.7, the induced filtration and the image filtration are V-good. It is then
clear that b(s) is a Bernstein polynomial associated with these filtrations (in the sense
of Definition 7.3.1). Therefore, .#) and .#> are Y-specializable.

Conversely, let by(s) (resp. ba(s)) be a Bernstein polynomial of the induced (resp.
image) good V-filtration U,(.#) of .4 . It is easy to see that product by (s)ba(s) is a
Bernstein polynomial for the V-filtration U, (.#). O
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The category of the Y-specializable Zx-modules is then an abelian subcategory,
stable by extension, of the category of coherent Zx-modules.

Proposition 7.3.10. Let o : C/Z — C be a section of the natural projection w : C —
C/Z. Let # be a coherent Y -specializable Dx-module. Then there exists a unique
good V -filtration, denoted by V7 (.#'), such that its Bernstein-Sato polynomial b° (s) €
C[s] has roots in the image of o.

Proof. Let b(s) be the Bernstein-Sato polynomial of a good V-filtration U, (.#). Mod-
ulo a shift of this filtration, we can assume that the real part of all roots a of b(s)
satisfy Rea < Reom(a). Then, let A € C be a zero of b(s) with multiplicity ¢ € N and
satisfying Re A < Reom()\). We write b(s) = (s — A\)‘b1(s). Therefore, the filtration
defined by
VkeZ, Ul(M)=Up(M)+ (E+Fk—NUp(M)

is a good V-filtration of .#. Notice that (s — A — 1)’b;(s) is a Bernstein polynomial
associated to this filtration. In this way, one can construct step by step a good V-
filtration for which the Bernstein-Sato polynomial has its roots in the image of the
section o.

Consider now two good V-filtrations U, (.#) and V,(.#) such that their Bernstein-
Sato polynomials by (s) and by (s) have their roots in the image of the section o. It is
enough to show that U,(.#) C V,(.#). After Exercise 7.2.3, there exists an integer
¢ € Z such that for every k € Z, Up (M) C Viy¢(A'). The inclusion U,(A4) C V,(A)
being clear when ¢ < 0, let us treat the case £ € N~ {0}. Notice that, the polynomials
bu(s+ k) and by (s + k + £) being coprime, there exist two polynomials p and ¢ such
that 1 = p(s)by (s + k) + q(s)by (s + k + £). In particular, for any local section m of
Uy (M), we have

m = p(E)by (E+k)m+q(E)by (E+k+0)m € U1 (M) +Vipo-1 (M) C Vipo—1 (A ).

Iterating this process, we obtain the inclusion U, (.#) C V, (). O

Corollary 7.3.11. Let 0 — M1 — M — Mo — 0 be an exact sequence of Px-modules
which are specializable alongY . Let o : C/Z — C be a section of the natural projection
m:C— C/Z.

(1) For every k € Z, the sequences of Vo(Px )-modules
0 — Vi () — Vi (M) — Vi (M2) — O
are exact.
(2) The sequence of graded gr¥ (Zx)-modules
0 — gr¥" () — g (M) — gV (M) — 0

is exact.
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Proof. Remark that the filtration V7 (.#) induces on .#, and .#> good filtrations,
the Bernstein-Sato polynomials of which divide b7 (s). After Proposition 7.3.10, these
induced filtrations are the filtrations V.7 (.#1) and V.7 (.#>). This implies the exactness
property of the sequences. [

Last, if ¢ : .#4 — A is a morphism between Y-specializable Zx-modules, it follows
from Corollary 7.3.11 that, for any k € Z, we have

(Vi (M) = VI (AN) N p(A).

In other words, any morphism is strict for the V7 filtrations. Hence, for every k € Z,
M — VZ (M) defines a functor from the category of Y-specializable Zx-modules to
the category of coherent Vo (Zx )-modules.

Exercise 7.3.12.

(1) Let .# be a coherent Zx-module supported on Y. Show that .# is specializable
along Y and that the set A of Exercise 7.3.8 may be chosen equal to {0}. Show that
Ve.# does not depend on o, provided that ¢(0) = 0. We denote it by V,.#. Show
that the roots of the Bernstein-Sato polynomial of V,.# belong to N.

(2) If A is a coherent Zx-module which is noncharacteristic with respect to Y,
show that .# is specializable along Y and that the set A of Exercise 7.3.8 may be
chosen equal to {0}. Show that V.?.# does not depend on o, provided that ¢(0) = 0.
We denote it by V,.#. Show that Vs = A it k > —1 and V_ytf = S if
k > 1. Conclude that the roots of the Bernstein-Sato polynomial of V,.# belong to
—N*.

Exercise 7.3.13 (The canonical V filtration). Let .# be a Y-specializable Zx-module.
For any compact set K C X, show that there exists a finite set A C C and, for any
a € Re(A) a unique good V-filtration V,1,.# indexed by Z such that

o Vosr ol CVyiot ifa+k<a +/{inR,

. for any a € Re(A) + Z, the roots « of the minimal polynomial of —d;t on
gtV M = Vol [Veotl satisfy Re(a) = a [by definition, < a = max{a’ €
Re(A) +Z | a’ < a}]. [Hint: if such filtrations exist, estimate the roots of the
Bernstein-Sato polynomial of any local section m of V,.# for any a € Re(A)+Z.]

Show that the canonical V-filtration satisfies the following properties:

(1) for any @ < 0 in Re(4) + Z, t : Vol — V,_1.# is an isomorphism of Ox-
modules [Hint: use Lemma 7.2.5],

(2) for any a # —1, 0, : gr¥ M — grY, A is bijective.

Exercise 7.3.14 (Invariance by embedding). Let i : X — X’ be a closed embedding
of complex manifolds. Let Y’ be a smooth hypersurface in X’ which is transverse
to X, i.e., such that the (scheme-theoretical) intersection ¥ = Y’ N X is a smooth

hypersurface in X. Let .#Z be a coherent Zx-module.
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Show that .# is specializable along Y if and only if i, .# is specializable along Y.
Still denoting by 7 the inclusion Y < Y, show that, with notation of Exercise 7.3.13,
for any a € R we have (after defining the right-hand term) gr¥i .4 =i gty # .

7.4. Localization and restriction of specializable Zx-modules

If A is a coherent Zx-module and Y <'5 X is a smooth hypersurface, the inverse
image i*.Z (see Exercise 3.2.2) is not Zy-coherent in general (e.g. take .# = Zx).
Similarly, the localization Ox (xY) ®g, # does not remain Zx-coherent in general.
The category of Y-specializable Zx-modules is the right subcategory of Mcon(Zx)
where coherence is preserved under these two functors, as we will see below. We will
work locally, and we fix local coordinates (¢,z) on X so that Y is defined by ¢ = 0.

If A is a Ox-module, we denote by .#[1/t] the localized Ox-module Ox (xY) Q¢
M. As Ox(xY) ha a natural structure of a left Zx-module, we know from Exer-
cise 1.2.6 that, if . is a left Zx-module, then so is .Z[1/t].

Let s be a new variable. Consider the sheaf Zx|[s]| of differential operators with
coefficients in Ox|s] and set AZ[1/t,s]| = Dx|[s| ®gy A[1/t]. This is a left Zx|s]-
module. We will now twist this structure, keeping fixed however the underlying
Ox[1/t, s]-structure.

Lemma 7.4.1. The following rule defines a left Dx[s]-module structure on the Ox|s]-
module A [1/t,s]: for any £ € N and any local section m of #[1/t],
Ou; stm = seﬁxjm,
dis'm = s'[0ym + st~'m).

Proof. Use Lemma 1.2.1. O

It will be convenient to denote by .#[1/t,s]t® the Ox[1/t,s]-module .Z[1/t,s]
equipped with this twisted structure. That is, we formally write the new connection
as t7*oVot®. Be careful however that “t*” is nothing but a symbol which allows one
to remember, through the Leibniz rule, the left Z2x[s] structure.
Exercise 7.4.2 (Specialization to s = k). Let k be any integer.

(1) Show that t=*Vt* defines a left Zx-structure on the Ox[1/t]-module . [1/¢].

(2) Show that (. [1/t],t FVt*) ~ A [1/t, s|t* /(s — k). [1/t, s]t°.
Exercise 7.4.3 (Bernstein’s functional equation). Let m be a local section of .#[1/t]
and let b(s) € C[s]. Show that the following conditions are equivalent:

(1) b(E)m € V_1(Zx)m,

(2) b(—s — 1)mt® € Dx[s|mtsFL.
[Hint: show, for any local section m of .#[1/t], the identity (t0ym)t* = —(s+1)mt* +
0;(mt**1) and then, for any integer k, ((t0;)*m)t® — (—s — 1)*mt* € Dx[s|mt>+1]
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Proposition 7.4.4. Let ./ be a Y -specializable Px -module. The Px-module A (xY)
is specializable along Y (in particular coherent).

Proof. Let .# be a Y-specializable Zx-module. Let us first show the coherence
of #(xY). This is a local problem; moreover, by induction on the cardinal of a
generators system of .#, we can assume that .# is generated by one section m €
A . After Exercise 7.4.3, there exists a nonzero polynomial b(s) € Cls| such that
b(s)mt® € Dx[slmttL.

Let ko € N be an integer, such that b(—k) # 0 for any k > ko + 1. Then mt=F ¢
Dxmt=ko for k > ko + 1. From the identity (9ym)t=% = 0;(mt=%) + kmt %=1, we
get A[1/t] = Dx - mt~Fo. The filtration F;Zx - mt~% (¢ € N) is a good filtration
(see Exercise 2.2.3), hence the Zx-module .Z[1/t] is coherent.

Let m’ be a local section of .Z(xY). It can be written as m’ = m/t* for some
local section m of .#. As .# is Y-specializable, there exists a nonzero polynomial
b(s) such that b(E)m € V_1(Zx)m. From this, we deduce a Bernstein’s identity for
m' € M (xY):

b(E + k)t "m € V_1(Zx)t "m.
Therefore, .# (xY") is specializable along Y. O

Corollary 7.4.5. Under the same assumptions, the natural morphism of Vo(Zx)-
modules
Veo( M) — Veo(A(+Y))

is an isomorphism.

Proof. Let T (M) = T'y).# be the Px-submodule in .# of sections supported by Y.
We have the exact sequence:
0 —T(MH)— M — H(+xY)— C(M)— 0.

The modules .# and .# (xY") are specializable along Y. It follows from Proposition
7.3.9 that the Zx-modules T'(.#) and C'(.#) are so. On the other hand, these modules
are supported by Y'; we have seen that the roots of Bernstein’s polynomials of their
sections are strictly negative integers (see Exercise 7.3.12). Then Ve o(T(#)) = 0
and Veo(C(#)) = 0 and we deduce from Corollary 7.3.11 the natural isomorphism:

V<O(%> — V<0(%(*Y)) O
Exercise 7.4.6. Give a proof of the corollary using Lemma 7.2.5.

Proposition 7.4.7. Let # be a'Y -specializable Px-module. We denote byi:Y — X
the inclusion. If the hypersurface Y has a global reduced equation f = 0 (or after
restricting X ), the complex Lit.# is functorially isomorphic to the complex of Py -
modules s

0— gr(‘)/(///)‘y — grYl(%)|Y — 0.

In particular, the cohomology sheaves of LiT.# are Dy -coherent.
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Proof. Let us consider the multiplication by f:

Veol A 1/ f]) =2 Ve a1/ 1), i fm.

As the multiplication by f in .#[1/f] is bijective, the map ¢ is injective. Let us
show its surjectivity. Let be m € Ve_1(#[1/f]) and m' = (m/f) € #[1/f]. From
a Bernstein-Sato’s equation of m, we get fb,(E + 1)m’ € V_o(Zx)m’. After di-
vision by f, we deduce that b,,(s 4+ 1) is a multiple of Bernstein-Sato’s polynomial
of m’. Hence, m’" € Voo(.#[1/f]) and ¢ is surjective and then finally bijective. We
deduce from Proposition 7.4.4 that the morphism by f : Voo(#)—Vo_1(A) is an
isomorphism (one can also use Exercise 7.3.13). The complexes

0 — gry (M) R af (M)y — 0 and 0 — Vo(l)y I, Vo (M)y — 0

are therefore isomorphic. But, under the assumption of the proposition, the complex
Li*™ . # is represented by the complex of Zy-modules

0—)%Yi)~/”|Y_’O-

In order to prove the proposition, it is enough to show that the morphism

/
Vo) 2 VA (), s,
is an isomorphism.

Recall that, for any integer k € N, the endomorphism E of Vj,(&#)/Vi_1(A) is
bijective. By induction on k, any section of # = UgenVi(A#) is a section of f.#
modulo Vy(#). It follows that, for k € N, any section of V() is a section of fM
modulo Vy(.#). Hence, ¢’ is onto.

We have now to prove the injectivity of ¢’. Let m € .# be such that fm € V_,(.#).
The polynomial by, (s) has positive roots and satisfies by, (E)fm € V_1(Zx)fm.
Apply the operator 0; to this identity to get bm(E + 1)(E + 1)m € V_1(Zx)m.
Hence, m belongs to Vo () and ¢’ is injective.

Now, the coherence of the cohomology sheaves of Lit.# follows from Exer-
cise 7.3.5. 0

Theorem 7.4.8. Any holonomic Px-module A is specializable along any hypersur-
face Y. Moreover 4 (xY) and L f+ # (see §3.2) are still holonomic, and so are the
graded modules gr) # , after any local identification of gry Px with Py [E). O

Exercise 7.4.9. Consider the monomial function f(z,y) = 72y® and the Zs-module
M= Ops[1)(t — f)]/@cs.
Denote by 6(t — f) the class of 1/(t — f) in .

(1) Show that .# is Zx-coherent and that §(t — f) is a generator.
(2) Compute the characteristic variety of .Z.
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(3) Compute a Bernstein polynomial for any local section z*y*6(t — f), k,£ € N.
(4
(5
(

6) Compute the various graded pieces gr) .# and the action of E on them.

Show that .# is specializable along {t = 0}.
Determine a set A of Exercise 7.3.8 in ] —1,0[N Q.

)
)
)
)

7.5. V-filtration and direct images

The purpose of this section is to establish the compatibility between taking a direct
image and taking a graded part of a V-filtered .@X—module. We will give an analogue
of Proposition 3.3.17 of [54] and of its proof. Another proof, which only applies to
holonomic Z-modules, is given in [43, §4.8]. Let us first introduce a definition.

Definition 7.5.1. Let Y C X be a srrpoth hypersurface, let V, _@X be the corresponding
V-filtration and let .# be a left @Nx—module equipped with an increasing filtration
U, # indexed by Z such that Vy,Zx - Up#l C Upye# for any k,{ € Z. We say
that (.#,U,.#) (or also gr¥ .#) is monodromic if, locally on X, there exists a monic
polynomial b(s) = s¢ + Zf;ol a;(2)s* € C[z][s] such that

(1) b(—(D¢t + k2)) - gtV =0 for all k € Z,

(2) ged(b(s — kz),b(s — £z)) € C[z] \ {0} for all k # ¢.

In the non-filtered case, one may forget about z. Then, any Y-specializable Zx-
module, when equipped with V7.# (for any choice of o), is monodromic.

Theorem 7.5.2. Let f : X — X' be holomorphic map between complex analytic man-
ifolds and let t € C be a new variable. Put F = f xId: X xC — X' x C. Let A
be a right @Xx(c-module equipped with a V -filtration U,.# (relative to the hypersur-
faceY = X x {0}). Then U,.# defines canonically and functorially a V-filtration
UAN(Fr M).

Assume that F is proper on the support of A .

(1) If A is good and U,.# is a good V-filtration, then U, (Fy.#) is a good
V -filtration.

(2) If moreover gr¥ .4 is monodromic and figrV 4 is strict, then one has a canon-
ical and functorial isomorphism of Dx.-modules (k € )

gri (A Fr ) = A (frer} M),
and gr¥ (%MFT///) is monodromic and strict.

Remark 7.5.3. In the last assertion, we view grg/// as a right @X—module. By functo-
riality, the action of td; descends to J(figrl 4 ).
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Corollary 7.5.4. Let f : X — X' be a morphism of complex manifolds and let p : X' —
C be a holomorphic function. Let 4 be a coherent Px-module which is specializable
along po f =0. Assume that f is proper on Supp .# . Then the cohomology modules
H fr. M are specializable along ¢ = 0. O

Proof. We will use the isomorphism F; = f; for .# (see Remark 3.3.4(3)), i.e., we
take the direct image viewing .# as a éXx(C sc-module equipped with a compatible
action of ;. Put A" = f;.#. This complex is naturally filtered by U, 4"* := f;U, 4 .
Therefore, we define the filtration on its cohomology by

U SANEFytl) = U fi M) = image [ (f1U, M) — A (fr ).

Notice that, for any j, fiU;.# is the direct image of U;.# viewed as a éXX@/@-
module, on which we put the natural action of t0;.
The relation with the Rees construction is given by the following lemma:

Lemma 7.5.5. Let (A °, U, N") be a V-filtered complex of éxfxc—modules. Put
U; 0 N°) = image [/ (U;N*) — AH(N7)].
Then we have
ARy N*) [T-torsion = Ry A (N°).

In particular, if Ry A"* has _@X/Xc—coherent cohomology, then U, (A*) is a good
V -filtration.

Proof. By definition, one has a surjective morphism of graded modules (R A*) —
Ry (), and this morphism induces an isomorphism after tensoring with
Clr,m71]. O

Lemma 7.5.6. If .# is good, then any coherent VOQX -submodule is good.

Proof. As a coherent Voéx—submodule of .# induces on any subquotient of .Z a
coherent Voéx—submodule, we may reduce to the case where .# has a good filtration.
It is then enough to prove that any coherent Voéx—submodule N of A is contained
in such a submodule having a good filtration. If Z is a 7% x-coherent submodule
of .# which generates .#, then .4/ is contained in Vkéx - for some k, hence the
result. O

This lemma allows one to apply Grauert’s coherence theorem to each Uj, in or-
der to get that each fiU;.# has Vg@x—coherent cohomology under the properness
assumption. We conclude that for each i, j, U; 5" fi. 4 is Voéx—coherent.

In order to end the proof of (1), we need to prove that each U, #" f;.# is a good
V-filtration. We will compute directly the Rees module associated with this filtration,
in order to get its coherence. Let us first consider the analogue of Lemma 7.5.6.
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Keep notation of §7.2. The graded ring RV@X is filtered by the degree in the
derivatives 70¢, 0, and the degree-zero term of the filtration is Ry o x, with V}, o x =
ﬁx fork>0and =t~ kﬁx for k<0

Let (.#,U,.#) be a V-filtered right Zx-module and let Ry be the associated
Rees module. We therefore have the notion of a good filtration on Ry .# (by coherent
graded Ry 7 x-submodules). If Ry.# has a good filtration (or if Ry is generated
by a coherent graded Ry o x-module), it is Rvéx—coheren‘c and has a left resolution
7 Ry 5){ Rvéx, where
G is graded RVﬁNX—coherent. We may even assume (by killing the 7-torsion) that
each term G ®

by coherent “induced” graded Ry Zx-modules, of the form G ®

Ry &x Ry .@X has no 7-torsion, or in other words that it takes the form

Ry(L® Gx @X) where L is Ox- coherent, having support contained in Supp .#, and
equipped with a good V-filtration (i.e., a good #y-adic filtration) and U, (L ®z. @X)
is defined in the usual way.

We say that Ry.# is good if, in the neighbourhood of any compact set K C
X, Ry.# is a finite successive extension of graded Rvéx—modules having a good
filtration.

Lemma 7.5.7. Assume that 4 is a good @;i—module and let U, A be a good V -filtration
of M. Then Ry# is a good graded Ry Zx-module.

Proof. Fix a compact set K C X. First, it is enough to prove the lemma when .#
has a good filtration in some neighbourhood of K, because a good V-filtration U, .#
induces naturally on any subquotient .#’ of .# a good V-filtration, so that Ry.#" is
a subquotient of Ry .# .

Therefore, assume that .# is generated by a coherent ﬁ~ x-module 7, i.e., /// =
Ix - F. Consider the V-filtration Ul # generated by Z, ie., Ul.# = V@X
Then, clearly, Ry o x - F = &L Vi o « - Z 7" is a coherent graded Rvﬁ x-module Wthh
generates Ry A .

If the filtration U!'.# is obtained from U!.# by a shift by —¢ € Z, i.e., if Ry» .M =
'Ryl C M1, 771, then Ryn.4 is generated by the Ry 5X—coherent submodule
TKRV 5){ - F

On the other hand, let U .# be a good V-filtration such that Ry~ .# has a good
filtration. Then any good V-filtration U,.# such that Up.# C U4 for any k
satisfies the same property, because Ry.# is thus a coherent graded submodule of
Ryn A, so a good filtration on the latter induces a good filtration on the former.

As any good V-filtration U,.# is contained, in some neighbourhood of K, in the
good V-filtration U!.# suitably shifted, we get the lemma. O

To end the proof of Part (1), it is therefore enough to prove it for induced modules
M= ®5. PDx, with £ coherent over Ox and F|g,pp .« proper. We will indicate
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it when f: X =Y x Z — Y is the projection. We then have
Uj(Z®5 _ Ixxc)=U; [(92” ®r 15,0 ' Dy xe) fﬁ% 9X><(C/Y><C:|
Y xC

:Uj("g ®f715”c f_léYXC) ® -@XXC/YX(Ca
f~t0yxc

because the V-filtration on :@XXC /v xc 18 nothing but the ¢-adic filtration. Now, we
have

N C= Dxxc) = Rf.U. I(Z® g, . F ' Py wc)
= Uj(Rf*f ®§Y><C @YX(C),
if we filter the complex Rf,.Z by subcomplexes Rf.U;(Z) and we filter the ten-
sor product as usual. By Grauert’s theorem apphed to coherent Ry 7% x xc-sheaves,
Rf.Ry.ZL is RvﬁyXC—coherent hence fTRU(i”@ @X) is RV@yXC—coherent After

Lemma 7.5.5, we get 7.5.2(1). O
In order to get Part (2) of the theorem, we will first prove:

Proposition 7.5.8. Let (N °,U, N*) be a V-filtered complex of Dy wc-modules. Assume
that

(1) the complex gr¥ A* is strict and monodromic,

(2) there exists jo such that for all j < jo and all i, the left multiplication by t
induces an isomorphism t : UjJVi = j,1</Vi,

(3) There exists ig € Z such that, for alli > i and any j, one has A (U;N*) =
Then for any i,j the morphism ' (U;N*) — S (N*) is injective. Moreover, the
filtration U, (A*) defined by

U; 0 (N*) = image [S(U;N*) — HH(N)]
satisfies grV AU N ) = A (grV N,
Proof. Tt will have three steps.

First step. This step proves a formal analogue of the conclusion of the proposition.
Put . .
UjJV' il{iﬁlUje/V./Ugl/V. and A° = @Ujﬂ°
£ J

Under the assumption of Proposition 7.5.8, we will prove the following;:

(a) For all k& < ], UkJV - Uj TN s injective (hence, for all j, U; TN — N s
injective) and UJJV /UJ_1JV =U; N JUj_1 N °.

(b) For any k < j, Y (U;N*/UpN*) is strict.

(c) AHT;N*) = lim, H(U;N* [UpN*).

(d) %Z(W) — %’(ﬁ) is injective.
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(e) AU N®) = li_rr)lj N U;N ).
Define Uj%i(ﬁ) = image [%’((f/?‘) — ,%”Z(Ji//\’)] Then the statements (a)
and (d) imply that

gr;]%”i(ﬂ/') = U;NJUj N ) = %i(grgﬂ/').
For ¢ < k < j consider the exact sequence of complexes
0— UkJV./UgJV' — UjJV./UgJV. — UjJV./UkJV. — 0.

As the projective system (U;A"* /Uy N "*), trivially satisfies the Mittag-Leffler condi-
tion (ML), the sequence remains exact after passing to the projective limit, so we get
an exact sequence of complexes

0—>W—>(W—>Uj/'/UkW°—>O,

hence (a).
Let us show by induction on n > 1 that, for all ¢ and 7,

(b)y, HNU;N*JUj_p N ) is strict (hence (b));
Indeed, (b); follows from Assumption 7.5.8(1). Remark also that, by induction on n >

1, 7.5.8(1) implies that, for any n, ¢, i, (U, /U,_,,) is killed by Hf;:g_m_l b(0it+kz).
For n > 2, consider the exact sequence

= AU )Uj—p) — AU /Uj—n) — A (U;/Uj-1)
¥, AN Ujo1/Ujn) — -

Any local section of Im1) is then killed by (0t + jz) and Hi;}_nﬂ b(0st + k=z),
hence by a nonzero holomorphic function of z. By strictness (b),_1 applied to
AT U;—1/U;—p), this implies that ¢ = 0, so the previous sequence of 7 is exact
and 7 (U;/U,_,) is also strict, hence (b),,.

By the same argument, we get an exact sequence, for all £ < k < 7,
(7.5.9)

0 — AU JUN") — HU;NJUN*) — H(U; N JU N ) — 0,

Consequently, the projective system (S (U; A" /Up N ")), satisfies (ML), so we get
(c) (see e.g. [26, Prop. 1.12.4]). Moreover, taking the limit on ¢ in the previous exact
sequence gives, according to (ML), an exact sequence

0 — A (TN ") — AT N ") — A(U;N " JU V) — 0,

hence (d). Now, (e) is clear.
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Second step. For any i, j, denote by ﬂji C AN (U;N") the t-torsion subsheaf of
HWU;/*). We will now prove that it is enough to show that there exists jo such

that, for each ¢ and each j < jo,
(7.5.10) T =0.

Assume that (7.5.10) is proved (step 3). Let j < jo and let £ > j. Then, by
definition of a V-filtration, t*~7 acts by 0 on U,/ /U; 4, so that the image of
AN UpN* JUA ) in A (UjN*) s contained in 7}, and thus is zero. We there-
fore have an exact sequence for any i:

0 — HU;N) — H(UN*) — A UpN*JU;N ") — 0.
Using (7.5.9), we get for any ¢ the exact sequence
0 — AUy N°) — H(UpN*) — A (I ) — 0.
This implies that that J#¢(Up ") — A1 (A*) is injective. Put
U (N°) = image [ (UpNV*) — HH(N)].
We thus have, for any i,/ € Z,
gY AN ) = A (2T ).
Third step: proof of (7.5.10). Remark first that, according to 7.5.8(2), the multipli-
cation by ¢ induces an isomorphism ¢ : U;A"* — U;_1.4"* for j < jo, and that (d) in
Step one implies that, for all ¢ and all j < jo, the multiplication by ¢ on J#*(U;A"*)
is injective.

The proof of (7.5.10) is done by decreasing induction on i. It clearly hods for i > ig
(given by 7.5.8(3)). Assume that, for any j < jo, we have fj”l = 0. We have (after
7.5.8(2)) an exact sequence of complexes, for any ¢ > 0,

¢

0— UjJV. L UjJV. — UjJV./UJ;@/V. — 0.

As ﬁ;ﬂ = 0, we have, for any £ > 0 an exact sequence
) 4 ) )
AN ") s AN ) — HOUN* JU 0N — 0,
hence, according to Step one,
AN )| Ao H*) = A UGN JUs 0 N*) = AU N ) AU ),
According to Exercise 7.2.8, for £ big enough (locally on X), the map
T — AN ) AU N

is injective. It follows that ﬂf — %Z(UT\JV‘) is injective too. But we know that ¢ is
injective on %’([m) for j < jo, hence ﬂj’ = 0, thus concluding Step 3. O



7.5. V-FILTRATION AND DIRECT IMAGES 117

We apply the proposition to A = fi.# equipped with U, A" = fiU, 4 to
get 7.5.2(2). That Assumption (1) in the proposition is satisfied follows from the
assumptions in 7.5.2(2). Assumption (2) is a consequence of the fact that U,.# is a
good V-filtration and Lemma 7.2.5. Last, Assumption (3) is satisfied because f has
finite cohomological dimension. O
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