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An explicit stationary phase formula for the local formal
Fourier-Laplace transform

Claude Sabbah

ABSTRACT. We give an explicit formula (i.e., an explicit expression for the
formal stationary phase formula) for the local Fourier-Laplace transform of a
formal germ of meromorphic connection of one complex variable with a possibly
irregular singularity.

Introduction

We will denote by C((t)) (resp. C({t})) the field C[¢][t~!] (resp. C{t}[t™!]) of
formal (resp. convergent) Laurent series of the variable ¢, equipped with its usual
derivation 0.

Let M be a finite dimensional C((t))-vector space with a connection V. The lo-
cal formal Laplace transform .% (%) (also called Fourier transform in the literature)
was introduced in [1, 4] by analogy with the ¢-adic local Fourier transform consid-
ered in [6]. One way to produce it is to choose a free C[t,t~1]-module .# of finite
rank equipped with a connection V having poles at most at t = 0 and ¢t = oo, with
a regular singularity at infinity, and such that (C((t)) ®cy,¢-17 4,10 V) = (M, V).
Considering .# as a C[t]{0;)-module, its (global) Laplace transform F.# is the
same C-vector space equipped with the C[r](d;)-structure defined by the corre-
spondence T = 8y, 8, = —t. Tensoring with C[r,771] gives a C[r, 771](79,)-module
Fo#[t71], and renaming 0 = 7~ ! (and setting 00y = —70,), we regard F. [t
as a C[0, 0~1](00p)-module. Lastly, we define F ()M as C((0)) ®cpg -1 F.4[r71],
equipped with its natural connection. This does not depend of the choices made.

The previous transform corresponds to using the kernel e~ %/? and is also de-
noted by ﬁ’fo’oo). Its inverse transform is denoted by yfroo’o). There are also pairs
of inverse transforms (ﬁf’w), fioo’s)) for any s € C and (ﬁioo’oo), ﬁioo’oo)). If we
denote by F. the algebraic Laplace transform with kernel e**™ acting on a C[t](9;)-
module .#, the local formal stationary phase formula of [1, 4] relies the formaliza-
tion of the Laplace transform of .# at each of its singularities (0, 5§ € C*, 50) with
the local formal Laplace transforms of .# itself at its singularities 0, s € C*, co.
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Decomposing with respect to slopes at infinity gives the following diagram:

M Dsz0-M s M M MY
F gio,oo) ®g£sw) ?ioo,oo) ®g£w,§) 'g.ioc,o)
(00,0 7(00.9) (00,00) (3,00) (0,00)
F SF F OFy F, By
— —~ —~ — L
M M M Bsro Mz My

Starting from a given C((t))-vector space M with connection, the explicit com-
putation of Z (%) M (or of the other local transforms) by means of equations can
be cumbersome (see however a simple example in §5.b). In this article, we show
(Theorem 5.1) how to pass explicitly from the Turrittin-Levelt decomposition of M
to that of Z(0:>) M (and similarly for the other local transforms). We note that
such formulas were already mentioned by G.Laumon [6, §2.6.3] and attributed to
B. Malgrange, as a motivation for similar formulas in the f-adic situation. Such
formulas do not seem to be explicitly written (nor proved) in the literature (see [7,
§VIIL.1] and the remark below, however). In this article, we provide a geometric
method for the proof.

After some preliminaries fixing notation (§1), we introduce elementary formal
meromorphic connections and give their main properties (§2) and we recall in §3
the refined Turrittin-Levelt decomposition, as obtained in [1]. The results of §4 are
mainly given in this article for a better understanding of the formulas in §5, but are
not directly used in the proof of the main theorem (Theorem 5.1). Lastly, in §5.d,
we give some consequences of the theorem of preservation of the index of rigidity,
proved in [1] following the proof of [5] in the ¢-adic case.

REMARK. After this article was written up, Ricardo Garcia Lépez pointed out
to me the preprint [3], where a similar calculation for local Fourier transforms is
done in the f-adic case. The formulas we give in §5 are the complex analogues
of that in [3]. Let us also mention the article [2], the results of which where
obtained approximately at the same time as the results of the present article, and
in an independent way. The methods developed in [2] are of a more computational
flavour, while those in the present article emphasize the geometry of the formulas;
we try in particular to explain in a more general context (cf. §4) the reason why
the Legendre transform occurs in the formula for @ of Theorem 5.1.

Acknowledgements. The results of this article came out from discussions with
Ricardo Garcia Lépez on the one hand, and with Céline Roucairol on the other
hand. T thank both of them. I also thank Hélene Esnault for useful conversations
on this subject during Lé’s fest.

1. Preliminaries

1l.a. Operations on vector spaces with connection. We work in the
abelian category of C((t))-vector spaces with a connection usually denoted by V.
This category has tensor products and duality in a natural way. We simply denote
the action of Vy, as 0;. We usually omit, when there should be no confusion, the
subscript denoting the field when using tensor products. It will be convenient to
denote by 1 the field itself with its connection d.
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Let p € uC[u] with valuation p > 1. We regard p as a morphism of degree p
from the formal disc with coordinate u to the formal disc with coordinate ¢ through
the correspondence p : C[t] — Clu], t — p(u).

Let M be a finite dimensional C((¢))-vector space equipped with a connection V.
The pull-back p*M is the vector space p*M = C((u)) ®c() M equipped with the
pull-back connection p*V defined by 9, (1 ® m) = p'(u) ® dym.

Let N be a C((u))-vector space with connection. The push-forward p; N is
defined as follows:

(1.1) the C((t))-vector space p,N is the C-vector space N equipped with the struc-
ture of C((t))-vector space given by f(¢t) -m := f(p(u))m,
(1.2) the action of 9; is that of p'(u)~10,.

The projection formula holds:
(1.3) p+(N ®cuy pTM) = pi N ®c(ry M.

If N* denotes Homgyy(N,C(u))) with its natural connection, we have
p+(N*) >~ (p4+ N)*. Therefore we also have the projection formula

p+ Home @y (N, p™ M) =~ Homg sy (p4- N, M).

Let ¢ € C((u)). We denote by &% the rank-one vector space C((u)) equipped
with the connection V = d + dp, i.e., such that Vs, 1 = ¢’. We have &% ~ &Y if
and only if ¢ = ¢ mod C[u].

1.b. Moderate nearby cycles. Let X a smooth complex algebraic variety
and let f : X — Al be a function on X, defining a reduced divisor D = f~1(0).
Let .# be a holonomic left Zx-module such that # = Ox(xD) ®¢, .# (we then
say that .# is localized away from D). The (moderate) nearby cycles module v ¢.#
is a holonomic left Zx-module supported on D equipped with an automorphism
T sl — Yy M.

Let # : X’ — X be a proper modification inducing an isomorphism X' ~
7 YD) — X~ Dandlet usset f' = fom, D' =a"YD) = f~10). If 4" is a
holonomic left Zx:-module localized away from D', we will denote by 773/// " the
holonomic Zx-module S . .#'(xD). As a Ox(*D)-module, it is equal to m,.#".

As 7 is proper, we have (see e.g., [12, 8])

(1.4) ¢fﬁ3%lﬁﬁoﬂ|pl7+¢ﬁ//, %jﬁ|pr7+1/)f///,=()ifj7é0.

Let us assume that X is the affine space A% with coordinates (x1,x2) and that
f(x1,m2) = a2 23? = 2™ with my; € N and mo € N*. Let us set D; = {za = 0}
with coordinate 21 and D = |[{z™ = 0}|. Let Z be a locally free &x (*D)-module
of finite rank with a flat connection having regular singularitites along D. Then %
is also a regular holonomic Zx-module. The Zx-module 1% is supported on D.
Moreover, if mqy # 0, (V%) [7'] is supported on D; and is the direct image (in
the sense of left Zx-modules) by the inclusion D; — A? of a regular holonomic
Pp,-module localized (and smooth) away from {z; = 0}. We will not distinguish
between both, according to Kashiwara’s equivalence.

PROPOSITION 1.5 (cf. [11, Lemma I11.4.5.10]). With the previous setting, for
any A € C*,
(1) if n € (N*)2, s (EN*" @ %) =0
(2) if ny € N¥, wf(é”‘/'ﬁ1 ® X) is supported on Dy; it is isomorphic to
N (0 2)[27"]) (with monodromy). O
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Let us note that 1.5(2) is stated in a weaker way in loc. cit, but the argument
given in the proof gives 1.5(2).

2. Elementary formal meromorphic connections

Let M be a finite dimensional C((¢))-vector space equipped with a connection V.
The classical Turrittin-Levelt theorem asserts that, after a suitable ramification
p:u— t=uP, the pull-back p* M can be decomposed into elementary formal con-
nections &¥ ® R,,, where ¢ € C((u)) and R, has a regular singularity. Moreover,
it is known that M itself can be decomposed according to the slopes of its Newton
polygon (see, e.g., [7]).

In the next section, we refine the decomposition with respect to slopes, in order
to keep as much information as possible from the Turrittin-Levelt decomposition,
by using the elementary formal connections that we define now.

DEFINITION 2.1 (Elementary formal connections). Given p € uC[u], ¢ € C((u))
and a finite dimensional C((u))-vector space R with regular connection V, we define
the associated elementary finite dimensional C((t))-vector space with connection by

El(p, ¢, R) = p+ (&% ® R).

If p denotes the order of p, ¢ the order of the pole of ¢ and r the rank of R,
then

« El(p, p, R) has only one slope, which is equal to ¢/p,
« the irregularity number irrg El(p, ¢, R) is equal to gr,
. the rank of El(p, ¢, R) is equal to pr.

Up to isomorphism, El(p,p, R) only depends on ¢ mod C[u]. Standard results
on regular formal meromorphic connections then show that, up to isomorphism,
any elementary vector space El(p, ¢, R) with connection is defined over the field of
convergent series C({t}). Let us also note that giving R is equivalent to giving a
finite dimensional C-vector space equipped with an automorphism 7.

Let us first distinguish the isomorphism classes of the elementary finite dimen-
sional C((¢))-vector spaces with connection.

LEMMA 2.2. Assume that p'(0) # 0 (i.e., p is an automorphism of the formal
disc). Then El(p, ¢, R) ~ El(1d, ¢, S) if and only if pop = ¢ mod Clu] and S ~ R.

PROOF. Let us denote by A the reciprocal series of p, that is, p o A(t) = ¢,
Ao p(u) = u. We use that, p, = AT. Then
El(p,p,R) = AT (69 @ R) = £** @ AT R~ £9* @ R,
hence, tensoring with &%, we find S ~ &¢°*~% ® R, and the lemma follows
easily. O

Let us come back to the general situation where p has degree p > 1. We
deduce from the previous lemma that any elementary vector space El(p, ¢, R) with
connection is isomorphic to an elementary vector space El([u — uP],v, R) with
connection for a suitable ©. More precisely, if v +— A(u) is a formal automorphism
(i.e., A'(0) # 0) then

(2.3) El(p,p,R) ~El(po X\,p0 A\, R).
Let us denote by p the map u +— u? and by p¢ the map u — Cu.
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LEMMA 2.4. For any ¢ € C((u)), we have

p+p+é"‘p = P &K,
¢r=1

PROOF. We choose a C((u))-basis e of &% and assume for simplicity that ¢ €
u~IC[u~!]. Then the family e, ue,...,uP~te is a C((t))-basis of p4&¥. Set e, =
u™* ®c(4) uPe. Then the family e = (eq,...,e,—1) is a C((u)-basis of pTp, . Let
us decompose u@' (u) = Z?;é uwip;(uP) with ¢; € C[t™!] for any j > 1 and v €
t~1C[t~!]. Let P denote the permutation matrix defined by e-P = (e1,...,ep_1,€0).
Using (1.2), we find that

p—k—1 p—1
udy e = Z wpjery; + Z wjertip,
=0 Jj=p—k
that is,
p—1
udye = e - [Zujijj]
j=0
The result is obtained by diagonalizing P. O

REMARK 2.5. Let us decompose p as a product p = p’d and p : u — uP as
paop' correspondingly. Then pfp &% decomposes as Di—o,..q1 P} EF exp ik,
Indeed, this is obtained by writing p*p; &% = p'*(pfp+&E¥) as the double direct
sum of the terms &¥°Hexp 27ik/p°H¢’ where ¢’ varies among the p’th roots of the unity
and k varies from 0 to d — 1.

LEMMA 2.6. We have El([u — uP], ¢, R) ~ El([u — uP],v,S) if and only if the
following properties are satisfied:
(1) there exists ¢ with (P =1 and v o p¢ = ¢ mod Clu],
(2) S~ R as C((u))-vector spaces with connection.

PROOF. For the “if” part, notice that p = p o pc. We have uf (6% @ R) ~
&9l @ R, hence &% @ R ~ ey (69°H¢ @ R), s0 p4 (¥ @ R) =~ py(E9°H @ R).

For the “only if” part, let us choose a finite dimensional C((¢))-vector space with
regular connection, that we denote by R'/?, such that pTR'/? = R (this amounts
to choose a pth root of an automorphism of a C-vector space). We then have

p (69 @ R) = pi (69 @ p"RYP) = p, 67 @ RVP,

hence pTp (69 @ R) = (pTp,E¥) @ R. If po (69 @ R) ~ py (&Y ® S), we can
lift this isomorphism after p™. From Lemma 2.4 and the previous computation we
deduce that pTp (€% ® R) decomposes as a sum of terms &¥°#n @ RY, where v
is the number of (’s such that ¢ o uc = ¢ mod C[u], and where 5 is such that
nP/V = 1. It follows that (1) is satisfied and that R” ~ S”. Then R ~ S (if two
automorphisms T',T” of a finite dimensional C-vector space are such that ®7_;T is
conjugate to @Y_; 7", then T and T” are conjugate: this can be seen by considering
the Jordan normal forms). O

COROLLARY 2.7. Let El(p1, 91, R1) and El(ps, 2, R2) be two elementary for-
mal connections with p1 = pa = p. Then El(p1, p1, R1) >~ El(pa, w2, R2) if and only
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if there exist ¢ with ¢P =1 and A1, A2 € uClu] satisfying A1(0) # 0 and A5(0) # 0,
such that

pP1 = P2 0 A1, <p1£<p20)\10()\2_10,u<o/\2) mod Cu]. O

REMARK 2.8. Let El(p, ¢, R) be an elementary formal connection and assume
that there exists a decomposition p = p; o py such that ¢ = 1 o pa. Then

p+(E¥ @ R) = p1,4.p2,4+(67°7 @ R) = p1,4(67" @ Ry)

where Ry = p2 4R has a regular singularity. In other word, El(p,¢, R) =
El(p1,¢1, R1). Hence it is always possible to choose the presentation of an ele-
mentary formal connection in a minimal way, such that ¢ cannot be defined on a
ramified sub-covering of p. We will the say that p is minimal with respect to .

Determinant. We now give a formula for the determinant of El(p, ¢, R). Recall
that, if M is any finite dimensional C((¢))-module with connection, the determinant
det M is equipped with a natural connection and, if A is the matrix of Vj, in some
basis of M, then the matrix of Vj, acting on det M is Tr A. If the connection on M
is regular, then the connection on det M is completely determined by the residue
of its connection modulo Z.

PROPOSITION 2.9. The determinant of of the elementary C((t))-module with
connection El(p, ¢, R) is isomorphic to & ™% @ det R @ (t®P~D7/2), where p is
the degree of p, r is the rank of R, (t°=V7/2) is the rank one free C((t))-module
with connection d + [(p — 1)r/2]dt/t, and det R is the rank one C((u))-module det R
where we change the name of the variable u to t.

PROOF. As R is a successive extension of rank-one free C((u))-modules with
regular connection, we can reduce to the case R has rank one. We can also assume
that p(u) = uP. If p € C((u)), we denote by ™" its invariant part with respect to
the action of Z/pZ.

If e is a C((u))-basis of the rank-one module £¥ ® R, then e, ue, ..., uPte is a
C((t)-basis of p.(&¥ @ R). If a € C is the residue of (R, V), then the matrix of the
action of tJ; in this basis is given by

1
E[ald+diag(0,...,p71)+ug0;']

where the multiplication by u¢!, has to be interpreted as an operator on the C((t))-
module C((u)). We note that multiplication by u* on C((u)) has trace zero except
when £ is a multiple of p. Thus % Trlup!, ] = % Tr([up!,-]™V) = t(Tr ¢);. Therefore,
the trace of the matrix of the action of td; on the basis e, ..., uP e is

-1
a+pT+t(Tr<p)Q. O

COROLLARY 2.10. If slopeEl(p, o, R) < 1, then detEl(p, ¢, R) has a regular
singularity.

PROOF. Indeed, ¢ < p implies Tr ¢ = 0 mod C[¢]. O
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3. Formal decomposition of a germ of meromorphic connection

PROPOSITION 3.1. Any irreducible finite dimensional C((t))-vector space M with
connection is isomorphic to p, (&9 ® L), where o € u='Clu™}], p:u > t = uP has
degree p = 1 and is minimal with respect to ¢ (cf. Remark 2.8), and L is some rank
one C((u))-vector space with regular connection.

PROOF. Assume that M is irreducible. According to the classical Turrittin-
Levelt theorem, we can choose p : u +— t = uP such that pT™M decomposes as
®,(E% ® R,). We have a natural action of Z/pZ on p* M, and M is recovered
as the invariant subspace. Therefore, by irreducibility, there exists ¢ € C((u))
such that p*™ M ~ @1 (69" ® Ryop.) and we can assume that p is minimal,
so that for any ¢ # 1 with ¢(? = 1, we have ¢ o ¢ # ¢ mod Clu]. The Z/pZ-
action induces isomorphisms a; : R, — Ryop, Which compose themselves in the
right way. Let us set R = R, and let us choose RY? as in the proof of Lemma
2.6. Then pt M ~ p*(p, &9 @ RYP) and, taking the Z/pZ-invariant part, we get
M ~ p, &9 ® RYP. Still by irreducibility, R*/?, hence R, has rank one.

On the other hand, such a py (&% ® L) is irreducible: indeed, pTpy(£% @ L)
decomposes as the direct sum of rank-one non-isomorphic connections, and has no
non-trivial Z/pZ-invariant submodule. (]

REMARK 3.2. There is no unique way, in general, to write down an irreducible
meromorphic connection: either we choose the presentation py (6% ®c(u) L), and L
is uniquely defined up to isomorphism, but ¢ could be changed into ¢ o ¢, or we
choose p4 (£9) ®c (1) L'?, and LY? is not uniquely defined. We will call p, &% the
exponential irreducibility type of the irreducible meromorphic connection.

COROLLARY 3.3 (Refined Turrittin-Levelt, cf. [1]). Any finite dimensional
C((t)-vector space M with connection can be written in a unique way as a direct
sum @ El(p, ¢, R), in such a way that each p; &% is irreducible and no two p&¥
are tsomorphic.

PROOF. Fix an irreducible C((¢))-module I with connection and consider in M
the I-typical component M defined as the maximal submodule such that all ir-
reducible sub-quotients are isomorphic to I ® L for some rank one regular C((t))-
module with connection L. It will be convenient to choose I as p;&¥ for some
suitable p and ¢ as in Proposition 3.1. Then, if I; % I, there is no non-zero mor-
phism from My, to Mj,, and we get the decomposition M = @;M;. On the other
hand, each M7 is isomorphic to p4(&¥ ® R) for some regular R. O

COROLLARY 3.4. Let M be a finite dimensional C((t))-vector space with con-

nection. Then M is isomorphic to an elementary module El(p, p, R) if and only if
pT M is isomorphic to pT El(p, 0, R) = (pTp1 &) @ R. O

COROLLARY 3.5. Let El(p1,01,R1) and El(pa, w2, Re) be two elementary
connections written in a minimal way (cf. Remark 2.8). Then El(p1, 1, R1) ~
El(p2, 2, Ra) if and only if p1 = p2 and the condition of Corollary 2.7 applies.

PROOF. Any irreducible sub-quotient of El(p;,p1,R1) takes the form
El(p1,p1,L1) where L; is a rank one sub-quotient of R;. A similar result
holds for El(pa, @2, Re). Each such sub-quotient has rank p; (resp. p2). It follows
that p; = p2. We can then apply Corollary 2.7. O
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REMARK 3.6 (Extension to @—modules). Let us denote by 2 the ring of differ-
ential operators with coefficients in C[t]. Then any given holonomic J-module M
can be decomposed as M;eg © My, where M,qg is a regular holonomic Z-module
and M, is purely irregular. Then M;,, is a C((t))-module with connection (although
M,cg may be not), and has the refined Turrittin-Levelt decomposition of Corollary
3.3, where all ¢ are non-zero in C((w))/Cl[u].

Tensor product. Given two elementary formal connections El([u — uP], 1, Ry)
and El([v — vP2], 99, Rs), we set d = ged(p1,p2), p) = p1/d and py = pa/d. We
have the following diagram:

where the dots represent formal discs, p(u) = u', p1(w) = wP1, etc. We then set
plw) = whP2/4,
(3.7) ) = 1 (wPs) + o ([ HYPP2 ) (k =0,...,d—1),
R = py R ® p{ Ry.
ProrosiTION 3.8. With this notation,
d

El([u = upl]a (plle) ® El([v = Up2]7 <)02>R2) = @ El(p7 (p(k)7 R)
k=0

PROOF. As er(R}/p1 ® Ré/pz) ~ pd Ry ® pf Ry, we are reduced to finding an
isomorphism

d—1 .
p17+£’501 ®p27+g¢2 ~ @ ,0+£w(k)'
k=0

If d = 1 (so that pj = p; and p), = p3), we have
p+(p1 LEPL @ e E9) = D £P1(Gwh?) e (CwPl) _ o) £e(CiGw) @ &¥°re,
; ) il iy ¢P1p2=1

C;”z:l 452:1

and we get the desired isomorphism by taking the Z/p;p2Z-invariant part.
Otherwise, we have p; 9 @ py %2 ~ pg (0] E9 @ P4 pa,+E¥2) and,

using Remark 2.5, this is @Z;é Pa (P 1 EPT @ phy  E¥2Hexp2min/ra ) We deduce
then from the d = 1-case that
I e Y epn L TN ee®
P14+ @ pypy 672 E%P-f-g )

hence the result by applying pq, . O
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REMARK 3.9. Using the notation (p, g, r) as after Definition 2.1, we get

p = p1p2/ ged(p1, p2),

™ < max{qip2/ ged(p1,p2), q2p1/ ged(p1,p2)},
T ="T1Tr9.

Therefore,
slope El(p, ™), R)
irrg El(p, o®), R)

max{slope El(p1, ¢1, 1), slope El(p2, 2, R2) },

NN

max {irro El(p1, 1, R1) - tk El(pa, @2, R2),
irrg El(pa, @2, Ra) - Tk El(p1, @1, R1) },
rkEl(p, o®), R) = rk El(py, 1, R1) - tk El(pg, @2, R2)/ ged(py, p2).
Dual. Using that p; (N*) >~ (p4+N)*, we get
(3.10) El(p, p, R)* >~ El(p, —p, R¥).
Hom. As a consequence of Proposition 3.8 and (3.10) we get:

Homg ) (El([u — u?*],01, R1), El([v — vP%], 2, Ry))
~ El([u — u”'], —p1, RY) ® El([v — v"?], 2, R)

(3.11) o
~ 199 El([w — wPP2/?) o*) R)
=0
with
(3.12) ™ (w) = o (W) — gy (|2 /P2 ]P2) R = 5 R} @ py Ro.

Applying this formula to Endgqy (Elfu — uP], ¢, R) gives
Endc((t))(El([u —uPl,o,R) >~ @ El(jur— uP],p —popuc, Endc((u))(R)).

¢r=1
If we assume that p is minimal with respect to ¢, i.e., ¢ # o mod Clu] if ¢ # 1,
then we obtain

End(c((t)) (El(p7 @, R))reg =~ P4 End(c((u)) (R)
On the other hand, in (3.11), let us assume that p; is minimal with respect
to ¢; (i =1,2) and that p1 4 &% % py &9, We will then show that
Homg sy (El(p1, @1, R1), El(p2, 02, R2)) . = 0.

reg

Indeed, we can assume that pi(u) = wP' and pa(v) = vP2. Moreover, it is
enough to prove the assertion when Ry = 1 and Ry = 1. In such a case, if
Homg ) (p1,4 891, p2,4 9% )reg # 0, (3.11) would imply that it is isomorphic to a
direct sum of terms p, 1. In particular, it would contain a horizontal section, in
contradiction with the assumption.

Let now M be a C((t))-vector space with connection, let us denote by
@D, El(pi, @i, R;) its refined Turrittin-Levelt decomposition, as in Corollary 3.3
and let us assume that the minimality condition holds for each (p;, ¢;). We then
conclude:

(3.13) (Endct) M)reg =~ D pi+ End(R;).
K3
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REMARK 3.14 (Centralizers). Let R be a regular C((u))-module corresponding
to a vector space with monodromy (1, R,T). If p € uCJu] has valuation equal to
p > 1, then py R corresponds to (¢, R®CP, p, T), where p, T = T/? @ P,, for some
choice of a pth root of T and where P,, is the cyclic permutation matrix on C?. The
following is easy:

dim Ker(pT — 1d) = pdim Ker(T — Id).

Applying this equality to Endc,)(R) and denoting by Z(T') the centralizer of T’
(= Ker(Ad(T) — 1d)), we obtain

dimKer(py Ad(T) — Id) = pdim Ker(Ad(T) — Id) = pdim Z(T).

4. Direct images of exponentially twisted regular Z-modules

In this section we explain an improvement, in a particular case, of the main
result of [10]. Let A be a disc centered at the origin in C with coordinate t and let P!
be the projective line with affine chart A! having coordinate x. We denote by oo
the point with coordinate x = co. Let .# be a regular holonomic P ypr1-module.
In the following, we always assume that .# is equal to its localized module along
the divisor [A x {oo}] U [{0} x P!] (the adjunction of this second component will
not affect the computation of the irregularity we are interested to compute). Let
t: A x P! — A be the projection and let &% denotes the free rank-one O yp1 (¥00)-
module with connection d 4 dz. The main result of [10] gives much information on
the formal irregular part 70t (£ @ .4 )" of #°t (6% @ ) at the origin of A.
Let us recall the notation of loc. cit.

The singular support of .# away from {0} x P! (i.e., the locus where .# is not
locally a vector bundle with flat connection away from {0} x P1) is a germ along
{0} x P! of a closed analytic set of A x P! of dimension < 1. Therefore, if A is
small enough, it is a union of germs, at a finite number of points of {0} x P!, of
possibly singular complex analytic curves (distinct from {0} x P). We will denote
by S the germ at (0,00) € A x P! of the singular support of .# away from {0} x P1.
Let us denote by y = 1/ the coordinate at oo on P'. We first make the following
assumption:

ASSUMPTION 4.1. The germ of S at (0,00) is irreducible.

We fix a Puiseux parametrization of S as ¢t = u?, p(u)y = u? where p is holo-
morphic and 1(0) # 0. We assume that p is minimal, in the sense that one cannot
find a Puiseux parametrization of S with a smaller p. The inverse image p~1S
of S by p: (u,y) — (uP,y) consists of p distinct smooth curves S¢ having equation
¢ 9u(Cu)y = u?, where ¢ varies among the pth roots of the unity. In particular, the
restriction of p to any of the curves S¢ is isomorphic to the normalization v : S 5.

We define a to be the polar part of u %u(u), and 6 to be its holomorphic
part. If { varies among the pth roots of the unity, the functions (~9u(¢u) are thus
pairwise distinct. We will make the more restrictive following assumption, which is
satisfied if (p,q) = 1:

ASSUMPTION 4.2. The polar parts a(Cu) are pairwise distinct when ¢ varies in
the set of pth roots of the unity.

Let us consider the de Rham complex DR .Z. Fixing a local equation h of S
at (0,00), we can define a constructible complex on S by taking the vanishing cycle
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complex ¢p DR .#, whose natural monodromy around h = 0 we forget. Up to a
shift (depending on the convention we took for perverse sheaves and vanishing cycle
functor), the restriction of this complex to S* := S\ {(0,00)} is a local system. Let
v: S — S be the normalization. The previous local system defines thus a vector
bundle R with meromorphic connection having a regular singularity at the origin

of S.

THEOREM 4.3. If S is irreducible at (0,00) and if Assumption 4.2 is satisfied,
the formal irreqular part s#°t (&% @ )™ at the origin of A is isomorphic to
El(tov,xzov, R).

In [10], C.Roucairol obtains a similar result, but the regular part R is not
computed so precisely, as only the characteristic polynomial of the monodromy is
determined, not its Jordan structure. We will show below how the argument of
loc. cit. can be modified to get the more precise result of Theorem 4.3.

PROOF. Let us start with the following situation. We consider a regular holo-
nomic Z yp1-module (localized along [A x {oo}]U[{0} xP!] as above) with singular
support consisting, near (0, 00), of a finite family of smooth curves S; having local
equations p;(t)y = t%, with ¢; > 1, p; holomorphic and p;(0) # 0.

Y

We denote by a; € t~'C[t~!] the polar part of t~%y; and by &; its holomor-
phic part. We define the meromorphic bundle with connection R; on S; by using
the same procedure as above. We thus get a vector space with an automorphism
(Ve Ry, Ts).

Let a be any nonzero element of t~C[t71] and let ¢ the order of its pole, so
that, if we set u(t) = t9a(t), we have p(0) # 0. Let us note that ¢, (#Z ® &7 %)
is supported at (0,00) (near z° at finite distance, # ® &*~* ~ # @ &~ * and the
local V-filtration is easily seen to be constant). Therefore, (A4 @ &¥~%) being
holonomic (see e.g., [8]) and supported on a point, it is equivalent (through Kashi-
wara’s equivalence) to a finite dimensional vector space with an automorphism 7.
We can analyze it by working in the y coordinate only. We now characterize this
object:

PROPOSITION 4.4 (Improvement of [10]). In such a situation, let us moreover
assume that the functions «;(t) + 6;(0) are pairwise distinct. Then, for any a €
t~1C[t71],

(We( M @ ETV),T) = @ (¢1Ri, T).

ilai=a

PROOF. Let m; denote the g-times composition of the blowing up of the inter-
section of the successive strict transforms of the curve u(t)y = ¢ with the excep-
tional divisor, starting with the point (0,00). Computing as in [10], we find that
Vtom, T (M @ E~F1/Y) is supported at the intersection Py of the strict transform
of the curve p(t)y = t? with the exceptional divisor. There is a chart (u,v) such
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that t om; = v and y o mp = ww?. Let us set u1 = 1 — up(v), which is a coordinate
centered at P;. In this chart, the strict transform of w;(t)y = t% has equation
wi(v)u = v% % and goes through P; if and only if ¢; = ¢ and ;(0) = ©(0). In the
coordinate system (uy,v), the equation of such a curve is u; = 1 — u(v)/u;(v). On
the other hand, 7 (4 ®@ &=V = ot @ &/,

Let w5 denote the g-times composition of the blowing up of the intersection
of the successive strict transforms of w; = 0 with the exceptional divisor. Let
Elast ~ P! be the last created component of the exceptional divisor E. It cuts
E \ Ej.« at a unique point P. There is a chart with coordinates (w,v) such that
v = 0 is the equation of Ej,s, w is an affine coordinate on FEl,g, and P = {w = co}.
In this chart, we have u; o mo = wv? and v o w9 = v.

The strict transform of a curve uy = 1 — pu(v)/u;(v) has equation

by ) () () +8(0) —a)
pi(v) wi(v)
with v; holomorphic. It cuts Ej.s away from P if and only if a; = «, and the
intersection point is located at w = §;(0)/u;(0) = 6;(0)/u(0). As a consequence,
along Eias \ {P}, the pull-back of J, S; is a normally crossing divisor.

On the other hand, in this chart, we have mjm(# @ &°F/v) =
il (M) R EY and Yufrg T (M) @ EY) = Yi[nf 7 M) @ E.

Let us analyze what happens near P. In the neighbourhood of P, we have
coordinates (v',w’), where v' = 0 is the equation of Fj, and w’ = 1/w. It may
happen that the strict transform of some S; goes through P. However, we can
find a sequence of blowing-ups over P such that, if we still denote by P the point
at infinity in the strict transform of FEj,q by this sequence, then none of these
strict transforms goes through P. Let 7w denote the composition of this sequence
with 7; and 7e. In the chart centered at P, we have coordinates (v, w’) such
that v” = 0 is the equation of El,¢ and, on FElug, w”’ = 1/w. Near P, we have
VtonT T (M @ EHY) = thpyre (wt l @ E/*") with k, ¢ € N. Applying Propo-
sition 1.5(2), we find that Yot (A @ E~TVY) = (Yropnt ) "] @ eV,

Let us denote by .4 the regular holonomic module ;o7 .# restricted to Elag
and localized at P. We identify Ej,s with P! with its affine coordinate w and P
with w =o00. Then N = I'(Ejst,4) is a regular holonomic Clw]({0,,)-module
equipped with an automorphism 7' (coming with the functor t¥;or). Summing up,
(Y (M @ E~FTY/Y),T) is the direct image by the constant map 7 : Ejas — (0, 00)
of /" ®&"™, which can be computed as the cokernel N1 of the map 0,,+1: N — N,
equipped with the induced automorphism ﬁ. Now, Proposition 4.4 is a consequence
of the following lemma:

LEMMA 4.5. Let N be a regular holonomic Clw]{0,,)-module equipped with an
automorphism T. Let Ny denote the cokernel of the (injective) map 0, + 1 :
N — N, equipped with the induced automorphism Ty. Then we have (N1,T1) ~

@CEC(¢W*CN? ¢wch)~

Indeed, if the lemma is proved, we are reduced to computing (¢u,—cN, dy—cT).
Because the singular support of 7+.# has normal crossings along Fl.q, we have

((bw—cwtowﬂ--i_%a (bw—cT) = (wtOﬂ(bw—cﬂ-Jr%a Tc) = ('L/)tRi; E)
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PROOF OF LEMMA 4.5. The lemma is well-known if we forget T' (see e.g., [7,
Prop. 1.5, p.79]). Let us show how to take T into account. We note that T has
a minimal polynomial, so we can decompose N with respect to eigenvalues of T’
and we are reduced to the case where T is unipotent. We have then to prove that
ﬁ and B.¢,_.1 have the same Jordan normal form. Let M, N denote the mon-
odromy filtration of the nilpotent endomorphism log T". It induces a filtration M,ﬁl
and ®.M,¢,,—.N and, as Coker(d,, + 1) and ¢, _. are exact functors on regular
holonomic modules, we obtain, by applying the lemma forgetting automorphisms,

Vk e Z, grg{ Nl = grﬁ/[ N, = ®chw—c gr% N =@, grl,z/I Gw—cN.

If we prove that M,]vl (resp. M ¢yy—cN) is the monodromy filtration of log ﬁ
(resp. log ¢y—.T), then log T, and D log pyy— T will have the same number of Jor-
dan blocks of any given size, hence will have the same Jordan normal form.

Recall that the monodromy filtration M, (N) of a nilpotent endomorphism N
is characterized by two properties: (1) for any £ € Z, N(M¢(N)) € My_1(N),
and (2) for any ¢ € N, N* induces an isomorphism gri}/[ ) grli/le . Using
the exactness of the functors Coker(d,, + 1) and ¢ —., one easily checks that

M,Nl (resp. M,¢,—.IN) satisfies these characteristic properties for log ﬁ (resp. for
10g 61y T). O

End of the proof of Theorem 4.3. We assume that S is non-empty, otherwise
we know from [10] that %t (&* @ .#) has a regular singularity at ¢t = 0. After
Corollary 3.4, it is enough to compute pt #%t, (&% ® .#) where p is defined after
Assumption 4.1. Moreover, a standard argument enables us to apply p before
29t . The singular support of p*.Z near (0,00) is p~19 = Uerzy Sc. We will
use Proposition 4.4 with o = 1. Assumption 4.2 implies that the assumption in
Proposition 4.4 is fulfilled and moreover, S is the only component which cuts Ej,gt.
As p: Sy — S is the normalization of S, (¢:R1,T1) is identified with (¢ R,T). O

5. Local Laplace transform

5.a. The local Laplace transform .Z(9°°), In this section, we analyze
the formal Laplace transform ﬁio’oo) introduced in [1, 4]. Let us recall that,
given a finite dimensional C((¢))-vector space M with connection, its transform
ﬁio’oo)M is a finite dimensional C((#))-vector space with connection, where 6 is
a new variable. The functor ﬁio’oo) morally corresponds to the integral trans-
form f «eTt/0qt. If © denotes the germ of formal automorphism t — —t, we have

ﬁio’oo)M = 70°)+ M. Let us note that, if R is regular, then :* R ~ R.

THEOREM 5.1. For any elementary C((t))-vector space El(p, @, R) with ir-
reqular connection (i.e., such that ¢ ¢ C[u]), the formal Laplace transform
yiO,oo) El(p, o, R) is the elementary finite dimensional C((0))-vector space with
connection E(py, §, R) with (setting L, = (C((w),d— 2 %“))

/
L B0 = o) - S )

REMARK 5.2 (Regular connections). If R is a regular connection, then it is easy
to check that ﬁio’oo)R ~ R (after replacing the name of the variable ¢ with 8). This

also explains why R does not depend on =+ in the formula above.

pr(u)=7F ﬁ:R@Lq.
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We will prove the theorem for the transform 00
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). The other case is obtained

by setting ﬁ](ro’oo) — 70 o+ n the following, when we forget the index 4=, we
implicitly work in the — case.

REMARKS 5.3.

1)

(2)

Using notation of Remark 2.8, one has p = pj o p2, @ = 1 o py and
Ri=R ® Ly =p2+RQ® Ly, = p2+(R® Lg) = p2’+1§. Therefore, the
formulas above do not depend on whether the presentation of El(p, ¢, R)
is minimal or not and we can also assume that p(u) = uP.
Let us note that p is a ramification of order p = ¢ + p and @ has a pole
of order ¢ = g, so the slope of El(p, &, }A%) is ¢/(q + p) (this is well known,
cf. [7]). We thus have

. slope " F (=) El(p, o, R) = 1 4 slope ' El(p, ¢, R) = 1+ p/q,

o irrg.Z(0=) El(p, p, R) = irrg El(p, ¢, R) = qr,

« tk.Z(0>) El(p, p, R) = 1k El(p, ¢, R) + irrg El(p, ¢, R).
If we choose a (¢ + p)th root v — A(u) of p(u) and if we denote by
A~ 1(u) its reciprocal series, then, according to (2.3), El(p, @, E) ~ El([u —
uit?], 3o A"1 R).
Let us also note that twisting R by L, consists in multiplying its mon-
odromy by (—1)? (this was denoted by ®(¢9/2) in Proposition 2.9).
The inverse functor of ﬁio’oo) is the local Laplace transform ﬁioo’o) from
C((#))-vector spaces with connection having slope < 1 to C((t))-vector
spaces with connection. If ¢ has degree p and % has a pole of order
q < p, we then have

L0, 5) = El(ko™ /o' 6 + (0/0" )1/, S @ Ly).
The determinant (over C((#))) of El(p, &, ﬁ) is a rank-one regular connec-
tion which is equal to the regular factor of the determinant (over C((¢)))
of El(p, ¢, R).

Indeed, since El(p, @, R) has slope < 1, the first assertion is a conse-
quence of Corollary 2.10. Now, Proposition 2.9 gives [det E1(p, ¢, R)]req =
det R ® (t®=17/2) and

~

det EI(p, @, R) = det R @ (tPT9=D7/2) = det R ® (t®~V7/?),

as 7 =r and det R = det R ® (t77/2).

PROOF OF THEOREM 5.1. We first choose an algebraic model for El(p, ¢, R),
that is, we assume that p(u) = w?, p(u) = u %a(u) where a € Clu] has degree
< ¢ and a(0) # 0; we moreover assume that R is a free C[u, u™!]-module with a
connection having a regular singularity at « = 0 and v = oo and no other pole.
We now work algebraically and consider that u is the coordinate of the torus G,
and that 6 is also a coordinate of G, 9. We wish to compute the direct image of
(C[h,07']®@ R) ® &9W=u"/9 1y the projection to G, e, and then take its formal
irregular part at 8 = 0. Theorem 4.3 suggests us to consider the direct image M
of R[6,07'] := C[0,0~'] @ R by the morphism 7 : Gy, 9 X Gy iy — Gy X AL given

by

m: (0,u) — (6, p(u) —uP/0).



AN EXPLICIT STATIONARY PHASE FORMULA 15

This morphism is finite, so M consists of a single cohomology module, and it is
regular holonomic, as R is so. The critical locus of 7 is defined by 0 = pu? /ug’(u) =
p(u) and the singular support S* of M is the curve parametrized by

~ plu)
G 3w (Pw), olu) — 050/ (w).
The germ Al at the origin is a parametrization of the germ at (0, 00) of the closure S
of S* through the natural extension of this map to Al.

A possible way of proving the theorem, by applying Theorem 4.3 to M, would
be to compute the vanishing cycle module of M along S. Nevertheless, one should
first check that Assumption 4.2 is fulfilled, which is not straightforward. So we will
not apply this theorem, but we will use the same method without taking the direct
image by w. The previous reasoning is now regarded as a heuristic justification of
the formula given in the theorem (at least for p and @).

We first apply the ramification p : 7 — 6 to R[f,07'] ® &*(¥)=4"/¢ and then
take the direct image by the projection to G, ,. In order to compute the regular
part with respect to the exponential term &% we tensor this direct image by
&~% and then take the moderate nearby cycles 1y, of the resulting meromorphic
connection. Arguing as in [10], it is equivalent to tensor with &~ and to take
1y, first, and then to take the direct image by the projection to the point. We are
therefore led to compute 1, (é”‘*”(“)f‘ﬁ(”)*“p/ﬁ(") ® R|n, 77*1]).

We will use the following notation: ¢(u) = u %a(u), up'(u) = w~%b(u) with
b(u) = —qa(u) + ua’(u). We also set a(u) = ZZ:E aru®, hence

qg—1

b(u) = Z(k: —Qapu®,  a(u) — fb Z pta- kuk.

k=0
By assumption, ag # 0 and if we set (p,q — k) = dj, then ng((dk)k‘ak?QO) =1. We
have

Pl = = 30) = o (al 0 = 02—t ato) — ).

In order to simplify this expression, we blow up the ideal (u,n). Let us consider
the chart with coordinates (v,n) with e : (v,n) — (vn,n). The previous expression
becomes

i (atom = 002 o) = o)) = L5,
We have to compute v, (&7M/*"1" @ e+ (R[n,n~'])). This module is supported
on 1 = 0 by definition. Moreover, according to Proposition 1.5, it is supported
at most on the set defined by f(v,0) = 0. One can also check that it has no
component supported at v = 0o, by using the same argument in the other chart of
the blowing-up space. The function f can be written as

~1
_ qza,mk (4 L e pRak )
— p p
It is easy to compute that the polynomial f(v,0) = ag(1 + vp+q (1+ L)v?) has
exactly dg = (p,q) double roots, which are the dpth roots of unity, and the other
roots v; are simple. The branches of f(v,n) at the points (v;,0) are thus smooth
and transversal to 7 = 0. Moreover, one easily checks that (v — 1)? divides f(v,7n),
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so that in some neighbourhood of (1,0), f(v,n) = (v — 1)? - unit. Lastly, for any ¢
with (% = 1 and ¢ # 1, if we set v/ = v — (, the germ of f at ((,0) can be
written as v2\(v/, ) +np(v’, n), where \, p are units and ¢ € [1, ¢ — 1]: indeed, the
assumption implies that, for any such (, there exists a smallest £ € [1,¢q — 1] such
that a; # 0 and ¢* # 1; we have f(¢,n) = >, ar(¢¥ — 1)n*, so the first nonzero
term in this series is for k = ¢; similarly, the coefficient of v’ in the expansion of f is
>4 kak(¢F —1)n*, which is a multiple of n‘. The situation is illustrated in Figure 1.

strict transform strict transform
ofu=20 ofn=0
| 1 T~ — v;
n=0 (=1
C#1

FIGURE 1. The branches of curve f(v,7) =0 near n =0

In suitable local coordinates (v’,7) centered at the points (v;,0) or the points
(¢,0) with ¢% = 1, the exponent f(v,7n)/vin? can thus be written as g(v’,n)/n?,
where

v’ at (v;,0),
g(v',n) = ¢ v at (1,0),
VAW, ) +nfu(v’,n) (with £ € [1,¢—1]) at (¢,0).

Theorem 5.1 is now a consequence of Lemma 5.5 below: we apply the lemma
to S = et (R[n,n71]), 5.5(1) to the germ of f at each (v;,0), 5.5(2) to the germ of f
at (1,0) and 5.5(3) to the germ of f at at each (¢,0) with (% =1and ¢ #1. O

EMMA 5.5. Let S be a germ of reqular meromorphic connection in coordinates
L 5.5. Let S'b f l hi jon i di
(v',m) with pole on n =0 at most and let ¢ > 1. Then
(1) ¢y(&”/7" @ 8) = 0.
V' @ S) s supported at v' = 0 and its germ is isomorphic to the
2) Y,(&
germ at v/ =0 of V(S @ Ly 4) with Ly ¢~ (Clp,n~'],d — 4 %)
(3) Let h(v',n) = v\, n)+n‘u(v',n), where \, p are local units and ¢ € N*.
Let us assume that ¢ > £+ 1. Then 1/Jn(<o@h(“/7”)/"q ®S)=0.

PRroor.

(1) As S is an iterated extension of rank-one meromorphic connections, we
can assume that it is isomorphic to C{n}[n~!] with connection d — adn/n. Then
&Y'/n" S ~ C{n}[n~'] with connection d+dv’ /n— (a+v'/n)dn/n. The generator
e = 1 satisfies € = 10,-¢, showing that 1/},7(57”,/"‘1 ®S)=0.

(2) The first part of the assertion is clear. For the second part, we argue by
induction on ¢. Let us first assume that ¢ > 3. We blow up the ideal (v, 7). We
get two charts: (v},n1) with v' = vinm; and n = n; and (v}, n2) with v/ = v} and
17 = V3.
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In the chart (vh,n2), we find @/}Uéné(é"l/”;kz"g ®etS) = 0. In the chart (vi,n1),

U, (5“’{2/77{11_2 ® eTS) is supported at the origin of the chart, and we conclude by
induction.

If ¢ = 2, we identify (in the same way as we did in the proof of Proposi-
tion 4.4) z/Jnoee"’(é"“l?/”2 ® S) (with its automorphism T’ coming with the func-
tor ¥pe.) with the Clvi]-free module with connection (¢,5,T) ®c &V, where
&Y = (C[v}],d + 2v}). Tt is then enough to show that the direct image by e of
(Clv1],d + 2v1) is equal to C, that is, that the morphism J,; + 2v] : Clvy] — C[v{]
is injective and has a cokernel equal to C. This is easily checked.

Let us end with the case ¢ = 1. We first show that the dimension of the space
d)n(gvlz/" ®5) is equal to that of (¢,,9)¢ by a computation of Euler characteristics,
as in [10]. In order to do this computation, we first blow up the ideal (v',7n) and
then, in the chart (v},72), we blow up the ideal (v}, 7). We denote by Ey ~ P*
the exceptional divisor over vh = 0,12 = 0 and by E; ~ P! the strict transform
of the exceptional divisor obtained after the first blowing-up. After the total blow
up €, the module ), oz€™ (&"/m © S) is supported on Ey U E5 and et (£°/1 @ S)
has regular singularity along E7 U E5 except at P. Figure 2 gives the values of the
function z — x DR ¢,0z€ ™ (é"”/z/"®5’)m on each stratum of the natural stratification
of e1({n = 0}), when rk .S = 1 (which is clearly enough), from which one deduces
the desired assertion, as

-1 Xtop(El N {Pl}) + 0- Xtop(Pl) -2 Xtop(E2 ~N {PlaPQ}) + 2. Xtop(PQ) =1

Eq x=-1
/ strict transform
ofn=0
Eo Py Py
x=0 ( xX=-2 [ X =2

FIGURE 2. The Euler characteristic function of DR wnog€+(£”'2/ﬂ ® 9)

Once this computation is done, we prove the result for S = C{n}[n~1™k"

with connection d+ («Id +N)dn/n, where N is a constant nilpotent matrix. Then
&/ ® S has a basis e which satisfies

ndye =2'e and ndye =¢- ((a—v?/n)Id+N),
from which we deduce, as nd%e = (2 + 4v"?/n)e,

(5.6) nope = ((a+1/2)Id+N) — in@?,/e.

A standard computation of V-filtration now shows that each ¢; € € has order a+1/2
with respect to the V-filtration and that the classes of the ¢; in ¢, (éa“/z/" ® S)o
generate this C-vector space. By the dimension count above, they form a basis of
this space. From (5.6) one then gets that

1/),,(6””,2/" ® S)o =~ (C™*F, exp 2im((a + 1/2) Id +N)),

as was to be proved.
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(3) We argue by induction on £ > 1. Let us first assume that £ > 3 (hence ¢ > 3)
and let us blow up the ideal (v, 7). In the chart (vy,n1), ¥y, et (&Mt @ §) =
Uy (EM @M/ @ ¢ 8 with hy of the same form as h, but with £ replaced by
¢ — 2, hence the result by induction.

If £ = 2, the strict transform of h = 0 cuts the exceptional divisor 17, = 0
transversally at two distinct points. Applying (1) at these points and an easy
argument at the other points (vf,0), we obtain t,, et (& M/1" @ §) = 0. In the
chart (v),n2), we are led to compute 1&1,;,,2(5’”““/”;_2"(1 ® etS) and, since ¢ > 3,
we can apply Proposition 1.5 to obtain that the result is 0.

We now assume that £ = 1, so ¢ > 2, and we blow up as above. We find that
wnoee+(£h/"q ® S) is supported at the origin of the chart (v),75), and is equal
to Yy p, (£h2/”§q71’75 ® etS), with ha(vh,m2) = vhA(vh, vhn2) + nap(vh, vhne). If we
blow up the center of this chart, we find that the strict transform of ho = 0 is
smooth and cuts transversally the exceptional divisor. Applying (1) at this point
and Proposition 1.5(2) at the crossing points of the pull back of the divisor vne = 0
gives the desired vanishing. O

REMARK 5.7 (Extension to -modules, cf. [7]). Let M be a Z-module

(cf. Remark 3.6). The local Laplace transform ﬁf’m) is naturally extended to
such objects, in such a way that, if we choose a module N on the Weyl algebra
with regular singularities at 0 and oo and no other singularities, and such that
Clt] ®cqty N = Mieg, then fj(to’oo)Mmg is the germ at infinity of the Laplace
transform of N.

It is known that giving M., is equivalent to giving a diagram of vector spaces
with automorphisms T'

C
/‘“\L
wt Mreg (bt Mreg
f—__—
v

where (V¢ Mieg, T) = (Yt Myeg, Id +vc) and (¢peMreg, T') = (Pt Mreg, Id +cv). Let us
remark that the effect of the involution ¢m is to replace ¢ with —c¢ and v with —wv,
$0 that ¢ Mieg o Myeg.
Giving the vector space with automorphism (¢; Mg, T') is equivalent to giving
a regular C((t))-module with connection: this is C((t)) ®c[y) Mreg-
On the other hand, the C((#))-vector space with connection ff
sponds to the vector space with automorphism (¢ Myeg, T).

,O0

M, eg corre-

5.b. Example of a direct computation. Let us compute directly the local
Laplace transform of &%/t* for a € C* and ¢ € N*. We can define the corresponding
CJt]{0¢)-module by the differential equation t?td; + ga. The Laplace transform
in the f-variable (i.e., corresponding to the kernel e~*/?) is obtained by setting
t = 020y and 9, = 0~'. Using that 02940~! = 00y — 1, it has the equation
(6209)4(009 — 1) + ga. The Newton polygon of this operator at # = 0 has only one
slope, which is ¢/(¢+1), so a ramification of order ¢+ 1 is needed to get an integral
slope. Let us set § = —n97! /ga (hence 09y = (¢ + 1)~'n9,). The pull-back by the
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ramification 1 — —n?%!/qa of the previous operator is, up to a constant,

(0" 00y) 0y — (g +1)) + (*l)q[Q(qJ 1)a]?*!

= [0, — kn®) + (=1)%[g(q + 1)a]***.
k=1

We twist the corresponding meromorphic connection with &~*/7" in order to create
a regular part. After twisting, the new operator is obtained from the old one by
replacing 79719, with 7919, — ¢, that is,

q+1

[T 0, — ax = kn®) + (=1)%[alq + 1)a] .

k=1
We choose A such that the constant term vanishes, that is, A = ((¢ + 1)a with
¢7*1 = 1. Let us fix ( = 1 for instance. The resulting operator can now be divided
by n? and gets as regular part the following operator:

q+2
[—q(g+Da]* (¢ +1) [nan = —]
In other words, if we denote by L, the rank-one local system with monodromy
(—1)9, we find that the localized Laplace transform of £%/*" is El(p, $, L,), where
P, @ are given by the theorem.

5.c. The local Laplace transforms .Z (> and .Z(°:>),
F(:2) s € C. The local Laplace transform ﬁ"f’oo) is defined as &*%/¢ @
G‘(S7OO)

9io’m). Therefore, the formula for computing %} El(p, ¢, R) is straightfor-
wardly obtained from that giving ﬁio’oo) El(p, ¢, R):

(5.8)  ZLEl(p, ¢, R) ~ El(ps, ¢+ ¢/(007),R) if ¢ & Clul,
(5.9) ﬁf’oo)Mreg ~ El(Id, +¢/6, ﬁio’oo)Mreg) (Mg a regular @—module).

When s # 0, yf’oo)M has slope one for any holonomic J-module.
F(20:0) The transform ffo’oo) corresponds to the integral transform
[ e/t (—dt/t?). Tt applies only to C((t))-vector spaces with connection having
slope > 1 and produces a C(())-vector spaces with connection having slope > 1.
If we consider an elementary formal connection El(p, p, R) with ¢ > p then,
setting now

~ _ o' ~_ plu) u
(5.10) px(u) = i@,pg, p=p+ () (u),

we have ﬁfo’oo) El(p, ¢, R) ~ El(p+, o, ]%) The proof is similar to that of Theo-
rem 5.1 and we will not repeat it.

R=R®L,,

REMARKS 5.11.
(1) If ¢ > p, we have p = ¢ — p and ¢ = q. Moreover,
. slope " Z () El(p,, R) = 1 —slope” ' El(p, ¢, R) = 1 — p/q,
. i1 Z () El(p, ¢, R) = irrg El(p, ¢, R) = qr,
« tk Z () El(p, ¢, R) = irrg El(p, ¢, R) — 1k El(p, ¢, R) = (¢ — p)r.

(2) The inverse transform of yim’m) is ﬁioo’oo).
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5.d. The use of the index of rigidity. Let X be a smooth projective curve,
let S be a finite set of point and let .#(xS) be a locally free Ox(xS)-module of
rank r with connection V. Let . (%S)min be the minimal extension of .Z (x.S)
(also called middle extension, or intermediate extension) in the sense of holonomic
PDx-modules: A (%S)min is the smallest Zx-submodule A" of .#(xS) such that
M (xS) /A is supported in a finite set. Let us recall the global index formula for
A (%S ) min (the global index formula for .# (+S) is obtained by forgetting the last
sum in the formula below, and one can refer to [7, Th.4.9(ii), p.70] for it; the
formula for .# (*S)min is an easy consequence of it):

(5.12)  x(X,DR A (*S)min)

= TXtop(X N 5) + Z irrg A (xS) + Z dim Ker(Tyeg,s — Id),
ses ses

where Tico s denotes the formal regular monodromy at s, that is, the monodromy
of [Ox s @ A (%S)]reg-

Applying this formula to End(.# (xS)) instead of .Z (xS) gives, according to
(3.13) and to the formula in Remark 3.14:

(5.13)  x(X,DREnd (. (+S))min)
= T2Xtop(X NS+ Z irrg End(.Z (xS)) + Z Z Ps,i im Z(T5 ;),

s€S seSiel

where EBZ-G i El(ps,i, ¢s.i» Rsi) is the refined Turrittin-Levelt decomposition of
M (*xS) at s, ps; is the degree of ps;, Ts,; is the monodromy of R,; and Z(e)
denotes the centralizer of «. We will set I, = I; U {reg} with an obvious meaning,
and pg reg(t) =t, Psreg = 0. Let us note that (5.13) was yet obtained (in a simpler
case) by A. Paiva [9]. The left-hand term in (5.13) is by definition the index of
rigidity of .# (xS) and is denoted by rig.# (xS) (cf. [5, 1]).

EXAMPLES 5.14.
« Assume S = {0,00}. Then rig.#(xS) = 2 if and only if, for s = 0, 00,
irrs = 0, #I, = 1 and dimZ(ps +Ts) = 1. This is equivalent to ask that
M (xS) has rank one.
« (Compare with [1, Cor.4.9].) Assume .# (xS) has rank one. Then, for any
s€ S, irry =0, #I. =1 and dimZ(p, +Ts) = 1. Therefore, rig 4 (xS) =
Xtop (P . S) + #5 = Ytop(P!) = 2.

Let us now assume that X = P! and that S contains co. We then set
Mynin = (P, [ (%5 )min] (+00) ), which is a holonomic module over the Weyl alge-
bra C[t](9;). Let Fy(Muyin) be its Laplace transform with respect to the kernel
e, This is a holonomic module over the Weyl algebra C[r](0,) (cf. the in-
troduction). We denote by S C P! the set of its singularities (including &3) on

—

the 7-line. There exists a unique %3, -module ////;, equal to .#4(xo0), such that
Fi(Mpin) = D(P', #+). We then consider the associated bundle with connection

////;(*g) If M is irreducible (or semi-simple), then F M is so, and both are equal
to their minimal extensions. Let us recall:

THEOREM 5.15 ([5, 1]). If M is irreducible, then rig////:_u(*g) =rig.#(xS). O
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We will show that this theorem implies, when M is irreducible, a relation
between the dimensions of the centralizers of the formal monodromies corresponding
to the purely irregular parts at the singularities of M.

Let ¢ be a finite dimensional vector space equipped with an automorphism YT
and let us set ¢ = Im(¥T'—1d), equipped with the induced automorphism *T". Then
(cf. e.g., [9, Prop.2.4.10])

(5.16) dim Z(“T) — dim Z(“T) = ( dim Ker(*T — 1d))* =: x?,

Let us take the notation given after (5.13) and let us assume M = My,i,. The
formal stationary phase formula of [1, 4] implies, for the part with slope < 1 at &0,
and setting F' = F_ for instance:

(5.17)  (FM)ES)E = @ [(67/7 0 M) © @ Bl 5o B
seS~{oo} i€l

where Mireg corresponds to the monodromy ‘ﬁlﬂsyreg, if IZTs’reg = T veg is defined as
in (5.12) and ps; is obtained from the formula in Theorem 5.1 of §5.c for . (5:°°),
Indeed, as explained in the introduction, and according to Theorem 5.1, it remains
to justify the terms &—5/¢ ®ijreg and, after a translation to the origin, it is enough
to consider the case where s = 0; in other words, one is lead to compute the formal
Fourier transform at o0 of a regular minimal extension formal Z-module; an easy
computation gives the desired formula.
Similarly, with obvious notation,

(5.18) [(FM)(x8)Z) ~ @ El(poiis Pooys Rooit)-
ieIt

If we denote by Z the last sum in (5.13) and by Z the last sum in the formula

(31\3) obtained by applying (5.13) to FM, we find, assuming M = My, and
FM = (FM)min, and using (5.16):

7= Z [dimZ(Ts,reg) + Z Ds.i dimZ(Ts,z-)}

se€S~{oo} i€l
+ Y {dimZ((z’T;’reg) n Z@dimZ(Tg,i)} + Y pooidimZ(Ti,)
seS{=} i€ls eIzt
Z= Y [dimZ(fl’TS,mg) + Z@dimZ(Ts,i)}
s€S~{oo} i€l
+ Y [dimZ(Tg,mg) + Zpg,idimZ(Tg,i)} + Y pendimZ(Tec ),
seS{=} iels ielz}

and, setting Ksreg = dimKer(Ts eg — Id), using that ps; — ps; = ¢s; = s, if
s € S\ {oo}, a corresponding equality at 5, and Peo,i + Poc.i = Goo,i = Goo.is

(5.19) z-Z= Y {nireg +3 g dimZ(Tm)}
s€S~{oo} IS
- Z {K%\,reg + Z qs,i dim Z(Tg,’t)}
seS~ {3} icls
+ D (2poci — Gooi) dim Z(Tox ).

ieIx!
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When M is irreducible, the relation x — ¥ = 0 given by Theorem 5.15 leads to
an expression of Z — Z in terms not depending on the formal monodromies, that is,

Z—Z=r(#5—2) —P2(#5 —2) = )i, End((x8)) + Y _ irrg End (. (5)),
ses se8

hence the desired relation, by combining with (5.19).

REMARK 5.20. On the other hand, if we assume that I, I3 and IZ! are all
empty (i.e., M regular at finite distance and having at ¢ = oo a formal decomposi-

tion @geg\ga(éagt ® Mgreg)), the previous computation can be used to give a proof

of Theorem 5.15, cf. [9].
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