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Introduction

Grif ths-Schmid (1973):

® (M;H c;r ;FP)avar. of polarized Hodge structure
on a quasi-projective M:

# The extension of H ¢ by the moderate growth
condition on the norm of sections is algebraic.

# In this extension, r Is algebraic and has reqgular
singularities at in nity.

Question: What kind of Hodge theory can one develop
In presence of irregular singularities  ?
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Introduction

First attempt:
# Deligne's irreqgular Hodge theory (1984).
# Motivation: Analogy with pure " -adic sheaves.

# Deligne explains:

s Expect a Hodge Itration indexed by real
numbers.

s Lamentation: Do not expect a usual Hodge
decomposition for this ltration.
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# X smoothalg. curve=C, U = X r S, S nite,
f 2 O(U),

#® (V;r ) rk-one algebraic bdle with connection on U
which is unitary (PVHS type (0; 0)).

® Fo, DR(V;r + d),indexed by R,

#® Degeneration at E1 of

HY UjFoy DR(V;r +d) =) H, U (V;r +d):
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o Corlette (1988) & Simpson (1992):

o

o

»

X smooth compact Kahler,! = Kahler form,
V semisimple local system on X,

then Hard Lefschetz Theorem holds for
H (X; V):

8k > 1; LN:HM™ KX Vv)! H"™KX; V):

previously known (Deligne) if V underlies a PVHS.

The proof uses the existence of a harmonic
metric on the associated at bundle (V;r ).

Equivalently: (V;r ) underlies a variation of
polarized twistor structure of weight 0.

Wild Hodae Th

eorv — n. 5/20



Conjecture of Kashiwara



Conjecture of Kashiwara

# Conjecture of Kashiwara (weak form):



Conjecture of Kashiwara

# Conjecture of Kashiwara (weak form):
s X projective,! = ample line bundle,

Wild Hodae Theorv — p. 6/20



Conjecture of Kashiwara

# Conjecture of Kashiwara (weak form):
s X projective,! = ample line bundle,

s V semisimple local systemon Xy X smooth
guasiprojective,

Wild Hodae Theorv — p. 6/20



Conjecture of Kashiwara

# Conjecture of Kashiwara (weak form):
s X projective,! = ample line bundle,

s V semisimple local systemon Xy X smooth
guasiprojective,

o then Hard Lefschetz Theorem holds for
H (X; V):

Wild Hodae Theorv — p. 6/20



Conjecture of Kashiwara

# Conjecture of Kashiwara (weak form):
s X projective,! = ample line bundle,

s V semisimple local systemon Xy X smooth
guasiprojective,

s then Hard Lefschetz Theorem holds for
H (X; V):

8k>1; LE:IH" KX, Vv)! IH"™KX; V)

Wild Hodae Theorv — p. 6/20



Conjecture of Kashiwara

# Conjecture of Kashiwara (weak form):
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guasiprojective,

o then Hard Lefschetz Theorem holds for
H (X; V):

8k>1; LE:IH" KX, Vv)! IH"™KX; V)
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f X ' Y:amorphism between smooth complex
projective varieties.
Sketch of the analytic proof :

Semi-simple perverse Polarized regular twistor
>
sheaf on X D -module on X
T. Mochizuki
‘ (NCD) ‘

Conjecture of Kashiwara decomposition
regular case theorem (C.S.)
Semi-simple perverse Polarized regular twistor

€
sheaf on Y _ D -module on Y
Simpson

+ Hamm-Lé& D.T.
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# Conjecture of Kashiwara (strong form):

s X  Z projective,! = ample line bundle,
Z smooth,

s (V;r ) semisimple algebraic at bundle on
X o X smooth quasiprojective, possibly
Irregular singularities,

s M = minimal extension of (V;r ), (holonomic
Dz -module)

o then Hard Lefschetz Theorem holds for
H (X; DRM)=IH 5 (X; (V;r)):

8k > 1; LK :IHALKOG (Vir )t IHIENX (Vi )):
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Conjecture of Kashiwara

f X ' Y:amorphism between smooth complex
projective varieties.
C.S. (using ideas of Deligne, letter to Malgrange dec. 1983)

Semi-simple holonomic Polarized wild twistor
D -module on X D -module on X
Semi-simple holonomic Polarized wild twistor

D -module on Y D -module on Y
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Conjecture of Kashiwara

f X ' Y:amorphism between smooth complex

projective varieties.

Sketch of T. Mochizuki's proof :

Semi-simple holonomic

D -module on X

constucaion of
a wild harmonic metric

Polarized wild twistor
D -module on X

Conjecture of Kashiwara
general case

|

Semi-simple holonomic
D -module on Y

decomposition
theorem

|

Polarized wild twistor
D -module on Y
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ConjugationH! H Twistor conjugation
H!'H = H
z7 1=z (Z= 1=z7)

Pure Hodge structure w H ' Op:(w)®
Vector space H (w =0) ( PLH)
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!
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Conjugation H ! H

Pure Hodge structure w
Vector spaceH (w =0)
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Positivity of h

Twistor conjugation

H! H = H
2/l 1=Z7
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Twistor structures
(C. Simpson)

Filtered vect. sp. (F H; F H )| Holom.vect.bdle H on P!

Conjugation H ! H

Pure Hodge structure w
Vector spaceH (w =0)
S:H' H

Positivity of h
Tate twist (k), k 2 Z

Twistor conjugation

H! H = H
2/l 1=Z7

Opz (W)@

(z= 1=z)

(PHH)
Positivity of ( P1;S)
Op:( 2k) (k2 32)
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Variation of twistor structures
(C. Simpson)

X : complex manifold, X = X P

# Twistor conjugation: ordinary conjugation on X and
twistor conjugation on P!,

® H :C1l vect. bdle on X , holom. w.r.t. P,
# Relative connections D% D9

1
DO%:H ! = % _ . H,
Z
DO H 1 = 1 H =2z
. . Exzpl 4 X =Pl H1

Wild Hodae Th

eorv —n. 11/20



°

Variation of twistor structures
(C. Simpson)

: complex manifold, X = X P

Twistor conjugation: ordinary conjugation on X and
twistor conjugation on P*.

H:C! vect. bdle on X , holom. w.r.t. P1,
Relative connections D% D%

1
DO%:H ! = % _ . H,
Z
DO H 1 = 1 H =2z
. . Exzpl 4 X =Pl H1

Flatness: D?=(D%+ DY%?=0:
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Variation of twistor structures

(C. Simpson)
X : complex manifold, X = X P}, :X | X.
® Purity (w=0).H = H

# Nondeg. sesquilinear at pairing:
S :(H;D)! (H ;D) .

#® Polarization inweightO: h := S Is a Hermitian
metric on H .

C. Simpson: Variations of pol. twistor struct. of weight O

!Z:1 holom. vector bundle on X with at connection r
and Hermitian metric h which i1s harmonic
“~ holom. vector bundle on X with a Higgs eld , and

Hermitian metric h which is harmonic .
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Behaviour on a punctured disc

. punctured disc, (H ;D; S ) var. pol. twistor

structure, w = 0.

°

Res,-o D% Higgs eldon E := Hj, .
tame: Eigenvalues of have growth 1=jxj%, a 6 1.

wild : Eigenvalues of have moderate growth.
not controlled : Eigenvalues of have other growth.

Analysis of the tame case:
s Simpson (1990),
s on( )": T. Mochizuki (2002-2007).

Analysis of the wild caseon ( )": T. Mochizuki
(2008).
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THEOREM: Assume (T ;S ) is a polarized wild twistor
D-moduleon atx =0. Thenitisso atany x° in

some neighbourhood of x =0 .

# Particular case previously obtained by
Hertling-Sevenheck (2006)

# Theorem now contained in the general framework of
T. Mochizuki (2008).
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Wild twistor D -modules on a disc

z =1
(V;r ): free O [1=x]-module with a (possibly irreg.)
connection.

(V@)= CIX] cixg (V5T ).

Turrittin-Levelt:

:(\b;rb)' .

(V0. + d )(uptox 7! x9)
' 2 2C[1=x]

s Each (V- ;r :): regular singularity.

(V:r )!  (W:M)+ Stokes structure.
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Wild twistor D -modules on a disc

z =0
(E; ):free O [1=x]-module, :E ! E IS
O-linear.
= dx, L2 End(E),
(E; ) (E-; + +d ) (uptox 7! x9)
' 2 LC[1=x]

Each : : pole of order 6 1.
No Stokes phenomenon .
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A _Z A qq‘fﬁi
21—/4ilogie|genval. monodr.:

Re®+ - Im®(z +1=2) argz = color
< C—VED I
w

>
Im X

Re X
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Conclusion: Wild Hodge Theory

Among wild twistor D -modules, subclass of
wild Hodge D-modules?

Motivation: nd numerical invariants.
"Hodge' condition :

1
BO:H | v (logfz=0g) H

7
B00- 4 1 Z

Y (logfz=0g) H,

Flatness: B2 =(B°+ B%?=0:

Wild Hodae Th
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Conclusion: Wild Hodge Theory

(H :D:S ) var. pol. twistor str., w =0,

(H; D j,=1 ;h) at harmonic bundle
Hodge condition ! selfadjointQ : H ! H .

Q: new supersymmetric index of
Ceccoti-Vafa (1991), Hertling (2003).

Eigenspace decomposition of Q:
"Hodge' decomposition

Eigenvalues of Q: Hodge' indices.

THEOREM: (H;F ;r ;S) var. pol. Hodge structure

transform is a var. pol. wild Hodge structure weight w on
Bl y fOg, irregular sing. at1 .
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