Generalized Hodge Theory

Claude Sabbah

Centre de Mathématiques Laurent Schwartz
UMR 7640 du CNRS

Ecole polytechnique, Palaiseau, France

Generalized Hodge Theory — p. 1/20



Hard Lefschetz Theorem

Generalized Hodge Theory — p. 2/20



Hard Lefschetz Theorem

® |efschetz (1924) & Hodge (1941):

Generalized Hodge Theory — p. 2/20



Hard Lefschetz Theorem

® |efschetz (1924) & Hodge (1941):
» X smooth compact Kahler,! = Kahler form,

Generalized Hodge Theory — p. 2/20



Hard Lefschetz Theorem

® |efschetz (1924) & Hodge (1941):
» X smooth compact Kahler,! = Kahler form,
o Cx constant sheafon X,

Generalized Hodge Theory — p. 2/20



Hard Lefschetz Theorem

® |efschetz (1924) & Hodge (1941):
» X smooth compact Kahler,! = Kahler form,

o Cx constant sheafon X,
s then HLT holds forH (X; C):

Generalized Hodge Theory — p. 2/20



Hard Lefschetz Theorem

® |efschetz (1924) & Hodge (1941):
» X smooth compact Kahler,! = Kahler form,

o Cx constant sheafon X,
s then HLT holds forH (X; C):

8k>1; LK:H" ¥Xx;C)! H"kX 0O):

Generalized Hodge Theory — p. 2/20



Hard Lefschetz Theorem

® |efschetz (1924) & Hodge (1941):
» X smooth compact Kahler,! = Kahler form,

o Cx constant sheafon X,
s then HLT holds forH (X; C):

8k>1; LK:H" ¥Xx;C)! H"kX 0O):

n =dm ¢ X

Generalized Hodge Theory — p. 2/20



Pol. variation of Hodge structures

Generalized Hodge Theory — p. 3/20



Pol. variation of Hodge structures

# X : complex manifold

Generalized Hodge Theory — p. 3/20



Pol. variation of Hodge structures

# X : complex manifold, (H;D ): at C! -vector
bundle

Generalized Hodge Theory — p. 3/20



Pol. variation of Hodge structures

# X : complex manifold, (H;D ): at C! -vector
bundle equipped with a C! -decomposition

L .
H = HPY P (w2 Z);
p2Z

Generalized Hodge Theory — p. 3/20



Pol. variation of Hodge structures

# X : complex manifold, (H;D ): at C! -vector
bundle equipped with a C! -decomposition

L .
H = HPY P (w2 Z);
p2Z

and with a at nondeg. sesquilinear form S s. t.

Generalized Hodge Theory — p. 3/20



Pol. variation of Hodge structures

# X : complex manifold, (H;D ): at C! -vector
bundle equipped with a C! -decomposition

L .
H = HPY P (w2 Z);
p2Z

and with a at nondeg. sesquilinear form S s. t.
» the decomposition is S-orthogonal

Generalized Hodge Theory — p. 3/20



Pol. variation of Hodge structures

# X : complex manifold, (H;D ): at C! -vector
bundle equipped with a C! -decomposition

L .
H = HPY P (w2 Z);
p2Z

and with a at nondeg. sesquilinear form S s. t.

» the decomposition is S-orthogonal

s h:=( 1DPi WSonHPWY Pisapositive
de nite Hermitian form |,

Generalized Hodge Theory — p. 3/20



Pol. variation of Hodge structures

# X : complex manifold, (H;D ): at C! -vector
bundle equipped with a C! -decomposition

L .
H = HPW P (w2 Z);

p2Z
and with a at nondeg. sesquilinear form S s. t.
» the decomposition is S-orthogonal
s h:=( 1DPi WSonHPWY Pisapositive

de nite Hermitian form |,

s and (Grif ths' transversality relations )

Generalized Hodge Theory — p. 3/20



Pol. variation of Hodge structures

# X : complex manifold, (H;D ): at C! -vector
bundle equipped with a C! -decomposition

L .
H = HPW P (w2 Z);

p2Z
and with a at nondeg. sesquilinear form S s. t.
» the decomposition is S-orthogonal
s h:=( 1DPi WSonHPWY Pisapositive

de nite Hermitian form |,

s and (Grif ths' transversality relations )

FPH := L H P%w p°
p°>p

Generalized Hodge Theory — p. 3/20



Pol. variation of Hodge structures

# X : complex manifold, (H;D ): at C! -vector
bundle equipped with a C! -decomposition

L .
H = HPY P (w2 Z);
p2Z

and with a at nondeg. sesquilinear form S s. t.
» the decomposition is S-orthogonal

s h:=( 1DPi WSonHPWY Pisapositive
de nite Hermitian form |,
s and (Grif ths' transversality relations )
FPH = = pPw P
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V local system on X which underlies a PVHS
(H;, pHPY P:D;S)PVHS,V =ker D,

then HLT holds for H (X; V):

8k >1; LE:H" *¥X;Vv)! H"KX; V):

Example: f : Y | X smooth projective,

V=R f Cy
Application to the Leray spectral sequence of

vyi1' X1 oot
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More geometric proof: de Cataldo & Migliorini (2005)

The proof of M. Saito applies to V on X g underlying
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Corlette (1988) & Simpson (1992):
X smooth compact Kahler,! = Kahler form,
V semisimple local system on X,
then HLT holds for H (X; V):

8k >1; LN:HM™ KX Vv)! H"™KX; V):

The proof uses the existence of a harmonic
metric on the associated at bundle (H;D ).

Equivalently: V underlies a polarized variation
of twistor structure of weight 0.
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Conjugation H ! H
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Vector space H (w =0)
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Twistor conjugation
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Twistor structures
(C. Simpson)

Filteredvect.sp.(F H; F H)

Conjugation H ! H

Pure Hodge structure wght w
Vector space H (w =0)
S:H ' H

h:H "' H

Positivity of h
Tate twist (k), k 2 Z

Holom. vect.bdle H on P!

Twistor conjugation

H!' H = H
2z 1=Z

H ' Opt(w)“

(PHH)

S ' H

( PL:S):

(PHH)' (PHH)

Positivity of ( P1;S)
Op( 2k) (k2 32)

(Zz= 1=z)

H = H-
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Variation of twistor structures
(C. Simpson)

X : complex manifold, X = X P

Twistor conjugation: ordinary conjugation on X and
twistor conjugation on P*.

H : C! vect. bdle on X , holom. w.r.t. P2,

Relative connections D% DY
DO:H ! L (1 fz=0g) H,

X
DY: H | x-p(1 fz=1g ) H

Flatness: D?=(D%+ DY%?=0:
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(C. Simpson)
X : complex manifold, X = X P}, :X ! X.
Purity (w =0): H = H

Nondeg. sesquilinear at pairing:
S :(H;D)! (H ;D) .

Polarization inweightO: h := S is a Hermitian
metric on H .

C. Simpson: Variations of pol. twistor struct. of weight O

!Z:1 holom. vector bundle on X with at connection r

and Hermitian metric h which is harmonic
“~ holom. vector bundle on X with a Higgs eld , and

Hermitian metric h which is harmonic .
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Drinfeld (2001), T. Mochizuki (2007), C.S. (2005):
X projective,! = ample line bundle,

V semisimple local systemon Xy X smooth
guasiprojective,

then HLT holds for IH (X; V):
8k>1; LE:IH" KX, Vv)! IH"™KX; V)

Answers a Conjecture (1997) of Kashiwara (weak
form).

The analytic proof uses tame harmonic metrics
on X o (cf. works of Simpson, Biquard, Jost-Zuo)
and regular twistor D-modules .
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Wild Hodge theory

Grif ths-Schmid (1973):

(H;D;F H;S ) avar. of polarized Hodge
structure on a smooth guasi-projective X g.

The extension of V := ker D by the moderate
growth condition on the norm of sections is
algebraic.

In this extension, r := ch{, is algebraic and has
regular singularities  at in nity.

Question: What kind of Hodge theory can one
develop in presence of irregular singularities  ?
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Wild Hodge theory

First attempt:
Deligne's irregular Hodge theory (1984).
Motivation: Analogy with pure "-adic sheaves.

Deligne explains:

Expect a Hodge ltration indexed by real
numbers.

Lamentation: Do not expect a usual Hodge
decomposition for this ltration.

Second attempt:
C.S. (2007), T. Mochizuki (2007): Wild Twistor Theory .
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Hard Lefschetz Theorem

T. Mochizuki (2008):

X  Z projective,! = ample line bundle,
Z smooth,

(V;r ) semisimple algebraic at bundle on
X o X smooth quasiprojective, possibly
Irregular singularities

M = minimal extension of (V;r ), (holonomic
Dz -module supported on X )

HLT forH (X; DR M )=:IH 5z (X; (V;r )):
8k > 1; Lf tIHDRRNOG (Vir )t IHPRRN(X (Vi1 )

Answers a Conjecture (1997) of Kashiwara
(strong form).
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Hard Lefschetz Theorem

T. Mochizuki (2008):

X  Z projective,! = ample line bundle,
Z smooth,

(V;r ) semisimple algebraic at bundle on
X o X smooth quasiprojective, possibly
Irregular singularities

M = minimal extension of (V;r ), (holonomic
Dz -module supported on X )

HLT forH (X; DR M )=:IH 5z (X; (V;r )):
8k > 1; Lf tIHDRRNOG (Vir )t IHPRRN(X (Vi1 )

The proof uses wild harmonic metrics on X g
and wild twistor D-modules .
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Hodge as twistor

(H;D; F LH;S)(W =0)! Tw(H;D;F H;S)
H %~ J(FPH)z P:loc. free Ox [z]-mod. (Rees)
SI C:H % ¢ 1]H_O! Cy [z;z 1]
| gluingofH 2 andH °! H
DO.DOQ DO.DOO
D °EPH ! FPH; D YFPH) Y FP IH

DO:H | Y _m(1fz=0g) H
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Hodge as twistor

(H;D; F LH;S)(W =0)! Tw(H;D;F H;S)
H %~ J(FPH)z P:loc. free Ox [z]-mod. (Rees)
SI C:H % ¢ 1]H_O! Cy [z;z 1]
| gluingofH 2 andH °! H
DD B%BY
D °EPH ! FPH; D YFPH) Y FP IH

Flathess :
DO: H | Y _m(1fz=0g) H

D*=(D%+ D%?=0:

DO H | y -m(1fz=1g ) H
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Hodge as twistor

(H;D; F LH;S)(W =0)! Tw(H;D;F H;S)
H %~ J(FPH)z P:loc. free Ox [z]-mod. (Rees)
SI C:H % ¢ 1]H_O! Cy [z;z 1]
| gluingofH 2 andH °! H
DD B%BY
D °EPH ! FPH; D YFPH) Y FP IH
Flatness :

- B2=(B%+ 8%2=0:
B0 H | Y (Llogfz=1g ) H

B0:H ! Y (1logfz=0g) H
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Hodge as twistor

(H;D;FLH;S)(W:O)! Tw(H;D;F H;S)
H %~ J(FPH)z P:loc. free Ox [z]-mod. (Rees)
SI C:H % ¢ 1]H_O! Cy [z;z 1]
| gluingofH 2 andH °! H
DD B0b /oo

DO%PH 1 FPH; DYFPH) L1 FP IH
Flatness :
B0:H ! Y (1logfz=0g) H
- B2=(B%+ 8%2=0:
B0 H | Y (Llogfz=1g ) H

I The pol. var. of twistor str. attached to a PVHS
satis es the Integrability property
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Hodge as twistor

RIGIDITY THM (C.S. 05, Hertling-Sevenheck 08):
An integrable pol. var. twistor structure on X g
smooth quasiprojective, which is tame at in nity Is
Tw(H;D;F H;S).
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Wild Hodge Theory

Among wild twistor D -modules, subclass of
wild Hodge D-modules? Take integrable ones.

Motivation: nd numerical invariants.

(H ;D;S ) var. pol. twistor str., w =0, F=1

(H;D jz=1 ;h) at harmonic bundle
Integrability condition ! selfadjointQ : H ! H .

Q: new supersymmetric index of Cecotti-Vafa (1991),
Hertling (2003).

Eigenspace decomposition of Q:
"Hodge' decomposition

Example: fora PVHS, Q = pld onHPW P,
Spectrum of Q |  "Hodge' numbers.
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(Laurent) polynomialf :U ! C,U = (C )"
Isolated critical points , tame, e.g.
f( ) + + + 1
Ug;:::;Up)= U u
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(mirror partner of P(w1;:::;wp))

_ _ sing. ‘br €
(Z)scnlatory integral L oit. point ('

f i ;. Lefshetz thimble
e "1, f

P 1) >
Bundle of rank = (f) = cit. vale Re((’f)/o

with at connectionon f 60 g.
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Example

THEOREM (C.S. 2008):
The local system corresponding to oscillatory
Integrals underlies a wild Hodge D-module .
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