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® (V;r ) an alg. vect. bundle with connection on Alr P,
P = a nite set of points.

# | aholonomic module M on C[t]h@i .

# Fourier-Laplace transform of ¥ : a C[ ]1h@ i -module,
- @, @ = t.
# Assume that (V;r ) underlies a variation of polarized
Hodge structure on Al r P.

Question: What kind of a structure does M underlie?
Problem: Irreqularity of @ at = 1 .

Analogue for "-adic sheaves: Results of Deligne and
Laumon.

General problem: Hodge theory in presence of
irregular singularities. Cf. Deligne's notes (1984, 2006).
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Semi-simple perverse Polarized regular twistor
>
sheaf on X D -module on X
T. Mochizuki
‘ (NCD) ‘

Conjecture of Kashiwara decomposition
regular case theorem (C.S.)
Semi-simple perverse Polarized regular twistor

—
sheaf on Y _ D -module on Y
Simpson
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Filtered vect.sp. (H;F H)
ConjugationH ! H

Pure Hodge structure w =0

Vector space H
H ' H

Positivity

Holom. vect. bundle on P!
Twistor conjugation

H! H = H
27! 1=z (Z=

H ' 04
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Twistor structures
(C. Simpson)

Filtered vect.sp. (H;F H)
ConjugationH ! H

Pure Hodge structure w =0
Vector space H
H ' H

Positivity
Tate twist (k), k 2 Z

Holom. vect. bundle on P!
Twistor conjugation

H! H = H
2 z7" 1=z (z= 1=z)
" 0d

H Op:

(PHH)

H' H :=H-

L (PHH) Y (PHH)

Positivity on ( P H )
Op:( 2k) (k2 32)
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Twistor structures
(C. Simpson)

H % H %holomorphic on A, “gluing”:

C:H?2 os HP!  0Os, S=fizj=1g.
Twistor adjoint (H % H %°C) =(H “H %C ),

C (v;0):= C(u; V).

Tate twist (H @ H CC)(k)=(H %H %z) 2kC).

H 9= H %and existence of a global frame " of H °
such that,on S, C("i;") = j .
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Hermitian pairing in weight O:

(H%5H%C)" (H5H%NC) .
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Variation of twistor structures
(C. Simpson)

X : complex manifold, X = X Al
Tate twist (H @ H C)(k)=(H %H %z) 2kC).
# Hermitian pairing in weight O:

(H%5H%C)" (H5H%NC) .

# Polarization in weight 0: the restriction to any x° 2 X

of the Hermitian pairing is a polarization of the
restricted twistor structure.

°

C. Simpson: Variations of pol. twistor struct. of weight O
!Z:1 holom. vector bundle on X with at connection r

and Hermitian metric h which is harmonic
“~ holom. vector bundle on X with a Higgs eld , and

Hermitian metric h which is harmonic .

Wild twistor D -modules — p. 9/28



Twistor D -modules

X : complex manifold, X = X Al



Twistor D -modules

X : complex manifold, X = X Al
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holomorphic relative connections r % r 99
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Twistor D -modules

X : complex manifold, X = X Al
o M %M %holonomic Ry -modules,
Rx = Ox hgx,; 7 Ox. 1,0x, = Z@, .
‘gluing™ C :H Y ¢ osHjx s Cy X
compatible with r % r 00
d% C(u; ¥)= C(r %; 7), d%C (u; 7)= C(u;r O%).
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X AL
o M %M %holonomic Ry -modules,
RX — OX hgxl;:::; ani’gXi = Z@i'
‘gluing” C - M§ s o Mix s! Dbx s=s

X : complex manifold, X

compatible with the Ry Ry -action.
# Twistor adjoint (M %M %cCc) =(MPOMmCC ).
® ... Strictness

Problem: How to de ne the restrictionto x° 2 X ?
Answer: Use iterated nearby cycle functors.

Kashiwara-Malgrange V - Itration for M %M %01 (M .
Barlet Hermitian form on nearby cycles ! i C.
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Filtered D-mod. (M;F M) | TripleT =(M %M 9©C)
Q-structure: perverse F g
C oFo' DR M Hermitian pairing T ' T
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Regularity (tameness)

Hodge D-modules are regular holonomic D -modules.

Twistor D-modules need not be regular, in the sense
that the associated D-moduleM = M =z 1)M,
which is holonomic, need not be regular.

This is an advantage of this generalized framework
cf. the original problem

General problem: Hodge theory in presence of
irregular singularities.

Nevertheless, the rst results for twistor D-modules
are obtained in the regular case.
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The decomposition theorem

f X ' Y:amorphism between smooth complex
projective varieties,
T : apol. regular twistor D-module on X , weight w.

Semi-simple perverse Polarized regular twistor
sheaf on X D -module on X
decomposition

theorem (C.S.)

|

Semi-simple perverse Polarized regular twistor
sheafon Y D -module on Y
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f X ' Y:amorphism between smooth complex
projective varieties,

T : apol. regular twistor D-module on X , weight w.
The categories MT @ (X;w )P, MT O (Y; w9 P are
semi-simple,

each f KT is a polarizable twistor D-module on Y of
weight w + Kk,

- K
f.T 0 fKT[ K]
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The decomposition theorem

f X ' Y:amorphism between smooth complex
projective varieties,

T : apol. regular twistor D-module on X , weight w.
The categories MT @ (X;w )P, MT O (Y; w9 P are
semi-simple,

each f KT is a polarizable twistor D-module on Y of
weight w + Kk,

L
f.T " 5T [ k] (( = rel. Hard Lefschetz).
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Conjecture of Kashiwara (general case)

f X ' Y:amorphism between smooth complex
projective varieties.

Semi-simple holonomic
D -module on X

Conjecture of Kashiwara
general case ??

|

Semi-simple holonomic
D -module on Y
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Conjecture of Kashiwara (general case)

f X ' Y:amorphism between smooth complex
projective varieties.
Semi-simple holonomic Polarized wild twistor
D -module on X > D -module on X
?7?
Conjecture of Kashiwara decomposition
general case ?? theorem ??
Semi-simple holonomic Polarized wild twistor

D -module on Y D -module on Y

?7?
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D : disc with coordinate t

M : holonomic D-module on D
M = C[t] cfigM the formalized module.

Turrittin-Levelt: M = Mg M i and

0] ull " ' .
9 I?O 7! '[D'tOq " " 210 1C[t0(1E] R )’
R regular,E° = (C(t%:d+ d' ).
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Holonomic D -modules on curves

D : disc with coordinate t

M : holonomic D-module on D
M = C[t] cfigM the formalized module.

Turrittin-Levelt: M = Mg M i and

o R0, By M T (E R
R: regular, E =(C(tY):d+ d ).
M= 0= Mg ! Mreg, and
tM i =
\* I o E M), ¢ 0,

g8 2 t%Ict? 1. = R
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Holonomic D -modules on curves

D : disc with coordinate t

M : holonomic D-module on D
M = C[t] cfigM the formalized module.

Turrittin-Levelt: M = Mg M i and

9 :D% D, *Mi (E R,
to 71 t=1t% ' 210 1C[tO 1]

R regular,E° = (C(t%:d+ d' ).

tM = (M = tMreg | Mreg, and
tM i =

M I tO(E * M ); q 01

g8 2 t%Ict? 1. = R

M | M + Stokes structure.

Wild twistor D -modules — pb. 16/28



Meromorphic Higgs bundles on curves



Meromorphic Higgs bundles on curves

M : a free C(f tg-module of nite rank



Meromorphic Higgs bundles on curves

M : a free C(f tg-module of nite rank

dt
Higgs eld: = T 2 Endcgig(M ).



Meromorphic Higgs bundles on curves

M : a free C(f tg-module of nite rank
dt
Higgs eld: = T 2 Endcgig(M ).

M = Mg My holds over Cftg).
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M : a free C(f tg-module of nite rank
dt
Higgs eld: = T 2 Endcgig(M ).

M = Mg M, holds over C(fth.

The decomposition * M, ' (E R)
' 210 1C[t0 1]

holds over C(f t%9),
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Meromorphic Higgs bundles on curves

M : a free C(f tg-module of nite rank

. dt
Higgs eld: = T 2 Endcgig(M ).
L .
The decomposition ™M (E R:)

' 210 1CJtO0 1]
holds over C(f t%9),
R: regular ( r. Is holomorphic),
E =(Cft%;d ).
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Meromorphic Higgs bundles on curves

M : a free C(f tg-module of nite rank
dt
Higgs eld: = T 2 Endcgig(M ).

M = Mg M, holds over C(fth.

The decomposition * M, ' (E R)
' 210 1C[t0 1]

holds over C(f t%9),

R: regular ( r. Is holomorphic),

E' =(Cft%:d ).

No Stokes phenomenon .
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THEOREM 1. Assume T Is a polarized wild twistor
D-moduleonD att =0. Thenitis so atanyt®® in some
neighbourhood oft = 0.
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Wild twistor D -modules on curves

THEOREM 1. Assume T Is a polarized wild twistor

D-moduleonD att =0. Thenitis so atanyt®® in some
neighbourhood oft = 0.

REMARK: This is analogous to part of the Nilpotent Orbit
Theorem (Schmid).
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Wild twistor D -modules on curves

T . a polarized regular twistor D -module of weight w
onPL. f : PL1  SpecC the constant map.

THEOREM 2: f X(E¥?  T) is a polarized pure twistor
structure of weight w + K.

REMARK:
can de ne the Fourier-Laplace transform
T =f2E'"™ T).
F is a pure twistor D-module on C which is regular
at =0.

At = 1 ,one expectsthat T is a wild twistor
D-module (cf. the work of S. Szabo, 2005).
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Irregular nearby cycles, after Deligne

X complex manifold, f : X ! C.
M a holonomic Dx -module.

Deligne (Letter to Malgrange, 1983):

M
PeM = f TN M
N

N suchthat N is anirred. C( t) -module with
connection.
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Problem:

X = AZ?, coordinates x;y ,
foX 1t AL (xy) 7!y,

Then Pe™M =0 (M = EX).

Solution: Consider ge'l\/l for various g in order to
recover information on ¥ .
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Irregular nearby cycles, after Deligne

Problem:

X = AZ?, coordinates x;y ,
foX 1t AL (xy) 7!y,

Then Pe™M =0 (M = EX).

Solution: Consider ge'l\/l for various g in order to

recover information on ¥ .
L MT O\ (X;w ) (s'is for 'sauvage’, i.e., Wild).
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|
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D -module on Y

decomposition
theorem ??

|
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Wild twistor D -modules — p. 24/28



Wild twistor D -modules

Semi-simple holonomic
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Conjecture of Kashiwara
general case ??

|

?7?

Polarized wild twistor
D -module on X

Semi-simple holonomic
D -module on Y

decomposition
theorem ??

|

?7?

Polarized wild twistor
D -module on Y

Work of O. Biquard and Ph. Boalch on curves.
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Wild twistor D -modules

Semi-simple holonomic
D -module on X

Conjecture of Kashiwara
general case ??

|

?7?

Polarized wild twistor
D -module on X

Semi-simple holonomic
D -module on Y

decomposition
theorem ??

|

?7?

Polarized wild twistor
D -module on Y

Work of O. Biquard and Ph. Boalch on curves.

Recent work of T. Mochizuki.
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Wild twistor D -modules — p. 25/28



Wild twistor D -modules on curves

T . a polarized regular twistor D -module of weight w
onPL. f : PL1  SpecC the constant map.

THEOREM 2: f X(E¥?  T) is a polarized pure twistor
structure of weight w + K.
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Irregular nearby cycles, after Deligne

Problem:

X = AZ?, coordinates x;y ,
foX 1t AL (xy) 7!y,

Then Pe™M =0 (M = EX).

Solution: Consider ge'l\/l for various g in order to

recover information on ¥ .
L MT O\ (X;w ) (s'is for 'sauvage’, i.e., Wild).
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Work of O. Biquard and Ph. Boalch on curves.

Wild twistor D -modules — p. 28/28
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Semi-simple holonomic
D -module on X

Conjecture of Kashiwara
general case ??

|

?7?

Polarized wild twistor
D -module on X

Semi-simple holonomic
D -module on Y

decomposition
theorem ??

|

?7?

Polarized wild twistor
D -module on Y

Work of O. Biquard and Ph. Boalch on curves.

Recent work of T. Mochizuki.
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