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Physics is a part of mathematics devoted to the

calculation of integrals of the form
Z

h(x )eg(x ) dx .

Different branches of physics are distinguished by
the range of the variable x and by the names used
for h(x ) , g(x ) and for the integral.

Of course this is a joke, physics is not a part of
mathematics. However, it is true that the main
mathematical problem of physics is the calculation of

integrals of the form
Z
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U smooth af�ne complex variety, f; g : U �! A1

Exp. twisted Gauss-Manin systems
Z k

f
OU eg

Solutions:
Z



eg! ,

! : f -relative algebraic k -form,

 : closed k -cycle in the �bres of f ,
rapid decay: e� g �! 0 when 
 � 1 .

Question: Describe the irregular singular points of
Z k

f
OU eg in terms of the geometry of f and g.
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( f; g ) : U �! A2, f = t , g = x
Z j

t
M ex , M =

Z `

( f;g )
OU ,

M has regular singularities and singular
support S � A2.
S = discriminant of ( f; g ) .

e.g. M is a bundle with �at connection on A2 r S.
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Second step: twist by e� '

Take any ' 2 t � 1C[t � 1] and consider G 
 e� ' .

point: Reg. part of G rel. e'  ! gr V (G 
 e� ' )
V = V-�ltration of Kashiwara and Malgrange.

(Laurent & Malgrange) gr V =  mod
t compatible

with
Z

t
. ! compute  mod

t (M 
 e� ' ) .

Simplify the computation by blowing-ups ! S is a
N.C.D.
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2 ,

R reg. sing. with poles � f x 1x 2 = 0 g,
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Crit. locus of � : ( t; u ) 7�! ( t; ' (u ) � � (u )=t ) :
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0 ' 0(u ) � � 0(u )=t

!

= ' 0(u ) � � 0(u )=t = 0 ;

i.e. t = b� (u ) ,

Discriminant of � : image of
u 7�! ( t = b� (u ) ; ' (u ) � � (u ) ' 0(u )=� 0(u )) ,

Puiseux param.: u �! ( b� (u ) ; b' (u )) .
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Deligne (1984).

X compact Riemann surf., g : X �! P1,
S � g� 1(1 ) , U = X r S

(V; r ) hol. vect. bdle with connection on U ,

(M ; r ) Deligne merom. extension of (V; r ) :
merom. bdle on X with poles on S, r reg. sing.

H �
DR (X; M 
 eg) : de Rham cohomology of r + dg

=
Z �

X ! pt
M eg.

THEOREM (Deligne): Assume mono.(V; r ) unitary .
Can de�ne canonically a “ Hodge ” �ltration F �

Del on
H �

DR (X; M 
 eg) , and the Hodge ) de Rham
spectral seq. degenerates at E 1.
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REMARKS:
Without eg:
mixed Hodge structure on H �
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Del indexed by (possibly) real numbers � ,
exp 2 �i� : eigenvalue of mono. of (V; r ) around
g = 1 .

MOTIVATION/EXAMPLES:Z

R
e� x 2

dx = � 1=2 ! F �
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for
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Fourier-Laplace and Hodge

Deligne (1984).

REMARKS:
Without eg:
mixed Hodge structure on H �

DR (X; M ) .
F �

Del indexed by (possibly) real numbers � ,
exp 2 �i� : eigenvalue of mono. of (V; r ) around
g = 1 .

MOTIVATION/EXAMPLES:Z 1

0
e� x x � dx=x = �( � ) ! F �

Del jumps at

1 � � only for
Z

A1 ! pt
OA1 x � e� x .

Lamentation: No “Hodge decomposition” expected.
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Various origins/motivations:
Analogy with pure perverse ` -adic sheaves,
Hard Lefschetz theorem with irregular singularities
(Kashiwara's conjecture),
Rational structures in mirror symmetry,
Nahm transform in differential geometry.

Starting point for the new point of view: work of
Simpson,

Results by Biquard-Boalch, Szabo,
Hertling-Sevenheck, C.S.,

Main complete results obtained by Mochizuki.
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structure on U :
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(V; r ) = Gauss-Manin connection of f :
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F p =
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,
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 1
U ,

polarization .
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