ON A TWISTED DE RHAM COMPLEX, II

by

Claude Sabbah

Abstract. We prove an algebraic formula, conjectured by M. Kontsevich, for com-
puting the monodromy of the vanishing cycles of a regular function on a smooth
complex algebraic variety.

1. Introduction

Let X be a smooth complex algebraic variety equipped with its Zariski topology
and let f : X — Al be a function on X (ie., f € I'(X,0x)). Let u be a new
variable. We use the following notation: given any C-vector space F, we denote by
Efu] the Clu]-module of formal power series with coefficients in E and by E((u))
the C((u))-vector space of Laurent formal series with coefficient in E. For a sheaf .#
on X, % ((u) denotes the sheaf associated to the presheaf U — % (U)((u)). The
sheaf Ox ((u)) is Ox-flat. We denote by g";f/u the sheaf Ox ((u)) equipped with the
connection d — df /u.

Let .# be a locally free Ox-module equipped with a flat connection V hav-
ing regular singularity at infinity (cf. [2]). Then é’A);f/u ®epy A is a locally free
Ox (u))-module equipped with the connection V — df /u ® Id 4. Note that we have
Ox(uw) gy M = A (u)) since A is Ox-coherent. We will consider the formal
twisted de Rham complex

DR(Ex" @oy M) = (% (1) oy M,V —df @1 [u).

It comes equipped with a C((u))-connection defined by Vs, = 9, + f/u?, which
commutes with the differential. The hypercohomology spaces on X of this complex
are therefore C((u))-vector spaces with a connection Vg, .

On the other hand, let f&" : X®" — C be the associated holomorphic morphism and
let £ = ker V2" be the local system of horizontal sections of V?". For each t, € C,
let ¢f_t .2 be the complex of vanishing cycles of f along the fibre f~!(¢,) with
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2 C. SABBAH

coeflicients in .Z, equipped with its monodromy operator T. We have ¢¢_;, £ ~ 0
if t, is not a critical value of f, and such critical values form a finite set in Al.
The hypercohomology H* (f~*(t,),¢s—s,-) is a finite dimensional C-vector space
equipped with a monodromy operator T.

In general, let E be a finite dimensional C-vector space equipped with an automor-
phism T. Given a choice of a logarithm of T, that is, writing T = exp(—27iM) for
some M : E — E, we denote by P/{ﬁ’l(E, T) the C((u))-vector space E((u)) equipped

o~

with the connection d +Mdu/u. Given t, € C, we set & t/* = (C((u)), d + todu/u?).
Theorem 1.1. We have, for each k,

(1.1%) (Hk“(X, DR(Ex!" @0, ///)),vau)

~ t@c é/;_to/u Q) ﬁﬁ_l (Hk (f_l(to), (bf—tog) , T) .
o€

Notice that, since .# is Ox-coherent, the left-hand term can also be written as
(Hk+1 (X, (% ® A (u),V — df ® 1.4 /u)),Vgu),

and, in this form, the result has been conjectured by M. Kontsevich.

Proof. We use the propositions stated and proved below in the following way. We
first show that the natural morphism from the left-hand term of (1.1x%) to the cor-
responding analytic object is an isomorphism. By considering a covering of X by
quasi-projective Zariski open sets and a spectral sequence argument, we reduce to the
case where X is quasi-projective. Then, by using a compactification F of f as in (2.5),
we can replace the left-hand term of (1.1x) with that of (2.6 %) below, and express
it in an analytic way as the right-hand term of (2.6 x), according to Proposition 2.6.
The assertion follows from Proposition 4.1.

The analytic analogue of the left-hand term is in turn identified with the right-hand
term of (1.1 x) according to Proposition 3.12, as we can use a Nagata compactification
of the graph of f in order to apply the constructibility results of §3.a. O

Assume for instance that (#,V) = (Ox,d). It is more common (cf. e.g. [18])
to consider the algebraic twisted de Rham complex (Q%[u,u™'],d — df/u). The
hypercohomology (Hk+dimX (X7 (%], d—dfu_l)) , V@u) is known to be identified
with the Laplace transform “M* of the k-th direct image M* := J#* f, Ox of the Px-
module Oy, and therefore (H*T9™* (X, (Q%[u,u'],d — df /u)),Vp,) is identified
with G* := Clu,u™'] ®¢[u-1) “M*. Using the regularity of M*, the compatibility
of vanishing cycles with proper direct images and classical results on the Laplace
transform of a regular holonomic C[t]{(9;)-module, one finds

(12) () Sopyuny H (X, (Qxfu,u™),d = df /), Vo, )

= @ (;ﬁ\it()/u ®c EI?I71 (Hk (gil(to% ng,toRj*(CXan),T),
to€C
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where we use a commutative diagram with j open and g proper:

xod o, x

N

Al
If f is proper (so that f = g), the right-hand sides of (1.2) and (1.1%) coincide.
It is not clear a priori that the left-hand sides coincide, so we cannot obtain (1.1 x)
from (1.2) directly when f is proper, but this follows from the results explained in §3
below, which are an easy consequence of [20] and [7]. On the other hand, if f is not
proper, the left-hand sides of (1.2) and (1.1 %) may differ, as shown in the following
example, and thus (1.1x*) needs a different argument.

Example 1.3. Let f € C[t] be a non-constant polynomial in one variable and let X
be the Zariski open set of Al complementary to f' = 0. Then the formal twisted
de Rham complex

, u@t — f/ ,
Clt, 1/f'|(w) ———— C[t, 1/f](w))
has zero cohomology. Indeed, let us show for instance that the differential is onto. This
amounts to showing that, given ¥, ¥g. 41, ... in C[t,1/f’], we can find ¢i,, 0k, +1,- - -
in C[¢,1/f’] such that

Yk, =~ Pror Vrot1 = Opr, — f'Prot1s s rt1 = 0o — [ Prtrs o
a system which can be solved inductively because f is invertible in C[t,1/f’].
On the other hand, the complex

udy — f'

Clt, 1/ fu,u™] Clt, 1/ fu, w™']

has cohomology in degree one only, and this cohomology is a free C[u,u~!]-module
of rank equal to deg f - #{f(¢) | f'(t) = 0}.

Acknowledgements. 1 thank Morihiko Saito for pointing out various inaccuracies and
a gap in a first version of this article and for providing the method to fill it up, as
well as for suggesting various simplifications and improvements.

2. Formal twisted de Rham complexes

2.a. Preliminary results on .#((u)). Let Y be a topological space and let .# be a
sheaf of C-vector spaces on Y. Let u be a new variable and set .#[u] = Clu] ®¢ .
We denote by .#[u] the sheaf lim .7 [u] Ju* Zu]. A local section of the germ % [u],
consists of a series Zn>0 fnyu™ where f,, is the germ at y € Y of a section f, €
I'(U, #) for some open neighbourhood U of Y which does not depend on n. Since
the coefficients of a power series are uniquely determined, we have

LU, #[u]) =T(U, #)[u]

for any open set U C Y. We now have .7 ((u)) = C((u)) ®c[y) F [u].
We therefore get a composed functor ((u)) : D*(Y,C) — D*(Y,C((u)))
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Constructible coefficients. Assume that Y is a complex analytic set. On the sub-
category D& (Y, C) of complexes with C-constructible cohomology, the functor ((u))
coincides with C((u))®c (this is clear for constructible sheaves, from which one de-
duces the derived case). As a consequence, ((u)) commutes with the Poincaré-Verdier
duality functor in D (Y, C) and Dg_ (Y, C((u))).

Lemma 2.1. Let f :' Y — Z be a morphism between complex analytic sets. Assume
that F° is constructible on' Y and Rf..%° is constructible on Z. Then the natural

morphism Rf.(F(w)) — Rf.(F)((u)) is an isomorphism in DE_(Z,C((u))).

Proof. Firstly, Rf. commutes with C((u))®c: this is true for the direct image with
proper support R f (by the projection formula [11, Prop. 2.6.6]), and one concludes by
Poincaré-Verdier duality over C and C((u)) respectively. Now, by the constructibility
of #* and Rf..#°, the functor C((u))®c coincides with ((v)) on these complexes. [

Meromorphic coefficients. Assume now that Y is a complex algebraic variety, D is a
divisor in Y, j: Y N\ D < Y is the inclusion, and .% is a coherent sheaf of Oy (xD)-
modules. The sheaf Oy (xD)[u] is Oy (xD)-flat and the natural morphism

ﬁy(*D)[[u]] ®ﬁy(*D) F — ﬁﬂu]]

is an isomorphism, as well as the corresponding analytic one (argue as in [5,
Prop. 5.1]). Tensoring with C((u)) gives

(2.2) Oy (+D)(u) ®oy (xp) F — F (u)).

Lemma 2.3. If Y is projective, the algebraic/analytic comparison morphism
HA(Y, Z(w) — HY (Y™, 7% (u)

is an isomorphism for each k € N.

Proof. Since & is an inductive limit of coherent @y -modules, the algebraic/analytic
comparison theorem holds for % (cf. [2, §I1.6.5]). Similarly, it holds for each sheaf
We first claim that the algebraic/analytic comparison morphism

(2.4) H*(Y, Zu]) — HF (Y™, 7% [u])

is an isomorphism for each k& € N. Indeed, the same method as in [5, Prop. 6.1] can
be applied. One has to check that the conditions of [5, Th.4.5] are fulfilled for the
projective systems (.%,) and (#2"). In the algebraic case, we consider the basis of
affine open sets of Y. Then, for each such set U, the projective system I'(U,.%,,) =
L(UN D, j*%,) is surjective, and H*(U, %#,) = 0 for k > 0 and any n. In the analytic
case, we consider instead the family of compact polydiscs in 2" (with respect to any
choice of local coordinate system). For U in such a family, H*(U, #2") = 0 for k > 0
and any n, since .Z2" is an inductive limit of coherent sheaves. The argument of [5,
Th. 4.5] applies similarly with such a family. It remains to check that both projective
systems H*(Y,.%,) and H*(Y?", Z21) satisfy the Mittag-LefHler condition, which is
clear since %, is a direct summand of %, ;1.

Since Y is Noetherian and Y*" compact, and since C((u)) is Clu]-flat, we have
H*(Y, Z(w) = C(u) ®cpg H*(Y, F[u]) (cf. [6, Prop.1I1.2.9], because .7 ((u)) =
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lim ™" ® Z[u]) and a similar equality for Y*" (cf. [11, Prop. 2.6.6]). Hence, ten-
soring (2.4) with C((u)) gives the result O

2.b. Algebraic-analytic comparison for the formal twisted de Rham
complex. Let F: Y — P! be a morphism from a smooth projective variety ¥ to P!,
extending f, that is, such that there is a commutative diagram

XC]—>Y

(2.5) fJ lp

C——p!

and such that ¥~ X is a divisor D in Y. Then (#,V) extends as a coherent
Oy (x*D)-module with connection having regular singularity along D, that we con-
tinue to denote by (#,V). We will denote by @y’D) the sheaf Oy (xD)((u)) and
@(Y,D) = @y’D) ®oy Dy = Dy Qo 5(Y7D). We denote by é?(;ljj/;l the @(KD)—module
Oy (*D)((u)) equipped with the connection d — dF/u. The left-hand term in (1.1 %)
becomes (up to changing k to k + 1)

(H’“ (Y, DR(E, 1) @y ), Vau)
- (Hk (Y, (93 (+D) () ® 4,V — dF /u©1d 4)), vau).

Similarly, we denote by Y?" .#Z?", etc., the corresponding analytic objects, and we
consider the analytic twisted de Rham cohomology.

Proposition 2.6. Let 4 be a coherent Dy -module. Then, for each k > 0, the natural
morphism

(2.6 %) (H’“ (Y.DR(E, by ©ay M) — (Hk (Y™ DR(E D) Doy A™))

is an isomorphism.

Proof. The natural morphism of Proposition 2.6 comes from a morphism of complexes,
and it is enough to show that the morphism between the E; terms of the natural
spectral sequences

H*(Y, Q5 (+D)(w) ® M) — H* (Y™, Qpun (+D) () ® A™)

is an isomorphism (cf. 2, §I1.6.6]). We know that .# = lim .#, with .#, coherent
over Oy. Applying the preliminary results above to Y and % = .#,,, we conclude
that this comparison morphism is an isomorphism for each ., and thus, since Y is
Noetherian and Y2" is compact, for .# also by passing to the inductive limit. O

2.c. Direct images of formal twisted de Rham complexes. The results in
this subsection have been suggested by M. Saito. We will work in the category of
smooth algebraic (or complex analytic) varieties Y equipped with a reduced divi-
sor D. Morphisms 7 : (Y’, D) — (Y, D) consist of morphisms 7 : Y’ — Y such that
7~Y(D) = D’. In particular, ﬁ(y/7D/) is a w‘lﬁ(y,p)—module. Let F be a rational (or
meromorphic) function on Y with poles along D.
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It will be convenient to denote by PDR(s) the complex DR(e) shifted by the di-
mension of the ambient variety.

Proposition 2.7. If #' is Dy -coherent (or good relative to w in the complex analytic
case) and 7 is proper, there is a functorial isomorphism
PDR(E, D) @oy mi ') = RrPDR(ES N @0y, M),

Y/
Remark 2.8. 1f # is Oy (xD)-coherent, it follows from (2.2) that the natural morphism
DRy ©oy M) — (U @ A (). V ~ df fu©Tdg)

is an isomorphism (termwise) in the algebraic or the analytic setting.

However, in the setting of Proposition 2.7, if .#' is Oy (xD’)-coherent but .4’
is not with @y (xD)-coherent cohomology, this does not apply to J#77, .#" and the
complex R, (Q?,/,J”' Q@AM (u), V' —d(Fom)®Id_4 /u) may not be quasi-isomorphic

o (" @ (mpdl')(w),V — dF ® 1dx, 4 /u), already for a finite morphism
(eg.m:t' —t=1t?from Al to Al, F(t)=t, D =@ and .#' = (Op,d), an example
due to M. Saito).

Proof of Proposition 2.7. Let us set
Dy, p)—(v',01) =T Dy,p) On-19y Dy —y’ @2, Dy, 05

which is a (W_l‘@(y’p), @(y/,D/))—bimodule. If A is a left é(y/’D/)-module, we set

(as usual) %+////7 = R71.(Z(v,p)—(v',D") ®% ////7) The proposition is a direct
(v',D")

consequence of Lemma 2.9 below, by using the isomorphism Rw,?PDR ~ PDR7,

proved in the present setting as for Z-modules. O

Lemma 2.9. With the assumptions of Proposition 2.7, there is a functorial isomor-
phism

(g’—F ®ﬁy T M — 7T+(£>(y(/Flc)>7r)/u R0, ////).
Proof. The proof is done in the following steps.

(1) We prove that there is a functorial isomorphism in Db(W_I@(Y7D))Z

= L »—(Fom)/u
-@(Y)D)%(YlyD’) ®@(Y’ (g(Y’,D/) ®ﬁy/ %/)

D)

~ gl F

(Y,D) ®§(Y1D) @(Y D)H(Y/ D/) ®@(y/ (ﬁ(y/vD') ®ﬁy/ %/)

D/
Applying R, we find a morphism in Db(@(y D))
(Fom)/u F/u ~
(éaY' py  ®oy M) — 6@ D) ®ﬁ(y D) (O .y @y M),

which is functorial with respect to .#’, and is an isomorphism if 7 is proper.
(2) It is then enough to prove that the natural morphism in D*(Zy p))

Or,py Qey T4 M — T (O pry @0, M)
is an isomorphism.

For these steps, it is equivalent but simpler to give the proof of the analogous
statements for a right Z-module .#’. We then set .#' = . 4" ®¢,,, Oy p.
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e > (For)/u - . .
Proof of Step one. Let us note that .# ®ﬁ<w,p'> 5(Y,7D,) is naturally equipped with

a right @(y/7 pry-module structure. One first checks that, for any left .@(y/) pry-module

A", there is a natural isomorphism

/ »—(Fom)/u R _n T (Form)/u o
(% ﬁ(y/ D) g(Y’,D’) )®@(y/ DY) M — M ®@(Y/ 2%) (g(Y’ D) ®ﬁ(y/ 2%) M )

given by (m’' @ 1) @ m” — m/’ ®(1®m )
Applying this to A" = Sp’ (9 Y’.0) ®ﬁ(Y/ o P(v',0")—(v,D), Where Sp® is the
Spencer complex, we find

T »—(Fom)/u L >
(%/ ®0?(Y’,D’) (Y',D') ) ®§(Y’ % Q(Y/’D/)H(Y;D)
~ »—(Fom)/u N -~
M 2%, o Corion ©a, b Py 0n-(v.0);

as right W*I@(KD)—modules. Now, as (@(y/ D/),w’lé(yp))—bimodules,

~ o~

»—(Fom)/u (Form)/u -1
Sy ®6, o Dovrpn—vip) = Eon " @iy o T Divip)
— -1 F/u =
= 0v'0) @160 T Eiyity P, D1vi0)):

~

It remains to check that, as a left and right Q(Y,D)-module éa(y D) ®0(y o) D(y,p) is

isomorphic to @(K D) ® Giv.oy éA"(;,P;D/;L . This is obtained by sending 1 ® P(z,u,d) to

P(z,u,0+u 10F) @ 1. O

Proof of Step two. By functoriality, it is enough to consider the case where .Z’' =
9”@@,, Dy, where F' is Oy (xD')-coherent. We now notice that (F'®e,, Py )®e,,
ﬁ(y, Dy = (ﬁ(y, by @6y, F') ®ﬁ(y, o) Q(Y/ pry- We will make use of the following

lemmas.

Lemma 2.10. Let m : Y’ — Y be a proper morphism of smooth complex algebraic
varieties, let D' be a divisor in'Y', and let F' be a coherent Oy (xD’)-module. Then,
for each k, the natural morphism REr.(F'(u))) — REm.(F')(w)) is an isomorphism.
The same result holds in the analytic category, provided that F' is good (i.e., F' =
Oy (xD') ®6,., 9" for some Oy -coherent submodule 9" C F').

Proof. We apply [5, Th. 4.5] to the functor 7, and argue as in Lemma 2.3, by working
first with [u]. O

Lemma 2.11. With the same assumption as in Lemma 2.10, assume moreover that
D' = 7=Y(D) for some divisor D of Y. Then, for each k, the natural morphism
Oy (+D)(u) ®ay («p) REm(F') — REm (Oy:(xD')(u) ®p,,(pry F') is an isomor-
phism.

Proof. A priori, we cannot apply the projection formula, since the natural morphism
Oy (*D") @16y («py7 Oy (+*D)((u) — Oy (*D’)((w)) is not an isomorphism in gen-
eral. But the result follows from Lemma 2.10 together with (2.2), since R*n, (') is
Oy (xD)-coherent (indeed, .#' = Oy (xD")®¢,,, 9" for some Oy-coherent submodule
4" C Z'; we also have F' = 1710y (*D) @-14, ¥’ and we can then apply the
projection formula). O
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We conclude Step two by noticing that 7, (F' ®s,, Zy/) = (R7..F") ®6, Py and
%+((5(Y’,D’) ®ﬁy, ﬁ") ®5{y’,D/) '@(Y’,D’)) = R’/T*(ﬁ(y/7D/) ®ﬁy, ﬂ’) ®5(Y,D) _@(Yl)),
so the desired isomorphism follows from Lemma 2.11:

"N®ey Dy R0y 5(Y,D)
") ®oy ﬁA(Y,D) Rey Dy

Y

T (F' ®e,, Dyv) Qoy ﬁA(Y,D) = (Rm.
(R,
= (R,

Y

Y

") ®6y O(v,p) D6y py 2(v.D)

I
Y
9

T (F' Qoy, Oy.0n) D5, ,, Dv.D)

%"‘((ﬁ(Y"D/) ®ﬁyl 9l) ®5(Y/

) é(Y’,D’))' D

,D’

3. Formal twisted de Rham complex in the analytic setting and
nearby /vanishing cycles

In this section, X denotes a complex analytic manifold of dimension n, and
f:X — C is a holomorphic function on X. We denote by .# a locally free Ox-
module of finite rank d equipped with a flat holomorphic connection V, whose
associated local system ker V is denoted by .Z.

We will improve here [7, Th.2.4(a)] in the sense that we compute the analytic
twisted de Rham complex in terms of the vanishing cycle complex without grading
with respect to some filtration, by using some results in [20]. This will produce the
local analytic comparison analogous to (1.1x%). Most ingredients in the proof of the
following propositions are already present in [20, 7, 21, 1], and the new input only
consists in putting everything together, with some details. Moreover, we show how
similar arguments can be used to obtain global comparison results, which is our main
objective.

3.a. Complexes of ¢ -modules with constructible cohomology. Let Y be a
complex analytic set and let & be a sheaf of left ¢ o-modules, where Z¢ o = C{t}(0;)
is the Noetherian ring of differential operators with coefficients in C{t}. We say
that % is constructible if it is locally constant on each stratum of some complex
analytic stratification of Y, and for each y € Y, .%, is a % o-module of finite type.
We will be mainly concerned with the case where each %, is a regular holonomic
Pc,o-module, in which case we say that .# is a constructible sheaf of regular holonomic
D o-modules. We denote by V* % ¢ the decreasing filtration indexed by Z such that
VOQ(C’() = C{t}<t8t>, Vk@([j’(] = thO@QO and Vﬁkg(c’() = Z?:O 8fV09Q0 for k 2 0.

Let % be such a sheaf, and let " = (Y,)aca be a stratification with respect to
which it is constructible. Then # comes equipped with a canonical (decreasing)
filtration indexed by Z, called the Kashiwara-Malgrange filtration, that we denote by
V*Z, characterized by the following properties:

« VEZ =t"VOF if k >0,

CVHEILZ =VIT 4 VLT ik 20,



ON A TWISTED DE RHAM COMPLEX, II 9

- for each a € A, each V¥.Z}y. is a locally constant sheaf of C{t}-modules of finite
type, which is stable under the action of t9; (it is enough to check this property for
V~1Zy,, according to the previous point),

. for each a € A, each gr"“/ﬂ]ya is a locally constant sheaf of finite dimensional
C-vector spaces and, locally on Y, there exists a nonzero polynomial b(s) € C[s] with
roots having their real part in [0, 1) such that b(td; — k) vanishes on gr¥, 7.

We denote by D¢._.(Y, Zc,0) (vesp. D¢_.1,, (Y, Zco) the bounded derived category
of sheaves of Z¢ g-modules with constructible cohomology (resp. regular holonomic
constructible cohomology).

Proposition 3.1 (cf. proof of Prop.3.4in [7]). Let % be an object of D(%-th(yv Do)
and let g : Y — Z be a holomorphic map between complex analytic set. Assume that
Supp F* is an analytic Zariski open set in a an analytic space Y and that 9| Supp F*
extends as a proper map gy : Y — Z. Then Rg,.Z is an object of D(lé_c7hr(Z7 Dco)-

The assumption on Supp.#* means that Y ~ Supp.Z* is a closed analytic subset
of Y. Proposition 3.1 does not immediately follow from standard results on construc-
tible complexes since Zc is not commutative. We first start with a more precise
result on constructible sheaves.

Lemma 3.2. Let % be a regular holonomic constructible sheaf on'Y and assume g
extends to a proper map as in Proposition 3.1. Then

(1) each R'g..7 is a regular holonomic constructible sheaf on Z,

(2) for each ik, each R'g.V*.Z is a constructible sheaf of C{t}-modules on Z,

(3) for each i, k, the natural morphism R'g,V*.# — R'g..F is an inclusion, whose
image is equal to VFR g, .F .

Proof. We can apply standard results on constructible sheaves of A-modules, with
A = C{t}, which has finite global homological dimension, being local and regular
(cf. [22, Th.9, p.103]). Then 3.2(2) follows from [11, Prop.8.5.7(b)]: indeed, if
j : Supp.#* «— Y denotes the inclusion, then Rj,V*.Z* has C{t}-constructible co-
homology, since clearly RjiV*.%* has so and since duality preserves constructibility;
then Rg,VF.Z* ~ Rgy  Rj. VkZ* also has C{t}-constructible cohomology. In order
to get 3.2(3) we will restrict to the pull-back of a compact set K of Z and we will
apply the following lemma.

Lemma 3.3 (20, §3.3], see also [19, Prop. 3.1.13]). Let (A, U°A"") be a V-filtered
complex of sheaves of PDco-modules on'Y (i.e., V9o - UK N C UFTENT for all
i,k, L), with the following properties:

(1) locally on'Y, there exists a nonzero polynomial b(s) € C[s], with roots having
real part in [0,1), such that b(td; — k) vanishes on gri; N for each i and k,

(2) there exists ko such that, for all k > ko and all i, the left multiplication by t
induces an isomorphism t : UF A" — UFTL_4 of C{t}-modules,

(3) there exists ko such that, for all k > ko, all i and all y € Y, the t-torsion
submodule T,k C A (UFN*), satisfies T)* N toA Uk N ), =0 for some £ > 0,

(4) there exists iy such that, for all i > ig and any k, one has S (U*.4*) = 0.
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Then, for any i, k, the natural morphism S (UF N*) — U (N*) is injective and its
image defines a filtration UK (N*) satisfying gr¥ (N ) = 4 (grk, N 7). O

We notice that the properties of the lemma hold for (F,V*.%),-1(x): indeed,
3.3(2) holds with ko = 0, and this implies that 3.3(3) also holds for kg = 0 and
¢ = 0. To obtain 3.3(1), let us note that gr¥,.# is constructible with respect to the
same stratification as % is, and that the minimal polynomial b of the action of t0; is
constant on the connected strata. By properness of gy, 3.3(1) holds on g~*(K).

Let God" .# be the standard Godement flabby resolution of .%, which is filtered by
God® VF.Z (cf. [4, p. 167]). We claim that the properties of the lemma also hold for
(9« God® Z, g. God® V*.Z). This is clear for 3.3(2), 3.3(1) follows from the exactness
of God*® (cf. [4, p.168]) and 3.3(1) for (F,V*.%), and 3.3(4) from the finite homo-
logical dimension of g. We also notice that 3.3(3) holds if J#¢(U*.#*) is locally of
finite type over C{t}. Since we already know that R'g,V*.Z = #%(g,. God' VF.7)
has finite type, we obtain 3.3(3).

Taking the cohomology of (g, God® .#, g, God® V*.%) and applying the conclusion
Lemma 3.3 gives 3.2(3).

In order to get 3.2(1), we now notice that R'g,.# = lim Rig VFF =
U, R'g.VEZ, by applying the conclusion of Lemma 3.3 and since |J, V¥.# = Z.
Moreover, Rig,VF1# = Rig V1% + ... + OFR'g.V~1.%, where the sum is
taken in R'g,.#, and R'g,V 1% has finite type over C{t}, hence R'g..Z has finite
type over Zc . Let us now check that there exists a complex analytic stratifi-
cation & of Z such that Rig*V’ﬁ? is Z-constructible for each k. Let us choose
a stratification 2 such that R'¢,V*F.Z is % -constructible for k = —1,0. Then,
for k > 0, t* : Rgq,V°.% — R'g,V*.Z is an isomorphism, and so R'g,VF.Z is
% -constructible. Similarly, Rig.gr,' # = gr;,' Rig..F is 2 -constructible, and so is
Rig.grt,F = gr¥ R'g..F for each k < —1 since ok gr‘_/lRig*f — gt¥ Rig.F is
an isomorphism. Since the category of local systems of C{t¢}-modules is stable by
extensions in the category of sheaves of C{¢}-modules and stable by inductive limits,
so is the category of Z’-constructible sheaves of C{¢}-modules, and we conclude that
VFR .7 = R'g.V*.Z (k < —1) are Z-constructible, as well as their inductive limit
R'g..7, hence 3.2(1). O

Proof of Proposition 3.1. One reduces to the case of a regular holonomic constructible
sheaf by using the Leray spectral sequence for g and the fact that any morphism
between such sheaves has kernel and cokernel in the same category. The result follows
then from Lemma 3.2(1). O

Corollary 3.4. Let (Z*,U*F*) be a bounded V -filtered complex satisfying the following
assumptions:

(1) Z* is an object of DY (Y, Zc o),

(2) t: UFF? — UMLF is an isomorphism of C{t}-modules for each k > 0 and
each 1,

(3) UF17i = Z?:o OfU—LZ" for each k > 0 and each i,

(4) there exists a nonzero polynomial b(s) € C[s] with roots having their real part
in [0,1) such that b(td; — k) vanishes on each grk, F' for each i,

(5) for each i, each germ ' (U~1.Z*), has finite type over C{t}.
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Then for each i and k, the natural morphism 7 (U*F*) — S (F*) is injective and
has image equal to the Kashiwara-Malgrange filtration V* ¢ (F*).

Moreover, if Supp Z° is an analytic Zariski open set in a compact analytic space
then each Hi(Y, F*) is a reqular holonomic P¢ o-module and, for each i and k, the
natural morphism H'(Y,U*F*) — H'(Y,.7*) is injective and has image equal to the
Kashiwara-Malgrange filtration VFH' (Y, Z*).

Proof. Let us check that (%, U*#*) satisfies the assumptions of Lemma 3.3. Clearly,
3.4(4) implies 3.3(1), 3.4(2) implies 3.3(2) and 3.3(4) follows from the boundedness
of .#*. Lastly, 3.4(5) implies 3.3(3) with ko = —1.

As a consequence of Lemma 3.3,

(L%ﬂi(grlf]f'), T = exp(—27itd;)) = (gr]f]f%”i(ﬁ'),T = exp(—2mitd;))

for each i and k, where U*5#*(.%*) is the naturally induced filtration. Now, 3.4(1)
implies that ##(.#*) is a regular holonomic constructible sheaf, 3.4(2) and (3) also
hold for the induced filtration U*.#¢(Z*), and 3.4(4) and (5) imply that, for each
y € Y, the germ at y of this filtration coincides with the Kashiwara-Malgrange fil-
tration V*5¢(F*),. This gives the first assertion. Moreover, #(U*.Z*) is then a
constructible sheaf of C{t}-modules for each i and k, since V¥ #(.Z*) is so.
Similarly, the complex I‘(Y, God*(Z*, U7 ')) of global sections canonical Gode-
ment resolution God®(F*, U*.Z*) also satisfies the assumptions of Corollary 3.4: in-
deed, 3.4(1) follows from Proposition 3.1; 3.4(5) follows from the C{¢}-constructibility
of U*.Z* which has been noticed above; and the other properties are clear. It follows
from Proposition 3.1 applied to the constant map g that H*(Y,.%*) is a regular holo-
nomic Z¢ o-module, and by an argument similar to the one used for J#(.Z*), that
U*H'(Y,.Z*) is its Kashiwara-Malgrange filtration. O

Let us denote by é«;p the ring P o[1/t] = C({t})(0:), where C({t}) denotes the
field of convergent Laurent series. Then Z¢ o contains Zc o as a subring and is Z¢ o-
flat. We define RH™! as RH™! in §1, by using C({t}) instead of C((u)).

Corollary 3.5. With the same assumptions as in Corollary 3.4, let us set F* =
Do ®Iéc , 7" Then, for alli,

(3.5%) HNF*) =~ RH (A (@ F°), T = exp(—2mitd;)),

and, if Supp .F° is Zariski open in a compact analytic space,

(3.5 %) H'(Y, f;fv") ~ /R\ﬁ_l(Hi(K gry Z*), T = exp(—2mitdy)).

Proof. By Z¢o-flatness of é@)o, we have L%m(,’?v') = /Z_(\J_;') (resp. H'(Y, i?v’) =
H(Y,Z*)). By Corollary 3.4, we have #(gt?.7*) = @A (F*) (resp.
H(Y, gr, 7%) = gr?/Hi(Y, Z*). It is therefore enough to show that, given a
regular holonomic Z¢ g-module M, we have M ~ RH~!(gr), M, exp(—2itd;)), which
is well-known. O

Let us denote by c;‘a\go the ring of germs at (0;1) of formal micro-differential oper-
ators (cf. e.g. [10, Chap. 7]). This is ring of formal Laurent series >, ., ay(t)oF =
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> k<ko OFby.(t), where ay, by are holomorphic in some disc |t| < € of radius € inde-
pendent of k. The product structure is described in loc. cit. and Zc ¢ is a subring of
g@,o, making the latter a flat (left and right) module over the former. Recall that the
functor RH—! has been defined in 1.

—

Corollary 3.6. With the same assumptions as in Corollary 3.4, let us set F° =
éco ®é€ , 7. Then, for alli,

(3.6%) HNF) = RH (A (g  F), T = exp(—2ritd,)),
and, if Supp F° is Zariski open in a compact analytic space,
(3.6 %) Hi(Y,é‘\') ~ P/{ﬁ_l(Hi(Y, g 7°), T = exp(—2mitd;)).

—~

Proof. As for Corollary 3.5, one reduces to showing the isomorphism M
RH!(gry,' M, exp(—27itd;)) for a regular holonomic Z¢g-module M, which is

12

also well-known. O

Remark 3.7. Notice that, for any object % * of Df{;_C’hr(Y, D), we also have a natural
morphism

(3.8) C(0;Y) ®cpo F* — o Ogey F* = F°,

which is a quasi-isomorphism. Indeed, by a flatness argument, it is enough to check
that, for any regular holonomic Z¢-module M, a similar assertion holds. If M
is supported at the origin, the result is immediate, hence it remains to check this
when t acts in an invertible way on M, and by an extension argument, to the case
M = Pco/Pco(t0, — a) with Rea € [—1,0), for which the result is easy.

Similarly, one shows that the cohomology sheaves of Z* are constructible sheaves
of C((9;1))-vector spaces.

3.b. The complex #;. We now go back to the setting of the beginning of this
section. Let iy : X — X x C denote the graph inclusion of f, defined by z —
(z,t = f(x)). We consider the left Pxxc-module A = iy .#. Firstly, since we
work in the analytic setting, we have # ~ £ ®c Ox with the trivial connection 1®d.
We then have .4 ~ £ @c By, with By =i Ox = Ox[0]6(t — f) (cf. e.g. [21] for
the notation) where the Zx «¢ action is locally defined as follows:

g(@,t)-6(t = f) = g(, f())o(t — f),
080 1) = ~5L 213(t — 1)

Note that .#; is supported on the graph of f (identified with X by if) and is already
coherent over the ring Zx := Dx[t]{(0:).

We will consider the twisted de Rham complex

A} = DRy xcje(My) ~ £ @c (x[0],d — df ® ;).

Since. DRxxc/c(Zxxc)[n] is a resolution of Zc.xxc as a (f~*%c, Zx xc)-
bimodule by locally free right Zx«c-modules, the complex 77 [n] represents
Dc—xxc ®éx>@ -///f-

If f is smooth then, locally on X, Ji/f’ has cohomology in degree 1 at most, and

this cohomology is isomorphic to .Z ®@¢ f~'0c as a f~'De-module.
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We now focus on the value t = 0 and we set Xo = f~1(0). We will often forget
the restriction map in the notation below. In order to consider other values t = t,,
one should simply replace f with f —¢,. The sheaf of rings Zx xc|x,x0 is equipped
with a decreasing V-filtration, for which ¢ has order 1 and 0; has order —1, and the
operators in the X direction have order zero. In local coordinates,

VO(Dxxe) = { Cop tar(@, D02 (t0)" | a € N", k€N, aa € Oxxc .

VO Dx xc) if ¢
St VO (Dxxe) ifl

0,

=
<0.

VZ(QX ><(C) = {
According to [8], there exists a unique decreasing filtration V*(.#}) indexed by Z
such that

« each V*.#; is VO(Zx «c)-coherent,

« VR A =t'VI M for k>0 and £ > 0,

VRl = SOV My for k< —1and £ >0,

« locally on X, there exists a polynomial b(s) € Cls] with roots in QN [0, 1) such
that b(td; — k) vanishes identically on gr¥,.#; for each k.

Note that our convention is shifted by one with respect to that of [21], but corresponds
to that of [1, §1.3]. The uniqueness of such a filtration is not difficult, while the
existence and the fact that the roots of b be chosen in Q follows from [8]. We call this
filtration the Kashiwara-Malgrange V-filtration of .#.

The complex £} is then filtered by setting Uk%/f' = DRXXC/C(V’“///J:), which is
meaningful since Vk///f is a V?Px xc-module, hence a P x xcc-module. This makes
(A7, U %7) a V-iltered complex in the sense used in §3.a. We can summarize
various known properties of this V-filtered complex in the following theorem.

Theorem 3.9.

(1) The complex grgjiff' (resp. grall/f') equipped with the operator Ty =
exp(—2mitdy) is isomorphic to the nearby cycle complex . L[—1] (resp. ¢ ZL[—1]),
equipped with its monodromy.

(2) The V-filtered complex (K[, U° ;") satisfies all properties of Corollary 3.4.

Recall that (¢;.Z,Ty) (resp. (¢5Z,Ty)) denotes the nearby (resp. vanishing) cycle
complex of f (cf. [3]).

Proof. The first point is mainly due to Malgrange [13] and applies more generally to
any regular holonomic Zx-module .#. There are various proofs or approaches of this
fact ([13, 9, 20, 16, 15, 12]).

In the second point, 3.4(2)—(4) are easily checked. On the other hand, 3.4(1) is
contained in 7, Prop. 3.4] and [1, Prop. 1.1]. Let us recall the argument of [1].

(1) The same question can be asked for any regular holonomic Zx xc-module A
such that DRy x¢/c(-4") has regular holonomic cohomology over f~'Zc.

(2) The question is local on X and we can assume that £ = Cx. We will also
implicitly restrict sheaf-theoretically the various sheaves or complexes to Xj.

(3) Let m : X’ — X be a proper modification with X’ smooth and exceptional
locus contained in X, and set f/ = fow. We also denote by 7 : X’ x C — X x C the
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induced modification. Recall that A4 = RW*(@XX@HX/X(:@I@X/WJV’). Moreover,
by using the projection formula one finds

De—xxc ®éx><«: TDF'/V/ ~ Rm.(Zc—xxc ®Iéxlxc JV/)?
that we write
(3.10) DRx xc/c(myA”) = R DRy scyc (A7),

because dim X’ = dim X. As a consequence of Proposition 3.1, if 3.4(1) holds for a
regular holonomic Zx/xc-module .4, then it holds for m .A4".

(4) The assertion holds for % if f/~'(0) has normal crossings. This follows from
a local computation (which will be done in the proof of Lemma 3.15 below). From (3),
it holds for 7%y, if 7 : X’ — X as above is chosen such that f/~!(0) has normal
crossings. Such a 7 exists if we restrict X to the neighbourhood of any singular point
in Xo.

(5) According to the decomposition theorem of [20] (or, cf. [1, Proof of Prop. 1.1],
a simple variant of it using that 7 can be obtained by successive blowing-ups with non-
singular centers), Ox is a direct summand of 7, O in D*(Zx). As a consequence,
J7 is a direct summand of R, ./}, in D*(Pc,0). We immediately conclude that the
assertion holds for %;.

One can argue similarly for 3.4(5). One first checks that it holds for % (notation
as above), cf. [1, Prop. 2.1].

One can define a sheaf VO(Z¢c._ x «c) and define 7 for V' %x/yc-modules. We get
a formula similar to (3.10). Then 3.4(5) holds with jo = 0 for # 7% . Indeed,
one can apply an argument similar to that of the proof of Corollary 3.4 (at the level
of Zx «c-modules) to deduce that the natural morphism

Ay (VIBy1) — Ay (By)

is injective and has image the Kashiwara-Malgrange filtration VI #'r, (%) (cf. [20,
83.3], [16, §4.8], [12, Prop.9.2.5], [19, Th.3.1.8]). In particular, one uses that
i (VIBr) is VODx wc-coherent in order to control its t-torsion part (cf. e.g. [19,
Lem. 3.1.4)).

We also notice that #'m %y is supported on X, if i # 0, hence satisfies
VIi#'ir By for j < 0. Setting A = H#m, By, we thus have

U°DRx xc/c(A) := DRx xc/c(VOA)
= DR xc/c(Hm VO By1)
~ DRy xc/c(m V%)
~ Rm, DRy ¢ c(V° %)
=: R, U’ DRy xc/c(%y).
Since the cohomology sheaves of U° DRx/xc/c(%y) are C{t}-constructible and
since 7 is proper, a spectral sequence argument shows that U%#" DRy ¢ /C(JV )

has finite type over C{t} for each x € Xy. Since %, is a direct summand of .4, as
already noticed above, we obtain 3.4(5) for (", U*J%}). O
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3.c. The complex Jéff? and the nearby cycles. Let us now consider the
Ix-module A[1/f] ~ £ ®e, Ox[1/f], where Ox[1/f] denotes the sheaf
ofN meromorphic functions on X with poles along X, at most. Let us set
A = DRxxcyclif+#[1/f]) =~ £ @ (Q%[1/f,0),d — df ® 0;). This is a com-
plex of C({t})-vector spaces, equipped with a connection. We have L%”’(lf/;') =
C({t}) ®cqy #*(X}), in a way compatible with the connections, hence it is a
constructible sheaf of C({t})-vector spaces, according to Theorem 3.9(2). As a con-
sequence, if Xg is the complement of a closed analytic subset of a compact analytic
space X (for example, if X, is an algebraic variety, as in §1, by using a Nagata
compactification), then the hypercohomology H i(XO,JiA/]:' ) is a finite dimensional
C({t})-vector space, equipped with a connection Vs,. On the other hand, with the
same assumption on Xy, the complex 9¢.Z equipped with its monodromy T gives
rise to finite dimensional C-vector spaces H i(Xo,wa), equipped with an auto-
morphism Ty, and then to a finite dimensional C({¢})-vector space with connection
RHY(H' (X0, ¥1.2), Ty).

Corollary 3.11. Under the previous assumption on Xy, we have for each i:
(H™ (X0, #7),Vs,) ~ RH (H'(Xo,97.2),Ty).
Notice that the left-hand term above is nothing but
(H™ (X0, (U [1/£,0),d — df © 8,),V,).

Proof. According to Theorem 3.9(2), we can apply (3.5x%x*) to (%’,U'%’). The
result follows from the identification of (grf; ¢}, exp(—2mitd;)) with (7.2 (1], T;)
given by Theorem 3.9(1). O

3.d. The complex %//;' and the vanishing cycles. We denote by X%//;' the
complex DRX(zg“’;f/u ®@ M) ~ L @c (Q%(w),d — df/u). Our goal is to prove
the microlocal version of Corollary 3.11. Recall that Ji//;' denotes éaAQO ®ém Ji’f’ ~
C((0; ") ®cpo,) DRx xc/c(4y), if we identify o; " with w.

Proposition 3.12. Under the previous assumption on X, we have:

(B (X0, 2 @ (@ (w),d - df /u)), Vs, ) = R (H'(Xo,6;.2), Ty)-

Proof. By definition, the left-hand term is identified with H”l(XO,X%//f\'), and an
argument similar to that of Corollary 3.11, by using Corollary 3.6 instead of 3.5,
identifies the right-hand term with H’+1(X0,<%/Je'). The point is then to compare

X,%//;' and Ji//;' . We have a natural morphism

(3.13) K} = Eco Dy K — x K,
by sending (Zk<k0 OFb(t)) ®w to (Zkgko bi(f)u™*) ® w. The proof of the propo-
sition is now a consequence of Lemma 3.15 below. O

Remark 3.14. The cohomology sheaves of XJ//;' are supported on the critical locus
of f. Indeed, assume that f = z; in some local system of coordinates of X. The
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complex in//;' is the simple complex associated to the cube with vertices €x (u)) and
arrows Oy, — Oy, (f)u~!. It is thus locally isomorphic to the complex

w0y, — 1

Cla}(u) ———— a1 }j(w),
hence clearly quasi-isomorphic to zero.

Lemma 3.15. The natural morphism (3.13) is a quasi-isomorphism.

Remark 3.16. 1t follows from this lemma and from Remark 3.7 that XJZ/;' is a con-
structible sheaf of C((u))-vector spaces on Xy. This was already obtained in [7,
Prop. 3.9] by using the statement of Lemma 3.15, without proof however.

Notice also that Lemma 3.15 together with (3.6 %) (according to Theorem 3.9(2))
gives f%”i‘*‘l(t)i//;) ~ RHY(#¢;.%, Ty), which was obtained in [7, Th. 2.4(a)] only
after a suitable grading.

Proof of Lemma 3.15: the normal crossing case. Let us start with the case where f
is a monomial, in local coordinates, so that X is a divisor with normal crossings.

The corresponding logarithmic complexes %} (log X()* and lefﬁ)g\Xo)' are nat-
urally filtered by the weight filtration (number of polar divisors) W, with Wy = Ky
or Xf%//;' . It is therefore enough to show the desired statement for the logarithmic
complexes and for each grgV with ¢ > 1. Let f = a#, with py,...,u, = 0. We will
prove the quasi-isomorphism at the origin of coordinates. Moreover, it is not difficult
to reduce to the case where y; > 1 foralli=1,... n.

Let us start with gr}’, with ¢ > 1. Then df ® 9; or dfu~! induces zero on gr}’, so
we find, when setting Xo ; = (;c;{z: = 0},

gty (H;(log Xo)*) = |E|Bec[at] @c DR(Ox, ,),
I|=

gty (x#;(log Xo)*) = lﬁBZ DR(Ox, (),

and it is easy to check that (3.13) is an isomorphism in this case.

Let us now compute the logarithmic complexes. We will identify the quotient sheaf
Ox /x* with the sheaf

M: @ @MI,ZH MLKI = xEIl"uICﬁXI,
GAIC{L,...,n} U1

where X7 = {x; = 0| Vi € I}, at° = Hiﬂxfi and, for each ¢ € I, ¢; varies in
{0,...,u; — 1}. Let us set d = ged(pa,. .., o) and g/ = p/d. We will use that
the simple complex associated with the (n — 1)-cube having vertices M and differ-
entials ©;0,, — (pi/p1)x10,, (i.e., the Koszul complex on M with these differentials)
is quasi-isomorphic to the subcomplex having vertices @?;3 L X1,y and dif-
ferentials equal to zero. Indeed, if I # {1,...,n}, let us choose i € {2,...,n} such
that one and only one between 1 and 4 belongs to I. Then z;0,, — (pi/p1)210x,
is bijective on My 4, for each ¢;, since it acts either as z;0,, + pi(1 — ¢1/p1) or as
—(pi/p1) (2105, + p1(1 = £;/p1;)) on Ox,. It remains to prove the assertion for the
Koszul complex when I = {1,...,n}, for which it is clear.

The complex #}(log Xo)® is the simple complex associated with the n-cube of
vertices Ox[0;] and arrows x;0,, — p;x"0;. We notice that the map x10,, — p12"0; is



ON A TWISTED DE RHAM COMPLEX, II 17

injective, and its cokernel can be identified with N := Ox @ 0;(Ox /x*)[D;]. On this
cokernel, the action of ;0,, — p;x*0; (i # 1) is identified with the action induced by
20y, — (ti/p1)210y, . Therefore, £} (log Xo)® is isomorphic to the simple complex
associated with the (n — 1)-cube with vertices N and arrows x;0,, — (thi/pt1)2104, -
From the preliminary remark above we deduce that the inclusion of the sub-cube
having vertices
. d—1 o, d—1 .
C{z*'} @ @ 9,Clay] - /" = @ ((C{x“} eaatC[at]) L
Jj=0 Jj=0

and induced arrows equal to zero, is a quasi-isomorphism. Let us set e; = zIH for
j=0,...,d—1. The induced action of J; sends x*/¢; with k > 1 to (k+ j/d)x*F=1H
and e; to d;-e;. For g € C{t}, we also have g(t)e; = g(z#)e;, and the value of g(t)0fe;
is computed with the previous ones, according to the standard commutation relations.
One checks that e; satisfies (t9; + 1 — j/d)e; = 0, and that (C{z*} ® 9,C[d}]) - ¢; ~
Do/ Pco(toy + 1 — j/d). Since g(c’o is flat over ¢, the same reasoning applies
to %@Xo), which is thus quasi-isomorphic to the subcomplex having vertices
@j;é [é?ic,o/é;@\c’o(t@t + 1 —j/d)]e;. We finally notice that each term in the sum is
written as C((0; 1)) - e;.

A similar computation can be done for inffmg\Xo)'. Each arrow z,0,, —
piztu~! is injective on the vertex Ox((u)), and the cokernel is identified with
M := (Ox/a2")(u). The (n — 1)-cube with vertices all equal to M and arrows
x;0z, — (p4i/p1)x104, is quasi-isomorphic to the sub-cube having vertices

d—1 o,
@D C(w) - 2,
j=0
and induced arrows equal to zero. That (3.13) is a quasi-isomorphism is now clear. O

Proof of Lemma 3.15: the general case. Since the statement is local, we can work in
the neighbourhood of a point z, € X, and we can find an embedded resolution
7: X" — X of f71(0) in the neighbourhood of this point, that we still denote by X.
We can also assume that . = Cx in this local setting. The statement of Lemma 3.15
holds for J?; and Xu/“i//;/, with f' = f om, according to the previous computation.

Let us apply R, to the isomorphism (3.13) for . Since m is proper, we deduce
from the projection formula together with (3.10) that the left-hand term that we
get is the left-hand term of (3.13) for 7y Ox:. According to Proposition 2.7 (with
D = @), the right-hand term is isomorphic to DR((E”;NU ® 74+ Ox/) (recall that
dim X = dim X').

Since Ox is a direct summand of w1 &x+ by the decomposition theorem of [20], it
follows that (3.13) for %} is an isomorphism. O

4. Regularity

We keep the setting of §2.b. As in §3, we will work in the analytic topology, and
we will not use the exponent an. We denote by Oy (D) the sheaf of meromorphic
functions on Y with pole along D at most (which is not necessarily with normal
crossings), and we denote by j : X =Y \ D — Y the open inclusion. Let .# be
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a coherent Oy (xD)-module of rank d equipped with a flat connection V : .#Z —
OV ®e, # (we know by [14] that .# is then locally stably free). Our goal in this
section is to prove:

Proposition 4.1. Assume that V has regular singularity along D. Then, the natural
morphism of complexes

(4.1%) DR(E,/ )y ® #) — Rj.DR(E" & x)

i a quasi-isomorphism.

Remarks 4.2.

(1) Since & is Oy (xD)-coherent, we can use (2.2) to express (4.1 x).

(2) In an exact sequence 0 — A" — .# — A" — 0, if the result holds for .#’
and .#", it holds for .#. Therefore, we can assume that .# is a simple meromorphic
bundle with connection.

(3) Assume we have a commutative diagram of data as above with 7 proper:

7Ly
X ff
]\Y

and let us set F' = Fom. It follows from Proposition 2.7 that, if the proposition holds
for (Y', 5, F"), it holds for (Y, j, F') by applying R, to both members of (4.1%). We
can therefore assume that D is a divisor with normal crossings. In such a case, .# is
Oy (xD)-locally free and we denote by d its rank.

4.a. Along F = co. Let us set Do, = F~1(00). Near a point y, of Do, we can find
a system of local coordinates (z,y, z) of Y such that F(z,y,z) =y~ ¥ = H;’L:1 y. 7,
withy; > 1forj=1,...,n,and D = {y1 -+ - yn-21--- 2, = 0}. If we still denote by Y’
a small open neighbourhood of y,, we can assume that (.#,V) = (Oy (xD)?, d + A),
where A is a matrix of 1-forms which are logarithmic along D. We will moreover
assume that A is written as

dy' de
4.3 A= A, 2L 1N A, =
(43) S T A

where A, ., A., are pairwise commuting constant matrices whose eigenvalues have real

part in [0,1). We realize the complex DR(%}I%; ® M) (resp. DR(é?;f/u ® .M x)) as

the simple complex associated to the dim Y-dimensional cube having vertices equal
to Oy (*D)4((w)) (vesp. 0% ((u))) and arrows equal to

A, —v=1; A,

On, (i=1,...,m), 3, + -2 — ;¥ G=1,...,n), 0y + =2 (k=1,...,p).
Yj u Zk

One easily checks that 0y, + Izy_j +v; yu;lj induces an isomorphism from Oy (* D) ((u))

to itself and from &% ((u)) to itself. Therefore, both complexes in (4.1%) are zero
near y,, and Proposition 4.1 holds at this point.
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4.b. Along F' = ¢, first reduction. We now fix y, € D such that F(y,) = ¢ # co.
Since it is harmless for the statement to replace F' with F' — ¢, we can assume that
¢ = 0. There exists a projective modification @ : Y’ — Y with Y’ smooth such that,
setting D’ = w™!(D) and F' = Fow, F'~}(0)UD’ is a divisor with normal crossings
in Y’. Then the locally free Oy (xD’)-module w*.# is naturally equipped with a
meromorphic connection with poles along D’ and regular singularities. We denote by
wt .4 this bundle with flat connection.

Let us consider the minimal extension (as Z-modules) ji..# and j,wt.#.
Since . is assumed to be simple (cf. Remark 4.2(2)), wt.# is also simple (because
simplicity is preserved by restriction to Zariski open sets, and .# and w™.# coincide
on Y~ (DUF71(0))). Then ji..# and j/, .4 are simple as Z-modules. From the
decomposition theorem for simple 2-modules (cf. [17]), we conclude that ji..# is a
direct summand of w ji, ' .#, where w, denotes the direct image of Z-modules.
Tensoring with @y (xD), we find that .# is a direct summand of @, w™.#, where
now w, denotes the direct image from the category of Zy/(xD’)-modules to the
derived category of %y (xD)-modules. We can now argue as in the last part of the
proof of Lemma 3.15, by using Proposition 2.7, to conclude that the morphism
Rw,.(4.1%)(w™.#) has the morphism (4.1%)(.#) as direct summand, and there-
fore the latter is an isomorphism as soon as the former is so. This reduces the
proof of Proposition 4.1 to the case where F~!(0) U D has normal crossings and
Yo € F~1(0) N D, which is considered in the next subsection.

4.c. Along F = ¢, the normal crossing case. We consider the following local
setting: the space Y is a polydisc A™ x A™ x AP x A? with set of multi-coordinates
,y, 2,t. The divisor D is defined as (J;{y; = 0} U, {2x = 0} and F is the monomial
ahy” =t xbmyt - oyle ) with pg,v; > 10 The variables t are parameters, and
we will soon neglect them.

We assume that (., V) is as in §4.a. We can assume that the matrices A4, , A,
of (4.3) are in the Jordan normal form, to that (.#,V) is an extension of rank-
one meromorphic bundles with flat connection. It is therefore enough to prove the
proposition when .# has rank one. We will then set d = 1 and denote by a,,,a., the
corresponding “matrices”.

We realize the complex DR(éA&&fTD/;L ® M) (resp. DR((E";N“ ® M x)) as the
simple complex associated to the dim Y-dimensional cube having vertices equal to
Oy (xD)((w)) (resp. Ox ((u))) and arrows equal to

x,u—l,', v
v o= 8zi—|—ui7y fori=1,...,m,
' U

1.
fo._ Gy, aty" .
Vi, =0y, + " —|—1/]7u forj=1,...,n,
ka:zazk—t—aj for k=1,...,p,
2

V{E =0y, forl=1,...,q

By integrability, the components of the operator V/ pairwise commute. We can
easily reduce to the kernel of the components V{w and forget them. It will also be
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simpler to work with «V/, which corresponds to respective quasi-isomorphic de Rham
complexes.

First case: m = 0. In this case, there is no variable z. If n = 0, the result of
Proposition 4.1 is clear, as dF' = 0 and by standard results for regular connections. We
will therefore assume that n > 1. In such a case, uV | is bijective both on Oy (xD)((u))
and on Ox((u)), and therefore both complexes in (4 1%) are quasi-isomorphic to 0.
Indeed, the coefficient 1 of u¥ in ¢ = uVJ, (Xese, eut) is (Oy, + a1/y1)pr—1 +
iy’ Y. Assume ¢y = 0 for £ < £, and ¢, # 0. Then ¢y = 0 for £ < ¢, and
Yo, = v1y”
that y; are invertible in Oy (xD) or Ox.

@¢,. This implies injectivity, since v; # 0. We get surjectivity by using

Second case: m > 0. Let us denote by D, the divisor defined by x1 ---x,, = 0. We
first replace the de Rham complexes of Proposition 4.1 with the logarithmic de Rham
complexes with respect to D, (and still meromorphic with respect to D for the left-
hand complex).

Lemma 4.4. With such a setting, Proposition 4.1 holds with 25, (log D) instead of 25,
We will use the following comparison result.

Lemma4.5. Let V =d + b be a flat (D, U D)-logarithmic connection on Oy, where

d
b—ZbL +Zby7 y? +szk . baby,,ba, €C.
The the natural inclusion of complexes

([Oy (D) ® Q5 (log Dy)](w)), V) — Rju (U (log Da) (w)), V)

18 a quasi-isomorphism.

Proof. We first prove the lemma without ((u)). Let us show the result for the germs
at the origin of coordinates. We realize these complexes as the simple complexes
associated to the (m 4+ n + p)-dimensional cubes with vertices Oy (xD) (resp. j.Ox)
and arrows 0y, +by,, Y0y, +by; and 2;0,, +b., . If one of the b, ,b., is not an integer
or if one of the b, is not a nonpositive integer, then each complex is quasi-isomorphic
to zero. Otherwise, one easily argues by induction on dimY'.

We now prove the lemma. It is enough to prove that, on each side, taking coho-
mology commutes with ((u)).

This follows from Lemma 2.1 for the right-hand complex, since (2% (log D,), V) is
C-constructible.

As already explained in §2.a, [5, Th. 4.5] implies that the functor RkI‘(U, ) (k>0)
commutes with [u] when applied to each term of the left-hand complex, for any
subset U of Y. Moreover, it is zero if £k > 1 if U is a compact polydisc (in local
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coordinates). We thus have, for any z, € Y,
A ([Oy (D) @ Q5 (log D) [u], V)

= lim " (T[U, Oy (+D) @ Q5 (log D;)[u]], V)
Usz,

= lim #*(T[U, Oy (+D) ® Q5 (log D,)][u], V)
U>szx,

= lim " (T[U, Oy (+D) @ Q3 (log D,.)], V) [u]
U3z,

= H*(0y (xD) @ Q5 (log D), V)% [u]

and a similar equality for the right-hand complex. The assertion now follows by
applying C((u))®cyj, which commutes with taking sheaf cohomology. O

Proof of Lemma 4.4. By an argument similar to the previous one, one checks that
ux1 V], is injective. Indeed, the coefficient ¢ of u* in ¥ = uVL (3,5, weu’) is
ux10y, Pr—1 + p12"y" v. One can then replace each complex (up to a shift by one)
by the corresponding complex for which the terms are the Cokeruz; V7 . and the
arrows are the one induced by the previous ones, except uz; V7 .- We now denote by
uxzﬁi and similarly for y, z, the induced morphisms.

On the other hand, if ¥ = Z@eo Ypu’ is in the image of uxlvg;, then v, €
x# Oy (xD) (resp. zj,.Ox), and arguing iteratively with respect to ¢, one finds that
any n € Oy (xD)((u)) (resp. ...) is equivalent, modulo the image of uz1V/ to a unique
element in the quotient space [0y (xD)/xt Oy (xD)]((u)) (resp. ...).

We will use the following notation. For I C {1,2,...,m}, Y7 denotes the product
of the discs A except the discs with coordinates x;, i € I. For such a subset I, we
denote by [1, us] the product [, {1,...,p:}. We set o/t = gk g

We note that the previous identification of Coker ua:1V£1 with the quotient space
[Oy (D) /z+ Oy (+D)] () is Oy, (+D)((u))-linear.

We decompose [0y (xD)/z# Oy (xD)]((u)) as the direct sum of Oy (xD)((u))-
modules as follows:

("® v (D)(wher) & (a1 [0 (D)2 0 (-D)] ().

where e, is the class of #%. Let us consider the first term. The action of xﬁz; (i >2)
on Oy (x¥D)((u))e, corresponds to the action of 2;0,, —fu; /1 Id on Oy, (D) ((u)), that
of yj65j to that of y;0,, + a,, — fv;/p1 1d, and that of zkﬁfk to that of 2,0,, + a.,.
Therefore, V4 induces on it a (D, U D)-logarithmic connection, and we can apply
Lemma 4.5 to it (replacing Y with Y5 and working on each summand) to conclude
the corresponding logarithmic comparison result for it.
We now consider the second term. We decompose it as
D Oy, (+D)(w)[a" ).
GAIC{2,....m} £r€[l,ur]
The terms of this direct sum are not themselves Oy- (*D)-submodules. However, the
increasing filtration [}, indexed by p = #I consists of Oy. (*D)-submodules, which
are stable by the action of the induced operators xzﬁi (i > 2), yj%i;j and zk%?;k
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Indeed, we have

f(&-g + &xlﬁ) [t] ifiel,
1 Oz

. _ K @ n—er i
(w10m(9) = {5 Y] i g 1,
9g

Avai - p=r1\ — (.. _Yi 99\ .u—ts
03V3, (9o 2 =1]) = (3500, (9) + g9 = L g - )

L, (o7, )" 1) = (2024 (0) + azg) ")
As a Oy. (xD)-module, each graded module grllj is the direct sum over the subsets I

with #1 = p of the Oy, (xD)-modules P, ¢y ., Ov; (xD) () [z#~%] (they have infi-
nite rank as such), each of which equipped with a logarithmic Oy -connection given

xlﬁi (g(mﬂy, Z)[:EH*ZI]) —

by the formulas above, with ¢ ¢ I, and moreover equipped with Oy, -linear endomor-

phisms xlei (i € I). Tt is enough to prove the comparison result of Lemma 4.4 for

each pair of graded complexes grg . We therefore fix I with #I > 1, and ¢; € [1, pg].
Let us fix i, € I. We define a logarithmic connection V on Oy-(xD) by setting

l‘ivw. = xl&h + fio Hi

i

(i=21,i¢1)

i
— U
YiVy, = Y0y, +ay, + i, —,
Hi,
25V = 2105, + az,. .

Then the (m—1)+n-+p-cube that we are considering has vertices equal to Oy (xD)((u))
and arrows given by

xlﬁml + (ft — [10)&

io

ifiel,

@iV — MV, ifiz2 i,
M1

— Vs —
J
ijy] - 7:11'1Vg;1,
K1
Zkvzk.

One can easily adapt the proof of Lemma 4.5 to show the desired comparison result
for grfj . O

End of the proof of Proposition 4.1 in the normal crossing case

We consider the partial weight filtration W, (log(D, U D)) with respect to the
divisor D,. Proposition 4.1 concerns Wy, while Lemma 4.4 gives the result for W,,.
We argue as in the proof of Lemma 3.15. It remains to show the result on gr}"" for each
¢ > 1. One notices then that dfu~! induces zero on such a quotient, and Proposition
4.1 for ngV reduces to the comparison result of Deligne [2] as in Lemma 4.5. O
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