Functors and Computations in Floer homology with Applications

Part I

CLAUDE VITERBO^∗

October 20, 1996

(revised on May 31, 1999).

Abstract

This paper is concerned with Floer cohomology of manifolds with contact type boundary. In this case, there is no conjecture on this ring, as opposed to the compact case, where it is isomorphic to the usual cohomology (with the quantum product). We construct two mappings in Floer cohomology and prove some functorial properties of these two mappings. The first one is a map from the Floer cohomology of M to the relative cohomology of M modulo its boundary. The other is associated to a codimension zero embedding, and may be considered as a cohomological transfer. These maps are used to define some properties of symplectic manifolds with contact type boundary. These are algebraic versions of the Weinstein conjecture, asserting existence of closed characteristics on ∂M. This is proved for many cases, Euclidean space and subcritical Stein manifolds, vector bundles, products, cotangent bundles. It is also proved that the above property implies some restrictions on Lagrangian embeddings, and also yields in certain cases, existence results for holomorphic curves bounded by the Lagrange submanifold. The last section is devoted to applications of this existence result, to real forms of Stein manifolds

∗Département de Mathématique, Université de Paris-Sud, 91405 Orsay Cedex, FRANCE. Supported by C.N.R.S, U.M.R. 8628, Equipe de Topologie et Dynamique, and Institut Universitaire de France and obstructions to polynomial convexity in Stein manifolds. Many of our applications rely on the computation of the Floer cohomology of a cotangent bundle, that is the subject of Part II.

Contents

Introduction 4

I Floer cohomology pushforward for symplectic manifolds with contact type boundary. 6

1 Floer cohomology for manifolds with contact type boundary.

The case [ω]π_2(M) = 0 6 1.1 Basic definitions and results . . . . . . . . . . . . . . . . . . . 6 1.2 Definition of F H^∗(M). . . . . . . . . . . . . . . . . . . . . . . 10 1.3 Invariance of Floer cohomology by deformation . . . . . . . . 14 1.4 Product structure . . . . . . . . . . . . . . . . . . . . . . . . . 17

2 The transfer morphism 18

3 The main theorem 22

4 Applications to Weinstein’s conjecture and obstructions to Lagrange embeddings 28

5 Equivariant Floer cohomology 38 5.1 Product structures, spectral sequences and localization . . . . 41 5.2 The equivariant version of the algebraic Weinstein conjecture . 42 5.3 Capacity in AW C and EW C manifolds . . . . . . . . . . . . 44

6 The existence of holomorphic curves and applications to real forms and complex analysis 46

7 Appendix: Checking assumption (A) for neighbourhoods of weakly exact Lagrangians 55

References 57

Introduction

Let (M, ω) be a symplectic manifold. One of the main tools in symplectic topology is the Floer cohomology F H^∗(M) of (M, ω). This is a group, defined by Andreas Floer in his fundamental papers [Fl1], [Fl2] for a closed manifold, satisfying some topological assumption (namely [ω]π_2(M) = 0). This was later extended by Floer, and then Hofer-Salamon ([HS 1]), Ono ([Ono]), Fukaya-Ono, Hofer-Salamon and Liu-Tian ([F-O, HS 2, LT]) on one hand to remove this topological assumption, and on the other hand by Floer, Hofer et als. ([FH, CFH] to the case of manifolds with contact type boundary.

While to the closed case corresponds a standard guess, the isomorphism of F H^∗(M) with H^∗(M), the main difficulty being to prove that F H^∗(M) is well defined and that this isomorphism holds, there is no obvious guess in the case of manifolds with contact type boundary. In fact, in the latter case, it is useful to have some tools to understand better these groups (in fact as shown in [V8], they are modules over H^∗(ΛN), where ΛN is the free loop space of N, or rings using the ”quantum product”).

The aim of this paper will be to develop two such tools, and give numerous applications.

The first is the construction of natural maps in Floer cohomology. In section 1 we define the map c^∗_M : F H^∗(M) → H^∗(M, ∂M), and in section 2 a transfer map (F j)^! : F H^∗(W ) → F H^∗(M) associated to a codimension zero embedding W → M, satisfying some assumption (called (A) in the text).

Our main theorem proves that we have a commutative diagram F H^∗(W )^{(Fj )!}−−−→ F H^∗(M) c^∗_W c_{∗M} H^∗(W ) −−−→_{j!} H^∗(M) We also show the compatibility of the above maps with the product structure defined in [V1] (see prop. 1.5).

Section 5 gives an equivariant version of Floer cohomology and extends the above constructions to this setting.

Section 4 is concerned with applications of these results. The map c^∗_M may be used to state an algebraic version of Weinstein’s conjecture. It should be noticed that most proofs of the ordinary Weinstein conjecture (except for 3-dimensional cases due to [Ho] and the compact case of [HV2]) actually prove the stronger form we state. The advantages of this stronger form are that they easily extend from one manifold to related ones, like those obtained by product or fibrations; and it also implies other ”symplectic rigidity” statements, like non-existence of exact compact Lagrange embeddings.

We prove some new cases of Weinstein’s conjecture. In particular that any subcritical Stein manifold satisfies the algebraic Weinstein conjecture, as well as products of such manifolds with a compact manifold. We also get as a corollary that the dynamical system of a particle in a compact space of positions, subject to a force and magnetic field derived from a potential has a periodic solution.

Many of these applications rely on the other tool, developed in the second and third part of this paper: computations. The main result of part II, of crucial importance in the applications, is the isomorphism F H^∗(DT^∗N) = H^∗(ΛN) (DT^∗N is the unit disc cotangent bundle) and its equivariant version. Part III will deal with a version of Leray-Serre spectral sequence.

Finally section 6 deals with construction of holomorphic curves using Floer cohomology. We apply these results to give some restrictions, on the real part of complex manifolds, and to the geometry of polynomially convex totally real submanifolds. This is only a first ”sampling” of the theorems one can get. More applications will appear in a forthcoming paper, where we shall deal with closed manifolds.

Note that some of the results presented here had been proved previously, in particular in [V1], other results from this paper may be rephrased in the language given here.

Finally, I wish to thank the students of the DEA of Paris-Sud, Orsay, who heard parts of this paper, as well as the audience of the Séminaire de Géométrie Symplectique of Ecole Polytechnique. I also wish to thank David Hermann for improving and correcting many proofs, Paul Seidel for useful comments, Julien Duval, Viktor Ginzburg, Viatcheslav Kharlamov Yong- Geun Oh and Nessim Sibony for many useful conversations as well as for their encouragement concerning section 6.

Part I

Floer cohomology pushforward for symplectic manifolds with contact type boundary.

1 Floer cohomology for manifolds with contact type boundary. The case [ω]π_2(M) = 0 1.1 Basic definitions and results

Throughout this paper (M, ω) will be a compact symplectic manifold such that [ω]π_2(M) = 0, and with contact type boundary ∂M (possibly empty). This means that there is a one-form α on ∂M such that dα = ω and α ∧ (dα)^{n−1} is nowhere vanishing. The form α is called a contact form.

An almost complex structure on M will be called admissible if it satisfies the following two conditions

(i) ω(Jξ, ξ) is positive definite.

(ii) J preserves the contact hyperplanes{α = 0} in ∂M.

To such a manifold (M, ω) we may associate a noncompact symplectic manifold, denoted (^M, ^ω) such that ^M = M ∪_{∂M×{1}} ∂M × [1, +∞[ ^ω = { ω on M d(zα) on ∂M × [1, +∞[ where z is the second coordinate.

Since a neighborhood of ∂M in M may be identified with (∂M × [1 − ε, 1], d(zα)), ^ω is smooth.

We then extend J to ^J, so that J is constant on the ∂M × {z}.

It will be useful to notice that ^J makes the submanifolds ∂M × {z} pseudoconvex. More generally if H is a time dependent Hamiltonian on ^M such that H(t, x, z) = h(z) on R × ∂M × [1, +∞[, with h convex in z, then according to [McD] a solution of ∂u(t, θ) = ∇H(t, u(t, θ)) may not have an interior tangency with the ∂M × {z}.(Here ∂u means^∂_{∂t} u + ^J(u)^∂_{∂θ} u).

Given a smooth function H(t, x) on R × M, we denote by X_H the associated Hamiltonian vector field. It is defined by the formula ω(X_H , ξ) = ∂ ∂x H(t, x).ξ ∀ξ ∈ T_xM. Given a Hamiltonian H on R × ^M such that H(t, x, z) = h(z) with h convex increasing for z large (we call such a Hamiltonian admissible), we may define the Floer cohomology F H^∗(H; a, b) for any two real numbers a < b, as follows.

First we need to assume that all contractible 1- periodic solutions of v̇ = X_H (t, v) are nondegenerate (i.e. 1 is not an eigenvalue of the linearized Poincaré map) and contained in a compact subset of ^M (this happens provided the set of z such that h^′(z) equals the action of a closed characteristic of ∂M is bounded). We then define C^k(H; a, b) as ⊕_v R (R is some ring) where v varies in the set of contractible 1- periodic solutions of v̇ = X_H (t, v) such that - i_{cz}(v), the Conley-Zehnder index of v equals k (see [Co-Z], [S-Z]) - A_H (v) = ∫ S^1 [v

∗(ω) − H(t, v)]dt is in [a,b], where v is a map from the 2- disk to M, whose restriction to the boundary equals v. Note that A_H is well defined because [ω]π_2(M) = 0.

One then defines a boundary operator d : C^k(H; a, b) → C^{k+1}(H; a, b) such that the matrix element < dv, w > is equal to the algebraic number of solutions of the system { u : R × S^1 → ^M ∂u = ∇H(t, u) lim_{s→∞} u(s, t) = w(t) lim_{S→−∞} u(s, t) = v(t) We denote by M(v, w) the set of such solutions, and notice that a shift in the s variable induces a free R action on M(v, w). Thus < dv, w > is the number of points in M(v, w) = M(v, w)/R.

For a generic J, the dimension of M(v, w) is given by the difference i_{cz}(w) − i_{cz}(v). The crucial property d^2 = 0 follows from the fact that the set of points in ⋃ u M(x, u)×M(u, v) where i_{cz}(u) = i_{cz}(x)+1 = i_{cz}(v)−1 may be identified

with the set of ends of the 1-dimensional manifold M(x, v).

The assertion that the only non compactness in M(x, v) may be caused by the breaking of a trajectory requires two properties. The first is the nonexistence of holomorphic spheres and follows from the assumption [ω]π_2(M) = 0. The second one is that the image of u, solution of ∂u = ∇H(t, u) lim_{s→−∞} u(s, t) =

x_−(t), lim_{s→+∞} u(s, t) = x_+(t) stays in a bounded region of ^M. This follows from the assumption that the 1-periodic solutions of v̇ = X_H (t, v) stay in a bounded region, and from the pseudoconvexity of ∂M × {z}. Remark. Note that it is not hard to show that the standard transversality results for solutions of ∂_J u = 0 or ∂_J u = −∇H(t, u) (see for example [McD-S], pp. 34-35) still hold if we assume that ^J is admissible. The proof in[McD-S] works by showing that {(u, J)|∂_J u = 0} is a manifold. For this one has to prove that if η is in the L^2 orthogonal of the range of the linearized operator, it must vanish on the set of points of the curve where du(z) ≠ 0 and u^{−1}(u(z)) = {z}. By unique continuation, since η satisfies an elliptic equation (adjoint of the linearization of ∂) it vanishes everywhere. In our case, we may prove that η vanishes at these points where, in addition to du(z) = 0 and u^{−1}(u(z)) = {z}, u is not tangent to ker α. But for a ^J- holomorphic (or plurisubharmonic) u, the set of such points is isolated, and the same argument as in [McD-S] applies to show that η is identically zero.

Now we may define F H^∗(H; a, b) to be cohomology of the complex (C^∗(H; a, b), d). A standard argument shows that F H^∗(H; a, b) does not depend on the choice of J, since the set of almost complex structures satisfying (i) and (ii) is contractible.

Note that this is also independent from the choice of the contact structure defined by {α = 0} on ∂M.

Indeed, we may identify α to the vector field ξ given by i_ξω = α. Then α is a contact form compatible with ω if and only if ξ is transverse to ∂M and L_ξω = ω. We may assume that ξ points outward, and then the set of such vector fields is clearly convex, hence the set of contact structures compatible with ω is contractible.

We now shall establish certain more or less obvious properties summarized in prop 1.1,1.3,1.4.

Let H_λ(λ ∈ [0, 1]) be a continuous 1-parameter family of Hamiltonians, and a_λ, b_λ be real numbers such that neither is the action of a 1-periodic orbit for X_{Hλ} .

Proposition 1.1. Under the above assumptions, we have a natural isomorphism F H^∗(H_0; a_0, b_0) → F H^∗(H_1; a_1, b_1).

The proof is rather straightforward using the results from [CFH]. Finally for a < b < c we have a short exact sequence. 0 → C^∗(H; b, c) → C^∗(H; a, c) → C^∗(H; a, b) → 0 and we get a long exact sequence → F H^∗(H; b, c) → F H^∗(H; a, c) → F H^∗(H; a, b)^{∂∗}→ (1) Remark. 1.2

From (1), it follows that if H is a C^0 function we may define F H^∗(H; a, b) as the lim_{K→H} K∈C^∞ F H^∗(K; a, b) (2) Of course, we have to prove that this definition coincide with the standard one when H is smooth and ”generic”. This is proved as follows:

Let H_0 and H_1 be C^0 close, and H_λ be a smooth homotopy such that |H_λ − H_μ|_C0 < ε|λ − μ| for all λ, μ in [0, 1].

Consider the bifurcation diagram of the set of actions of 1-periodic solutions of X_{Hλ} . This is a union of curves in the plane with cusps (called a Cerf diagram, see figure 1). It is easy to see that each smooth portion of such a diagram has its slope bounded by sup_{λ∈[0,1]} |^∂_{∂λ} H_λ| ≤ ε.

As a result, given a < b such that the distance between the action of a 1-periodic solution of X_{H0} and the boundary of the interval [a, b] is greater than 2ε, we have for any H_1 such that |H_1 − H_0|_C∘ ≤ ε an isomorphism F H^∗(H_0; a, b) → F H^∗(H_1; a, b).

As a consequence, the definition of F H^∗(H; a, b) for H a ”C^0 Hamiltonian” coincides with the standard one in case H is C^∞.

Figure 1: Cerf diagram

1.2 Definition of F H^∗(M).

We are now going to consider a Hamiltonian on ^M such that H(t, x, z) = h(z) for z ≥ 1, with h^′(z) = h_∞, a constant, for z large enough.

For z ≥ 1, the 1-periodic orbits of X_H are related to the closed characteristics on ∂M. More precisely if X is the Reeb vector field for α, that is i_X dα = 0, i_X α = 1, we have X_H (t, x, z) = h^′(z)X for z ≥ 1. Thus, if T = h^′(z) is the area of a contractible closed characteristic, γ, on ∂M, then (γ(t.T ), z) is a 1-periodic solution of X_H , with action

∫_1 0 zα − h(z) = zh^′(z) − h(z). We now investigate what happens to F H^∗(H; a, b) when we modify h, while H is unchanged inside M. Let h^0_∞ < h^1_∞ and assume that h_0(z) = h^o_∞(z − 2) for z ≥ 2. Set h_1(z) = h_0(z) for z ≤ 2, and h_1(z) is convex on 2 ≤ z ≤ 3 and h^′_1(z) = h^1_∞ for z ≥ 3.

To understand the changes in F H^∗(H_λ; a, b) where H_λ = (1−λ)H_0 +λH_1 (and H_i = H on M, H_i(t, x, z) = h_i(z) for i = 0, 1), we must find the 1- periodic orbits of X_{Hλ} with action crossing a or b. In other words, we have to solve zh^′_λ(z)−h_λ(z) = a (resp.b) with h^′(z) the area a closed characteristic on ∂M. To simplify our problem, we shall assume that

(i) z → zh^′_λ(z) − h_λ(z)is monotone increasing for each λ.

(ii) λ → zh^′_λ(z) − h_λ(z) is monotone increasing for each z.

since for z = 2 , λ = 0 we have zh^′(z) − h(z) = 2h^0_∞ − h^0_∞.0 = 2h^0_∞, we get that if a < b < 2h^0_∞ all the actions of 1-periodic trajectories for X_{Hλ} in ∂M ×[2, +∞[ will be outside [a, b]. As a consequence F H^∗(H_λ; a, b) does not depend on λ.

Let now K_λ be a function equal to 0 in M and to k_λ(z) = λ.(z − 1) for z ≥ 1. Clearly, K_λ is neither smooth nor “generic ”, but by remark 1.1, we may still define F H^∗(K_λ; a, b) as a limit. In this case, the limit is rather simple to estimate.

Indeed, let h_{λ,ε}(z) be as in figure 2, so that assuming λ is not the area of a closed characteristic on ∂M, we have zh^′_{λ,ε}(z) − h_{λ,ε}(z) = T + 0(ε) if h^′_{λ,ε}(z) = T is such an area.

Set now K_{λ,ε} to be h_{λ,ε}(z) for z ≥ 1 − ε and equal zero elsewhere. Thus C_∗(H_{λ,ε}; a, b) is generated by the constant periodic solutions inside M, and the closed characteristics on ∂M with area in [a, b] ∩ [0, λ]. (for ε small enough). Then, for ε small enough, zh^′_{λ,ε}(z) is distinct from a or b, hence we get isomorphism. F H^∗(H_{λ,ε}; a, b)^∼→ F H^∗(H_{λ,ε}′ ; a, b) We may now set

Definition. F H^∗(M; a, b) = lim_{λ→+∞} F H^∗(K_λ; a, b). (3)

F H^∗(M) = lim_{b→+∞} a<0 F H^∗(M; a, b). (4) It may be useful to notice that for a < 0, F H^∗(K_λ; a, b) does not depend on a , since H_{λ,ε} has no 1-periodic orbit with negative action.

Note that here F H^∗(M) is defined as lim_{b→+∞} lim_{λ→+∞} F H^∗(K_λ, a, b) for (a nonpositive). We shall sometimes need to revert the limits. Thus we want to prove:

Figure 2: The Hamiltonians

Lemma 1.2. We have F H^∗(M) = lim_{λ→+∞} lim_{b→+∞} F H^∗(K_λ, a, b).

Proof. It will be enough to prove this, when λ is in the complement of the set of areas of periodic orbits of ∂M. Because, according to a remark by Sikorav, this set is open and dense, we may limit λ to this subset. Now for each λ in this subset, let η_λ be such that ]λ − η_λ, λ − η_λ[ does not contain the area of a closed characteristic of ∂M.

Let K_∞ be such that K_∞ is zero inside M while K_∞ = (z−1)^2 outside M. Again, one should think of the approximation of K_∞ since it is not smooth.

Then as we deform from K_λ to K_∞, we only get periodic orbits of area larger than λ. Thus for b < λ + η_λ we have F H^∗(K_λ, a, b) = F H^∗(K_∞, a, b) As a result, for any a, b finite, we have lim_{λ→∞} F H^∗(K_λ, a, b) = F H^∗(K_∞, a, b) Thus we have

lim_{b→∞} F H^∗(K_∞, a, b) = lim_{b→∞} lim_{λ→∞} F H^∗(K_λ, a, b) = F H^∗(M)

On the other hand, for b > λ − η_λ,

F H^∗(K_λ, a, b) = F H^∗(K_∞, a, b), thus

lim_{λ→∞} lim_{b→∞} F H^∗(K_λ, a, b) = lim_{λ→∞} F H^∗(K_λ, a, b(λ))

where b(λ) ∈]λ − η_λ, λ − η_λ[.

But then F H^∗(K_λ, a, b(λ)) = F H^∗(K_∞, a, b(λ)) and lim_{λ→∞} lim_{b→∞} F H^∗(K_λ, a, b) = lim_{λ→∞} F H^∗(K_λ, a, b(λ)) = lim_{λ→∞} F H^∗(K_∞, a, b(λ)) = F H^∗(M)

With the above definition, let us prove the

Proposition 1.3. For δ small enough, we have F H^∗(M, −δ, δ) ≃ H^∗(M, ∂M) Proof. Let ~H_{λ,ε} be a “generic” perturbation of H_{λ,ε}. Then its 1-periodic orbits are (i) constants with action near 0 (ii) perturbation of 1- periodic orbits of H_{λ,ε}, with action bounded away from zero (since the area of closed characteristics of ∂M are bounded away from zero).

Thus for δ small enough, C_∗(H_{λ,ε}; −δ, δ) is generated by the constant solutions, that is critical points of H_{λ,ε}. Moreover, if v, w are such constant solutions, M(v, w) coincides with the set of trajectories for the gradient flow of H_{λ,ε} (these are solutions u(s, t) independent of t, see [S-Z] for the proof), so that (C_∗(H_{λ,ε}; −δ, δ), d) is isomorphic to the Thom-Smale-Witten complex of −H_{λ,ε}, its (co)homology is equal to H^∗(M, ∂M) (this is an easy extension of the classical result for the case ∂M = ∅ of Thom-Smale- Witten).

Now the exact sequence 1 yields F H^∗(M; δ, +∞) → F H^∗(M) → F H^∗(M, −δ, δ)^{∂∗}→ . where F H^∗(M; δ, +∞) = lim_{b→+∞} F H^∗(M; δ, b). Using proposition 1.3, we get

Proposition 1.4. There is an exact sequence . . . → F H^∗(M; δ, +∞) → F H^∗(M) → H^∗(M, ∂M)^{∂∗}→ → F H^{∗+1}(M; δ, +∞) → F H^{∗+1}(M) → . . . Of particular relevance will be the map c^∗_M : F H^∗(M) → H^∗(M, ∂M). The following result will also be useful.

Lemma 1.5. F H^∗(K_λ; −∞, +∞) ≃ F H^∗(M; −∞, λ) Proof. First K_λ has no 1-periodic orbit with action outside [0, λ]. Thus we have F H^∗(K_λ; −∞, +∞) ≃ F H^∗(K_λ; −∞, λ). Now as μ goes from λ to infinity, let us consider F H^∗(K_μ; −∞, λ). Since the new critical points of A_{Kμ} that appear are at a higher level μ, we have that for μ > λ, F H^∗(K_μ; −∞, λ) does not depend on μ. Keeping in mind that lim_{μ→+∞} F H^∗(K_μ; −∞, λ) = F H^∗(M; −∞, λ) concludes our proof.

1.3 Invariance of Floer cohomology by deformation

Theorem 1.6 (Floer homology deformation invariance). Let ω_s be a continuous family of symplectic forms on W such that ∂W is of contact type for each of them. Then we have an isomorphism F H^∗(W, ω_0) −→ F H^∗(W, ω_1) We first need Lemma 1.7 (Generalized maximum principle). Let Ω be a domain with contact type boundary, z be the second coordinate on ∂Ω × [1, +∞[). Let J(s, t) be an almost complex structure depending on s, t, and u be a solution on some plane domain D of ∂_su + J(s, t)∂_tu = −∇H(s, t, u) where H(s, t, u) = h(z) for z ≥ 1 is monotone increasing, and has ∂Ω × {1} as a regular level.

Then z ∘ u satisfies the maximum principle in ∂Ω × [1, +∞[) and in particular, if the boundary of u is in Ω, we have z ∘ u ≤ 1

Proof. Indeed, we remind the reader that d^c = J^∗d and use the fact that d^cz = λ is the contact form, with dλ = ω. Also H(s, t, u) = h(z) for z ≥ 1. For f = z ∘ u, dd^cf = Δ(f)ds ∧ dt. Now Jdu − du ∘ i = −∂udt − J∂uds Then d^cf = dz(Jdu) = dz(u)du ∘ i − dz(∂u)dt − dz(J∂u)ds = u^∗(λ) − dz(∇H(s, t, u))dt − dz(J∇H(u))ds dd^cf = ω( ∂u ∂s , ∂u ∂t ) − d(h^′(z)dt)

= ω( ∂u ∂s , J ∂u ∂s + Jh^′(z) ∂ ∂z )ds ∧ dt − h^{′′}(z) ∂f ∂s ds ∧ dt

= | ∂u ∂s |^2 + h^′(z) ∂f ∂s − h^{′′}(z) ∂f ∂s From all this follows

Δf + (h^{′′}(z) − h^′(z)) ∂f ∂s ) = | ∂u ∂s |^2 > 0

This is an elliptic equation of order two, without zero order term, hence satisifes the maximum principle: a solution has no local maximum on an interior point of the domain.

Proof of 1.6. The proof is classical, and goes as follows.

Let J_s be an admissible almost complex structure for ω_s, ∂W . We extend J_s to s ∈ R, so that J_s = J_0 for s ≤ 0 and J_s = J_1 for s ≥ 1. We similarly extend ω_s (so that ω_s = ω_0 for s ≤ 0, and ω_s = ω_1

for s ≥ 1) and denote by X^s_H the Hamiltonian vector field of H for the symplectic form ω_s.

Now consider the equation

∂_su + J(s, u)(∂_tu − X^s_H (t, u)) = 0 where (s, t) ∈ R × S^1.

We then define a map F C^∗(H, ω_0) −→ F C^∗(H, ω_1) by counting the number of solutions of the above equation (modulo the action of R × S^1), such that lim s→−∞ u(s, t) = x(t) lim_{s→+∞} u(s, t) = y(t) where x, y are 1-periodic solutions of X^0_H and X^1_H respectively, with the same index.

That this map commutes with the coboundary, is due to the fact that, to any solution of the above equation, we may glue a solution of

∂_su + J_0(u)(∂_tu − X^0_H (t, u)) = 0

at s = −∞, or a solution of

∂_su + J_1(u)(∂_tu − X^1_H (t, u)) = 0

at s = +∞.

We only have to show that the set of such solutions stays in a compact set, and for this, check that the maximum principle applies. The ordinary maximum principle tells us that if Ω is a domain with pseudoconvex boundary, no holomorphic curve in Ω may be tangent to ∂Ω. In other words, if f is plurisubharmonic, and u : D → Ω is holomorphic, f ∘ u satisifes the maximum principle, since a simple computation shows that Δ(z ∘ u) = u^∗(dd^cf) ≥ 0. As D. McDuff noticed in [McD], a similar computation applies to the case of H having ∂Ω as a regular pseudoconvex level, and u a solution of ∂_J u = −∇H(u). Here we need a slight extension of this, for J depending on s.

As a result, we get a map

F H^∗(H, ω_0) −→ F H^∗(H, ω_1)

This map is easily seen to be independent of the choices of J, and of the family ω_s, it only depends on its homotopy class with fixed endpoints.

The map is easily seen to be an isomorphism, by following the inverse path.

Now as we consider the family H_λ such that lim_{λ→∞} F H^∗(H_λ, ω_s), then the isomorphisms for each λ yield the sought after isomorphism in the limit.

1.4 Product structure

There are several “product structures” defined on F H^∗(H; a, b). Apart from the one we are describing here, there is also the so called “pant product” (see [Wi], [Sch], [Piu],[P-S-S] [RT]) or “quantum product”.

It is rather clear that studying the functorial properties of the “pant product” with respect to the map we defined or shall define would be extremely useful. Here we shall only use the product described in [V8] that gives F H^∗(H; a, b) the structure of an H^∗(ΛM)module (ΛM is the free loop space of M).

This structure was only defined for real coefficients (this is sufficient for our purpose), and for a compact symplectic manifold, but this last condition may be removed without difficulty, due to the pseudoconvexity of ∂M × {z}.

It is not difficult and rather useful to notice that the maps defined above are H^∗(ΛM)-module morphisms. Note in particular that the H^∗(ΛM) module structure on H^∗(M, ∂M) is just the one induced by the ordinary cup product of H^∗(M), through the map γ^∗ : H^∗(ΛM) → H^∗(M) (γ is the inclusion of constant loops M → ΛM). That is

Lemma 1.8. We have, for α ∈ F H^∗(M), φ ∈ H^∗(ΛM) c^∗(α ∪ φ) = c^∗(α) ∪ γ^∗(φ). where c^∗ is the previously defined map c^∗_M : F H^∗(M) −→ H^∗(M, ∂M).

Proof. In the exact sequence of prop 1.4, let α be a cochain in F H^∗(M) that is α = ∑ x α_x[x] where x is a closed orbit of the Hamilton H.

Then

c^∗(α) = ∑ x∈M α_x[x], and α ∪ φ = ∑ y α_x( ∫ M(x,y) φ)[y], and thus c^∗(α ∪ φ) = ∑ y∈M α_x( ∫ M(x,y) φ)[y] c^∗(α) ∪ γ^∗(φ) = ∑ y∈M x∈M α_x( ∫ Γ(x,y) γ^∗(φ))y

where Γ(x, y) ⊂ M(x, y) is the set of trajectories independent on θ ∈ S^1. But H being C^2 small on M, we have that Γ(x, y) = M(x, y)(see e.g.

[S-Z]).

2 The transfer morphism

Our main goal now is to associate to a symplectic codimension 0 inclusion j : W → M of symplectic manifolds with contact type boundary, a map, denoted (F j)^! from F H^∗(W ) to F H^∗(M) and to establish its main properties. We wish to warn the reader that some assumption (see assumption (A)) is necessary in order to construct (F j)^!, and this assumption will be crucial in establishing our main results.

Our main tool will be a Hamiltonian H on M such that, apart from the constants, its 1-periodic solutions are either closed characteristics on ∂W -each of them appearing twice, once with positive action, and once with negative action - or closed characteristics on ∂M - each appearing once with negative action.

Then, the exact sequence 1 associated to such an H, for a = −∞, b = 0, c = +∞ yields a map F H^∗(H; b, c) → F H^∗(M).

It remains to identify F H^∗(H; b, c) to F H^∗(W ), and this will require that the connecting trajectories between closed characteristics of ∂W remain inside W .

We first slightly adapt our construction of F H^∗(W, a, b) for a = −δ, b > 0. Assume there is a symplectic embedding of (∂W × [ε, 1], d(tα)) into W , sending ∂W × {1} to ∂W ,

and let K^{ε,α}_{λ,μ} be the Hamiltonian of figure 3 (note that K_λ = K^{1,α}_{λ,λ} = K^{1,+∞}_{λ,μ} for all α, μ). Then we claim that if η_λ is such that there is no closed characteristic for ∂W with area in [λ − η_λ, λ + η_λ], and α(λ − η_λ) < (α − ε)λ that is ε < αη_λ/λ, then the only closed characteristics occurring as periodic orbits for the Hamiltonian vector field of K^{ε,α}_λ yielding a positive action will be those on {z = ε} = ∂W × {ε}, while these on ∂W × {α} have negative action.

Those with positive action will have this action in the interval [0, ελ], corresponding to closed characteristics of ∂M with area in [0, λ]. Thus as μ varies between 0 and λ, F H^∗(K^{ε,α}_{λ,μ}, −δ, a) does not change (according to Prop.1.3), and we get the isomorphism F H^∗(K^{ε,α}_{λ,0} , −δ, a) ≃ F H^∗(K^{ε,α}_{λ,λ}, −δ, a) ≃ F H^∗(K_λ, −δ, a). Definition. Let W be a symplectic manifold with contact type ∂W . We shall say that W has restricted contact type boundary if the contact form α on ∂W extends to a global solution of dα = ω on W

Now assume W ⊂ M has restricted contact type boundary in W . Note that in general the form α above does not extend to M. But, if φ_t is a conformal flow on W such that φ^∗_t ω = e^{−t}ω, we may use this flow to find a symplectic embedding of (∂W × [ε, 1], d(tα)) into W (sending ∂W × {1} on ∂W ) For example if L is a Lagrangian submanifold in M, and W is a neighborhood of L that, according to Weinstein’s theorem, we may identify to a neighborhood of the zero section in T^∗L, and our assumption is satisfied, even when L is not exact (so that ∂W is not, in general, of restricted contact type in the usual sense).

More generally, until the end of this section , we only require the existence of a family ρ_ε : ∂W × [ε, 1] → M of symplectic embedding, such that for ε^′ < ε, ρ_ε′ restricted to ∂W × [ε, 1] is Hamiltonianly isotopic to ρ_ε.

Definition. We set K^ε_{λ,W} to be the function K^{ε,1}_{λ,0} on ∂W ×[ε, 1], and K_{μ,W} = K^{1,1}_{λ,μ} (which does not depend on λ!)

Now let H be a hamiltonian on ^M, depending on the set of parameters ε, λ, μ such that H = K^ε_{λ,W} on ∂W × [ε, 1] H = 0 inside ∂W × {ε} H = λ(1 − ε) inside M − W H = K_{μ,M} + λ(1 − ε) on ^M − M

We have the following isomorphisms

Figure 3: The family K^{ε,α}_{λ,μ}

F H^∗(H; a, b) ≃ F H^∗(K_{μ,M} ; a + λ(1 − ε), b + λ(1 − ε)) for a < a(ε, λ), b > b(ε, λ), because H = K_{μ,M} + λ(1 − ε) outside a compact set.

Now the chain complex C ∗ (H; a, b) decomposes in two factors. The first one is generated by the set of 1-periodic orbits of H inside ∂W × {2ε} the second one by all other 1-periodic orbits. It is important to notice that the only ones with nonnegative action are those in the first factor, since we show that those near ∂W × {1} have negative action, and the same holds for the constants in M − W (with action −λ(1 − ε)) and the periodic orbits near ∂M × {1} with action μ − λ(1 − ε), that will be negative for λ large enough.

We then consider the differential d_M on each factor. Note that since < dx, y > may be nonzero only if the action of x is less than the action of y it must send the first summand C^∗(K^ε_{λ,W} , −δ, b) into itself. However on this summand d_M will coincide with the differential d_W only under the following extra assumption

(A) Any solution u : R × S^1 → M of ∂u = ∇H(u) lim_{t→±∞} u(t, θ) = x_±(θ) where x_±(θ) solves ẋ_±(θ) = X_{λ,W} (x_±(θ)) has its image inW

Note that we only need (A) to hold for a given complex structure, and not for all complex structures. However, in this case (F j)^! may depend on J. We have almost proved

Proposition 2.1. Let ∂W be of restricted contact type in W and j : W → M be a symplectic embedding. Then, assuming (A) holds, there is a morphism, denoted (F j)!, from F H^∗(W ) to F H^∗(M).

Proof. : Since d_W = d_M on C^∗(K^ε_{λ,W} , −δ, b), we get a map F H^∗(K^ε_{λ,W} , −δ, b) into F H^∗(H; a, b). Now F H^∗(K^ε_{λ,W} ; −δ, b) ≃ F H^∗(K_{λ,W} ; −δ, b/ε) so that lim λ→+∞ lim_{ε→0} F H^∗(K^ε_{λ,W} ; −δ, b) ≃ F H^∗(W ) while lim_{λ→+∞} lim_{ε→0} F H^∗(H; −∞, b) ≃ F H^∗(K_{μ,M} ). Now taking the limit for μ going to +∞, we get our map (F j)^!.

We now wish to prove some basic properties of (F j)!. A first obvious result is Theorem 2.2. Assume (A) holds, and denote by (Λj)^∗ : H^∗(ΛM) → H^∗(ΛW ) the map induced by the inclusion j. Then we have

(F j)^!(α ∪ (Λj)^∗(β)) = (F j)^!(α) ∪ β for α ∈ F H^∗(W ), β ∈ H^∗(ΛM). The proof is straightforward, using the definition of the cup-product as in [V8].

3 The main theorem

Now we wish to prove Theorem 3.1. (Main theorem) Let j^! : H^∗(W, ∂W ) → H^∗(M, ∂M) be the usual push-forward map in cohomology. Then, under assumption (A) we have a commutative diagram

F H^∗(W )^{(Fj )!}−−−→ F H^∗(M) c^∗ c_∗ H^∗(W, ∂W )^{j!}−−−→ H^∗(M, ∂M) We first need Lemma 3.2. Let H_λ be a family of Hamiltonians. Let a < b < c, and consider the long exact sequence (1.6). F H^∗(H_λ; b, c) → F H^∗(H_λ; a, c) → F H^∗(H_λ; a, b)^{∂∗}→ If for λ in [0, 1] no 1-periodic orbit of X_{Hλ} has action in {a, b, c}, then we have a commutative diagram F H^∗(W ) −−−→ F H^∗(H_1; b, c)

F H^∗(H_0; a, c) −−−→ F H^∗(H_1; a, c)

F H^∗(H_0; a, b) −−−→ F H^∗(H_1; a, b)

where the horizontal arrows are the isomorphisms of Proposition 1.1 and the vertical arrows the maps in the exact sequence (1).

The proof is analogous to 1.1. We must identify

Lemma 3.3. Let H = K^ε_{λ,W} be as in definition 2. Then the map H^∗(M^b, M^{−δ} ) → H^∗(M^b, M^a) (a, b, δ are determined as in the definition of K^ε_{λ,W} ) may be identified to the map j^! : H^∗(W, ∂W ) → H^∗(M, ∂M)

Proof. Once we notice that A_H = −H on the set of constant loops, we may identify, modulo excision the pairs (W^b, W^{−δ}) to (W, ∂W ) as well as (M^b, M^{−δ}) to (M, ∂M).

Note that the push-forward commutes with excision.

Now we claim that the natural map H^∗(f^c, f^b) → H^∗(f^c, f^a) corresponds to the map j^∗ induced by the inclusion (f^c, f^b) → (f^c, f^a). Indeed, for a cochain on f^c vanishing on f^b, we may consider it as a cochain vanishing on f^a, and this defines both maps.

We shall also need:

Lemma 3.4. The natural maps (from the triple exact sequence) F H^∗(K^{ε,1}_{λ,μ}; a, +∞) → F H^∗(K^{ε,1}_{λ,μ}; −∞, +∞) and F H^∗(K^{ε,1}_{λ,μ}; a, +∞) → F H^∗(K^{ε,1}_{λ,μ}, a, b) may both be identified to the same map F H^∗(W ; −∞, λ) → H^∗(W, ∂W ). Proof. Let K^{ε,α}_{λ,μ} be the Hamiltonian from section 1,

Note that F H^∗(K^{ε,α}_{λ,μ}; −∞, +∞) ≃ F H^∗(K_μ; −∞, +∞). Denoting by ∂^−W , ∂^+W the set of periodic orbits near ∂W × {α} and ∂W × {ε}, we may represent the situation, as a α goes from ε to 1, on figure 4.

Here ∂W is the set of periodic orbits for K^{ε,ε}_{λ,μ}, that corresponds to the set of solutions of X_H of area less than μ. Taking μ small enough, makes ∂W empty, and this is the only case we really need. We shall make this assumption from now on.

Let us denote by W the set of constant critical points of H, located on W . The correspond to zero the critical set for A_H . Now for α = 1, let a, b be levels separating ∂^−W from W and W from ∂^+W . Then F H^∗(K^{ε,1}_{λ,μ}; a, +∞) ≃ F H^∗(W ; −∞, λ) and F H^∗(K^{ε,1}_{λ,μ}, −∞, +∞) ≃ H^∗(W, ∂W ). Thus we have a map

Figure 4: Variational picture of the homotopy, α ∈ [ε, 1]

ϕ : F H^∗(W ; −∞, λ) → H^∗(W, ∂W ). But also, since F H(K^{ε,1}_{λ,μ}; a, b) ≃ H^∗(W, ∂W ), we get a second map ψ : F H^∗(W ; −∞, λ) → H^∗(W, ∂W ) We claim that ϕ = ψ in cohomology. Indeed, let c = ∑ x c_x[x] be a cochain in C^∗(K^{ε,1}_{λ,μ}; a, +∞), then ϕ(c) con-

sists in the same cochain, but considered in C^∗(K^{ε,1}_{λ,μ}; a, +∞), while ψ(c) = ∑ x∈W c_x[x].

We claim that ϕ(c) − ψ(c) is a coboundary in C^∗(K^{ε,1}_{λ,μ}; a, +∞). Since the chain map χ induced by the homotopy α → K^{ε,α}_{λ,μ} sends [x] to [x] for x in W and [x] to zero otherwise, (see figure 4).

Thus χ sends φ(c) − ψ(c) to zero and being a cohomology isomorphism, this implies that φ(c) = ψ(c) in F H^∗(K^{ε,1}_{λ,μ}; a, +∞) as announced.

Proof of Main theorem. We may now conclude the proof of our main theorem. Let us consider the following Hamiltonian depending on the parameters λ, μ. As usual we identify (symplectically) a subset of W with ∂W × [ε, 1]. We denote by α the contact form on ∂W and by ϕ the contact form on ∂M.

We have - on W : H = K^ε_{λ,W} with ε small enough, - on M − W : H = λ(1 − ε) - on ^M − M : H = K^{σ,t}_{μ,0} + λ(1 − ε) We then have several families of 1-periodic solutions for X_H :

(I) constants in W , on level 0 (II) closed characteristics on ∂W × {ε}, on level ε ∫ γ α > 0. (III) closed characteristics on ∂W ×{1}, on level −λ(1−ε) < ∫ γ α−λ(1−ε) < 0. (IV) constants in M − W on level −λ(1 − ε) (V) closed characteristics in ∂M × {σ}, on level σ ∫ γ φ − λ(1 − ε). (VI) closed characteristics on ∂M × {τ}, on level τ ∫ γ φ − λ(1 − ε) − μ(τ − 1), which is arbitrarily small with τ large. This Hamiltonian is represented on figure 5.

Figure 5: The Hamiltonian H defining (F j)^!

On figure 6 we represented the different sets of critical points, the sets (I), (II), (III), (IV), (V), and (VI) are respectively denoted by W , ∂^+W ,

∂^−W , M − W , ∂^+M , ∂^−M (for obvious reasons). The height of the set represents the level of the set of critical points. It is useful to notice that: - for ∂^+M (i.e.(V)) since ∫ γ φ is in ]0, μ], the level is in the interval σδ −

λ(1 − ε) and σμ − λ(1 − ε) (δ is the smallest area of a closed characteristic of ∂M). By taking σ large enough, we can make σδ − λ(1 − ε) large, and the critical set ∂^+M is above all others, while taking σ = 1 and λ large will make ∂^+M to be below level zero.

In other words, we are free to move ∂^+M between, somewhere below the level of W and an arbitrary high level.

Figure 6:

Now let a, b, c be three levels as in figure 6. We have:

-F H^∗(H; c, +∞) ≃ F H^∗(W, −∞, λ) according to lemma 1.5, provided we make ∂^+M to be below level c.

F H^∗(H; a, +∞) ≃ F H^∗(M, −∞, μ), since without crossing level a, we may deform H until H is constant inside M. Then the deformed Hamiltonian will be the one defining F H^∗(M; −∞, μ).

- F H^∗(H; −∞, +∞) ≃ H^∗(M, ∂M) as we easily see by deforming H to a K_{δ,M} for δ small enough.

The exact sequence associated to (−∞, a, c, +∞) → F H^∗(H; a, +∞) → F H^∗(H, −∞, +∞) and yields, using the above identifications F H^∗(W, −∞, λ)^{(Fj )!}→ F H^∗(M; −∞, μ)^{c∗}→ H^∗(W, ∂W ) The identification of the second map with c^∗ follows from lemma 3.4. Now since ∂^+M is below level c, we may deform H, without anything crossing level c, until the new Hamiltonian, H_1 is equal to K_{δ,M} on ^M − M.

According to lemma 3.2, we may identify F H^∗(H; c, +∞)^{c∗∘(Fj )!}→ F H^∗(H; −∞, +∞) with F H^∗(H_1; c, +∞) → F H^∗(H_1; −∞, +∞) Then ∂^−M and ∂^+M disappeared (by “ killing each other ”). We may now consider the map F H^∗(H_1; c, +∞) → F H^∗(H_1; −∞, +∞) as the composition of

F H^∗(H_1; c, +∞) → F H^∗(H_1; b, +∞)

and of F H^∗(H_1; b, +∞) → F H^∗(H_1, −∞, +∞).

According to lemma 3.4 again, the first map may be identified to F H^∗(W ; −∞, λ)^{c∗}→ H^∗(W, ∂W ). To understand the second one, we only need one more deformation, from H_1 to H_2, by making λ, equal to some very small positive η.

Then ∂^+W and ∂^−W disappear, and the only periodic orbits left-are the constants in W and M − W . Since the only Floer trajectories are then gradient lines of H_2, the map

F H^∗(H_2; b, +∞) → F H^∗(H_2; −∞, +∞) may be identified to the map j^! : H^∗(W, ∂W ) → H^∗(M, ∂M) according to the lemma 3.3.

We may then conclude that c^∗ ∘ (F j)^! = j^! ∘ c^∗ as required.

4 Applications to Weinstein’s conjecture and obstructions to Lagrange embeddings

Consider a compact symplectic manifold with contact type boundary,(M, ∂M). From proposition 1.4, we see that if the map F H^∗(M) → H^∗(M, ∂M) fails to be an isomorphism, then there must be closed characteristics on ∂M, hence ∂M satisfies Weinstein’s conjecture.

Conjecture. Let Σ be a contact type hypersurface. Then Σ carries at least one closed characteristics.

Definition. We shall say that (M, ∂M) satisfies the Algebraic Weinstein conjecture if either

(a) F H^∗(M) → H^∗(M, ∂M)is not injective . or

(b) F H^∗(M) → H^∗(M, ∂M)is not onto .

We shall even be more precise, and state that (M, ∂M) satisfies case (a) (resp.(b)) of the Algebraic Weinstein Conjecture (AW C) in degree k when the map F H^k(M) → H^k(M, ∂M) is not injective (resp. onto).

Finally, if M satisfies case (b) of the AW C in degree 2n, we shall say that M is an SAW C (Strong Algebraic Weinstein) manifold.

Clearly the AW C for (M, ∂M) implies Weinstein’s conjecture for ∂M, as will be proved in Proposition 4.1 Examples. 1. M = D^{2n}, ∂M = S^{2n−1} with the canonical symplectic structure satisfies case (b) of the AW C in degree 2n, since F H^∗(D^{2n}) = 0. This is proved by considering the following Hamiltonian on R^{2n} : H(x) = c · |x|^2, with c a large constant different from an integer multiple of 2π. Then A_H has a single critical point, corresponding to the constant orbit at the origin, since there is no non trivial solution of ẋ = Jcx. Moreover such an orbit has Conley-Zehnder index equal to the integer part of^c_{2π} . Thus we may prove that F H^k(D^{2n}) = 0 for k ≤^c_{2π} . Since c is arbitrarily large, we proved that F H^k(D^{2n}) = 0 for all k.

This implies that any hypersurface in R^{2n} of restricted contact type (see definition 2 has a closed characteristic (see[V3], where this is proved for the general contact type case, and [Gi], [He] for counterexamples if this assumption is dropped).

2. M = DT^∗N the unit disk bundle in T^∗N does not satisfy case (b) of the AW C as we define it. Indeed, according to Part II, we have a commutative diagram F H^∗(DT^∗N) −−−→ H^∗(DT^∗N, ST^∗N) isomorphism

Thom^{isomorphism} H^{∗n}(ΛN) −−−→_{c∗} H^{∗−n}(N) (c^∗ is induced by inclusion of constants c : N → ΛN). but c^∗ is onto, having as right inverse (ev)^∗, induced by the evaluation map, ev(γ) = γ(1).

However the equivariant version of this works for N simply connected, as it is shown in subsection 5.2 (and was essentially proved in [V4])

3. We shall prove below that any subcritical Stein manifold satisfies case (b) of the AW C. Of course Example 1 is just a special case of this. And Example 2 shows that this cannot be improved, since T^∗N is a Stein manifold, for some complex structure compatible with its canonical symplectic structure.

The following result shows how the SAW C property may be inherited.

Theorem 4.1. If (M, ∂M) is an SAW C manifold, then

• the same holds for any codimension 0 submanifold W , with restricted contact type boundary.

• Any contact type hypersurface in M bounding a compact region has a closed characteristics.

Proof: We have the following commutative diagram

F H^∗(M)^{c∗}−−−→ H^∗(M, ∂M) (F j)^! j_! F H^∗(W ) −−−→_{c∗} H^∗(W, ∂W ) For ∗ = 2n the map j^! is an isomorphism, so that if H^{2n}(M, ∂M) is not in the image of F H^∗(M), then H^{2n}(W, ∂W ) cannot be in the image of F H^∗(W ).

Now we still need to prove that (A) is satisfied. First, remark that assumption (A) may be replaced by the following slightly weaker hypothesis.

For any given finite set of closed characteristics of ∂W , there is an admissible almost complex structure, J, such that any solution of ∂u = ∇H(u) converging at each end to a closed characteristic in the above set is contained in W .

Now for each positive ε, we have an embedding of ∂W × [ε, 1] such that the action of a closed characteristic on ∂W × {t} is t times the action of the corresponding characteristic on ∂W × {1} ( here it is crucial that ∂W should be of restricted contact type in M).

Now let J be such that each ∂W × {t} is pseudoconvex. Then a solution of ∂u = ∇H(u) as in (A) must exit W , according to the maximum principle.

Indeed, let us consider a Floer trajectory with its ends in ∂W × {ε}. According to Lemma 1.7 if the solution is in W , it must stay in ∂W × {ε}. But then the solution does not violate assumption (A).

We will prove that its area is bounded from below by some constant, hence the difference of the action of the two closed characteristics connected by this solution is also bounded from below. But as ε goes to zero this difference will be bounded by Cε, hence goes to zero, a contradiction.

Let us now prove this claim for H = K^{ε,α}_{λ,0} (see Figure 3). First, let Γ = R×S^1 = Γ_+ ∪Γ_− where Γ_− is the interior of u^{−1}(∂W ×{α}), and Γ_+ its complement.

Let x, y be the two periodic solutions. Then

A_H (y) − A_H (x) = ∫ Γ | ∂u ∂s |^2dsdt ≥ ∫ Γ_+ | ∂u ∂s |^2dsdt Since H is constant on u(Γ_+), so that u is J-holomorphic on Γ_+, and we have:

∫ Γ_+ | ∂u ∂s |^2dsdt = ∫ Γ_+ u^∗ω As a result, A_H (y) − A_H (x) ≥ ∫ Γ_+ u

∗ω + 0(α). as α goes to zero.

Let us prove that u(Γ_+) has its area bounded from below by a constant depending only on J and W .

Lemma 4.2. The area of a curve C in ∂W ×[1/2, 1] intersecting ∂W ×{1/2} has its area bounded from below by a constant depending only on J and W .

Proof. It is enough to consider a connected component of C that intersects ∂W × {α}. Note that C must also intersect ∂W × {α}, otherwise the second coordinate, z, would have a maximum on C, which is impossible by the maximum principle. Let Σ = ∂W × {^{1+α}_2 }. There is a constant r such that for x ∈ Σ we have that d(x, ∂W × {α}) and d(x, ∂W × {1}) are greater than r. Then, since Σ ∩ C ≠ ∅ we have that for x_0 ∈ Σ ∩ C, B(x_0, r) ∩ C is a closed J holomorphic curve through the origin, and such a curve has its area bounded from below as a function of r and the sectional curvatures of W (see the Appendix of Part II for a detailed proof).

We now prove the second claim. Let us notice that from the above proof, we may also infer that condition (A) may not be violated by a Floer trajectory connecting two constant solutions, otherwise we would have a sphere with positive area in M, contrary to our assumptions. Thus if W has contact type in M, and M is SAW C, then either condition (A) is violated, or the map (F j)^! is defined, and in both cases there must be a non-constant closed characteristics on ∂W . This concludes our proof.

Theorem 4.3. If W is an SAW C manifold , then:

1. There is no exact embedded Lagrange submanifold in W .

2. If L is a Lagrange submanifold in W , there exists a curve γ on L such that

(a) γ is contractible.

(b) area(γ) > 0, where area(γ) = ∫ D u^∗(ω) for any map u from the disc D to W bounding γ.

(c) < μ, γ >≤ n + 1, where μ is the Maslov class.

Proof. The first assertion follows from the above theorem, and example 2, since an exact embedding would yield according to Weinstein’s theorem, an embedding of DT^∗L in W of restricted contact type. Then DT^∗L would be SAW C, contrary to what we claim. We refer to the appendix to prove that the condition [ω]π_2(M) is sufficient for the theorem.

As for 2, it follows from the ideas of [V4, V1]. Of course this statement about the Maslov number is only meant modulo 2c_1(M), since the Maslov class is otherwise undefined.

We now prove:

Theorem 4.4. Let W be a subcritical Stein manifold. That is W has boundary of contact type, and there is a negative strictly plurisubharmonic function on W , vanishing on ∂W , having all its critical points of index strictly less than n = 1/2 dim(W ). Then W is SAW C.

Proof. For the basic properties of symplectic Stein manifolds (called Weinstein manifolds in [El-G] ) we refer to [El], [El-G].

Let ϕ be a plurisubharmonic function on W , and X be the union of the unstable manifolds of the critical points of ϕ. Note that ∇ϕ is a Liouville vector field, hence X is a union of isotropic submanifolds, of dimension at most n − 1.

Let ψ_t be the flow of Y = −∇ϕ. Then the W_{1/t} = ψ_t(W ) for t ≥ 0 make a fundamental family of neighborhoods of X^{n−1}. Moreover they are all conformally equivalent. We claim that there is a family U_ε of neighborhoods of X^{n−1}, such that for ε small enough, F H^{2n}(U_ε, −δ, ε^{3/2}) = 0. Since the map F H^{2n}(U_ε) → H^{2n}(U_ε, ∂U_ε) factors through F H^{2n}(U_ε, −δ, ε^{3/2}) = 0, this proves that the map vanishes. Therefore U_ε is SAW C. Since for some α, ϵ we have the inclusion W_α ⊂ U_ε, the same holds for W .

Now the assertion about U_ε may be proved by induction over the number l of critical points of ϕ. This is clear for l = 0 since we may then choose U_ε to be a ball (and in this case the statement is proved as Example 1 above).

Now let X^k be the union of the unstable manifolds of the first k critical points of ϕ. Assume we have a neighbourhood U^{l−1}_ε of X^{l−1} such that F H^∗(U^{l−1}_ε , −δ, ε^{3/2}) = 0. We shall then construct U^l_ε with the same property.

Since X^l is obtained from X^{l−1} by attaching an isotropic k-dimensional disc, D with k < n, U^l_ϵ will be a neighbourhhod of U^{l−1}_ε ∪ D.

Note that since k < n, and the handle D is attached along a k − 1- dimensional sphere ∂D, we may assume that for any given real number T , the attachment sphere is such that no trajectory of length less than T of the characteristic flow on ∂U^{l−1}_ε crosses ∂D twice.

Therefore, since the handle intersects ∂U^{l−1}_ε on an arbitrary small neighborhood of ∂D, we may assume that a trajectory on ∂U^{l−1}_ε crossing twice this neighborhood has action larger than T . Thus the new periodic trajectories we may have introduced are either completely contained in the handle, or must have action larger than T .

Let us now take coordinates (q, p, z) in the neighborhood of the handle, where q is on the handle, p is the dual coordinate, and z is a normal symplectic direction. Then on |p|^2 + |z|^2 = ε there are two types of periodic trajectories. Those that have (q, p) constant, and such that z(t) = exp(Jt)z(0) and action |z(0)|^2 = ε^2 and the long ones, such that q(t) will cross the disc, and thus the action is of the order of ℓε where ℓ is the diameter of the disc. So we see that F H^{2n}(U_ε, −δ, ε^{3/2}) = 0 only involves the first type of small action solution. Moreover a Floer trajectory connecting two such solutions will be contained in a neighbourhood of the handle, since it as energy bounded by a constant times ε^2.

From the maximum principle, it is easy to see that any trajectory exiting from U_ε, connecting two periodic orbits contained in U_ε, has energy larger than some δ > 0 (independent of ε). The proof is the same as in Lemma 4.2 Thus we may localize the complex near the critical points, and it will coincide with the complex of the function c · |z|^2 in C^k , which is known to have zero cohomology in dimension k ≤^c_{2π} .

Finally, as we add the l-th critical point, the Floer complex F H^∗(U^l_ε, −δ, ε^{3/2}) = 0 is obtained from the Floer complex of CH^∗(U^l_ε, −δ, ε^{3/2}) by adding at a lower level, some generators with partial homology equal to zero. Therefore F C^∗(U^l_ε, −δ, ε^{3/2}) = 0 has zero cohomology.

Note that U_ϵ is obtained by adding thinner and thinner handles, but since we prove that for α small enough some W_α ⊂ U_ϵ and since U_ϵ is AW C and being AW C is inherited by subsets, this concludes our proof.

Remarks. :

1. Note that if W is only of contact type in M, and M is SAW C, we may not infer that W is also SAW C. The distinction is not meaningless, as we may not conclude that W has no exact Lagrange submanifolds. This happens for example if we have a Lagrange embedding of L in

Figure 7: The periodic orbits near the handle attached to W^{l−1}

R^{2n} . Then if W is a tubular neighborhood of L, ∂W carries periodic orbits, but obviously, L is exact in W , while it may not be exact in R^{2n} .

2. Of course, the same proof shows that if (M, ∂M) satisfies case (b) of (AW C) in degree k and j^! is an isomorphism in degree k, then W satisfies the SAW C (again, case (b) in degree k).

3. Also if W is a codimension zero submanifold with restricted contact type boundary in M, then if W satisfies case (a) of the AW C in degree k, and (F j)^! is injective, then (M, ∂M) satisfies the AW C. However, no general method is known to prove injectivity of (F j)^!.

4. As F. Laudenbach pointed out, the non existence of exact Lagrange embedding in the case of a subcritical Stein submanifold may be also

Figure 8: The critical orbits of the action for a subcritical Stein manifold

recovered by using his engulfing method (see [La]) provided the manifold has π_1 = π_2 = 0. Indeed engulfing can be done on such a manifold, therefore any exact Lagrange submanifold will intersect its image by a conformal map (as conformal maps restrict to Hamiltonian maps on exact Lagrangians). But the gradient flow of a plurisubharmonic function with all its critical points of index strictly less than n, will send an n-dimensional manifold to infinity (since it generically avoids the unstable manifolds of the critical points).

One could also use the results of Chekanov [Che], see section 6

5. As Helmut Hofer informed me, Michel Andenmatten has proved independently that the boundary of W , ∂W carries at least one closed characteristics (however, we prove here a stronger result, namely that this is the case of any contact type hypersurface in W , bounding a domain U, regardless of whether U is Stein subcritical or not.)

6. From example (3) we may deduce that there is no closed exact Lagrange submanifold in R^{2n} , since otherwise the boundary ST^∗N of such a manifold would be of restricted contact type, and thus DT^∗N would be SAW C, a contradiction with the above result. Of course this proof is more complicated than the original one by Gromov (see [Gr1]. On the other hand it lends it self to generalizations. It is not clear what are the symplectic manifolds without exact lagrange submanifolds. Gromov proved that any product P × C or (see [LS]) any T^∗M with M open satisfies this condition.

7. We shall explain in the next section an equivariant version of the SAW C which holds for DT^∗L with L simply connected.

Using yet unpublished results from [V10], we get that If M, N are symplectic manifolds, with restricted contact type boundary, we have (Künneth formula). F H^∗(M × N) ≃ F H^∗(M) ⊗ F H^∗(N). Note that M ×N has corners, but if ξ (resp. η) is a conformal vector field on M (resp N), transverse to ∂N), then ζ = π^v_M (ξ) + π^∗_N (η) is a conformal vector field on M × N, ”transverse” to ∂(M × N) = ∂M × N ∪ M × ∂N.

Thus any smoothing of the corners, will be transverse to ζ, and thus will yield a manifold with contact type boundary (still denoted for simplicity by M × N). The map F H^∗(M × N) −−−→ H^∗(M × N)

F H^∗(M) ⊗ F H^∗(N) −−−→ H^∗(M) ⊗ H^∗(N) is then the tensor product of c^∗_M and c^∗_N .

Thus, if one of the two maps is not bijective, c^∗_{M×N} = c^∗_M ⊗ c^∗_N will not be bijective either. We just proved

Proposition 4.5. Let M, N be symplectic manifolds with restricted contact type boundary. If M (or N) satisfies the SAW C, then so does M × N.

Similarly, if we have a strong symplectic fibration that is the following:

(i) a fibration F^i→ E^π→ B

(ii) symplectic structures α, σ, ω on F, E, B respectively, such that - σ restricted to the fibers coincides with α - for each positive t, we have that σ + tπ^∗(ω) is symplectic

This is in particular the case for a holomorphic fibration with Kähler fibers and base.

Then according to [V10], there is a spectral sequence starting with E^{p,q}_2 = F H^p(B) ⊗ F H^q(F ) and converging, under mild conditions, to F H^{p+q}(E). More over the map c^∗_E is induced by c^∗_B ⊗ c^∗_F .

We thus we have:

Theorem 4.6. Let us consider F^i→ E^π→ B, a strong symplectic fibration, such that the above spectral sequence converges. Then if B or F satisfies the SAW C, then the same holds for E.

This yields many classical, as well as new cases of Weinstein’s conjecture, e.g. the total space E of a negative (i.e. such taht E^∗ is ample), holomorphic vector bundle over a compact manifold P (with [ω]π_2(P ) = 0 and n > 0) (see [FHV] for P compact, [Ma] for P = T^∗N). Here the negativity of E guarantees that the boundary of the unit disc bundle is pseudo-convex, hence of contact type.

Now let ^M be the union of M with ∂M × [1, +∞[ as defined at the beginning of this paper.

Proposition 4.7. Let W be a codimension 0 submanifold of ^M with restricted contact type boundary, such that ∂W is contained in ^M − M. Then if M satisfies that F H^k(M) −→ H^k(M, ∂M) is not injective for some degree k (i.e. satisifes case (a) of the AW C ,in degree k), the same holds for W .

Proof. : Remember that case (a) of the AWC means that F H^∗(M) → H^∗(M, ∂M) is not injective.

The inclusions M → W → ^M induce a diagram F H^∗(M) −−−→ F H^∗(W ) −−−→ F H^∗(^M)

H^∗(M, ∂M)) −−−→ H^∗(W, ∂W ) −−−→ H^∗(M, ∂M) Since W is compact, it is contained in some ^M_a = M ∪ ∂M × [1, a] and (^M_a, ∂ ^M_a) ≃ (M, ∂M). Also the inclusion M → ^M_a induces an isomorphism in Floer cohomology. Thus if ξ in F H^∗(M, ∂M) goes to 0 in H^∗(M, ∂M), the image of ξ in F H^∗(W ) is nonzero (since pushing this image to F H^∗(^M) yields ξ again), and has zero image in H^∗(W, ∂W ).

We also have

Proposition 4.8. If M satisfies case (a) of the AW C, then for W with boundary of contact type contained in ^M − M, ∂W carries a closed characteristic.

Example. M = DT^∗N, then it is easy to see that case (a) of the AW C always holds, by distinguishing the cases π_1(N) = 0 and π_1(N) ≠ 0, and we recover the result by Hofer and the author [HV1] granting the existence of a closed characteristic for any hypersurface of contact type in T^∗N surrounding the zero section.

Remark. All the results of existence of a closed characteristics may be extended to results of ”quasiexistence”, that is for a given Hamiltonian, existence of a periodic orbit on almost any energy level [Ho-Z, St].

5 Equivariant Floer cohomology

The results in the previous section may be adapted to the following more general set-up:

(i) by taking into account the S^1 symmetry of A_H for autonomous H.

(ii) by extending our results to the case [ω]π_2(M) ≠ 0.

These is no ”interaction” between (i) and (ii): once we know how to do (i) for [ω]π_2(M) = 0, it is easy to extend it to the case [ω]π_2(M) ≠ 0 (once we know how to do (ii) in the non equivariant case).

Here we shall explain (i), and state the definition and main properties of the equivariant Floer cohomology, denoted by F H^∗_{S1} , more detailed proofs are postponed to [V10].

This will allow us to state and prove some equivariant versions of the Algebraic Weinstein conjecture, yielding several new applications.

As for (ii), we will postpone it to some further publication, and will not use it here anyway.

Let M be, as in section 1, a symplectic manifold with contact type boundary and such that [ω]π_2(M) vanishes.

Let H_λ(t, x) be a family of time dependent Hamiltonians on M, parameterized by λ ∈ S^{2N−1}, 1-periodic in time.

Let θ ∈ S^1 ≃ R/Z, and denote by θ.λ the Hopf action of S^1 over S^{2N−1}. We shall assume that the family H_λ satisfies H_{θ·λ}(t, x) = H_λ(t − θ, x). We shall then say that such a family is equivariant. To a time independent Hamiltonian H, we associate the constant family defined by H_λ(t, x) = H(x).

Such a family is obviously equivariant.

Now let X_λ(t, x) be the Hamiltonian vector field of H_λ. Then we have that the set of solutions of

(5.1_λ) ẋ_λ(t) = X_λ(t, x_λ(t)) x_λ(1) = x_λ(0) ∫ S^1 ∂H ∂λ (t, x_λ(t))dt = 0. is invariant by the S^1 action. In other words, the set P = {(x, λ)|x : S^1 → M satisfies 5_λ} is S^1 invariant: if (x, λ) ∈ P then (θ ∗ x, θ · λ) is also in P , where (θ ∗ x)(t) = x(t − θ). Indeed, (θ ∗ x(t) = ẋ(t − θ) = X_λ(t − θ, x(t − θ)) = X_{θ·λ}(t, (θ ∗ x)(t)). Now consider two S^1 orbits in S, that contain (x_+, λ_+), (x_−, λ_−). We denote by M((x_−, λ_−)(x_+, λ_+)) the set of solutions of

(5.2) ∂u(s, t) = ∇H_{λ(s)}(t, u(s, t)) d ds λ(s) = − ∫ S^1 ∂ ∂λ H_{λ(s)}(t, u(s, t))dt lim s→±∞ y(s, t) = x_±(t) lim s→±∞ λ(s) = λ_± Note that equation 5 represents the L^2 gradient of the parameterized action functional A_H (x, λ) = ∫ D^2 z^∗ω − ∫ S^1 H_λ(t, x(t))dt. where z : D^2 → M is such that z_{|S}1 = x. We claim that the system (5) has the same properties as in the absence of the parameter λ, with the extra feature of the S^1 action:

if (u(s, t), λ(s)) is a solution of (5) then θ ∗ (u, λ) defined by θ ∗ (u, λ)(s, t) = (u(s, t − θ), θ · λ(s)) is also a solution of 5.

Note that the S^1 action is free on M(x_−, λ_−), (x_+, λ_+)), and we denote by M_S1 ((x_−, λ_−), (x_+, λ_+)) the quotient of M(x_−, λ_−), (x_+, λ_+)) by the circle action. There is also, as in the non equivariant case, an R action induced by translation on the s-variable, and the quotient of M_S1 by this action is denoted by ^M_S1 .

Now we may define a Floer complex associated to H_λ as follows C^∗_{S1} (H_λ) is the sum of one copy of R for each element in P/S^1, d_S1 is defined by its matrix < d_S1 (x, λ), (y, μ) >= #alg ^M_S1 ((x, λ), (y, μ)). It is understood that this

number is nonzero only if ^M_S1 ((x, λ), (y, μ)) is 0-dimensional. This happens when, defining μ(x, H_λ) in an obvious way, we have μ(y, H_λ) − μ(x, H_λ) = 1.

Also μ induces a grading on C^∗_S1 (H_λ), as in the nonequivariant case. If 2c_1(M).π_2(M) = d.Z, then i_{cz} and thus the grading is only defined modulo d, but this difficulty is not very important, and would be be removed by the use of Novikov coefficients.

We denote by F H^∗_{S1} (H_λ) the cohomology of the complex (C^∗_{S1} (H_λ), d_S1 ). Of course, as in the non equivariant case, we may consider C^∗_{S1} (H_λ; a, b) generated by the solutions of (2.2) such that A_H (x, λ) ∈ [a, b]. We then get the cohomology F H^∗_{S1} (H_λ; a, b).

Now, let H be a time independent Hamiltonian on M. For each N, we get an equivariant family parameterized by S^{2N−1}, given by H_λ(t, x) = H(x).

Such a family is of course non generic, but if H_{λ,ε}(t, x) is a perturbation of H_λ(t, x) = H_{λ,0}(t, x), then, for ε small enough, F H^∗_{S1} (H_{λ,ε}; a, b) does not depend on ε.

We denote this group by F H^∗_S1_{,N} (H; a, b).

Finally it is not very difficult to see that as N goes to infinity F H^∗_{S1,N} (H; a, b) stabilizes (there are obvious maps F H^∗_{S1,N} → F H^∗_{S1,N} for N > N^′ induced by the inclusion S^{2N ′−1} → S^{2N−1}) and we denote the corresponding group by F H^∗_{S1} (H; a, b).

Now, clearly we may set F H^∗_{S1} (H) = lima→−∞_{b→+∞} F H^∗_{S1} (H; a, b), but one should be cautious about the fact that the number, N(a, b) such that for N greater than N(a, b) all the F H^∗_{S1,N} (H; a, b) are isomorphic may well go to infinity as a → −∞, b → +∞. Taking the same families of Hamiltonians K_λ as in the definition of F H^∗(M; a, b) in the non-equivariant case, we may define F H^∗_{S1} (M; a, b) and F H^∗_{S1} (M). The same proof as in proposition 1.3 shows that F H^∗_{S1} (M, −δ, δ) ≃ H^∗_{S1} (M, ∂M) ≃ H^∗(M, ∂M) ⊗ H^∗(C P^∞ ), the S^1 action on M being trivial. And as in proposition 1.4 we have an exact sequence

→ F H^∗_S1 (M; δ, +∞) → F H^∗_S1 (M) → H^∗(M, ∂M) ⊗ H^∗(C P^∞ ) → F H^{∗+1}_{S1} (M, δ, +∞) → 5.1 Product structures, spectral sequences and localization

In this section we shall work with rational coefficients.

Corresponding to the H^∗(ΛM) module structure on F H^∗(M; a, b), there is an H^∗_{S1} (ΛM) module structure on F H^∗_{S1} (M; a, b), defined as in [V8] by integrating (equivariant) forms, that we may identify as forms on ΛM × S^{2N−1}/S^1, on the trajectory spaces.

Now according to [V10] there is a spectral sequence with E^{p,q}_2 = H^p(C P^∞ )⊗ F H^q(M; a, b) converging to E^{p,q}_∞ such that ∑ p+q=n E p,q ∞ is a graded ring associated to F H^∗_{S1} (M; a, b) (We refer to [Spanier] for the definition of spectral sequences).

Note that the H^∗(C P^∞ ) module structure is induced by the H^∗_{S1} (ΛM) module structure, through the map H^∗(C P^∞ ) → H^∗_{S1} (ΛM) induced by the constant map ΛM → pt.

For M closed (and as above [ω]π_2(M) = 0) we have F H^∗_{S1} (M) = H^∗(M)⊗ H^∗(C P^∞ ) the graded module associated to some filtration of F H^n(M; a, b). Note that there is a natural H^∗(C P^∞ ) module structure on F H^∗_S1 (M; a, b) that corresponds to cup product with the first factor of E^{∗,∗}_2 .

Now set H^∗(C P^∞ ) = Q [u] where u is a degree two element. For an Q[u] module A, we denote by A_{(u)} the localization of A at the multiplicative subset {1, u, u^2, . . .}. Then the localization of Q[u] is Q [u, u^{−1} ] (and we have A_{(u)} = Q [u, u^{−1} ] ⊗_{Q[u]} A). Now for finite values of a, b we have

Proposition 5.1. {F H^∗_{S1} (H; a, b)}_{(u)} ≃ H^∗(M^b, M^a)⊗Q [u, u^{−1} ] where M^b = {x ∈ M|H(x) ≤ b}. Proof. (sketch) This follows because after localization the inclusion of the fixed point set induces an isomorphism. One can see that at the cochain level, the fixed points are the cochains generated by the critical points on the set of constant loops, the cohomology of which is given by H^∗(M^b, M^a)⊗Q [u], it localizes to H^∗(M^b, M^a) ⊗ Q[u, u^{−1} ].

Finally for M = DT^∗N, we have F H^∗_{S1} (M) ≃ H^∗_{S1} (ΛM) as an H^∗_{S1} (ΛM) module (see Part II).

Theorem 5.2. Main theorem, equivariant case.

Under assumption (A) the following is a commutative diagram

F H^∗_{S1} (W )^{(Fj )!}−−−→ F H^∗_{S1} (M)

H^∗(W, ∂W ) ⊗ Q[u]^{j!⊗1}−−−→ H^∗(M, ∂M) ⊗ Q[u] Proof

It is in all respects isomorphic to the nonequivariant case (Theorem 3.1), since it was based on manipulations of critical levels, and the critical levels in the equivariant and nonequivariant case obviously coincide.

5.2 The equivariant version of the algebraic Weinstein conjecture

First consider the case [ω]π_2(M) = 0. We shall define a new version of algebraic Weinstein conjecture, using Floer’s equivariant cohomology, and such that the property is easier to ”inherit”.

let us consider the localization isomorphism {F H^∗_S1 (M; a, b)}_{(u)}^∼−→ H^∗(M^b, M^a) ⊗ Q[u, u^{−1} ]. Note that this is the localization of the ”natural map” from F H^∗_{S1} (M; a, b) to H^∗(M^b, M^a) ⊗ Q[u], and is an isomorphism for a, b finite.

Practically this means that given α ∈ H^∗(M^b, M^a), αu^k is in the image of F H^∗_S1 (M; a, b) for k large enough, and if ξ, η in F H^∗_S1 (M; a, b) have the same image in H^∗(M^b, M^a) ⊗ R[u], then, u^ℓξ = u^ℓη for ℓ large enough.

Of course, k (and ℓ) usually depend on a, b.

Now as a goes to-∞ and b to +∞, (M^b, M^a) ≃ (M, ∂M), and we get maps F H^∗_S1 (M; a, b) → H^∗(M, ∂M) ⊗ Q[u] which are isomorphisms after localization. However, since k as defined above may go to infinity, the map F H^∗_S1 (M) → H^∗(M, ∂M) ⊗ Q[u] need not be surjective after localization.

Definition We shall say that (M, ∂M) satisfies the strong equivariant algebraic Weinstein conjecture (EW C) if the class μ_{2n} is not in the image of {F H^∗_{S1} (M)}_{(u)}. In other words, if for all k, μ_{2n}u^k is not in the image of F H^∗_{S1} (M) in H^∗(M, ∂M) ⊗ Q[u] Examples

1. M = D^{2n}, then F H^∗_{S1} (D^{2n}) = 0, hence it satisfies the EW C.

2. M is closed with [ω]π_2(M) = 0. Then F H^∗_{S1} (M) ≃ H^∗(M) ⊗ Q[u], so that it never satisfies the EW C.

3. M = DT^∗N, where N is a closed manifold closed manifold. Then according to Part II, F H^∗_{S1} (M, ∂M) ≃ H^∗_{S1} (ΛN), and {H^∗_{S1} (ΛN)}_{(u)} only depends on π_1(N) ⊗ Q , according to a result of [Go]^1.

Remark. As pointed out by V.L. Ginzburg ([Gi 2]), this last example implies existence of periodic trajectories for any Hamiltonian system with a magnetic field derived from a potential α (identified to a 1-form on N) in T^∗N for N as above, near any energy level. This corresponds to finding periodic orbits of Y_H where Y_H is the Hamiltonian of H for the symplectic form dp ∧ dq + q^∗(dα), and this is the same as X_K , the standard Hamiltonian of K where K(q, p) = H(q, p − α). For example if π_1(N) ⊗ Q is trivial, then {H^∗_{S1} (ΛN)}_{(u)} ≃ H^0(N) ⊗ Q[u, u^{−1} ] and so M satisfies the EW C.

The main advantage of the EW C, is explained by the following theorem:

Theorem 5.3. Let (M, ∂M) satisfy the EW C, and W be a codimension zero restricted contact type submanifold.

Then (W, ∂W ) satisfies the EW C.

Proof. There is a commutative diagram F H^∗_{S1} (W, ∂W ))^{(Fj )!}−−−→ F H^∗_{S1} (M, ∂M)

H^∗(W, ∂W ) ⊗ Q[u] −−−→_{j!} H^∗(M, ∂M) ⊗ Q[u] 1where π_1(N) ⊗ Q is the Q unipotent completion of π_1(N)

The map j^! sends the fundamental class μ_W of H^∗(W, ∂W ) to the fundamental class μ_M of H^∗(M, ∂M).

If for all k, μ_M u^k is not in the image of F H^∗_{S1} (M, ∂M), then μ_W u^k cannot be in the image of F H^∗_{S1} (W, ∂W ), and thus W satisfies the EW C.

In particular, we get

Corollary 5.4. If μ_{2n} is in the image of {H_S1 (ΛL)}_{(u)}, in particular if L is a K(π, 1), and N is simply connected, there is no exact embedding of L into T^∗N. It is sometimes hoped that the following would be true:

Conjecture. Let W be a Stein manifold. Then W satisfies the EW C.

We had originally conjectured that F H^∗_S1 (W ) = H^∗_S1 (ΛW ). Paul Seidel pointed out that plumbing two copies of T^∗S^1 is a counterexample to this statement!

Conjecture. For which manifolds does the boundary ∂W determines whether W is AW C or EW C For example it was proved by Renyi Ma, that any symplectic manifold with boundary S^{2n−1} (with canonical contact structure) satisfies Weinstein’s conjecture ([Ma2]). It is reasonable to expect (and should be not too hard to prove) that such a manifold is AW C.

5.3 Capacity in AW C and EW C manifolds

Let M be a AW C manifold. One can the define a capacity as follows.

Let us consider the map F H^∗(M; −∞, c) → F H^∗(M; −∞, δ). For δ positive, small enough, the right hand side is equal to H^∗(M; ∂M) (note that there are no characteristics of negative action, so F H^∗(M; −∞, δ) = F H^∗(M; −δ, δ) ), and for c large enough the above map is zero (because M is an AW C manifold).

Definition. The capacity of M, c(M) is defined as the smallest value of c such that F H^{2n}(M; −∞, c) → F H^{2n}(M; −∞, δ) = H^{2n}(M, ∂M) vanishes.

It is not hard to check that c is a capacity in the sense of [E-H1]. It follows from the above that the capacity is invariant by symplectomorphism, is monotone, and c(B^2(r) × R^{2n−2} ) = c(B^{2n}(r)) = πr^2.

In the equivariant case, we may define a sequence of capacities γ_k, by setting

γ_k(W ) = inf{c | The image of F H^{2n}(M; −∞, c) in u^kH^{2n}(M, ∂M) vanishes}

We leave it to the reader to show that the γ_k(W ) make an increasing sequence of symplectic invariants, such that lim_{k→∞}γ_k(W ) = ∞ (thus generalizing the construction in [E-H 2]).

6 The existence of holomorphic curves and applications to real forms and complex analysis

In this section we consider symplectic manifolds with a given admissible almost complex structure. Note that in the previous sections we were allowed to change the almost complex structure. It will be useful to notice that application of the results of the previous section usually requires some genericity of the almost complex structure. However, we shall only used facts which hold for a closed subset of the set of admissible structures. For example under certain assumptions, we prove existence of pseudo-holomorphic curves. If we have existence of such a curve for a generic structure, and a bound on the area, we get existence for any admissible almost complex structure, by Gromov’s compactness argument.

Another result we will use when we apply our results to Lagrangians is the following

Lemma 6.1. Let L^n be a totally real submanifold L in the almost complex manifold (M^{2n}, J) of dimension n. Then L has a basis of pseudoconvex neighbourhoods in M.

Proof. Indeed let us consider L as the zero section in T^∗L. This is possible, since the normal bundle of L in M is isomorphic to the normal bundle of L in T^∗L. Moreover we may assume that JH_q = V_q where H_q is the tangent subspace to the zero section, and V the vertical subbundle.

Now let | |_g be a metric on L; and ψ(q, p) = |p|_g the induced norm on V_q. We have that Jdψ − pdq = α near the zero section, where pdq is the Liouville form on T^∗L, and α a 1-form vanishing to second order on L. Thus dJdψ − ω = dα and dα vanishes to first order on L. As a result, dJdψ is positive on J-complex lines for p small enough, since this is the case for ω. As a consequence ψ^{−1}(c) is J-pseudoconvex for c small enough. We thus get our basis of pseudoconvex neighbourhoods.

Our first result shows that knowing that condition (A) is not fullfilled has interesting consequences.

Theorem 6.2. Assume condition (A) is violated for any sufficiently small neighbourhood of a Lagrangian submanifold. Then, there is a holomorphic surface S such that ∂S ⊂ L.

Remember that condition (A) says that for a Hamiltonian H in a certain family K^{ϵ,α}_{λ,μ}, associated to the neighbourhood W of L we have:

(A) Any solution u : R × S^1 → M of ∂u = ∇H(u) lim_{t→±∞} u(t, θ) = x_±(θ) where x_±(θ) solves ẋ_±(θ) = X_H (x_±(θ)) has its image in W

Here X_H is the Hamiltonian vector field of H. We use the following lemma:

Lemma 6.3. Let S_n be a sequence of non-trivial holomorphic curves with bounded area, and boundary in W_α, where W_α is a fundamental family of neighbourhoods of a totally real submanifold L. Then S_n converges as a current to S, a non-trivial holomorphic curve with boundary in L.

Proof. The proof is left to the reader, using the result of Bishop-Gromov [Gr1] (i.e. Bishop for the integrable case, and Gromov for the non-integrable case, even though Gromov’s convergence is stronger than Bishop’s) on the local convergence of the S_n and an obvious almost complex extension of Chirka ([Chi]) or Sibony (see [Si]) to control the boundary behaviour.

Let B be a ball in the complement of L. We must prove that S_n ∩ B converges as a current. But we have a sequence of holomorphic curves in B and this sequence has bounded area. Thus according to Gromov it will converge to a holomorphic curve in B. Now we get as limiting current a holomorphic (normal and integral) current T in M − L. Since L is totally real, the quoted paper by Sibony allows us to extend T to a holomorphic (normal and integral) current on M with boundary in L. According to Chang ([Chang]) and Chirka, such a current is given by a holomorphic curve with boundary in L.

The non-triviality of the limit follows from tha fact that the area of the S_n outside W is bounded from below (again by Lemma 4.2), hence the lower bound holds for the limit.

Proof of Theorem 6.2. Suppose assumption (A) is violated. So for each value of the parameters α, ε we get a Floer trajectory with endpoints in W_ε exiting from W_α. Let S_n be the part of the trajectory outside of W_α, for α = 1/n.

Then S_n satisfies the assumptions of the Lemma, the bound on the area being given by the following computation.

First, let Γ = Γ_+ ∪ Γ_− where Γ_− is the interior of u^{−1}(∂W × {α}). Let x, y be the two periodic solutions. Then A_H (y) − A_H (x) = ∫ Γ u^∗ω − (H(y) − H(x)) ≃ ∫ Γ u^∗ω = ∫ Γ_−

u^∗(d(tλ_0)) + ∫ Γ_+ u^∗ω

= ∫ ∂Γ_− u^∗(tλ_0) + ∫ Γ_+ u^∗ω Now ∂Γ_− has two parts, one in u^{−1}(∂W × {ε}) (the two periodic orbits) and one in u^{−1}(∂W × {α}), that we denote by ∂Γ^α_− and ∂Γ^ε_−. Thus ∫ ∂Γ_− u^∗(tλ_0) = ∫ ∂Γ^α_− u^∗(tλ_0) − ∫ ∂Γ^ε_− u^∗(tλ_0) = α ∫ ∂Γ^α_− u^∗(λ_0) − ε ∫ ∂Γ^ε_− u^∗(λ_0) = α ∫ Γ_−

u^∗(dλ_0) + (α − ε) ∫ ∂Γ^ε_− u^∗(λ_0)

but on Γ_−, dλ_0 is positive.

Indeed

u^∗(dλ_0) = dλ_0 ( ∂u ∂s , ∂u ∂θ ) = dλ_0 ( ∂u ∂s , J ∂u ∂s + J∇H(u) )

Now J∇H(u) = X_H ∈ ker(dλ_0) while dλ_0(ξ, Jξ) ≥ 0 since if π denotes the projection of T W on ker(λ_0) parallel to the space spanned by^∂_{∂t} and X, then π satisfies dλ_0(ξ, Jξ) = ω(π(ξ), Jπ(ξ)) As a result, A_H (y) − A_H (x) ≥ ∫ Γ_+ u

∗ω + 0(α).

Since H is constant on u(Γ_+), u is J-holomorphic on Γ_+.

Remark. Note that our proof is not really complete. Indeed assumption (A) is only assumed for ”generic” Hamiltonians, and we need to use a Floer trajectory for such a generic Hamiltonian to a trajectory for a Hamiltonian

H constant outside a neighbourhood of the Lagrangian. This is non trivial, and we refer to the PhD dissertation of David Hermann (see [Her1][Her2]) where this has been worked out with full details.

Remark. One could wonder if the boundary of the above curve may be empty. Of course the question only makes sense if W contains a closed curve. However, even in this case the curve we obtain is non-empty. Indeed, since [ω]π_2(W ) = 0, condition (A) is not violated for trajectories connecting two constant solutions inside U. Thus the trajectory connects two closed geodesics (or a constant and a closed geodesic).

We may thus prove:

Theorem 6.4. The curve S in theorem 6.2 has a non-empty boundary.

Proof. Note that the question may in fact be reformulated as follows. Let S be the holomorphic curve of the Proposition 6.2, does the area of the curve S ∩ W_α go to zero as ε goes to zero. In this case S is a closed curve (i.e. ∂S = 0). And under some genericity assumption, this sufficient condition is also necessary. We shall prove that this does not happen.

Indeed we have ∫ Γ_− u^∗ω = ∫ Γ_−

u^∗(d(tλ_0)) = ∫ ∂Γ_− u^∗(tλ_0) = α ∫ ∂Γ^α_− u^∗(λ_0) − ε ∫ ∂Γ^ε_− u^∗(λ_0)

where ∂Γ^α_− (resp. ∂Γ^ε_−) is the component of ∂Γ_− in t = α (resp. t = ε). The last sum is equal to αl(∂Γ^α_−) − εl(∂Γ^ε_−) where l(γ) is the integral of λ_0 on γ, and is bounded by the length (but is equal to the length for a closed characteristic). Thus if the length of ∂Γ^α_− goes to zero, the above sum goes to zero faster than α.

Now we also have:

α ∫ ∂Γ^α_− u^∗(λ_0)−ε ∫ ∂Γ^ε_− u^∗(λ_0) = α( ∫ ∂Γ^α_− u^∗(λ_0)− ∫ ∂Γ^ε_− u^∗(λ_0))+(α−ε) ∫ ∂Γ^ε_− u^∗(λ_0)

= α ∫ Γ^α_−

u^∗(dλ_0) + (α − ε)l(∂Γ^ε_−) ≥ (α − ε)l(∂Γ^ε_−)

since u^∗(dλ_0). But l(∂Γ^ε_−) is bounded from below (the shortest length of a closed geodesic).

We thus get a lower bound of the order of α, a contradiction.

Remark. Of course, one could imagine a curve, S, such that S ∩ L is one dimensional. Then the length of S ∩ ∂W_α may be bounded from below by a positive constant. This is a non generic situation. It does not contradict our statement, since the complement of a non-discrete set in a closed Riemann surface is the image of a surface with (nonempty) boundary. Note however, that if L is real analytic (in particular if it is the real part of the complex manifold), this does not happen. Indeed S ∩ L can have no accumulation point in this case (unless it is an analytic curve (see [Mi]).

One can apply the above theorem to all the cases of the previous section where we proved that condition (A) is violated.

Proposition 6.5. Let L be a K(π, 1) and N be simply connected. Then if L is Lagrangian in T^∗N, there exists a holomorphic curve S (of unknown genus) such that ∂S ⊂ L.

Proposition 6.6. Let W be an SAW C manifold. Then any closed Lagrangian submanifold bounds a holomorphic curve. As a consequence, if W has a closed real form, it contains a closed holomorphic curve.

We shall here say that a submanifold is holomorphically convex, if L = L̂ where L̂ = {x | ∀f ∈ H(W )|f(x)| ≤ sup_{z∈L} |f(z)|}. Here H(W ) is the set of globally defined holomorphic functions on W .

This is equivalent to saying that there is a plurisubharmonic function ψ on W such that ψ ≥ 0 and L = {z | ψ(z) = 0}. One should be careful, as this is usually called (for domains in C^n ) polynomial convexity. Note that this last definition is also valid for a non-integrable almost complex structure (while the previous one does not make sense). Also, since Duval and Sibony proved that for a totally real submanifold, meromorphic convexity is equivalent to the existence of an exact positive symplectic form ω = ∂ ¯∂ϕ (ϕ is then plurisubharmonic) making L Lagrangian, we may take this as a definition in the almost complex case.

In other words, meromorphically convex means that for some positive exact symplectic form L is Lagrangian, while holomorphically convex implies that L is exact.

With these generalized definitions, holomorphically convex still implies meromorphically convex and the following theorems then also hold in the almost complex setting.

Proposition 6.7. Let L be totally real in an AW C manifold. Then L cannot be holomorphically convex (relative to W , in other words, (W, U) is not a Runge pair for sufficiently small neighbourhoods U of L). Similarly, if W is EW C, and L carries a metric with negative curvature, then L cannot be holomorphically convex. In particular, in both cases, L bounds a holomorphic surface.

Proof. Indeed, if L is holomorphically convex, then it is meromorphically convex. Then, according to [D-S1], L is Lagrangian for some Kähler form ω_1 coinciding with the standard symplectic form outside a compact set. Then according to Proposition 1.6, F H^∗(W ) depends only on the value of the symplectic form outside a compact set, thus our theory applies to (W, ω_1), and L bounds a holomorphic disc in W , hence cannot be holomorphically convex (it is enough to notice that L cannot be exact, according to 4.3). This type of argument had been used in [D-S2] for their proof of Proposition 4.1.

Remark. This was proved for C^n by Alexander ([Al]).

Corollary 6.8. Let L be the real form of a Stein EWC manifold M. Then L does not carry a hyperbolic metric.

In a forthcoming paper [V12], we shall extend such results to the projective case, and we also give sufficient conditions for a Stein manifold to be EW C. The same type of argument may be used to remove an assumption in Theorem 1.5 from [D-S2]:

Theorem 6.9. Let L be a totally real submanifold of dimension n in an exact symplectic manifold W^{2n}. If either

-W is AW C or - W is EAW C and L is hyperbolic then for any sufficiently small neighbourhood U of L, there is a Riemann surface in the closure of W − U with boundary in U.

Proof. (sketch) Let us consider L in W , and ϕ be the restriction of the Liouville form to L. Then L has a neighbourhood symplectomorphic to a neighbourhood of L_ϕ = {(q, p) ∈ T^∗L | p = ϕ(q)}, the graph of the one form ϕ. Now let us take the Hamiltonians K^{ε,α}_{λ,μ}, and shift them in the p direction, so that they vanish on L_ϕ, i.e. consider K^{ε,α}_{λ,μ}(q, p − ϕ(q)).

Then, as in the case of a Lagrange submanifold (i.e. ϕ = 0), we have that for λ going to ∞, F H^∗(K^{ε,α}_λ ) converges to H^∗(ΛL). Note that the difference here, is that we cannot let ε, α go to zero, for fixed μ, since K^{ε,α}_λ may have closed characteristics with arbitrarily negative action (if this is not the case, we can go to the limit, and get a Riemann surface bounded by L as in the Lagrangian case).

It is easy to show that the functional A_K has the same critical levels as E_K , where E_K (q) = ∫ S^1 [K

∗(q̇)dt + q^∗ϕ] where K^∗ is the Legendre dual of K.

But for ϕ ≠ 0 this function will have in general a negative minimum, so we cannot get estimates for the area independent from U as before.

As in the Lagrangian case, one proves that assumption (A) is violated, hence there is a Floer trajectory outside a neighbourhood of L. Then outside the support U of ∇K^{ε,α}_λ this yields a Riemann surface with boundary in U.

Remarks. 1. For example if W is Stein and subcritical, it is AW C. The fact that it has no closed real part follows from the fact that the real part is holomorphically convex in W , and thus according to Andreotti and Narasimhan ([A-N]), H_n(L) → H_n(W ) is injective. In our case H_n(W ) = 0, hence L cannot be compact.

As pointed out to me by V. Kharlamov, this also follows from the fact that using Kalinin’s spectral sequence either the generator of H_n(L) has nonzero image in H_n(W ) or there is a nonzero class in H_{n+k}(W ) with k > 0, hence the real form is never homologous to zero in a Stein manifold W .

However to be AW C is more general than to be Stein and subcritical.

2. One may also estimate the area of S, which makes the Proposition more efficient. For this one has to follow the numbers involved. The area of S is easily seen to be less than c(W ). Thus if W has a closed real form, it will contain a curve of area less than 2c(W ). Moreover this curve has a nonempty real part.

Remark. Note that a priori, as U gets smaller, the bounds on the area of the surface goes to infinity, so we cannot conclude that L itself contains the boundary of a Riemann surface. However by normalization, we see that L will contain the boundary of a positive current.

One may use this to prove the following result: Define w(L) to be w(L) = sup_J inf_{S|∂S⊂L} ∫ S ω, where S is a holomorphic surface. Note that our notation extends in some sense the notion of width defined by Gromov. Note also that there is some ambiguity, since ∂S could be empty. This can happen if W contains a non-trivial holomorphic curve.

We have that for any Lagrange submanifold L in W , 0 < w(L). The number w(L) is invariant by symplectic diffeomorphism of W (but could be equal to +∞, which means that there exist a J such that L does not bound any J-holomorphic curve).

Theorem 6.10. If W is an AWC manifold, w(L) < c(W ) < ∞. Similarly, if L is hyperbolic and W is EW C, then w(L) ≤ γ_1(W )

Proof. The proof is left to the reader.

Remarks. 1. Note that by doing a ”small” Polterovich surgery on the manifold ([LS, Pol]), we may see that the same is also true for an immersed Lagrangian (considered as a subset of W ). Similarly, we get a bounding holomorphic curve, except that it now bounds the immersed Lagrangian, and may thus go through double points.

2. Note that Chekanov proved in [Che] the following result:

Theorem. Let P be any tame symplectic manifold. Then the symplectic displacement energy of L is greater than σ(P, L) = sup_J inf_{D|∂D⊂L} ∫ S ω. Here D is a holomorphic disc.

In fact Chekanov even proved an estimate of the number of intersection points of L and g(L) by the sum of Betti numbers of L. Chekanov’s result, like Gromov’s theorem, implies that L bounds a holomorphic disc whenever there is a Hamiltonian isotopy moving L away from itself. The class of such manifolds contains P × C , but it is unclear what are other manifolds in this class. Often this result is useful when arguing by contradiction, to prove that there can not be exact submanifolds of a certain type, since it is easier to find conformal maps moving a submanifold to infinity, and conformal maps restrict to Hamiltonian maps on exact submanifolds.

For example there is no exact submanifold in T^∗N −0_N since the radial map would move this set at infinity, hence it should bound a holomorphic disc, a contradiction since L is exact.

7 Appendix: Checking assumption (A) for neighbourhoods of weakly exact Lagrangians

Proposition 7.1. Let L be a Lagrange submanifold in (M, ω). Then if [ω]π_2(M, L) = 0, assumption (A) is satisfied for W a tubular neighbourhood of L and J any almost complex structure making ∂W pseudoconvex; provided x or y is null homotopic in W .

Proof. Identify (possibly a subset of )W with {(q, p) ∈ T^∗L//p/ ≤ 1} = W_1. Then for given J making W pseudoconvex, any closed holomorphic curve in W − W_α(α ≤^1_2 ) has area bounded from below.

Now for H = K^ε_{λ,W} , and x, y be non trivial 1-periodic solutions, we claim that

ΔA_H (u) = ∫ ^u^∗ω + H(x) − H(y) where x, y are the projections of x and y on L, and ^u is obtained from u by adding the rings

S^1 × [0, 1] → T^∗L (θ, s) → (q(θ), sp(θ)) where x(θ) (resp. y(θ)) is (x(θ), p(θ)) (resp. (y(θ), p(θ))). (see Fig.7) Note that x, y are closed geodesics, and ^u is holomorphic, and exits from W , hence its area is bounded from below. on the other hand, the term (H(x) − H(y)) goes to zero with ε.

Now assume x is contractible in L. Then, we may add to the cylinder ^u(S^1 × R) a disc in L, so that we get a disc (the union of the disc in L and the cylinder) with boundary y(∈ L). Moreover the integral of ω over this disc is obviously positive, hence we proved that [ω]π_2(M, L) ≠ 0, a contradiction.

Figure 9: x, its projection x and the ring ^u − u

References

[Al] Alexander, H. Gromov’s method and Bennequin’s problem Invent.

Math., 125:135-148, 1996.

[A-N] Andreotti, A., Narasimhan, R.. A topological property of Runge pairs. Ann. of Math., II Ser. 76:499-509, 1962.

[Chang] Chang, S. Two dimensional area minimizing integral currents are classsical minimal surfaces. J. Amer. Math. Soc. I, 699-778,1988.

[Che] Chekanov, Yu. Lagrangian intersections, symplectic energy. and areas of holomorphic curves Duke Math. J. (to appear)

[Chi] Chirka, E. Regularity of the boundaries of analytic sets. Math.

U.S.S.R. Sbornik, 45:291-338, 1983.

[CFH] Cielibak, K., Floer A. and H. Hofer. Symplectic homology II: A general construction. Math. Zeitschrift, 218:103-122, 1995.

[Co] C.C. Conley. Isolated Invariant Sets and their Morse Index. Number 38 in C.B.M.S. Reg. Conf. Series in Math. Amer. Math. Soc., 1995.

[Co-Z] Conley, C. and Zehnder, E. Morse type index theory for flows and periodic solutions for Hamiltonian equations . Comm. Pure Appl. Math., 37:207–253, 1984.

[D-S1] Duval, J. and Sibony, N. Polynomial convexity rational convexity and currents Duke Math. J., 79:487-513, 1995.

[D-S2] Duval, J. and Sibony, N. Hulls and positive closed currents Duke Math J. (to appear)

[E-H1] Ekeland, I., Hofer, H. Symplectic topology and Hamiltonian Dynamics I. Math. Z. , 200:355-378, 1989.

[E-H 2] Ekeland,I.,Hofer, H. Symplectic Topology and Hamiltonian Dynamics II. Math. Zeitschrift, 203:553-567,1990

[El] Eliashberg, Y. Topological characterization of Stein manifolds of dimension > 2. International Journal of Math., 1:29-46 (1990).

[El-G] Eliashberg, Y., Gromov, M. Convex symplectic manifolds. Proceedings of Symposia in Pure Mathematics, vol 52 (1991) Part 2:135- 162.

[FH] A. Floer and H. Hofer. Symplectic homology I (open sets in C^n ).

Math. Zeitschrift, 215, 1994.

[Fl1] A. Floer. The unregularized gradient flow of the symplectic action.

Comm. Pure and Appl. Math., 41:775–813, 1988.

[Fl2] A. Floer. Morse theory for lagrangian intersections. Journal of Differential Geometry, 28:513–547, 988.

[Fl3] A. Floer. Witten’s complex and Infinite dimensional Morse theory.

J. Differential Geometry, 30:207–221, 1988.

[Fr] J. Franks. Morse-Smale flows and homotopy theory. Topology, 18:199–215, 1979.

[FHV] A. Floer, H. Hofer and C. Viterbo. The proof of Weinstein conjecture in P × C . Math. Zeitschrift, 203:355–378, 1989.

[F-O] K. Fukaya and K. Ono. The general Arnold conjecture 1996.

[Gi] V.L. Ginzburg. An embedding S^{2n−1} → R^{2n} , 2n − 1 ≥ 7, whose Hamiltonian flow has no periodic trajectories. Int. Math. Res. Not., 2:83-98, 1995.

[Gi 2] V.L. Ginzburg. On the existence and non-existence of closed trajectories for some Hamiltonian flow. Math. Z., 223:397-409, 1996.

[Go] T. Goodwillie. Cyclic homology, derivations and the free loop space.

Topology, 24:187–215, 1985.

[Gr1] M. Gromov. Pseudo holomorphic curves in symplectic manifolds.

Invent. Math., 82:307–347, 1985.

[Gr2] M. Gromov. Soft and hard symplectic geometry. Proceedings of the ICM 1986, Berkeley, 1:81–98, 1986.

[Gu] Lu Guancun. Weinstein conjecture and holomorphic spheres.

preprint, Nankai University, Tianjin 300071, P.R. of China.

[He] M. Hermann Communication personnelle, 1996

[Her1] D. Hermann Thèse d’Université Université de Paris-Sud, Orsay 1998.

[Her2] D. Hermann Holomorphic curves and hamiltonian systems in an open set with restricted contact type boundary submitted to Duke Math. Journal 1998.

[Ho] H. Hofer Pseudoholomorphic curves in symplectizations with applications to the Weinstein conjecture in dimension three. Inventiones Math.,114:515-563, 1993 .

[HS 1] H. Hofer and D. Salamon. Floer homology and Novikov rings. Floer Memorial volume. Hofer et als eds. Birkhäuser, 1995.

[HS 2] H. Hofer and D. Salamon. The general Arnold conjecture. in preparation

[HV1] H. Hofer and C. Viterbo. The Weinstein conjecture for cotangent bundles and related results. Annali Scuola Normale Superiore Pisa, Classe di Scienze, 15:411–445, 1988.

[HV2] H. Hofer and C. Viterbo. The Weinstein conjecture for compact manifolds and applications. Communications in Pure and Applied Maths, 45: 583–622, 1992.

[Ho-Z] H. Hofer and E. Zehnder Periodic Solutions on Hypersurfaces and a Result by C. Viterbo Inventiones Math. , 90:1–9 , 1987.

[La] F. Laudenbach. Engouffrement symplectique et intersections lagrangiennes. Comment. Math. Helv. 70:558-614, 1995

[LT] G. Liu and G. Tian. Floer homology and Arnold conjecture.

preprint

[LS] F. Lalonde and J.C. Sikorav. Sous-variétés lagrangiennes et lagrangiennes exactes des fibrés cotangents. Comment. Math. Helvetici, 66:18–33, 1991.

[Ma] R. Ma. Symplectic capacity and the Weinstein conjecture in certain cotangent bundles and Stein manifolds. NoDEA, Nonlinear Differ. Equ. Appl.., 2:341-356,1995.

[Ma2] R. Ma. The Weinstein conjecture in AF symplectic manifold preprint

[Mi] J. Milnor Singular points of complex hypersurfaces Princeton University Press Princeton, N.J. 1961.

[McD] D. McDuff. Symplectic manifolds with contact type boundary. Inventiones Math., 13:651–671, 1991.

[McD-S] D. McDuff and D. Salamon. J-holomorphic curves and quantum cohomology. American Math. Soc., University lecture series edition, 1995.

[Ono] K. Ono. On the Arnold conjecture for weakly monotone symplectic manifolds. Inventiones Math., vol.119:519–537, 1995.

[Pan] P. Pansu. Structures métriques pour les variétés riemanniennes Cedic, Fernand Nathan,Paris 1983 (english edition in preparation).

[Piu] S. Piunikhin. Quantum and Floer cohomology have the same ring structure Preprint 1994, MIT, Boston, U.S.A.

97m:57053 57R57 (58E05 58F05) Piunikhin, S.(1-MIT); Salamon, D.(4-WARW-MI); Schwarz, M.(CH-ETHZ) Symplectic Floer- Donaldson theory and quantum cohomology. (English. English summary) Contact and symplectic geometry (Cambridge, 1994), 171– 200, Publ. Newton Inst., 8, Cambridge Univ. Press, Cambridge, 1996.

[P-S-S] S. Piunikhin, D. Salamon and M. Schwarz. Symplectic Floer- Donaldson theory and quantum cohomology Contact and symplectic geometry (Cambridge, 1994) 171–200, Publ. Newton Inst., 8, Cambridge Univ. Press, Cambridge 1996.

[Pol] L. Polterovich. The surgery of Lagrange submanifolds. Geom.

Funct. Anal. 1:198-210, 1991.

[RT] Y.B. Ruan and G. Tian. A mathematical theory of quantum cohomology. J. Differ. Geom., 42:259-367, 1995.

[Spanier] E. Spanier. Algebraic Topology Springer-Verlag

[S-Z] D. Salamon and E. Zehnder. Morse theory for periodic solutions of of Hamiltonian systems and the Maslov index. Comm. Pure and Appl. Math., 45:1303–1360, 1992.

[Sch] M. Schwarz. PhD dissertation, 1996 ETH-Zürich CH-8092, Zürich, Switzerland

[Si] N. Sibony. Quelques problèmes de prolongement de courants en analyse complexe. Duke Math. Journal., 52:157–197, 1985.

[St] M. Struwe Existence of periodic solutions of Hamiltonian systems on almost every energy surface Bol. Soc. Bras. Mat., 20:49–58, 1990.

[V1] C. Viterbo. Exact Lagrange submanifolds, periodic orbits and the cohomology of free loops spaces. J. of Differential Geometry, 47:420-468, 1997.

[V2] C. Viterbo. Some remarks on Massey products, tied cohomology classes and Lusternik-Shnirelman category. Duke Math. Journal, 86:547-564, 1997.

[V3] C. Viterbo. A proof of Weinstein’s conjecture in R^{2n} . Annales Inst.

Henri Poincaré, Analyse Non Linéaire, 1986.

[V4] C. Viterbo. A new obstruction to embedding Lagrangian tori. Invent. Math., 100:301–320, 1990.

[V5] C. Viterbo. Plongements lagrangiens et capacités symplectiques de tores dans R^{2n} . Comptes Rendus Acad. Sci. Paris, Série I, 311:487– 490, 1990.

[V6] C. Viterbo. Une infinité de tores lagrangiens distincts ayant mêmes “invariants classiques”. Comptes Rendus Acad. Sci. Paris, Série I,, 311:727–729, 1990.

[V7] C. Viterbo. Symplectic topology as the geometry of generating functions Math. Annalen, 692: 537-547, 1992.

[V8] C. Viterbo. The cup-product on the Thom-Smale-Witten complex, and Floer cohomology. Birkhäuser, “ Andreas Floer memorial volume”, H. Hofer, C. Taubes, A. Weinstein, E. Zehnder editors, 1995.

[V9] C. Viterbo. Functors and Computations in Floer cohomology with Applications, Part II. Geometry And Functional Analysis to appear.

[V10] C. Viterbo. The Leray-Serre spectral sequence in Floer homology In preparation.

[V11] C. Viterbo. Generating functions, Symplectic Geometry and Applications. Proceedings of the ICM, Zürich, 94 Birkhäuser Verlag, Basel.

[V12] C. Viterbo. Symplectic Real Algebraic Geometry In preparation.

[Wi] E. Witten Supersymmetry and Morse theory J. of Differential Geometry 17:661–692, 1982.