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‖z‖ := 1 + max{|x |, |y |}
‖P(z)‖ ≤ C2‖z‖d everywhere
C1‖z‖d ≤ ‖P(z)‖ on the cone Ω := {z, |Pd(z)| ≥ ε|z|d}
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|x|

|x|

|x|

Ω = C2

Ω

Ω

|y|

|y|

|y|

P = Pd = (xd , yd), Ω = C2

P = (xd , yd−1), Pd = (xd ,0),

Ω = {|x | ≥ ε|y |}

P = ((x +y)xd−1, (x +y)yd−1),

Ω = {|x + y | ≥ ε|x , y |}
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A few iterations

n fixed, dn := deg(Pn)

C1,n‖z‖dn ≤
in Ωn

‖Pn(z)‖ ≤
in C2

C2,n‖z‖dn .

dn+m ≤ dn × dm.

Definition (Dynamical degree)

d∞ = limn d1/n
n ≥ 1

Remark

d∞(ψ−1 ◦ P ◦ ψ) = d∞(P), ψ : C2 → C2 birational.
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Our hope

Conjecture

dn ' dn
∞?

Ω =
⋂

Ωn 6= ∅?
Uniform constant C1,n,C2,n?

If YES, then

(C1‖z‖)dn
∞ ≤

in Ω
‖Pn(z)‖ ≤

in C2
(C2‖z‖)dn

∞ .
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|x|

P = (xd , yd) + l.o.t, dn = dn,

(C1‖z‖)dn ≤ ‖Pn(z)‖ ≤ (C2‖z‖)dn

C2 \ Ω compact
P = (x2 + y + c, x), dn = 2n,

C2 \ Ω unbounded
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Monomial maps

S1 × S1

|x|

|y|

When d2

∞ > | det(M)|

M =

(
a c
b d

)

M · (v1, v2) = d∞(v1, v2)
Ω = {|x |v1 |y |v2 > 1}
|x |v1 |y |v2 ◦ P = (|x |v1 |y |v2)d∞
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Skew products

Definition

P is a skew product iff it preserves a rational fibration of P2

d∞ = max{k , l}

k 6= l ⇒ dn ' dn
∞

k = l ⇒

{
deg(Al) = 0 dn ' dn

∞
deg(Al) ≥ 1 dn ' ndn

∞
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Statements

Theorem (Favre-Jonsson, 2004)

P : C2 → C2 polynomial, dominant.
Then d2

∞ = ad∞ + b, a,b ∈ Z.
Either dn

∞ ≤ dn ≤ C · dn
∞

Or P is a skew product

Theorem (Speed estimates)

gn =
1

dn
∞

log ‖Pn(z)‖ −→ g 6≡ 0 .

(g(z)− ε)dn
∞ . ‖Pn(z)‖ . (g(z) + ε)dn

∞ , on Ω = {g > 0} .
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Remarks

Outside Ω, pts may tend to infinity, at different speed
(Dinh-Dujardin-Sibony)
g continuous ⇒ Ω is open
T = ddcg current construction of invariant measure.
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Main idea

Look at the action of F on the set of valuations on C[x , y ]
centered at infinity

Explain why this is the right thing to do!
Have to desingularize the map at infinity!
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Sequence of degrees

Why dn+m < dn × dm?
Compactification: P2 = C2 ∪ L∞
P : C2 99K C2

P∗L∞ = d1L∞.... (P2)∗L∞ 6= P∗P∗L∞?
P[x : y : t ] = [y2t : x3 : t3], d1 = 3, d2 = 6
IP = {[0 : 1 : 0]}
P{t = 0} = [0 : 1 : 0]
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On surfaces

X f−→Y
g−→Z ⊃ C

f ∗g∗C = (g ◦ f )∗C outside f−1Ig ∪ If
Codim f−1Ig = 2 ⇒ f ∗g∗ = (g ◦ f )∗

Otherwise f (C) ∈ Ig for some curve C.
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Strategy I

Suppose there exists π : X → P2 s.t. ∀C ⊂ π−1(L∞),
Pn(C) 6⊂ IP .

P∗ : Pic (X ) → Pic (X ) ' H2(X ,Z)
P∗n = Pn∗

d∞ ∈ Q,
dn ' nkdn

∞

It works... only for birational maps! (Diller-Favre)
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Conclusive remarks

Understand the dynamics of P on the set of irreducible curves
C centered at infinity π : X → P2, C ⊂ π−1(L∞)
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P∗ν(φ) = ν(φ ◦ P)

Charles Favre Dynamics and valuations



Introduction
Behaviour at∞ (no iteration)

Dynamical heuristic
Statements

A first approach
Action on valuation space

Next

Basics

Identify C  divC : C[x , y ] → R
L∞  −deg
Vdiv = {Divisorial valuations on C[x , y ] centered at infinity
i.e. ν(φ) < 0 for some φ}
P∗ν(φ) = ν(φ ◦ P)

Charles Favre Dynamics and valuations



Introduction
Behaviour at∞ (no iteration)

Dynamical heuristic
Statements

A first approach
Action on valuation space

Next

Basics

Identify C  divC : C[x , y ] → R
L∞  −deg
Vdiv = {Divisorial valuations on C[x , y ] centered at infinity
i.e. ν(φ) < 0 for some φ}
P∗ν(φ) = ν(φ ◦ P)

Charles Favre Dynamics and valuations



Introduction
Behaviour at∞ (no iteration)

Dynamical heuristic
Statements

A first approach
Action on valuation space

Next

Basics

Identify C  divC : C[x , y ] → R
L∞  −deg
Vdiv = {Divisorial valuations on C[x , y ] centered at infinity
i.e. ν(φ) < 0 for some φ}
P∗ν(φ) = ν(φ ◦ P)

Charles Favre Dynamics and valuations



Introduction
Behaviour at∞ (no iteration)

Dynamical heuristic
Statements

A first approach
Action on valuation space

Next

Basics

Identify C  divC : C[x , y ] → R
L∞  −deg
Vdiv = {Divisorial valuations on C[x , y ] centered at infinity
i.e. ν(φ) < 0 for some φ}
P∗ν(φ) = ν(φ ◦ P)

Charles Favre Dynamics and valuations



Introduction
Behaviour at∞ (no iteration)

Dynamical heuristic
Statements

A first approach
Action on valuation space

Next

Monomial maps

P(x , y) = (xayb, xcyd)

νs,t monomial with νs,t(x) = s, νs,t(y) = t
νs,t ∈ Vdiv ⇔ s/t ∈ Q(

s
t

)
P∗−→

(
as + bt
cs + dt

)
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V1

centered at infinity

M =

[(

2 1

1 1

)]
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Definition of the valuation space

V1 = {ν : C[x , y ] → R, }

Fact
Define P∗ν(φ) = ν(φ ◦ P). Then P∗(V1) ⊂ V1
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Eigenvaluation

Theorem (Eigenvaluation)

P∗ν = λν for some ν ∈ V1

Theorem
Suppose ν ∈ V1

Either C1(−deg) ≤ ν ≤ C2(−deg)

Or ν is associated to a rational fibration.
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First consequences

ν associated to a rational fibration ⇒ P is a skew product

C ≤ deg(Pn)

λn ≤ C′ ∀n .
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Geometry of V1

V1 is a tree
First theorem: fixed pt theorem on tree
Second theorem: structure result for valuation in V1
Based on Key Polynomials
d∞ quadratic integer?...
monomialization result ⇔ desingularization of dynamical
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