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APPLICATIONS

DAVID HERNANDEZ

ABSTRACT. The class of quantum affinizations (or quantum loop algebras, see [Dr2, CP3, GKV,
VV2, Mil, N1, Jin, H3]) includes quantum affine algebras and quantum toroidal algebras. In
general they have no Hopf algebra structure, but have a “coproduct” (the Drinfeld coproduct)
which does not produce tensor products of modules in the usual way because it is defined in a
completion. In this paper we propose a new process to produce quantum fusion modules from it :
for all quantum affinizations, we construct by deformation and renormalization a new (non semi-
simple) tensor category Mod. For quantum affine algebras this process is new and different from
the usual tensor product. For general quantum affinizations, for example for toroidal algebras,
so far, no process to produce fusion modules was known. We derive several applications from
it : we construct the fusion of (finitely many) arbitrary [-highest weight modules, and prove
that it is always cyclic. We establish exact sequences involving fusion of Kirillov-Reshetikhin
modules related to new T-systems extending results of [N4, N3, H5]. Eventually for a large class
of quantum affinizations we prove that the subcategory of finite length modules of Mod is stable
under the new monoidal bifunctor.
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1. INTRODUCTION

In this paper ¢ € C* is not a root of unity.
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Drinfeld [Dr1] and Jimbo [Jim] associated, independently, to any symmetrizable Kac-Moody alge-
bra g and ¢ € C* a Hopf algebra U, (g) called quantum Kac-Moody algebra. The quantum algebras
of finite type U, (g) (g of finite type) and their representations have been intensively studied (see
for example [CP3, L2, R2] and references therein). The quantum affine algebras U,(g) (§ affine
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algebra) are also of particular interest : they have two realizations, the usual Drinfeld-Jimbo real-
ization and a new realization (see [Dr2, B]) as a quantum affinization of a quantum algebra of finite
type Uy(g). Quantum affine algebras and their representations have also been intensively studied
(see among others [AK, CP1, CP2, CP3, EM, FR, FM, H5, Kas2, N1, N4, VV3] and references
therein).

The quantum affinization process (that Drinfeld [Dr2] described for constructing the second
realization of a quantum affine algebra) can be extended to all symmetrizable quantum Kac-Moody
algebras U, (g) (see [Jin, N1]). One obtains a new class of algebras called quantum affinizations
: the quantum affinization of U,(g) is denoted by U,(g) and contains U,(g) as a subalgebra. The
quantum affine algebras are the simplest examples and have the singular property of being also
quantum Kac-Moody algebras. The quantum toroidal algebras (affinizations of quantum affine
algebras) are also of particular importance, see for example [GKV, Mil, Mi2, N1, N2, Sa, Sc, STU,
TU, VV2]. In analogy to the Frobenius-Schur-Weyl duality between quantum groups of finite
type and Hecke algebras [Jim2], and between quantum affine algebras and affine Hecke algebras
[CP4], quantum toroidal algebras have a close relation [VV1] to double affine Hecke algebras and
their degenerations (Cherednik’s algebras [Che2]) which have been recently intensively studied
(for example see [BE, Chel, GGOR, GS, V, VV4] and references therein). In general a quantum
affinization (for example a quantum toroidal algebra) is not isomorphic to a quantum Kac-Moody
algebra and has no Hopf algebra structure. For convenience of the reader, we ”describe” in the
following diagram the relations between these different algebras (in particular with the two main
classes of algebras considered in this paper, quantum Kac-Moody algebras on the left and quantum
affinizations on the right).

Hecke algebras Affine Hecke
Quantum Kac-Moody ) Quantum affinizations algebras
Algebras
-7 Pim2] [CP3]
Cherednik
Quantum algebras of finite type [br2] Quantum affine algebras algebras
Pt a /’/fvvu

[Dr2B] __-==7""
Quantum affine algebras PrE -

Quantum toroidal algebras

[GKV, N1, Jin]
- int. highest weight rep. [R1, L2] - int. I-highest weight rep.
[CP1, Mi1, N1, H4]
- Hopf algebras in general - Not Hopf algebras in general

Drinfeld Quantum Affinization Process

o . — Category O of int. rep. not semi-simple
- Semi-simple category O of int. rep.

— Combinatorial fusion product [H4]
— Tensor category

|
| | |
| | |
| | |
i | = Tensor category ? i
| | |
| | |
| | |
| | |
| | |
| | |

We denote by b (resp. U, (h)) the Cartan subalgebra of g (resp. Uy (g)). Uy(h) C U,(d) is the
quantum affine analog of the Cartan subalgebra.
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In analogy to the generalization of the representation theory of quantum algebras of finite type to
general quantum Kac-Moody algebras (see [L2]), a natural question is to extend the representation
theory of quantum affine algebras to general quantum affinizations. By extending the results of
[CP3] (quantum affine algebras), [Mil] (quantum toroidal algebras of type A) and [N1] (general
simply-laced quantum affinizations), we established in [H3] a triangular decomposition of U,(§)
which allowed us to begin the study of the representation theory of general quantum affinizations :
one can define the notion of I-highest weight representations of U, (g) (analog to the usual notion of

highest weight module corresponding to U, (h)). One says that a U, (g)-module is integrable (resp.
in the category O) if it is integrable (resp. in the category O) as a Uy (g)-module. Let Mod (U, (§))
be the category of integrable U, (g)-module which are in the category O. It appears that U, (g)
has numerous [-highest weight representations in Mod (U, (§)) and that one can classify the simple
ones. The category Mod(U,(g)) is not semi-simple.

No Hopf algebra structure is known for U,(g) except in the case of quantum affine algebras.
However in [H3] we proved via Frenkel-Reshetikhin g-characters the existence of a combinatorial
fusion product in the Grothendieck group of Mod(U,(g)), that it to say a product in the semi-
simplified category. As Mod(U,(g)) is not semi-simple, this fusion product can not a priori be
directly translated in terms of modules.

Each quantum affinization has a ”coproduct” (the Drinfeld coproduct) which is defined in a com-
pletion of U,(g) ® Uy(g). Although it can not be directly used to construct tensor products of
integrable representations (it involves infinite sums), we propose in the present paper a new pro-
cess to produce quantum fusion modules from it : for all quantum affinizations we construct by
deformation of the Drinfeld coproduct and renormalization a new (non semi-simple) tensor cate-
gory Mod. In particular it gives a representation theoretical interpretation of the combinatorial
fusion product and we get several applications from it. For quantum affine algebras this process is
new and different from the usual tensor product (we prove that it has different properties), and for
general quantum affinizations (as general quantum toroidal algebras) no process to produce fusion
of modules was known so far.

For this construction, the first technical point that we solve is a rationality problem for the depen-
dence in the deformation parameter u of the Drinfeld coproduct. Let U/ (§) = Uy(g) ® C(u). We
consider a ”good” category Mod(U,(g)) of U, (g)-modules V' with an integrable U, (h)-submodule
W C V satistying V ~ (W @¢ C(u)), Uy (§)(W @ C[uE]) ¢ (W @ C[uE]), and some additional
technical properties. It appears that the action of U,(g) has a nice regularity property which is
compatible with the Drinfeld coproduct and leads to this rationality, that is to say that Mod (U, (g))
is stable under a tensor product. The second point is the associativity : the Drinfeld coproduct
is coassociative, but the deformation parameter u breaks the symmetry and the u-deformed Drin-
feld coproduct is not coassociative in the usual sense. However there is a "twisted” coassociative
property which allows us to get the associativity of a new monoidal structure on the category
Mod = Mod" @ (Mod (U, (g)) © Mod(U,(g)) & ---) (here Mod" is an abelian semi-simple category
with a unique simple object corresponding to a neutral object of the category).

Besides we prove that for a large class of quantum affinizations (including quantum affine algebras
and most quantum toroidal algebras) the subcategory of modules with a finite composition series
is stable under the monoidal bifunctor. This proof uses the specialization process described below
and an investigation of the compatibility property between generalizations of Frenkel-Reshetikhin
g-characters and the monoidal bifunctor. We get in particular that all [-highest weight modules of
the category Mod (U, (g)) have a finite composition series.
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In order to go back to the usual category Mod(i,(g)), we prove the existence of certain forms for all
cyclic modules (A-forms) : such forms can be specialized at w = 1 and give cyclic U, (g)-modules;
the proof uses the new rationality property. As a consequence, we can construct an [-highest weight
fusion U, (g)-module V; % V5 from two [-highest weight U, (§)-modules Vi, V5. In particular a simple
module of Mod(U,(g)) is a quotient of a fusion module of fundamental representations (analog to
a result of Chari-Pressley for the usual coproduct of quantum affine algebras). We establish a
cyclicity property of the fusion of any [-highest weight modules : it is always an [-highest weight
module. For quantum affine algebras this property is very different from the properties of the usual
tensor product. It allows to control the ”size” of the modules obtained by *¢; in particular we can
produce "big” integrable [-highest weight modules whose existence was a priori not known. We get
moreover another bifunctor ®q : Modf(U,(g)) x Modf(U,(§)) — Modf(U,(g)) where Modf(U,(g))
is the category of finite dimensional representations (in general ®4 does not coincide with *¢).

Let us describe an application. One important aspect of the representation theory of quantum
affine algebras is the existence of the Kirillov-Reshetikhin modules whose characters are given by
the certain explicit ”fermionic” formulas. The proof of the corresponding statement (the Kirillov-
Reshetikhin conjecture) can be obtained from certain T-systems originated from the theory of
integrable systems. These T-systems can be interpreted in the form exact sequences involving
tensor products of Kirillov-Reshetikhin modules; they were first established in [N3] for simply-
laced quantum affine algebras (with the main result of [N4]) and then in [H5] for all quantum
affine algebras (with a different proof). In the present paper we establish for a large class of
general quantum affinizations exact sequences involving fusion of Kirillov-Reshetikhin modules :
the usual tensor product can be replaced in the general situation by the fusion constructed in this
paper. It is related to new generalized T-systems that we define and establish. The existence of
such new T-systems is a new particular regularity property of the representation theory of general
quantum affinizations.

We would like to mention other possible applications and new developments : for example
the quantum fusion tensor category should lead to the description of the blocks of the cate-
gory Mod(U,(g)). Besides the generalized T-systems established in this paper should lead to
new fermionic formulas in analogy to the case of quantum affine algebras and should have a nice
interpretation in terms of integrable systems. It would be interesting to relate the quantum fusion
to the Feigin-Loktev fusion procedure defined for classical affine algebras [FL]. We believe that the
deformation of the Drinfeld coproduct used is a particular case of a more general framework in-
volving some deformed Hopf structure on Z-graded algebras (”quantum Hopf vertex algebras” that
we hope to describe in another paper). Eventually the tensor category constructed in this paper
should be related to certain new Hopf algebras in the Tannaka-Krein reconstruction philosophy.

Let us describe the organization of this paper :

In section 2 we give the background for general quantum affinizations and their representations
and we recall the main results of [H3]. In section 3 we construct the ”quantum fusion” tensor
category Mod (theorem 3.12) with the help of the intermediate category Mod(U,(g)) (definition
3.6) and establish the rationality property in u. The case of fusion of Kirillov-Reshetikhin modules
of the quantum affine algebra U,(sly) is studied explicitly in subsection 3.4. In section 4 we
define and study the notion of A-form (definition 4.1). In particular we prove in theorem 4.6
that one can define A-forms of cyclic modules of the category Mod (U, (g)). It gives rise to the
two following constructions : a fusion [-highest weight module from two I-highest weight modules
(definition 4.10), and in the case of a quantum affine algebra a new bifunctor for the category
of finite dimensional representations (theorem 4.13). In section 5 we prove for a large class of
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quantum affinizations that the subcategory of finite length modules is stable under the monoidal
bifunctor (theorem 5.27) by proving the compatibility with the g-characters (theorem 5.12) and
with the combinatorial fusion product introduced in [H3]; as a by-product we get a representation
theoretical interpretation of this combinatorial fusion product (corollary 5.15). In section 6 we
describe several applications : first we prove that a simple module of Mod(U,(g)) is a quotient
of the fusion of fundamental representations (proposition 6.1); we establish a cyclicity property
which allows to control the ”size” of this fusion module (theorem 6.2 and corollary 6.3). Then we
establish an exact sequence involving fusion of Kirillov-Reshetikhin modules (theorem 6.7). It is
related to new generalized T-systems (theorem 6.10). In subsection 6.3 we address complements
on additional questions and further possible applications.

The main results of this paper were first announced in the ”séminaire quantique” in Strasbourg
and at the conference ”Representations of Kac-Moody Algebras and Combinatorics” in Banff
respectively in January and March 2005.

Acknowledgments : The author would like to thank V. Chari, E. Frenkel, A. Moura, N.
Reshetikhin, M. Rosso, O. Schiffmann and M. Varagnolo for useful discussions. This paper was
completed as the author visited the university La Sapienza in Rome as a Liegrits visitor; he would
like to thank C. De Concini and C. Procesi for their hospitality.

2. BACKGROUND

In this section we give backgrounds on general quantum affinizations and their representations
(we also remind results of [H3]). In the following for a formal variable u, Clu*], C(u), C[[u]], C((u))
are the standard notations.

2.1. Cartan matrix. A generalized Cartan matrix is a matrix C' = (C} ;j)1<i,j<n satisfying C; ; €
Z,Ciy =2, (1 #j=Cj; <0)and (C;; =0« Cj; =0). We denote I = {1,...,n} and
I =rank(C). Fori,j €I, weput §,; =0if i # j, and 6, ; =1 if i = j.
In the following we suppose that C is symmetrizable, that means that there is a matrix D =
diag(ri,...,rn) (r; € N*) such that B = DC' is symmetric. In particular if C' is symmetric then it
is symmetrizable with D = I,,. In the following B, C' and D are fixed.

1 —1

q € C* isnot a root of unity and is fixed. We put ¢; = ¢"* and for I € Z, we set [l]; = I=L+ € Z[q*).
Let C(q) be the quantized Cartan matrix defined by (i # j € I):

Cii(e) =aqi+aq; ", Cij(q) =[Cijlg

We denote by D(q) the diagonal matrix such that for i,j € I, D; j(q) = d; ;[ri]q. If det(C(q)) # 0,
we denote by C(q) the inverse matrix of C(z).

We fix a realization (h, I, IIV) of C (see [Kac]): b is a 2n — [ dimensional Q-vector space, I =
{ai1,...,an} C b* (set of the simple roots), IIY = {aY, ..., } C b (set of simple coroots) and for
1 <4,j <n: aj(e)) = C; ;. Denote by Ay, ..., A, € b* (resp. the AY, ..., A}/ € h) the fundamental
weights (resp. coweights). By definition a;(AY) = Ai(a)) = d; 5.

Consider a symmetric bilinear form (,) : h* xh* — Q such that fori € I, v € b* : (a;,v) = v(r;ay).
It is non degenerate and gives an isomorphism v : h* — h. In particular for ¢ € I we have
v(a;) = e, and for A\, € b* AMv(p)) = p(r(N)).

Denote P = {\ € h*|Vi € I,\(«)) € Z} the set of integral weights and PT = {\ € P|Vi €
I, M(«)) > 0} the set of dominant weights. For example we have ay, ..., a;, € P and Ay, ..., A,, € PT.
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Denote Q = @, ;Za; C P the root lattice and QT = 3. Ny C Q. Define h : Q* — N such
that h(l1a1 + ...+ lnan) =l +..+1,.

For A\, € b*, write A > pif A —p € QT. For A € h*, denote S(A\) = {u € bh*|u < A}
2.2. Quantum Kac-Moody algebra. In the following g is the symmetrizable Kac-Moody alge-
bra associated with the data (b, II,IIV) fixed in section 2.1 (see [Kac]).

Definition 2.1. The quantum Kac-Moody algebra Uy(g) is the C-algebra with generators ky, (h €
h), z (i € I) and relations:

knkn = kninw o ko =1, knaykop = q*vMaF,

kr aY — k—riav
mjx; - a:;x:r = 0i;— —,
4 — q;
> (|17 S| @y O ) =0 (for i # ).
r=0...1-C ; T q» v JA

This algebra was introduced in [Drl, Jim]. It is remarkable that one can define a Hopf algebra
structure on U,(g). In this paper we use the standard coproduct given by

Alkp) =kn @kp , Alxf) =2 @1+ kf @), A(z]) =2 k] +1®@a],

i
where we denote kiﬂ = kir,ay. In particular we have a tensor structure on the category of
Uy (g)-modules.

2.3. Quantum affinizations. For g a semi-simple Lie algebra, the affine Kac-Moody algebra
associated to g is usually denoted by g (see [Kac]). That is why the quantum affine algebra is
usually denoted by U,(g). We will use this notation for general quantum affinizations. In the
following g is the symmetrizable Kac-Moody algebra fixed in section 2.1 with datas C, B, D. We
will define U,(g) the affinization of U, (g) as an algebra with generators xfr (i e I,r € Z), ky
(h €b), him (i € I,m € Z—{0}). Let z be a formal variable and 0(z) = 3, .,2". The relations
are given in terms of the currents
+ + r
Ty (w) - Zrezxi,rw ’

+ + + -1 +m/’
(bi (Z) = ZmZO i,+m~ ™= k:tmoz,iv eXp(:I:(q —q )Zm,>lhi,:|:m’z " )

We also set ¢ = 0 for m < 0 and ¢i = 0 for m > 0. (In this paper we omit the central

,m

elements because they act trivially on the considered representations).

Definition 2.2. The quantum affinization U, (g) is the C-algebra with generators xfr (itel,rel),
kn (h€Y), him (i € I,m € Z—{0}) and relations (h,h' € b, i,j € 1) :

(1) knkn = knin o ko =1, kndF(2) = 67 (2)kn,
(2) kna; (2) = = M2 (2)kn,
+Bijo,
3) OF () (w) = o (w)of (2)
+Bi 5., _
4) 07 () (w) = — 5w ()95 (2),
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5i
4% —4q;

(6) (w — g0 2)af (2)af (w) = (P w — 2)af (w)ai (),

F(0(Z)67 (w) = 6(=)o5 (2)),

s
(7) Zﬂez Zk*(} S(—l)k {k} mf(wﬂ(l))...a:f(wﬂ(k))J:Jj-[(z)a:f(wﬂ(kﬂ))...a}f(wﬂ(s)) =0,
° e ai

where the last relation holds for all ¢ # j, s = 1 — C; ;, all sequences of mtegers T,y Ts. g 1S

le z

the symmetric group on s letters. In the equation (3) (resp. equation (4)), < T 18 viewed as

a formal power series in z/w expanded around oo (resp. 0).

When C is of finite type, Uy (g) is called a quantum affine algebra, and when C' is of affine type,
Uy(g) is called a quantum toroidal algebra. There is a huge amount of very interesting papers
on quantum affine algebras (see the introduction for references). They have the very particular
property to be also quantum Kac-Moody algebras [Dr2, B]. The quantum toroidal algebras are
also of particular importance and are closely related via a Frobenius-Schur-Weyl duality [VV1] to
double affine Hecke algebras (Cherednik’s algebras, see the introduction for references). In general
a quantum affinization (for example a quantum toroidal algebra) is not isomorphic to a quantum
Kac-Moody algebra.

Note that formulas (3), (4) are equivalent to (see for example [H3]) :

1
(8) i@y — 05 him = £ — [mB il

j m+7’

Relations (7) are called affine quantum Serre relations.

There is an injective algebra morphism U, (g) — Uy(g) deﬁned by kn = kn , 2 x oforhebh,ic
I. For i € I, the subalgebra U; C Uy (g) generated by the zE  him, kpay (r € Z,m 75 0,peQ)is
isomorphic to Uy, (slz).

Let U, (§)= (resp. Uy(h)) be the subalgebra of U,(§) generated by the xfr (resp. by the kj, and
the h; ). We have a triangular decomposition :

’LT’

Theorem 2.3. [B, H3] The multiplication x~ @ h ® + +— x~hat defines an isomorphism of
C-vector space Uy (8)™ @ Uy (8) @ Uy (8)T = Uy(8).

The result was proved in [B, Proposition 6.1] for quantum affine algebras (see also [CP3, Proposition
12.2.2]) and the general case is treated in [H3, Theorem 3.2] (the result follows from [B, Proposition
6.1] for Cartan matrices satisfying (i # j = C;;Cj,; < 3); in general the technical point is to
check the compatibility with affine quantum Serre relations (7). The proof [H3] implies some
combinatorial relations discovered by Jing [Jin, Theorem 6.1]).

2.4. The category Mod(i,(g)). In this section we recall results on the category of integrable
Uy(g)-modules which are in the category O defined below.
For V' a U,(h)-module and w € h* we denote by V,, the weight space of weight w

Vi, ={veV[Vheb kyv=q¢"uv}.

We say that V' is U, ()-diagonalizable if V = P
(see [Kac] for the classical definition) :

wep+ V- We have the following standard definitions
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Definition 2.4. A U,(h)-module V is said to be integrable if V is Uy(h)-diagonalizable and for all
w € b*, V,, is finite dimensional, and fori € I there is R > 0 such that (r > R = Viuira, = {0}). 4
Uq(g)-module (resp. alUy(g)-module) V' is said to be integrable if V is integrable as a Uy (h)-module.

An integrable representation is not necessarily finite dimensional.

We have the natural analog of the classical category O of Kac-Moody algebras [Kac] :

Definition 2.5. A U,(h)-module V is said to be in the category OUy(h)) if
i) V is Uy (h)-diagonalizable,
ii) for all w € h*, dim(V,,) < oo,
1) there is a finite number of element A1,..,As € b* such that the weights of V are in

Uj=r, sSO)-

Definition 2.6. For m respectively equal to b, g, §, we denote by Mod(Uy(m)) the category of
Uq(m)-modules which are integrable and in the category O(Uy(h)) as a Uy(h)-module.

The category Mod(U,(g)) (in a slightly more general form) is considered in [L2]. Definitions for
U, (g)-modules are given in [N1, section 1.2].

For A € P, denote by L(\) the simple highest weight U/,(g)-module of highest weight A\. We have
(see for example [R1, L2]) :

Theorem 2.7. L()\) € Mod(U,(g)) if and only if X € PT.

The category Mod(U,(g)) is semi-simple. But Mod(U4,(g)) is not semi-simple.

By generalizing the approach of finite dimensional representations of quantum affine algebras
developed in [CP3], and definitions in [N1, Mil], we defined in [H3] for general quantum affinization

Uq(g) :

Definition 2.8. An l-weight is a couple (A, V) where A € P and ¥ = (\I/i[im
\Iliiim € C* and \Ilfo = qiﬂ‘(aiv) forie I and m > 0.

A Uy(g)-module V is said to be of -highest weight (A, ) if there is v € Vi (I-highest weight vector)
such that V = Uq(g).v and x;fr.v =0,¢5,, v=UE_vforiel,reZ andm > 0.

i,tm" i,tm

)ier,m>0, such that

An l-weight (A, V) is said to be dominant if there is an n-tuplet of (Drinfeld) polynomials (P;(u)):er €
(Clu])™ satisfying for i € I, P;(0) =1 and the relation in C[[2]] (resp. in C[[z1]]):

o Pilzg )
9 \I,i +m _ fieg(P,) 1 [ )
) Zmzo ikm?® % Pi(zq:)

The element ¥ in an l-weight (A, ¥) is called a pseudo-weight.

Theorem 2.3 implies that for (A, ¥) an [-weight there is a unique simple module L(\, ¥) of I-highest
weight (A, U). Moreover :

Theorem 2.9. [CP3, Mil, N1, H3] We have L(\, ¥) € Mod(Uy(§)) if and only if (A, ¥) is domi-

nant.

This result was proved in [CP3, Theorem 12.2.6] for quantum affine algebras (moreover in this case
these integrable representations are finite dimensional), in [Mil, Theorem 1] for quantum toroidal
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algebras of type A, in [N1, Proposition 1.2.15] for general simply-laced quantum affinizations and
in [H3, Theorem 4.9] for general quantum affinizations.

Ezamples. For i € I,a € C*,r > 1, consider the l-weight (A;, ¥; ) where ¥, , , is given by
equation (9) with the n-tuplet P;(u) = (1 — ua)(l — uag?)--- (1 — uaqf(rfl)) and Pj(u) = 1 for
j # i. The Uy(§)-module W) = L(A;, ¥;,,) € Mod(Uy(a)) is called a Kirillov-Reshetikhin
module.

In the particular case r = 1, the Uy (§)-module L; , = w

1.a 18 called a fundamental representation.

For A\ € P satisfying (Vj € I,\(af) = 0), consider the l-weight (A, Wo) where Wy is given by
equation (9) with the n-tuplet Pj(u) = 1 for all j € I. The Uy(g)-module Ly = L(A, ¥) €
Mod(U,(g)) is also called a fundamental representation in this paper.

3. CONSTRUCTION OF THE QUANTUM FUSION TENSOR CATEGORY MOD

In general a quantum affinization U,(g) has no Hopf algebra structure (except in the case of
quantum affine algebras where we have the coproduct of the Kac-Moody realization). However
Drinfeld (unpublished note, see also [DI, DF]) defined for ,(sl,) a map which behaves like a
new coproduct adapted to the affinization realization, but it is defined in a completion and can
not directly be used to define tensor product of representations. In this paper we construct a
corresponding tensor category (section 3) by deforming the Drinfeld coproduct, see how to go
back to the category Mod(U,(g)) by specialization (section 4), and give applications of these
results (section 6). We also prove in section 5 that it induces a tensor category structure on
the subcategory of modules of finite length. For quantum affine algebras this process is new
and different from the usual tensor product (we prove that it has different properties), and for
general quantum affinizations (as general quantum toroidal algebras) there was no process to
construct fusion of modules so far. For this construction, the first technical point that we solve is a
rationality problem for the dependence in the deformation parameter u of the Drinfeld coproduct
(lemma 3.10). The second point is the associativity : the u-deformed Drinfeld coproduct has
a "twisted” coassociative property which allows us to get the associativity of the new monoidal
structure (lemma 3.4).

In this section we define the category Mod (definition 3.6) and the tensor structure (theorem 3.12).
The case of fusion of Kirillov-Reshetikhin modules of the quantum affine algebra U, (sl2) is studied
explicitly in subsection 3.4.

3.1. Deformation of the Drinfeld coproduct. In this section we study a u-deformation of the
Drinfeld coproduct, in particular a ”twisted” coassociativity property (lemma 3.4).

Let Uy () = Uy (8) @C(u) an(} U(§)RUL(E) = (Uy(8) ®clUy(§))((u)) be the u-topological completion
of Uy (8) ®c(uy Uy(g). Let qu(g) be t?e algebra deﬁneq as Zi{q~(g) WithO}It affine ‘quantum Serre
relations (7). We also define Uy (g) = Uy(g) ® C(u) and Uy (§)=U, () = (Uq(8) @c Uy(8))((w)).

In [H3, Proposition 6.3] we introduced a u-deformation of the Drinfeld coproduct :

Proposition 3.1. There is a unique morphism of C(u)-algebra A, : Z;{;(@) — L?é(;j)@l;{é(g) such
that forie I, r€Z, m >0, h € b:

(10) A“(x:,rr) = iC:;, ®1+ Zszour+l(¢;—s ® ir:;"+s)7
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(11) Au(xi_,r) 1 ® (E + Z >0 z,r—s ® (b?,_s)ﬂ
(12) (qbz im) Zogsgmu’is( ;t +(m—s) ® d)z j:s)
(13) Au(kh) =kp ® ky,.

f (i #j5= C;C;; <3), then Ay is compatible with affine quantum Serre relations (7) (see
[DI, E, G]). By definition of A,, this can be easily generalized to :

Corollary 3.2. If (i # j = C;;C;; < 3), then the map A, induces a morphism A, : Uy(g) —
Uy (8) U, (@)

This case includes quantum affine algebras and most quantum toroidal algebras (except All), A2z ,
[>0).

Remark 3.3. Note that the simple I-highest weight modules of U, (@) are the same as for Uy(§)
(via the projection Uqy(g) — Uy(g)). From corollary 3.2, if (i # j = C;,;C;; < 3), the results in

this paper can be indifferently stated and proved for Uq,(g) or Z:{(@) So in some sections, we use
the following notation :

1) If (i #j = Ci;Cji <3), Uy(@) (resp. Uy(g),U,(8)) means the algebra with affine quantum
Serre relations (7).

2) Otherwise, Uy(a) (resp. Uy(g),U,(§)) means the algebra without affine quantum Serre rela-
tions (7).

This point will be explicitly reminded in the rest of this paper by references to this remark.

Observe that for i € I, the subalgebra U! = U; ®¢ C(u) C U, (g) is a "Hopf subalgebra” of U, (g)
for A,, that is to say A, (U!) C UGU..

The usual coassociativy property of a coproduct A is (Id® A)o A = (A®Id) o A. This relation
is not satisfied by A,. However, we have a ”twisted” coassociativity property satisfied by A, and
obtained by replacing the parameter u by some power of u (at the ”limit” u = 1 we recover the
usual coassociativity property). This relation will be crucial in the construction of the quantum
fusion tensor category (note that we do not use the quasi-Hopf algebras point of view) :

Lemma 3.4. Let Uy(§) as in remark 8.3. Let r,v' > 1. As algebra morphisms Uy(8) — (Uy(§) ®
Uy (8) @Uy(8))((u)), the two following maps are equal :

(Id® Auw) o Aur = (Aur X Id) (o} A’uﬂ‘*“ .

Proof: It suffices to check the equality on the generators. Because of u, the images of both
applications are of the form

Zur(deg(g(2>)+deg(g(3>))+r/deg(g(3))g(l) ® g(2) ® 93)

where g(1), g(2), 9(3) are homogeneous. We just give the results of the maps on generators and leave
it to the reader to check it. For x;rp, T s qbf +m» Kn, respectively the two maps give :

x:p®1®l+zsz T(P+s)(¢l _, 9 p+8®1 _|_Z T(:D+s)+r (p+s+s )( ;7S®¢;73’®mip+s+s’)’

u(r+7’l)p(1®1®x;,p)+zs>0u7“p+’r S(1®Iip—s®¢i,s)+25 s> T(S+S )+Slrl (33 i,p—s—s’ ®¢ ®¢:S/)’
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ui((82+83)7‘+83’f )( i s ® (bz ,tso ® ¢’L :t33)

kn ® kn ® k.

2{8175273320|81+82+83:m}
O

3.2. The category Mod (U, (g)). In this section we introduce and study the category Mod (U, (g))
which is ”a building graded part” of the quantum fusion tensor category.

First let us give a u-deformation of the notion of [-weight :

Definition 3.5. An (I,u)-weight is a couple (A, U(u)) where A € h*, U(u) = (\Ill L (W))iel,m>0,
\I/Ziim( ) € Clut!] satisfying \I/fo(u) = qii)‘(o”v).

Definition 3.6. Let Mod(U,(g)) be the category of Uy(a)-modules V' such that there is a C-vector
subspace W C 'V satisfying :

1) VW ®c C(u),
i) W is stable under the action of Uy(h) and is an object of Mod(Uy(h)),
i) the image of W ® C[uT] in V by the morphism of i) is stable under the action ofuq(la),

) for allw € b*, all i € I, all r € Z, there are a finite number of C-linear operators f,fk/)\
W, =V (k>0,k >0,\ € C*) such that for allm > 0 and all v € W,

+ _ m, km, k' p£
ximim(v) = E k>0,k’>0,>\ec*/\ um fk,kg,\(”),
v) we have a decomposition

V= @ AT (u)) (I, u)- weight‘/()\’\l}(u))
where Vix gy ={v € Val3p > 0,Vi € I,m > 0, (d)l L \Ilitim( ))P.v =0}

We have a first result :
Lemma 3.7. Let V € Mod(U;(g)). For allw € h*, alli € I, there are a finite number of C-linear
operators g,f’k,’)\ W, =V (k>0,K >0,\ € C*) such that for allm > 1 and all v € W,
+ _ m km K+
i,r:l:m(v) - ZkZO,k’ZOJ\G(C*)\ m gk k' (U)

Proof: Formula (5) gives for m > 1:

(bi_,—m = ( - (h)( i Ox -m xi_—m 4 O) and (b ( - q’L_l)(‘/E:’:mx’ZO - iCz_,()xi_rn)
and so property iv) of definition 3.6 gives the result. ]

Now we give a typical example of an object of Mod (U (g)). For V a module in Mod(U,(g)),
consider (V) the U, (g)-module obtained by extension : i(V) =V @ C(u).

Proposition 3.8. i defines an injective faithful functor i : Mod(Uy(g)) — Mod(U,(g))-

In particular Mod(U,(g)) can be viewed as a subcategory of Mod (U, (g)).

Proof: Let us prove that the functor is well-defined. Consider V' € Mod(U,(§)) and let us prove
that i(V') € Mod(U,(g)) where we choose W = V for the C-vector space of definition 3.6. The
properties 4),14i),4ii) are clear. The property v) is clear because the base field for Vis C. Let
us prove the property iv) : let i € I, w € h* and let us consider the operators x; ., 7 € Z (the

'LT”



12 DAVID HERNANDEZ

proof for the z; . is analog). As W is integrable, there is a finite dimensional U;-submodule W’
such that Wy ¢ W’ c W. Consider p : Ui — End(W’) the action. Consider the linear map

® : End(W’) — End(W') defined by ®(p) = ﬁ(p(hm)p —pp(hi1)). As End(W’) is finite

dimensional, we can consider the Jordan decomposition ® = &; + &, where ®; 0 P53 = 5 0 P,
®, is diagonalizable and ®5 = 0 for some S > 1. It follows from formula (8) that for m > 0,

P& ) = @7 (p(27,)), and so

CCRIED DI A [CE OSSR S DI 4 PUS TN

where p(x;.')’r) = Y aecdr and for A € C, ®;(dy) = Adx. In particular we get property iv) of
definition 3.6 because for a fixed s > 0, [Tﬂ is a polynomial in m. For m < 0, we replace ® by

P'(p) = ﬁ(p(m,_l)p —pp(hi,—1)). So i is well-defined. It is clearly injective and faithful. O

3.3. Construction of the tensor structure. The aim of this section is to define a tensor cate-
gory Mod by using A, and Mod (U (@)). It is the main tool used in this paper; the stability inside
the field C(u) is one of the crucial points that make the category Mod useful for the purposes of
the present paper.

3.3.1. The category Mod. Let Mod® be the full abelian semi-simple subcategory of Mod (U, (g))-
modules with a unique simple object i(Lo) (we recall that Lo = L(0, ¥) where ¥ is defined with
Drinfeld polynomials equal to 1).

Definition 3.9. We denote by Mod the direct sum of categories
Mod = Mod® & (Mod(U(3)) & Mod(U,(3)) & -+ -).
Forr > 1, the r-th summand in the second sum is denoted by Mod" : Mod = €D, -, Mod".

Note that with the identification Mod (U, (g)) =~ Mod', we can also consider that i is an injective
faithful functor Mod (U, (g)) — Mod. So one can view Mod(U,(§)) as a subcategory of Mod.

3.3.2. Rationality property. We use the notations of remark 3.3. Fix r > 1. Let V;,V, €
Mod (U, (g)). One defines an action of U (g) on (Vi ®c() V2)((u)) by the following formula
(g S Ll,;(g), vy € V1,19 € ‘/2) :

(14) g-(v1 @ v2) = Ayr(9)(v1 ® v2).

(A priori this formula only makes sense for r > 1, but we will see bellow that in some particular
situations we can also use it for r = 0).

We have the following ”rationality property” of the action given by formula (14), which is the
crucial point for the construction of the tensor structure.

Lemma 3.10. The subspace (Vi ®c(u) V2) C (Vi @c(u) V) ((u)) is stable under the action of Uy (g)
defined by formula (14). The induced U, (g)-module structure on (Vi ®c() Va) is an object of
Mod(U,;(g))-

Proof: From definition 3.6 we have subspaces W7 C Vi, Wy C Va. We choose W = W7 ®¢ Ws C
(Vi ®c(u) Vo) and we prove that the properties of definition 3.6 are satisfied. properties i), ii) are
clear. Properties iii), v) follow directly from above formulas (12), (13). Let us prove property iv).

Let A, 4 € b*, p € Z and suppose that for m > 0,v; € (W1)x, xfpim(vl) = umklvi)\?}imkllvi fE),
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for m > 0,v2 € (Wa),, xfpim(vg) = umevi)\gfimké,i fif(v2). Tt follows from lemma 3.7, that we
can suppose that for t > 1, ¢, (v1) = uFstALERS f3(v). Let vy € (W), va € (Wa), and v = v @vs.
Formulas (10) and (14) give =}, (v) = A+ B where

i,p+m

r m) —A Ot,,-v
A=af () ®@vy+u" Pt @Dy @ Ty (V2)
= umk1,+)\117?+mkll,+ fl-"_(rul) ® Vs + uf’(p“l‘m)q;)\(a:/)vl ® umk2,+ Agr)],+mké’+f2_l,_(v2)’
and
B= Zt21ur(p+m+t) (67 (01) @ 5 sy (02))
- Ztaur(ﬂmﬂ)“kﬁ)‘gtké Fa(v1) @ uFz+ MEONTE (- )Rt £ (1)
k5 m T m), m [
= Z / [ 2,+:| )\2 +U (p+ )’LL k2,+mk2,+ Rs(u)f:;(’vl) ®f2+(’l}2),
s=0, k), | S ;

where

!’
Rs(u) = g t>1urtuk3t/\gutk2*+)\’;,+ts+k3.

As Rs(u) € C(u), x;prrm (v) makes sense in Vi ®c(y) Va. Moreover R (u) does not depend of m,
and so it follows from the above formulas for A and B that property iv) of definition 3.6 is satisfied
(the study is analog for z; ). So the Uy (g)-module Vi ®¢(y V2 is an object of Mod(U,(g)). O

3.3.3. Definition of the tensor structure. We use the notations of remark 3.3. First let us study
how formula (14) behaves with the representation i(Ly).

Lemma 3.11. Let r > 1 and V € Mod". Then formula (14) defines a structure of U, (g)-module
on V @c(u) i(Lo) (resp. on i(Lo) ®c() V') which is isomorphic to V.

Proof: For i € I,s € Z we have xfs.i(Lo) = {0} and for ¢ € I,s > 0 we have qzﬁfis.i(Lo) = {0}.
For ¢ € I, the action of Qﬁ,to on i(Lo) is the identity. So for V ®c¢(y) i(Lo), the action given by
formula (14) is g ® 1 which makes sense for g € U,(g) (direct computation on generators). For
i(Lo) ®c(u) V the action given by formula (14) is 1 ® g which makes sense for g € U (g). O

Fix 7,7’ > 0. Let V; € Mod" and V5 € Mod”". If r,r’ > 1, one defines an action of U, (g)
on Vi ®c(y) Vo by formula (14). From lemma 3.10 we get an object in Mod (Y, (g)) (this can be
extended to the cases 7 = 0 or 7/ = 0 by lemma 3.11). We consider this tensor product as an object
in the (r 4+ 7’)-th summand of Mod. So we have defined a bifunctor ® y : Mod x Mod — Mod.

Theorem 3.12. The bifunctor ®¢ defines a tensor structure on Mod.

The category Mod together with the tensor product ®; is called quantum fusion tensor category
(see [Ma] for the definition and complements on tensor categories). The aim of this section is
to prove this theorem. We warn that objects of the category Mod are not necessarily of finite
length. Sometimes it is required that the objects of a tensor category have a finite composition
series (for example see [CE]), so Mod is not a tensor category in this sense. However, we will
prove in section 5 that for a large class of quantum affinizations (including quantum affine algebras
and most quantum toroidal algebras) the subcategory of finite length modules is stable under the
monoidal bifunctor ®, and so we get a tensor category in this sense.

Proof of theorem 3.12. We already have proved the well-definedness in lemma 3.10. We have to
show the associativity and existence of a neutral element. This will be formulated in the following
two lemmas.



14 DAVID HERNANDEZ

Lemma 3.13. ®; is associative.

Proof: Let r1,72,73 > 1, V3 € Mod™, V5 € Mod™, V3 € Mod™. Let us prove that the identity
defines an isomorphism between the modules V1 @ (Vo ® ¢ V3) and (Vi ®5 Va) @ V3 as objects of
Mod"**"2%"3 The action of g € U, (g) is given in the first case by : (Id ® Ayrz) 0 Ayri and in the
second case by : (Ayr ® Id) o Ayry+r,. But it follows from lemma 3.4 that these maps are equal.
If one r; is equal to 0, Vi ®¢ (Vo @5 V3) >~ (Vi ®5 V2) @ V3 is a direct consequence of lemma 3.11.

The pentagon axiom is clearly satisfied as for the usual tensor category of vector spaces. (|

Lemma 3.14. i(Lg) object of Mod" is a neutral object of (Mod, ®).

Proof: Tt is a direct consequence of lemma 3.11 (the triangle axiom is clearly satisfied as for the
usual tensor category of vector spaces). O

3.3.4. Application to (I,u)-highest weight simple modules of the category Mod(U,(g)). We use the
notations of remark 3.3. As an application of lemma 3.10 we prove a ”deformed version” of the
7if” part of theorem 2.9.

Definition 3.15. An (I,u)-weight (X, ¥(u)) is said to be dominant if for i € I there ezists a
polynomial P;,(2) = (1 — za;1ubir)..(1 — za; n,ubi™i) (N; >0, a;; € C*, b;; > 0) such that in
Clu™][[2]] (resp. in Clu™!][[=~"]]):

Piu(zq; )
+ +r _ N; Lt nu [
Zrzolllid:r(u)z =4q; Pz,u(ZQ1) :

The notion of (,u)-highest weight U, (g)-module is defined analogously to the notion of /-highest
weight U,(g)-module. By theorem 2.3 we get the existence of the simple module L(A, ¥(u)) of
dominant (I, u)-highest weight (A, ¥(u)).

Corollary 3.16. For (A, V(u)) a dominant (I,u)-highest weight, we have L(X, ¥(u)) € Mod(U,(a))-

Proof:  'We see as in [H3, Lemma 32] that L(\, U(u)) is the quotient of a tensor product in Mod
of (fundamental) simple modules of Mod (U, (g)). So the result follows from lemma 3.10. O

Note that this result in finer than [H3, Lemma 32] on the representation L(A, ¥(u)). The converse
of this result is false (for example by using an evaluation morphism Z/{;(szg) — Ug(slz) ® C(u),
one can define a 2-dimensional ([, u)-highest weight module with (I, u)-weight given by P,(z) =
(1 — 2(u+u~1)) in the formula of definition 3.15).

3.4. Example : fusion of Kirillov-Reshetikhin modules of type sls. The Z/lq(szg) Kirillov-
Reshetikhin modules can be described explicitly because they can be realized as evaluation rep-
resentations from simple finite dimensional representations of the quantum group of finite type
Uq(slz). Let r > 0 and a € C*. The Kirillov-Reshetikhin module W,.(a) is the U,(sl2)-module of
dimension (r + 1) with a basis {vo, ..., v, } and the action of the generators =",z (r € Z), ¢,
(m > 1), k*! given by :
vy = (ag" ) [ — j 4+ Yquja,
l‘;.vj = (aqr72‘7)r[j + 1]q’Uj+1,
kil.’l}j — qi(T_Qj)'Uj,

GLmvj = (g — ¢ ) a) T (T = 1ol 4+ g — " [lalr — 5 + o)vs,



DRINFELD COPRODUCT, QUANTUM FUSION TENSOR CATEGORY AND APPLICATIONS 15

where 0 < j < r and we denote v_1 = v,41 = 0. In particular we have as a power series in z (resp.
in 274 :
(1 —zag")(1 — zaq"*?)

(1 — zaq"—2+2)(1 — zaqf’—Qj)Uj'

¢*(2).0; = ¢

Consider W,.(a), W, (b) two Kirillov-Reshetikhin modules with respective basis {vo, ..., v },
{vh,...,v], }. One can describe explicitly the fusion module i(W,(a)) @y i(W,(b)). It has a C(u)-
basis {v; ® v},|0 < j <r,0 <k <r'}, and the action of L{é(slg) is given by

(15) (v @ vp) = (ag" P oy (vjo1 @ V) + (ubg” ~ )™ B 1 (v ® vf_y),
(16) @ (v @ v}) = (ubg” 2F) ™y (05 @ vy + (ag" )M g 1 (Vg1 @ 0)),
(17)

(1—zaq™")(1 — zaq"*2)(1 — zubg~"")(1 — zubg™ +2)

+ . Iy — r—2jr'—2k ) !
(b (Z)~(U]®Uk:) q (1 — Zaqr_2j+2)(1 — Zaqr_gj)(l — Zubqu_Qk_;’_Q)(l — Zubqr_gk) (vj ®Uk:)7
where a1, = [r — j 4+ 1]q, v, = [k + 1], and (3} is equal to

qlr — jlqli + 1l ¢ [jlalr — 5+ 1

[ =k 1] (6% "+ (g —q)ua™ bg” TR

1 — ua—1bqr'—2k+2-7r+2i 1 — yq—lhg —2k—r+2j ),
and pj  is equal to

q " — klg[k + 1] _ qlklq[r — k + 1] )
1 —ualbgm—2k—7+2 1 — yq lbgr —2Zk-r+2j+2/)

[+ Ua(q" 72" + (g — g~ Hua™ bg" 27T

Note that a; x, 8j.k, Vj,k» 14,k are independent of m.
(Observe that on this example the action is rational, as proved in lemma 3.10).

Remark 3.17. For the usual tensor product of quantum affine algebras, certain tensor products
of 1-highest weight modules are l-highest weight (see [Cha, Theorem 4] and [Kas2, Theorem 9.1])
but not all. For example for Uq(szz), Lo ® Log is I-highest weight but Loz ® Lo is not [-highest
weight (where the Ly, are the fundamental representations defined in section 2.4).

In contrast to this well-known situation, in the following examples the fusion modules are always
of [-highest weight (we will see in theorem 6.2 that this observation is a particular case of a more
general picture for the quantum fusion tensor category).

Proposition 3.18. The fusion module V = i(W,(a)) @5 (W, (b)) is a simple (I, u)-highest weight
module.

Proof:  First let us prove that V' is of (I, u)-highest weight. Let W be the sub U, (g)-module of V'
generated by vo®v;. It suffices to prove by induction on K > 0 that ((j+k = K) = (v;Qu;, € W)).
For K =0 it is clear. Let K > 1 and j, k > 0 satisfying j +%& = K — 1. By definition, v, x, tj,x are
not equal to zero. As ubq” ~2* # aq" =%/, equation (16) implies that v; 11 ® v}, and v; ® V4, are in
2 orezClw)ay (v, @ v) CW. S0 3 (4 p)jatv—ry Clva @ vh) CW.

Let us prove that V is simple. Suppose that V' is a proper submodule of V. Suppose that the
eigenvalues given in equation (17) for v, ® v, and vj, ® v}, are equal. Then we have

(1 —zaq" 2" (1 — zag" ") = (1 — zaq"~22*?)(1 — zaq"~*2)

and

r’—2k1+2)( T—le) r’—2k2+2)( r—2k2).

(1 — zubg 1 — zubg = (1 — zubg 1 — zubg
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So j1 = j2 and k1 = ko as the conditions aq"~%' = aq""?2%2 and aq"~21*2? = aq"~%2 (resp.
aq" "2k = qq"2k2+2 and aq"2k1+2 = q¢"~2¥2) can not be simultaneously satisfied. So the op-
erators (bim have a diagonalizable action on V' with common [-weight spaces of dimension 1. As
V' is stable under the action of the ¢=, , it is of the form V' = D .1)esCu)(v; ® vy) where
J C{0,...,7} x{0,...,7"}. Consider v; ® v;, € V' such that j + k is minimal for this property. If
V' #V, wehave j+k >0 and V' N (B 1)st<jtry Cw)(vs ® v7)) = {0}. But from equation
(15), we have z*(z).(v; ® v},) # 0, contradiction. O

The results of this section will be used in more detail in section 6.

4. A-FORMS AND SPECIALIZATIONS

The aim of this section is to explain how to go back from Mod to the usual category Mod (U, (§)).
Consider the ring A = {%U(u),g(u) € Clut],g(1) # 0} C C(u). We prove the existence of
certain A-forms (definition 4.1) and we study their specialization at © = 1. The idea of considering
A-form is inspired from crystal basis theory (see [Kasl, L1]), but instead of using ¢ as a deformation
parameter in the ring A, we use the deformation parameter u of the Drinfeld coproduct. We prove
that one can define A-forms of cyclic modules of the category Mod (U, (g)) (theorem 4.6). It gives
rise to the following two constructions : one can construct a fusion I-highest weight module from
two [-highest weight modules (definition 4.10), and in the case of quantum affine algebras one can
define a fusion bifunctor for the category of finite dimensional representations (theorem 4.13).

4.1. A-forms. In this section we recall standard definitions and properties of A-forms which are
some A-"lattice” of C(u)-vector spaces. We also study explicit examples.
Ais alocal principal ring. Let U/ (g) = Uy(§)®c.A C Uy (). The algebras u;*(g),u;ﬁ(g),ug(ﬁ) C
Ui (g) are defined in an obvious way.
4.1.1. Definition and first properties.
Definition 4.1. Let V € Mod(U,(g)). An A-form V of V is a sub A-module of V satisfying :

i) V is stable under Uy (9),

i) V generates the C(u)-vector space V,

111) for A € b*, V N Vy is a finitely generated A-module.

Note that as A is principal and V is torsion free, the property iii) implies that V NV} is free. In
particular it makes sense to consider the rank and basis of V' N V).

This notion of A-form is analog to the lattice L considered in crystal theory [Kasl, L1]. The
properties discussed in this subsection are standard (see [L2, Kas3] for general results on A-forms).
We give proofs for the convenience of the reader.

Lemma 4.2. Let V € Mod(U,(g)) and V be an A-form of V. Then
1)V ~V®4Cu) as U, (§)-modules,
2) for all X € b*, we have rka(V NVy) = dime () (Va),
3) for all v € V, there is a unique n(v) € Z such that (1 —u)" v € V and (1 —u)*™) 1y ¢ V,
4) let W C'V be a U (g)-submodule of V. Then W N V is an A-form of W.
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Proof: 1) and 2) : for all X € h*, a basis of VNV) as an .A-module is also a basis of the C(u)-vector
space V).

3) It suffices to consider the case v € V). Let us write it vy = Zk:Lm)Kfi(u)wi where
{w;}i=1... k is an A-basis of VA N'V. Then n(v) is the unique n(v) € Z satisfying : Vi € {1,..., K},
(1 —u)"™ f;(u) € A and there exists i € {1,..., K} such that (1 —u)™™~1f;(u) ¢ A.

4) Denote W =W NV, and let us check the propertles of definition 4.1 : i) is clear. For ii),

let v € W. There is P € Clu®] — {0} such that o' = Pv € V. So v/ € W and W generates the
C(u)-vector space W. For the property 4ii), we have W N Wy = V\NW NV C VNV, is a finitely
generated A-module. O

We have directly from definition 4.1 :

Lemma 4.3. Let V € Mod(U,(g)) and V CV (resp. V! C V) be an A-form ofl/l;(ﬁ).f/ (resp. of
L{é(@)‘?’) Then V + V' is an A-form ofU;(@).(f/ + V).

4.1.2. Specialization. One can consider the specialization of an A-form at u =1 :

Definition 4.4. Let V. € Mod(U;(g)) and V an A-form of V. Then we denote by (V),—1 the
U, (8)-module V /((u — 1)V).

Lemma 4.5. We have (V),=1 € Mod(U,(8))-

Proof: It follows from lemma 4.2 that
dime (((V)uz1)a) = tka(V N Vy) = dimeg (Va).
So (V)yz1 € Mod(Uy())- O

In general the specialization at u = 1 of two A-forms of an U/ (g)-module are not necessarily
isomorphic, as illustrated in the following examples.

4.1.3. Ezamples. Let L1 = L1;1 = Cvo ® Cv; and Ly = Ly 2 = Cwy ® Cw; be two Z/{q(sZQ)—
fundamental representations. The fusion modules V' = i(L1) ®; i(L2) and V' = i(L2) @y i(L1)
can be described explicitly (see section 3.4; they have also been studied in [H3, section 6.6] with a
different formalism). Consider the C(u)-basis of V' (resp. of V'): fo = vg ® wo, f1 = v1 @ wo, fo =
vo @ wr, f3 =v1 @wi (resp. [} = wo & vo, f1 = w1 ® vo, f5 = wo @1, f§ = w1 @v1). The action
of Z/lé(szg) on V is given by :

fo f1 f2 f3
—q'u T T u
)t 0 fo ¢ IUT} =z fo fo+ @ Prur A= wdh)
x, u"q*" fa + qllj]"ufl 2Tf3 g Z = f3 0
+ (1—¢ 22)(1—uz) (1—g“2)(1—uz) (1 Y(1—quz) —2 (1=¢%2) (1 —q*uz)
¢ (Z) q2 (1 qz) 1—q2uz) fO (1— Z) 1—q2uz) fl (1q 2)( 1 q> (’ZLLZ) f q ? (1—qz)(1—qguz) f3

The action of Uq(Slg) on V' is given by :

fi fi I s _
zf |0 " f g S | 6+ qu =R
=T,
x rf/ + q2r+1 1— q fl rfé q2r 1 1 u fg 0
+ 1—=z 2uz 1 z 2uz 1—=z 1 uz —2(1 z)(1—q“uz
¢ (Z) q ((1 q z)(l uz)) fO ( (1q q)z)(l uz) fl El q2 z)(lq uzg f2 q 2((1 qq 22)(1 quz))f3

It follows from proposition 3.18 that V and V' are simple (I, u)-highest weight modules.
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In particular
V= UL@)-fo = Ao & AL —u).f2 & Afo & Afs,
VI=Uy (@)-fo = Afo© Afi @ Afy © Afs,
are respectively .A—forms of V' and V. We use the same notations for the vectors in V and in
(V)u=1 (resp. in V' and in (V')y=1). The Uy(slz)-modules (V)y=1 and (V’),=1 are [-highest
weight modules, but not simple : C.(1 —u)f1 (resp. C.f}) is a U, (slz)-submodule of (V),=1 (resp.
of (V')y=1) of dimension 1.

Note that we have an isomorphism of U, (slz)-modules o : (V)y=1 — (V')u=1 defined by o(fo) = f4,
o(L=wfi)=(a"" =) fs o(f2) = (a+a ) fi, o(f3) = f3

Consider the following respective A-forms of V and V' :

Vi=3 onasli(sl)fi= Afo® A & Af2 & Afs 2V,

> Ul(sly).f] = Af © Afl © Afs @ Afs = V.

i=0,1,2,3 ¢
We use the same notation for the vectors in V; and in (Vy)u=1. (V})u=1 is not an l-highest weight
module, is cyclic generated by fi and has a submodule of dimension 3, namely Cfy & Cf2 @& Cfs.
So (Vi)u=1 and (V),=1 are not isomorphic.

4.2. A-form of cyclic modules. In this section we study A-forms of cyclic modules which will
be used later (in particular we will study the interesting properties of their specializations in other
sections). The main result of this section is :

Theorem 4.6. Let V € ModU,(g)) and v € V — {0}. Then Vv) = Uy (g)v is an A-form of

U, (§).v. Moreover (V (v))u=1 € Mod(Uy(g)) is a non zero cyclic Uy(g)-module generated by v.

This theorem is proved in this section. We can suppose that V' is a non zero cyclic Ué(ﬁ)—module
generated by v.

Lemma 4.7. Let V. € Mod(U,(a)) and F' C V be a finitely generated A-submodule of V.. Then

AU, (h).F is a finitely generated A-module.

Proof: Let W C V as in definition 3.6 and write F' = ijl 77777 mA-f; where f; € V. For each
j € {1,...,m}, we can write a finite sum f; = >°, W;xfjr where fjr € Wy, (Ajx € b*) and

Uk € Cu). But AUy(h)fjn C AW, andsoUy(h).F C >, Wik AW, , is afinitely generated
A-module. O

Let us study the case of (I, u)-highest weight modules, which is a first step in the proof of theorem
4.6 :

Lemma 4.8. Let V be an (I, u)-highest weight module in the category Mod(Uy(§)) and let v be an
highest weight vector. Then V = U, (g).v is an A-form of V.

Proof: Properties i), ii) of definition 4.1 are clear. Let us prove property iii) : let A be the weight of
v. For y1a weight of V, we have ;1 € A—Q™. Let us prove the result by induction on () = h(A—p).
For /(1) = 0 it is clear, and in general let us prove that A;11 = Z{Mh,(ﬂ):lﬂ}v NV, is a finitely
generated A-module. But we have Aiv1 = Y icr ez uin (=13 Tim-(Vau N V). It follows from

formula (8) that for i € I,m # 0, we have z;,, = ﬁ(hi7mx;0 — 2; ohi,m). Moreover we have
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Uy (5).(V,,NV) = V,,NV. In particular A;4; C Z{iemm(#):l}uq(6).;3;0(VH NV). We can conclude
with lemma 4.7. O

Note that the rationality in u was a crucial point of this proof.

(Note that in [H3] we considered C[u*]U,(g).v for a simple (I,u)-highest weight module L and
called it a Clu*]-form of L. As U(g).v = A.Clu®]Uy(g).v, it is a particular case of the point of
view of this paper.)

Proof of theorem 4.6 :

Let us prove that we get an A-form : properties i), ii) of definition 4.1 are clear. Let us check
property iii). First consider

d(v) = Max{h(wt(v") — wt(v))|v" € V and wt(v') — wt(v) € QT}.

Let us prove by induction on d(v) > 0, that for all A € b*, Uy (g).v N (U, (g)-v)x is a finitely
generated A-module. For d(v) = 0, the result is proved as in lemma 4.8. In general : the

triangular decomposition of U, (g) (theorem 2.3) gives U,'(g).v = A+ B where A = U~ (g)Uy' (h).v
and B = ) Z/{;(@).gc?:m.v. Moreover for A € b*, (U (g).v) N Vy =ANVy+ BNV, We

i€l meZ
see as in the proof of lemma 4.8 that A N V) is a finitely generated A-module. It follows from
formula (8) that for ¢ € I,m # 0, we have ac;fm = ﬁ(hi,mx:fo - 9C;f0hi,m)- In particular

B C ZieIU;(@).x:O.U;(E).U. It follows from lemma 4.7 that U;‘(ﬁ).v is a finitely generated .A-

module. Fori € I, and v’ € 33:0 .L{;(f)).v, we have d(v’) < d(v), and so it follows from the induction
hypothesis that for all A € b*, U (g).v" N Vy = Uy (g).v" N (U (@).v")x is a finitely generated A-
module, and so BNV, is a finitely generated .A-module.

Let us prove that the image of v in (V(v)),=1 generates (V(v)),=1 : first we have v ¢ (1 —u)V(v).
Indeed if there is an 7 < 0 such that (1 —u)"v € V(v), then for all I > 1, (1 — u)"v € V(v) and
soifv e erAf/(v) N Va (A finite), there is A € A such that V(v) N V) is not a finitely generated
A-module, contradiction. In particular (V(v))u=1 # {0}. Next let w € V(v) — ((1 — u)V (v)) and
G(u) € Uy (g) such that w = G(u).v. Then in (V(v))u=1, we have w = G(1).v (where G(1) is the
image of G(u) by the projection Uy (g) — Uy(@))- O

4.3. Fusion of [-highest weight U/,;(g)-modules. In this section we explain how to construct
fusion of I-highest weight U, (g)-modules by using the quantum fusion tensor category. We use the
notations of remark 3.3.

We get the following first application of theorem 4.6 :

Corollary 4.9. Letr > 1 and V1,---,V, be l-highest weight modules in the category Mod(Uy(g)).
Consider the fusion module W = i(V1)®@7i(Va)®@f---@7i(V,) € Mod(U,(g)). Letvy € Vi,--- v, €
V,. be highest weight vectors and (P})icr, ..., (Pl )ic1 the respective Drinfeld polynomials. Then

3

1) The Uy(g)-module (W (v))y=1 € Mod(Uy(8)) is an I-highest weight module of l-highest weight
vector v =v1 X -+ @ U

2) The Drinfeld polynomials of the I-highest weight of (W (v))u=1 are (P}(2)P2(2)--- P! (2))icr.

K3

Proof: 1) It follows from theorem 4.6 that (W (v)),=1 is cyclic generated by v. Moreover vy, -+« , v,
are [-highest weight vectors, and so formulas (10), (12), (13) give that v is an {-highest weight vector.

2) Clear from equations (12) and (13). O
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Definition 4.10. The module (W(v))u:1 is denoted by Vs Voxyg---x¢ Vi and is called the fusion
module of V1,Va, -+, V..

Examples : in section 4.1.3, for the qu(szg)—l—highest weight modules L1, Loy we computed explicitly

Li%f Lo = (V)y=1 and Lo*y L1 = (V')y=1 and we defined an isomorphism o : L %y Ly o~ Loy L.
Moreover we noticed that L; *f Ly is not semi-simple.

Other examples and applications will be studied in the section 6.

4.4. Fusion of finite dimensional representations. We use the notations of remark 3.3. In
this subsection we study another application of the quantum fusion tensor category : it allows to
define a bifunctor on the category of finite dimensional representations of U,(g). This bifunctor
will not be used in the rest of this paper, we hope to study it in more details in another paper.

We recall that i is a functor from Mod(U,(g)) to Mod (U, (g)) (see proposition 3.8).

Corollary 4.11. Let V1, Vs be two finite dimensional representations of Uy(g). Then
U §)-(Vi @ Va) € (V) 9i(Va)

is an A-form of i(V1) @ i(Va).

Proof: Let {va }1<a<p, {ws}t1<p<p be C-basis respectively of V; and Va. We have
(18) Uy (8)- (Vi @c V) = Z

From theorem 4.6, each Uy (8).(va ® wp) is an A-form of Uy (g).(va ® wp). As the sum in equation
(18) is finite, we can conclude with lemma 4.3. O

(U (8)-(va ® wp)) C (Vi @c V) @c C(u).

1<a<p,1<B<p’

Because of corollary 4.11, it makes sense to define :

Definition 4.12. We denote by Vi ®q Va the Uy(g)-module (U (g).(Vi @c V2))u=1-

Ezamples : in section 4.1.3, for the Z/lq(szg) [-highest weight modules L; and Ly we computed
explicitly L1 ®q Loy = (\N/f)uzl and Lo ®q L1 = (f/f’)u:l. Note that L1 ®4 Lo is not isomorphic to
Ly ®q L1, and that Ly ®q Lo is not isomorphic to L; *; Lo. Note that in general if Vi and V5 are
semi-simple, V1 ®4 V5 is not necessarily semi-simple.

Let Modf(U,(g)) be the subcategory of finite dimensional representations in Mod (U, (g)). IfU,(g) is
a quantum affine algebra, the simple integrable {-highest weight modules are objects of Mod(U,(g))
(see [CP3)).

Theorem 4.13. ®q defines a bifunctor ®q : Modf(Uy(g)) x Modf(Uy(g)) — Modf(Uy(g)).

Proof:  As i(V1) ®¢i(Va) is a finite dimensional C(u)-vector space, Vi ®4 V5 is a finite dimensional
C-vector space, and so necessarily is an object of Modf(¢,(g)). Consider Vi, Vo, V{, V3 objects of
Modf(U,(§)) and f1 : Vi — V{, fo : Vo — VJ two morphisms of U,(§)-module. From theorem
3.12 we have a morphism of U, (g)-module f; @y fo : i(V1) ®@fi(Va) — i(V{) @ i(V5). As (f1 ®f
F) U (Vi 8 V2)) € UV @6 V3) and (f1 @ fo)((1— uU-(Vs ¢ V2)) © (1=l (] 9 V3),
we get a morphism f1 ®q fo: Vi Qq Vo — V{ @4 V5. O

For quantum affine algebras, it should be interesting to relate ®4 to the usual tensor category
structure.
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5. FINITE LENGTH PROPERTY AND QUANTUM FUSION TENSOR CATEGORY

In this section we prove that for a large class of quantum affinizations (including quantum affine
algebras and most quantum toroidal algebras) the subcategory of finite length modules is stable
under the monoidal bifunctor ®¢ (theorem 5.27). In particular we get a tensor category in the
sense of [CE| (where the finite length property is required). We construct and use for this purpose
a generalization of the Frenkel-Reshetikhin morphism of g-characters [FR] for the category Mod
and prove that it is compatible with the monoidal structure (these results are valid for all quantum
affinizations). In particular it gives a representation theoretical interpretation of the combinatorial
fusion product defined in [H3] for the semi-simplified category (corollary 5.15).

First let us recall the following consequence of theorem 2.9 :

Corollary 5.1. The simple modules of the category Mod(U,(§)) are the simple l-highest weight
modules L(\, V) where (A, ¥) is a dominant l-weight.

Proof: As a module in Mod(U,(g)) has at least one I-highest weight vector, the result is a direct
consequence of theorem 2.9. O

5.1. Generalized ¢-characters and fusion product [H3]. The theory of ¢-characters was in-
troduced in [FR] for quantum affine algebras. In this section we recall the general definition for
quantum affinizations and the existence of a related combinatorial fusion product introduced in
[H3].

First let us define the generalized g-characters. For W € Mod(U,(h)) and an l-weight (\, ¥) we
denote:

Wiw ={veWiTp>0,VieI,m>0,(¢7,, — Vi, ) .v=0}

As Uy(h) is commutative we have W = B, y) 1-weight W, for all W € Mod(Uy(h)).

Definition 5.2. We denote by QPl+ the set of l-weights (p,v) such that p € PT — Q™, and
there exists polynomials Qi(z), Ri(z) (i € I) satisfying R;(0) = Q;(0) = 1 and in C[[z]] (resp. in
Cllz="1): )
£ am _ deo(Qi)—deg(R)) Qi(24; ) Ri(2q1)
Z o liEwmA T = —1y-
m20 Qi(zqi)Ri(zq; )

The following result was first proved in [FR, Proposition 1] for quantum affine algebras, and a
straightforward generalization for general quantum affinizations was given in [H3, Proposition 5.4].

Proposition 5.3. For V € Mod(Uy(g)) and (A, ¥) an l-weight, (V(x w) # {0}) = (A, ¥) € QP").
Consider formal variables Yfa (t€l,aeC*)and k, (webh). Let A be the commutative group of
monomials of the form m = Hielﬂec*}/ﬁ;‘“(m)kw(m), (ui,a(m) € Z, w(m) € b), satisfying

1) only a finite number of u; o(m) € Z are non zero,

2) fori € I, a;(w(m)) = 1) conUia(m).

The product is given by the usual multiplication of Laurent polynomials in variables Yfa and
khtn = knkps. This group A is fixed for the rest of this paper.

For (1,7) € QB we define Y, = ky(u)[Tics aec-Yia " € A where Qi(2) = []
and R;(z) = [[,ec~ (1 — za)”* are given by definition 5.2.

wcce (1 — za)ka
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Y is the set of x € Z4 such that there is a finite number of elements A1, ..., A\, € b* satisfying for
meA:

(w(m) ¢ U . v(S(A;))) = the coefficient of m in x is 0.
J=1 s
Note that ) has a ring structure inherited from the group structure of A.

Definition 5.4. The g-character of a module W € Mod(U,(h)) is defined by

X W) =30 o dm(Vas )Y, €.
’ 1

The g-characters were introduced in [FR] for finite dimensional representations of quantum affine
algebras and the generalized g-characters (with the term k) for general quantum affinizations were
constructed in [H3].

Let Rep(Uy(g)) be the Grothendieck group of modules V' in Mod (U, (g)) which have a composition
series :

(19)  Lo={0} C Ly C Ly C ... such that U,>0Li =V and Vi > 0 L;y1/L; is simple.

Note that we will prove in section 5.3 that for a large class of quantum affinizations all modules in
Mod(U,(g)) have such a composition series.

Let us recall some results not used for the main results of this paper, but which are related to the
point of view of this paper (in particular see section 5.2). The following result was first proved in
[FR] for quantum affine algebras and then in [H3] for general quantum affinizations.

Lemma 5.5. x4 gives an injective group morphism xq : Rep(Uy(§)) — V.

For quantum affine algebras, the category Mod(U,(g)) has a tensor structure from the usual co-
product. It is compatible with the morphism of g-characters :

Theorem 5.6. [FR] Suppose that Uy (§) is a quantum affine algebra. Consider the ring structure
on Rep(Uy(§)) given by the usual coproduct. Then x4 is a ring morphism from Rep(Uq(g)) to V.

We proved in [H3] that for general quantum affinizations one can observe a ”combinatorial” fusion
phenomena in terms of g-characters. More precisely we have

Theorem 5.7. [H3] For general quantum affinization Uy(8), the image of x4 is a subring of V.
The induced multiplication on Rep(Uy(§)) is a fusion product (the constant structure on simple
representations are positive).

This last result was stated in [H3] when the quantized Cartan matrix C(z) is invertible, but the
last section of [H3] implies also this result and does not use the inverse of C(z). From theorem 5.7,
it makes sense to define :

Definition 5.8. The induced multiplication of theorem 5.7 on Rep(Uy(8)) is denoted by * and is
called combinatorial fusion product.

This fusion product is called combinatorial because a priori it makes sense only in the semi-
simplified category. However in the next section a relation between the combinatorial fusion prod-
uct and the tensor structure of Mod is established. In particular it provides a representation
theoretical interpretation of x.
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5.2. Generalized morphism of g-characters for the quantum fusion tensor category. In
this section we construct a morphism of g-characters for the quantum fusion tensor category Mod.
We moreover prove that it is compatible with the monoidal structure (theorem 5.12).

First let us give a u-deformed version of proposition 5.3.
Lemma 5.9. Let V € Mod(Uy(g)) and W as in definition 3.6. Then
Waz1 = (Clu™] @ W)/((1 — u)Clu™] © W)
is an object of Mod(uq([a)) and for (X, 7) an l-weight, we have (Wy=1)x~) # {0} = (A, 7) € QPlJr.

Moreover, for (\,v) € QP;", the dimension of dim((Wu=1)(»)) is independent of the choice of
W. In particular xq(Wy=1) does not not depend of the choice of W.

Proof: As W € Mod(U,(h)) we have W,=1 € Mod(U,(h)). It follows from property v) of definition
3.6 that for (A,v) an l-weight of W= there is an (I, u)-weight (A, y(u)) such that (A, v(1)) = (A, 7)
and Vi ) 7# {0}, Let v € (V(x y(u)) — {0}) and consider (V(v))y=1. It is an integrable U, (g)-

module generated by v (theorem 4.6). Moreover we have v € ((V(v))u=1)(»,y) and so it follows
from proposition 5.3 that (A,v) € QP;". For the last point we have

dim((Wa=1)(a) = 3 dime ) (Vir ()

{r (W) (1 w)-weight|(A,y(1))=(A7)}

Because of lemma 5.9 it makes sense to define :

Definition 5.10. We define the q-character of a module V'€ Mod(U,(§)) by xq(V) = Xq(Wu=1)
where W is as in definition 3.6 .

Note that x4 can also be defined on Mod by summation. We use the same notation x, for these
morphisms of g-characters. We prove exactly as in lemma 5.9 :

Lemma 5.11. Let V € Mod(U,(g)) and V be an A-form of V. Then xq(V) = xq((V)uz1).

The g-characters morphism is compatible with the tensor structure :

Theorem 5.12. We use the notations of remark 3.3. For Vi,Va € Mod, we have xq,(Vi @5 Va) =
Xa(V1)xq(V2)-

Proof: From definition 3.6 one has subspaces W7 C Vi, Wy C Vo. We have seen in the proof
of lemma 3.10 that we can choose W1 ® Wy for the subspace of Vi @y V» required in definition
3.6. So xq(Vi ®¢ Va) = xq((W1 ® Wa)u=1). As a direct consequence of formulas (12), (13),
Xq((W1 @ Wa)u=1) is equal to xq((W1)u=1)Xq((W2)u=1)- O
This result is analog to theorem 5.6 where the usual coproduct of quantum affine algebras is used.
Here we use the Drinfeld coproduct, that is why this statement is almost automatic. It gives an
additional clue indicating that ®; is an interesting tensor structure.

It follows directly from the definition of x, that :
Lemma 5.13. Let V,V' € Mod(U,(g)) such that V' C V. Then xq(V) = xq(V') + xq(V/V').

Moreover :

Lemma 5.14. The image of the q-characters morphisms for Mod and Mod(U,(g)) coincide, that
is to say xq(Mod) = Xxq(Mod(Uy(g)))-
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Proof:  'The inclusion x,(Mod(Uy(8))) C xq(Mod) follows from the existence of the functor ¢ which
allows to see Mod (U, (g)) as a subcategory of Mod' (see proposition 3.8). For the other inclusion
Xq(Mod) C xq(Mod(Uy(g))) , we see as in the proof of lemma 5.9 that the g-characters of cyclic
modules are in x4,(Mod(U,(g))) and then we can use lemma 5.13. O

As xq(Mod(Uy(g))) =~ Rep(Uy(g)), the result of lemma 5.14 allows to consider a projection p :
Mod — Rep(Uy(g)). It satisfies " x4 = xq 0 p”. Then theorem 5.12 implies :

Corollary 5.15. We use the notations of remark 3.3. For V1,V, € Mod, we have
p(Vi @ V2) = p(V1) * p(V2).

In particular the quantum fusion tensor category Mod gives a representation theoretical interpre-
tation of .

5.3. Further results on the category Mod(l/,(g)). In this section we study the existence of
composition series for the modules of Mod(U,(g)). We will also study the dominant monomials
(corresponding to dominant I-weights) occurring in g-characters. This study is valid for a class of
Cartan matrices that we describe now : in this section (and in section 5.4) we suppose that C is
a generalized symmetrizable Cartan matrix satisfying the condition

(20) (Cij <-1)=(ri=-Cj;=1))

where the r; define D = diag(r1, ..., ) such that B = DC' is symmetric (they are fixed in section

: ; (1) 42
2.1). It includes quantum affine algebras and quantum toroidal algebras, except of type A7/, A,
-1 2 —p
2 ) -1 2
which will for example provide completely new types of T-system considered in section 6.2.3.

(I > 0). For p > 1, it also includes the rank 2 matrices of the form <—2p

First we have :

Lemma 5.16. If C satisfies the property (20), then :
)Yijel, r>—Cja,
2)(i#j)=>ri=1orCi;=-1orC,;; =0),
3) fori € I such that r; =1, we have [(j # 1 and C; ; # 0) = (C;; = —1)],
4) fori,j € I such that r; > 1, we have [(C;; < 0) = (C;; = —1)],

5) fori € I such that r; > 1 and j € I such that C; ; <0, we have [(Cj; = —1 and r; =1;) or
(Cji =—r; and rj =1)],

6) C(z) is invertible.
Note that 2) means that C is g-symmetrizable in the sense of [H2]. In particular all properties of

g-symmetrizable Cartan matrices established in the last section of [H2] are also satisfied by C' (but
they are not used in the present paper).

Proof: 1) If C;; > —1, the result is clear because r; > 1. For C;; < —1, as B = DC is symmetric,
we have r; = —C; j = 1, and so —Cj; = r;.

2)If C;; ¢ {0,—1} we have C; ; < —1 and so r; = 1.
3) Direct consequence of 1).

4) Direct consequence of 2).



DRINFELD COPRODUCT, QUANTUM FUSION TENSOR CATEGORY AND APPLICATIONS 25

5) From 4) we have r; = —Cj;;r;. If r; > 1 we have C;; = —1 from 4), and so r; = r;. If r; =1,
we have Cj; = —7;.

6) Proved in [H2, Lemma 6.9] : we have det(C(z)) € 2% + 2% + 3 _,_ 5 Zz" # 0 where
R = Zie] Ti. O

Let us state the main result of this section.

Theorem 5.17. Any module V' in Mod(U,(§)) has a composition series (19).

The composition series is not necessarily of finite length. Note that it implies that Rep(U,(g)) is the
Grothendieck group of Mod(i,;(g)), and so that x4 encodes all information from the semi-simplified
category. In this section we prove this theorem 5.17.

Let us define for monomials the analog of the notion of dominant I-weight (see [FM]).

Definition 5.18. An element of A is said to be dominant if the powers of the Y; . are positive.

The following result was proved in [FR] for U,(slz), in [FM] for quantum affine algebras and in
[H3] in general. It provides a simplification in the study of g-characters because we only have to
look at very particular monomials.

Theorem 5.19. [FR, FM, H3] An element of Im(x,) is uniquely determined by the multiplicity
of his dominant monomials.

Let m € A — {1}. m is said to be right-negative if for all a € C*, j €
(1) qqz (m) < 0)] where L = max{l € Z|3i € I,u; qqz(m) # 0} (see [FM]
negative monomials is right-negative [FM].

I7 [(uj,aqL (m) 7& 0) =
). A product of right-

Example : for all ¢ € I,a € C* consider

Ad =k Y Y ] Y agk € A,
4,a T Tdaqt T b0si L k) 10y i< —1 and k€{Cy 41,0543, —Cy.i—1}} I

It follows from property 1) of lemma 5.16 that A, ; is right-negative.

Let us define for a monomial m a set S(m) analog to the set S(A) (see [H1] for similar definitions).
Definition 5.20. For m € A, let S(m) be the set of monomials m’ € A such that there are
(mop =m),m1,....,mn_1,(my =m’) € A satisfying :

1) for all j € {1,--- N}, there is i € I such that m; = mj_lAi_;lq, AL g Where m; >0
k) 1 9 Tj k3
and ay,- -+ ,a,; € C*,
2) for 1 <r <rj, e, (mj_1) > |{r' € {1,--- ,r;}|ar = a,}| where i,r; are as in condition 1).

For all m’ € S(m), m'm~! is a product of A,;llj (it is denoted by m’ < m). Moreover m' € S(m)
implies S(m') C S(m).

It is well-known that the weights of a U,(g)-highest module of highest weight A are in S(A). Let
us prove the following analog refined cone property (see [FR, FM, N4]| for previous results).

Theorem 5.21. Let V € Mod(U,(§)) be an [-highest weight module of highest monomial m. Then
all monomials m’ occurring in xq4(V) are in S(m) and in particular m' < m.

Proof: A weaker statement was proved in [H4, Theorem 3.1] : for V € Mod(U,(g)) a simple I-
highest weight module of highest monomial m, all monomials m’ occurring in x4(V') satisty m’ < m.
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The proof was based on [H4, Lemma 3.2] and used the Z/{q(sZQ)—Weyl modules. These modules are
explicitly known and satisfy the property of theorem 5.21 (in the strong form). So to prove the
result it suffices to rewrite word by word the proof of [H4, Theorem 3.1] where ”simple-modules”
is replaced by ”I-highest weight modules” and m; < mg by my € S(ms). O

In the following we denote ¢ = {¢™|m € N} and ¢Z = {¢™|m € Z}.
Remark 5.22. For all m € A, one can consider (a1,--- ,a,) € (C*)" satisfying
1) fori e I,be C*, (uip(m) #0)= (b€ argVU---Ua.qY),
2) ai,--- ,a, belong to different classes of C*/q”.
Lemma 5.23. Let m € A. Let (a1,--- ,a,) as in remark 5.22 and N € Z. Then the set
Sn(m)={m' € Sm)|Vk € {1,- -+ ,r},5 > 0,i € I,u; 4, v+ (mM'm™') =0}
is finite.
The idea of the following proof is that for m’ such that there is N satisfying m’ € Sy(m), the

minimal N with this property increases when we multiply m’ by some monomials A ; We use a
double induction on N and «(m) defined below.

Proof: First note that if m’ € (§(m) — Sy(m)), then S(m') C (S(m) — Sn(m)). Let us prove
by induction on N that Sy(m) is finite. By definition of S(m), for all N < 0, Sy(m) =
{m}. Consider N > 0. Let M = Hiengkgran;:k(m)kui,akl’(/\i)' First for mM~! we can
use (a1q, - ,a.q) instead of the (ai,--- ,a,) of remark 5.22. With this set of complex num-
bers, Sy(mM 1) becomes Sy_1(mM~1) which is is finite by the induction hypothesis. Let
a(m) = 3 1 kerxzi<k<rui ., (m)>0)iax(m) = 0. N is fixed and we prove by induction on
a(m) > 0 that Sy(m) is finite. For a(m) = 0, we have Sy(m) = MSx(mM 1) which is finite by
above discussion. Suppose that a(m) > 0. For m’ € MSy(mM 1) consider

In(m') = {m" € (Sn(m') — {m'})Im" (m) ™" € {A7;, ;. Yiera<hzr}-

By definition 7x(m') is finite. For m” € T(m’), we have a(m”) < a(m). So by the induction
hypothesis on «, if m” € Ty (m’) then Sy(m”) is finite. But we have

_ —1
SN(m) - (MSN (mM )) U U{m”ET(m’)|m’EMSN(mM*1)}
So Sy (m) is finite. O
Proposition 5.24. Let V € Mod(U,(g)).

SN(mN).

1) If V is an l-highest weight module then x4(V) has a finite number of dominant monomials.

2) V has a finite composition series if and only if xq(V) has a finite number of dominant
monomials.

Proof: 1) Let m be the highest weight monomial of x4(V), and (a1, -+ ,ar) € (C*)" as in remark
5.22. From theorem 5.21 all monomials of x4(V) are in S(m). Let N € Z such that for all
ke{l,--,r},s>0,i€1,u; 4+ (m)=0. For m’ € (§(m) — {m}), m'm~"! is right-negative.
If in addition m/ is dominant, for all k € {1, ,7}, s > 0,4 € I, u; 4, v+ (m'm™1) = 0 (otherwise
there would be one b € C*,i € I such that u;(m’) = u;p(m'm=1) < 0). So a dominant monomial

of (§(m) — {m}) is in Sy(m), and we can conclude with lemma 5.23.

2) As a simple module of the category Mod(U,(g)) is an [-highest weight module (corollary 5.1),
it follows from 1) that his g-character has a finite number of dominant monomials, and we get the
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same for a module with a finite composition series (lemma 5.13). As the g-character of a simple
module has at least one dominant monomial, the converse is clear by induction on the number of
dominant monomials with multiplicity. O

End of the proof of theorem 5.17. We can conclude the proof of theorem 5.17 because it suffices
to establish that {-highest weight modules have a composition series (we have proved in addition
that -highest weight modules have a finite composition series). O

5.4. Finite length and tensor structure. In this section we prove the stability of the subcate-
gory of finite length modules for the tensor structure. As a consequence we get a tensor category
in the sense of [CE].

Proposition 5.25. Let Vi, Vo € Mod(Uy(8)) such that xq(V1) and xq(V2) have a finite number of
dominant monomials. Then xq4(Vi)xq(V2) has a finite number of dominant monomials.

Proof: Tt follows from the 2) of proposition 5.24 that V; and V5 have a finite composition series,
so we can suppose that they are simple. Let m1, ms be the highest weight monomials respectively
of V7 and V5. The monomials of x4(Vi)x4(V2) are in S(m1)S(m2). Let (a1,---,a,) € (C*)" as
in remark 5.22 for my and mo (one can choose (a1, - ,a,) so that condition of remark 5.22 is
simultaneously satisfied for m; and ms). Let N € Z such that for all k € {1,--- ,r}, s >0,i € I,
Ui gpgN+e (M1) = Uj g qn+:(m2) = 0. For a dominant m’ = mim, € (S(my1)S(mz) — {mima}),
m&mfl and m’gmgl are right-negative or equal to 1, so for all k£ € {1,---,r}, s > 0, i € I,
Ui qpgN+e (mymih) = Ui qpgN+e (mhymy ') = 0 (see the argument in the proof of 1) of proposition
5.24). So m} € Sy(mq), mh € Sy(ms2) and we can conclude with lemma 5.23. O

In particular the Grothendieck ring of modules in Mod(i,(g)) with a finite composition series is
stable under the fusion product .
Let us prove a u-deformed version of proposition 5.24 :
Lemma 5.26. Let V € Mod(U,(g))-
1) If V is an (1, u)-highest weight module then x4(V') has a finite number of dominant monomials.
2) V has a finite composition series if and only if xq(V) has a finite number of dominant
monomials.

Proof: 1) It follows from theorem 4.6 and lemma 5.11 that x4(V') is equal to the g-character of an
[-highest weight U, (g)-module and so we can use 1) of proposition 5.24.

2) We can conclude as in 1) of proposition 5.24. O
We can conclude with the main result of this section :
Theorem 5.27. We use the notations of remark 3.3. The subcategory of finite length modules in
Mod is stable under the monoidal bifunctor ® ;.

Proof:  We get the result by combining 2) of lemma 5.26, theorem 5.12 and proposition 5.25. [

6. APPLICATIONS

In this section we develop several applications from the results of previous sections. First we
prove that a simple module of the category Mod(i,(g)) is a quotient of fusion of fundamental
representations (proposition 6.1). This is analog to a result of Chari-Pressley for the usual tensor
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product of quantum affine algebras (see [CP3, Corollary 12.2.8]). We establish a cyclicity property
(1, u-highest weight property of fusion of [-highest modules) which allows to control the ”size” of this
fusion module (theorem 6.2 and corollary 6.3) : this property is completely different compared to
the usual tensor product of quantum affine algebras (see remark 3.17), and the corresponding proof
is independent of it. Then we establish exact sequences involving fusion of Kirillov-Reshetikhin
modules (theorem 6.7). It is related to new generalized T-systems (theorem 6.10). For quantum
affine algebras, such T-systems and related exact sequences involving usual tensor product of
Kirillov-Reshetikhin modules were first established in [N3] for simply-laced cases and then in [H5]
for the general case with a different proof. The proof of the new T-system is a slight modification of
the proof of [H5], but the proof of the corresponding exact sequence uses the fusion tensor product
of the present paper. In subsection 6.3 we address complements and question that we hope to
discuss in another paper.

In this entire section we use the notations of remark 3.3.

6.1. Application to /-highest weight modules. In this section we first prove a general result
analog to [CP3, Corollary 12.2.8], and then we prove the following new cyclicity property which
has no analog for the usual tensor product : for V', V’ [-highest weight modules, (V) ® i(V') is
(I,u)-highest weight (theorem 6.2).

6.1.1. Statement of the main results. First we have :

Proposition 6.1. A simple module V' of the category Mod(Uy(g)) is a quotient of a fusion of
fundamental representations Ly, *¢ L, o, *f -+ %f Liy, o, . Moreover we have

X‘Z(L“)Hm:L,,,7MX‘1(Li1»‘11) =Xq(LA¥)) + E

where E € Y has positive coefficients.

Proof: From corollary 5.1, V is of the form L(\, ¥) where (A, ¥) is a dominant [-weight. Let
(P;(u))ier be the corresponding set of Drinfeld polynomials. Consider ((i1,a1), -, (inm,anr)) €
(I x C*)™ such that for each i € I, P;(u) = [Tmyi, =i (1 — wam). From corollary 4.9, the fusion
module
L()\*Eielx(aiv)l\i) *f Lihal xf Li27a2 Xfooo kS LiMﬂM

is an l-highest weight module of I-highest weight (A, ¥) and so admits L(A, ¥) as a quotient.
From the first part and by lemma 5.13, we have x4(L, %5 Li, a1 % - -*f Liy; a,.) = B+ Xq(L(A, T))
where E’ has positive coefficients. But L, f L;, o, *f - %¢ Li,, a,, comes from an A-form of an

U, (g)-submodule of L, ®f Li, a; ®f Liyay @f @ Liysap- So we can conclude with theorem
5.12. O

The first part of proposition 6.1 is analog to a theorem of Chari-Pressley related to the usual tensor
product for quantum affine algebras (see for example [CP3, cor. 12.2.8]).

We can control the 7size” of the fusion of I-highest weight modules. Indeed let us state the main
result of this section which is a cyclicity property.

Theorem 6.2. Let V, V' € Mod(Uy(§)) be two l-highest weight modules. Then i(V) @y i(V') is an
(I, u)-highest weight module.

This theorem is proved in section 6.1.2. This result is completely different from the properties of
the usual tensor product of quantum affine algebras (see remark 3.17, [Cha, Theorem 4] and [Kas2,
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Theorem 9.1]). Here all fusion products are I-highest weight. Note that evidences of this result
were observed in the examples of section 3.4.

We have the following direct consequence of Theorem 6.2.

Corollary 6.3. Let Vi,Va, -+, V, € Mod(U,(g)) be l-highest weight modules. Then the l-highest
weight module V.= Vi x¢ Vo xp - - x5 Vi satisfies xq(V) = xg(Vi)xq(V2) - - xq(V3).

In general (for example for quantum toroidal algebras) the existence of such "big” I-highest weight
modules was not known so far.

For quantum affine algebras, Weyl modules are certain maximal finite dimensional [-highest weight
modules for fixed Drinfeld polynomial. Corollary 6.3 implies that the dimension of a Weyl module
is larger that the product of the dimension of the corresponding fundamental representations (this
result is already known, consequence of [Cha, Theorem 4] and consequence of [Kas2, Theorem
9.1]). By analogy, for general quantum affinizations, a maximal integrable I-highest weight module
would have such a fusion of fundamental representations as a quotient. In a paper in preparation
these fusion modules will be used to study the block decomposition of Mod(U,(g)) (see section
6.3.3). They are also used in the second application (in section 6.2).

6.1.2. Proof of theorem 6.2. We first prove preliminary lemmas. Let us recall the following well-
known result.

Lemma 6.4. Let M > 0. The sequences (()\mmk)sz)Aec*7k20 are C-linearly independent.

For convenience of the reader, we give a proof.
Proof: For k > 0 consider Gy(z) = Y, ~o2™mF. We have Go(z) = 1/(1 — z) and Gy41(z) =
2G4 (2). So by induction on k, we have Gy (2) = Py(2)/(1—2)¥"! where Py(z) € C[z] and Px(1) # 0.
So Gi(z) € 1/(1 — 2)* + 3, _, C.Gw(2) and (Gi(A2))aec k>0 is a C-basis of C(z)/C[z%].
M >0 is fixed and consider G,(CM) =3 o2 mk. We have G](CM) (2)) € Gi(2A) + C[z%] and so
the G,(CM) (2)) are linearly independent in C(z)/C[z%]. a

As a consequence, we have :

Lemma 6.5. Let V' be a C(u)-vector space generated by vectors (fa ki )accx k>0k'>0. We suppose
that only a finite number of these wvectors are not equal to 0. For m > 0 we consider [, =
> necr k0w s A MU fy w o € V. Then V is generated by the (fm)m>0-

Proof: As V is a finite dimensional vector space we can prove the result by induction on dim(V').
For V = {0} it is clear. In generallet V' C V be the subspace generated by the pi,,,, m > 0. Suppose
that there is f, koky ¢ V'. By the induction hypothesis the image of V' in V/(C(u) fxy,ko.k;)
generates the space V/(C(u) fx,,ko,k;)- So dim(V’) = dim(V)—1. Consider ¢ : V' — C(u) a non zero
linear map such that Ker(¢) = V’. We have for all m > 0, ZAELC*7,€>0),€,>0)\mmku’mk/¢(f>\,k,k/) =
0. As there is a finite number of non zero fy s, we can consider P(u) € (C(u) — {0}), such that
A(frr k) Pw) = Py pr (u™t) where Py g € Clu]. As ¢ # 0, there is at least one polynomial
Py ki # 0. Consider a maximal &' = K’ such that there is (A, k) satisfying Py, k7 # 0. Let A be
the set of (A, k, K’) such that the polynomials P ; x+ have a maximal degree. Let o x+ be the
leading coefficient of Py  x+. There is M > 0 such that for m > M, 0 = Z(/\)k)K,)EA)\mmkaA,k,K/.
Contradiction because from lemma 6.4, the sequences (A\™m*),,> s are C-linearly independent. [

In the following we denote U, (h) = U, (h) ® C(u) C U;(g)-
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Lemma 6.6. Let W be an object of Mod(Uy(h)) and W' C (WRC(u)) a C(u)-subspace of WRC(u).

We consider R € U, (h) @ C(u) such that R(W @ C(u)) C W' and which can be erpanded in the

~

form R =73 S, u"g, where go € C* and for r > 1, g, € Uy(h). Then W' =W @ C(u).

Proof: It suffices to prove that for w an I-weight vector of W, we have w € W'. The restriction

of R on U;(h).w is of the form (yId + n) where v € C(u) and n is nilpotent. Consider v, € C
the eigenvalue of g, on Z/l(;(f))w As the g, commute, we have v = go + > - qu V. As go # 0,
~ is invertible in C(u). So w' = 7’121}20(n/7)“.w makes sense in Z/{é(f)).w. We can conclude as
R.w' = w and by hypothesis R.w’' € W’. O

End of the proof of theorem 6.2 :

Consider v € V) (resp. v’ € Vy/) an [l-highest weight vector of V' (resp. of V'). Let W =
Uy (g)-(v @ v'). We prove that W = i(V) ®@; i(V'). For pu a weight of i(V) @ i(V'), we have
€ XA+ XN —QT. The map h is defined in section 2.1. Let us prove by induction on h(A+\ —pu) > 0
that (i(V) @5 i(V')), € W. For h(A + X — p) = 0 it is clear. In general let pq,us such that
p=p1+pz and (i(V), @5i(V"),,) C W. It suffices to prove that >, ; . cr(z:, (Vi )@V,,) C W

and Ziel,meZ(Vm ® xi_,m(V;;)) cw.

Consider w € V,,, w' € V;,. Let p € Z. Formulas (10) and (14) give for m € Z : z;, ,..(w ®
w') = A+ B+ C where A = v""w® (z;,_,,w') , B = (z;, ,w) @ (k.w') and C =
Dm0t (@7 g —pw) ® (&7, ).

From proposition 3.8, the properties of definition 3.6 are satisfied by (V) and i(V’). So let us

consider the decompositions of property iv) of definition 3.6 : we have for all m > 0, all w € V,,,
all w’ € V],

- k
i pm (W) = Z,\e@*7k20)\mm Fak(w),
- k
x@pfm(wl) = Z/\ec*7k20)\mm f,/\,k(w/)-

Moreover we can consider the decomposition of lemma 3.7 : for 7 > 1, ¢ (w') = 35 cev sy N7 ga k(W)
Only a finite number of f) j, fé\’ka g,k are not equal to zero.

We have :
A= compzot AT 4 (w),
_ m, k pa(ay)
B= ZAEC*7I€20)\ m(Far(w) @ ; w),
_ rym+r koyn\r k' o /
= ZAEC*,k207)\’€£[3*,k’20,r>0u A (m 4 r)2(N)r fan(w) ® g e (w')
_ m, k—s /
- ZAeC*,kzo,s:o,--- ,k/\ m* k(W) @ Raa(w),
where

k 1%
Rsx = E u" AN (N gy g
8,2 S M eC*,k'>0,r>0 ( ) g)\ k

Note that R, is independent of m. As ¢ equals erc*,kx)‘wkg&k in End(V},), it follows from

lemma 6.5 that gy x viewed in End(V};,) is an operator of U,(h). And so R x is also an operator

of Uy(h) viewed in End(V};,).
As A+ B+ C € W, it follows from lemma 6.5 that for all A\ € C*, K >0 :
(21) Vin @ A x(V,,) CW,
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pa(ey) ’
(22) (frrx @gq " ld+ Z{(,ﬁs)log&kﬂzmm B Rs ) (Vi @ V) CW.

From inclusion (21) we get >, ; ez (Vi @ 7, (Vy,,)) CW.

Let us prove that >, ; 7 (z;,, (Vi )@ V,,) CW. We fix A € C*. Let Ko be the maximal k such
that fix # 0. We prove by induction on Ko — K > 0 that (fx x(Vy,) ® V) C W. Let w' be an
l-weight vector in V| . For K = K, inclusion (22) gives fx rc,(Vy,) ® (qu(aiv)w’ +Ror(w')) CW.
From the defining formula of R x, we can use lemma 6.6 and we get (fx k,(V,;,) ® w') C W. So

(Frio (Vi )®VL) CW. For K < Ko, w € V., ,w' € V| the vector f,x(w)®((¢/* ) +Ro2)-0')
is equal to

(Frox (@)@ D'+ Prr(@)@Rox (W)=Y

By inclusion (22) the first term in in W. The induction hypothesis gives that the second term is in
W. So fax(w)® ((qﬁw(ai ) +Ro,x).w') € W. If moreover w’ is an I-weight vector, from the defining
formula of Ro x we can use lemma 6.6 and we get (fx x(w) @w') € W. So (fax(Vu,)®@ V) CW
and Zie,)mez(x;m(vm) ®@V,,) CW. O

Frr(w)@R a(w).

{(k,s)|k—s=K} {(k,s)|k—s=K,k>K}

6.2. Application to exact sequences involving generalized Kirillov-Reshetikhin mod-
ules. Exact sequences involving usual tensor products of Kirillov-Reshetikhin modules and related
to T-systems were first established in [N4, N3] for simply-laced quantum affine algebras and in [H5]
with a different proof for general quantum affine algebras. These relations are of particular im-
portance because they imply the Kirillov-Reshetikhin conjecture which predicts explicit formulas
for the characters of the Kirillov-Reshetikhin modules (see [N3, H5]). In this section we establish
analog exact sequences for a large class of general quantum affinizations : we replace the usual
tensor product of quantum affine algebras by the fusion tensor product *; introduced in this paper
for quantum affinizations and we use the cyclicity property established in theorem 6.2.

6.2.1. Statement of the main result. We suppose that C is a generalized symmetrizable Cartan
matrix satisfying the condition (20) (it includes quantum affine algebras and quantum toroidal

1 2
algebras, except for Ag ), Aél), 1>0).

For r > 0,a € C*,i € I consider the following fusion module

(23) K = Lo, *1 (51 1Gwyicy.<0. 1gk§—0i,j}W(j)

—(2k—1 C)
— it E(ri(r—k) /ry)aq; O/

j
where
() — ) — _C S — A
i) =r(A; — o) Z{(;;kﬂcj,m enecn (TGt Blrilr = R)/ri)A,.
The motivation for these formulas is that lemma 6.16 studied below is satisfied. A priori, the
Uy (g)-module Sﬁzl)l is not well-defined because it could depend of the order of the terms, but :

Theorem 6.7. Letic€ I,a € C*;r > 1. Then
(1) the module Sﬁll)l is well-defined and simple,
(2) the module Wﬁgl,a *f w® 2 is simple,

r—1,aq

(3) there exists an exact sequence

0— S — W+ Wr(i;q.z

- ngjzl,a *f W(l)

N
'rfl,aq? 0.
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These results appeared for quantum affine algebras, with ® instead of * ¢, first in [N3] (simply-laced
cases) and then in [H5] (general cases).

As sz) * g W 02 is l-highest weight (corollary 4.9), theorem 6.7 implies that it is not semi-simple.

Theorem 6.7 is proved in this section 6.2. The proof of the corresponding result for g-characters
is a slight modification of the proof of [H5], but the proof of the exact sequence uses the new
developments of the present paper.

6.2.2. Preliminary results.

Definition 6.8. A U,(g)-module of Mod(U,(§)) is said to be special if his g-character has a unique
dominant monomial.

Corollary 6.9. Let {(A1,U1), -, (Aar, Uar)} be a set of dominant l-weights and (A, ¥) such that
\v = Hm:1, 1Y, w,,)- Suppose that only the unique dominant monomial Yx v appears in
Hm:L...,MXq(L(/\ma‘I’ )). Then we have

LA ) = L1y, Yo1) *5 LAo(2)s Yo(2) *5 -+ %5 Lo () Yo(ar))-

In particular this fusion module is special and independent of the order of the terms.

Proof: In the second statement of proposition 6.1 we have necessarily E = 0 because of theorem
5.19. 0

6.2.3. New generalized T-systems. The proof of theorem 6.7 is based on the fact that the g¢-
characters of Kirillov-Reshetikhin modules solve the following generalized T-system :

Theorem 6.10. Leta € C*,r > 1,7 € I. We have
XaWEDXa(W0 ) = a0 X (W) + X (D),

(4) )

—(2k—1)/C;,

where Xq(S(l )= Xq(W

Xal l’“(“’f‘)l)H{(j,k)\Cj,i<0 , 1<k<-Ci 5} —Cji+E(ri(r—k)/r;),aq;

(Note that this result is also satisfied for the algebra U,(g) with affine quantum Serre relations (7)
as it only involves only g-characters and so makes sense in the Grothendieck group. In particular
for this result the restriction of remark 3.3 is not necessary.)

For quantum affine algebras T-systems were first established in [N3] (simply-laced cases) and for
all types in [H5] with a different proof. They can be considered as ”induction” systems of relations
for the g-characters of Kirillov-Reshetikhin modules. In this paper we follow the proof of [H5]
(whose parts of the plan first appeared in [N3]) to get the generalized result of theorem 6.10. Note
that in the particular case of simply-laced quantum toroidal algebras, geometric constructions are
discussed in [N2, Section 6]; so in analogy to the case of simply-laced quantum affine algebras,
there could be an alternative geometric proof for the T-systems of simply-laced quantum toroidal
algebras.

This definition of a T-system for this larger class of Cartan matrix is new. It coincides with the
definition for quantum affine algebras [KNS]. Indeed we have :

Lemma 6.11. For i € I such that r; > 1, we have
(1)) — . (4 (4)
Xq(Sr,a) Xq(Ll’*(“?gl)(H{jEI\Cj,,izfl}Xq(Wr’aqi))(H{jEHCj,i:fri}Xq(Wrir’aq)).
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For ¢ € I such that r; =1, we have
Xq(Sr(’,ic)z) = Xq(Lm(j;)(H

Proof: Let i€ I,a€ C* r >0 fixed. For j such that C;; < 0 denote

€))
{(G:K)1i€l,Cji==1 and ke{l,- m,-}}Xq(WHE((T%)/mLaq%*l))'

- ©)
A U S U s Bl g )

We have Xq(Sf(’,lc)z) = H{je1|cj,i<o} Xj.

First suppose that r; > 1. Property 4) of lemma 5.16 gives C; ; = —1 and so X; = Xq(Wl(i—)E(r'(r—l)/r) aq"i ).
Property 5) of lemma 5.16 gives that (C;; = —1 or Cj; = —r;).

If C;; = —1, we have r; = r; and
X = W(]) — W(]) ) = W(J) ).
i = Xal 1+E(m(r—l)/rj)ﬂqj_l/ci’j) al 1+B(r=1).ag 1) = xa(Wraa)
If Cj s = —r;, we have r; = 1 and
X; = Xq(W(j) —1/01,1) = X(I(qule(ri(r—l)),aq) = Xq(Wr(ij"r)@q)'

—Cj,i+E(ri(r—1)/r;),aq;

Secondly suppose that r; = 1. From property 3) of lemma 5.16, we have C;; = —1, r; = —C; ;
and

o (@) _ (4)
X; = Hk:l,--- 77‘jXq(W1+E((’I‘7k))/Tj),CLq7Tj(Zkil)/ci’j) = Hk:L»»» 7TjXq(Wl_’_E((T_k)/,r,j))ank—l).
g

6.2.4. End of the proof of theorem 6.10. We use a slight modification of the proof of [H5, Theorem
3.4 (1)]. A part of the plan of this proof (in particular theorem 6.14) first appeared in [N3] for
simply-laced quantum affine algebras with different geometric arguments inside the proof which
can be used only for simply-laced cases so far. In this section we recall the main steps of this proof.
Moreover we give the list of results of [H5] whose proof has to be slightly modified for the general
situation considered in theorem 6.10.

Let us denote by m,(;)a the highest weight monomial of x, (W,gll)l) We have the following three
steps :

1) The first step is an analog of [H5, Lemma 4.4].

Lemma 6.12. For m a monomial occurring in XQ(WISBI)’ ((m # m,(;)a) = (m< mA;1 2k-1))-

s g

In the proof of this result, first an analog of the technical result [H5, Lemma 4.3] is needed. But
it follows from lemma 5.16 that the quantized Cartan matrix is invertible, and so we can use [H3,
Lemma 5.10] in this situation. To prove lemma 6.12, we also need

Lemma 6.13. Let A be a weight and j € I such that (W,izt)l)A # {0} and X\ = kA; — «j. Then
1=j.

Proof: It follows from [H4, Corollary 3.10] that the result is true for £ = 1. So the result follows
from proposition 6.1. U
Then we can conclude word by word the proof of lemma 6.12 as in [H5, Lemma 4.4].

2) As a direct consequence of lemma 6.12, we have :
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Theorem 6.14. The Kirillov-Reshetikhin modules are special.

This result is useful for our study because from theorem 5.19, we get a characterization of the
g-character of Kirillov-Reshetikhin modules.

3) The last step is to prove the T-system by using theorem 5.19. So we need to determine the
dominant monomials of the g-characters involved in the T-system. First we have an analog of the
first part of [H5, Proposition 5.3].

Lemma 6.15. Sf(,l()l is special.

Proof: 'To use the proof of [H5], we need an analog of [H5, Lemma 5.2] which is a technical
combinatorial lemma on monomials of Xq(Sﬁf()l). We use the notations of [H5|, except that we
denote by r the k of [H5]. The inequality § = ua(Aflaq?kl_l) > 1, (a) has to be studied. First we
have pq(a) < 2r;r — 1. Then by using the descripticj)lr; ojfl lemma 6.11, we get

if r; > 1 and r; =y, then 8 = r; + 2r;r = r; + 27,

ifr; >1andr; =1, then 8 =14 2ryrjr =14+ 2r7,

ifry=1, then 8 =2k —1+2r;(1+ E((r —k)/rj)) > 2k —142r;((r — k)/r;) =2rr;, —1. O

One can check exactly as in [H5] that Xq(Wr(fg)Xq (W(i)

r,aq? T

)= XaW )XW, ) has a unique
dominant monomial.

To conclude the proof of the T-system, we need an analog of the end of the statement of [H5,
Proposition 5.3], that is to say :

Lemma 6.16. The highest weight monomial of Xq(Sﬁi)l) is the unique dominant monomial of

Xa(WEDXG (W 2) = xa W Dxa (W, o).

Proof: 1t suffices to check that

(@) () -1 -1 -1
mk,amk,aﬁ Ai,aqu71 Ai,aq?‘*?’ Aiaafh’

- kv(uﬁfZ)H{(j,k,tncj,Ko ,1<k<—C;, and tef{l,.- ,—cj,i+E(ri(r—k)/rj)}}(k”(AJ)Yj,aq;(%‘”/CM““‘”)'
This follows from a case by case investigation as in the description of lemma 6.11. O

6.2.5. End of the proof of theorem 6.7. (1) Consequence of corollary 6.9 and lemma 6.15.
(2) Same proof as for [H5, Theorem 6.1 (2)].

(3) To conclude it suffices to prove that Xq(W/SBz sp W

e Xq(wlgfpxq(w,ggq?). This point

follows from theorem 6.2.
(Observe that we also have a more direct proof of the point (3) from explicit computations
for the type sla the result follpws from proposition 3.18 and theorem 5.12. For general g,
the sub U;-module of W,gli * W/Siﬁ generated by an highest weight vector is isomorphic to the
module obtained in the sly-case because U ~ U, (sl3) is sub Hopf algebra of U, (g) for A,. So in
xq(Wéz * g W]gliqg) we have all dominant monomials of x, (W,gi)l)xq (ngliq.Z) listed in [H5, Lemma
5.6], and so E = 0 in the second part of proposition 6.1.) O
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6.3. Complements, further possible developments and applications. In this section we
present questions, possible developments and applications motivated or related to the results ad-
dressed in this paper. We hope to discuss these points in other papers.

6.3.1. Drinfeld coproduct. The algebra Uy, (§) is defined in section 3.1 (without affine quantum
Serre relations (7)). Denote by 65 (w1, ws, z) the left member of equality (7) viewed in the

algebra U ( ). We conjecture that these elements are quasi-primitive, that it to say that we have
in U’ (8 )®U’ (9) :

Au(az_j(wla , Wsy 2 )) - 9 (wla"' ,U)S,Z)®].+¢Z_(U}1)(bz (U}S)¢J ( )®9+ (UU}]_,"' ,’U,’U}S,’U,Z),

A (elj(w17 e, Ws, 2 )) - 1®0 (U’wlv te uws,u2)+9 (wlv cr, Ws, z)®¢j_(uw1) e (bj_(uws)(b;_(uz)

The result is known for Ci)jCj)»L' < 3 (see [E, G]). This conjecture implies that the Drinfeld
coproduct is compatible with affine quantum Serre relations (7) and that all the results of this
paper can be stated for the algebra U,(g) with these relations. In particular the restriction of
remark 3.3 would be useless.

6.3.2. Q-system and fermionic formulas. Let Res be the restriction functor from the category of
Uy, (§)-modules to the category of U, (g)-modules. Denote Q,(;) = Res(W,gZ) ).

,a

We have the following direct consequence of standard results (see [CP2, CP3]).

Lemma 6.17. ,(f) is well-defined (ie. Res(W,SL)l) is independent of a € C*).

We give a proof for the convenience of the reader.

Proof: Let 7, : Uy(§) — Uq(g) be the standard algebra automorphism defined by Ta(xjjfm) =
immj[m, To(hjr) = a"hj,, To(c +£1/2) = il/Q, To(kr) = kn (see [CP2, CP3]). Then U,(g) is
invariant by 7, and W,g ) is obtained from Wk by pull-back by 7. O

Consider x the usual character morphism for representations in Mod(i,(g)) and /5 the linear map
on Y such that for a monomial m, #(m) = w(m). We have 5o x4, = x o Res (see [FR, Theorem
3]). So theorem 6.10 implies :

Theorem 6.18. Leti e I,r > 1. We have :

(@) (@) ©)
QP 0 QP = Q0 9 Q8 (Res(Ly) (&) 10, <0 1oy @bt Blrstr—y/r)):

Moreover :
Theorem 6.19. For i € I,a € C*, Wka = Xq(W(Z) —2k)Yz_aq 2k}/z_alq_2k+2 ...qu_Qk kv (AY)

considered as a polynomial in A has a limit as a formal power series, that is to say

azimmw,gf; e ZIA; ljerpect-

In particular for i € I, Q,(f) = X(Q,(f))e_k[‘i considered as a polynomial in e~ has a limit as a
formal power series, that is to say

Alimy,—00 QY € Z[[e™]jer.
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Such a result was first proved in [N3] for simply-laced quantum affine algebras and then in [H5]
for general quantum affine algebras. These asymptotic properties are a crucial point in the proof
of the Kirillov-Reshetikhin conjecture. In particular it seems natural that it should be possible to
establish generalized fermionic formulas for the general Q,(;) as in [HKOTY].

Besides it should be possible to give an interpretation of the general T-system (theorem 6.10) in
terms of integrable systems as in the original approach [KNS].

6.3.3. Other possible applications and developments. After an explanation by A. Moura of the
proof of [CM], it seems that the quantum fusion tensor category constructed in this paper will lead
to a description of the block decomposition of the category Mod(U,(g)) in the spirit of [CM], the
usual tensor product being replaced by the fusion tensor product *; in the proofs. We hope to
treat this point in a separate publication.

It should be possible to establish a link with the fusion modules defined in [FL] for classical affine
algebras. Indeed we use for u the Z-grading of U,(g) which is the quantum analog of the natural
grading of g[t*].

We also would like to mention the following points. In this paper only the case ¢ generic is
considered; an analog theory for the root of unity cases has still to be established. As mentioned
in the introduction there should be other examples of the construction used in this paper and a
more general framework involving ”quantum Hopf vertex algebras” still to be defined. Eventually,
as we have a forgetful functor to the category of vector spaces, the tensor category constructed
in this paper should lead to the construction of certain new Hopf algebras A in a Tannaka-Krein
reconstruction spirit.
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