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Abstract

Let ¥ be the category of finite-dimensional representations afiantum affine algebra
Uq(g) of simply-laced type. We introduce certain monoidal suegaties?; (¢ € N) of ¢
and we study their Grothendieck rings using cluster algebra
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1 Introduction

1.1 Letg be asimple Lie algebra of typ&,, Dy or E,, and letUy(g) denote the corresponding
guantum affine algebra, with parametge C* not a root of unity. The monoidal catego#y of
finite-dimensionalUy(g)-modules has been studied by many authors from differerspeetives
(seee.qg.[AK, CPL, FR, GV, KS, N1]). In particular its simple objects have been classified by
Chari and Pressley, and Nakajima has calculated their ctearan terms of the cohomology of
certain quiver varieties.

In spite of these remarkable results many basic questignaireopen, and in particular little
is known about the tensor structure&f

Wheng = sl,, Chari and PressleyJP2] have shown that every simple object is isomorphic to a
tensor product of simple objects of a special type calledl&¥Reshetikhin modules. Conversely,
they have shown that a tensor prod8ck - - - ® S of Kirillov-Reshetikhin modules is simple if and



only if § ® §j is simple for every Ki < j < k. Moreover,§ ® Sj is simple if and only if§ andS;
are “in general position” (a combinatorial condition on tlo®ts of the Drinfeld polynomials of
S and§;). Hence, the Kirillov-Reshetikhin modules can be regaraetheprime simple objects
of ¥ [CP#g], and one knows which products of primes are simple. As ay easllary, one can
see that the tensor powers of any simple object’@fre simple.

Forg # sly, the situation is far more complicated. Thus, alreadygfers(s, we do not know a
general factorization theorem for simple objects (<B€], where a tentative list of prime simple
objects is conjectured). In fact, it was shown ir] fhat the tensor square of a simple object of
% is not necessarily simple in general, so one should not éxpsualts similar to thel, case for
other Lie algebrag.

Because of these difficulties, we decide in this paper tof@usome smaller subcategories.
We introduce a sequence

bC6L1C---CCCey, (¢ eN),

of full monoidal subcategories &, whose objects are characterized by certain strong restric
tions on the roots of the Drinfeld polynomials of their comsfimn factors. By construction, the
Grothendieck ringR; of 4, is a polynomial ring inn(¢ + 1) variables, wheren is the rank ofg.
Our starting point is thaR, is naturally equipped with the structure of a cluster algebr

Recall that cluster algebras were introduced by Fomin arndvidesky [FZ1] as a combi-
natorial device for studying canonical bases and totaltpdgi They found immediately lots
of applications, including a proof of a conjecture of Zanuahbikov concerning certain discrete
dynamical systems arising from the thermodynamic BethatansalledY-systems FZ2]. As
observed by Kuniba, Nakanishi and SuzukNS], Y-systems are strongly related with the repre-
sentation theory dfly(g) via some other systems of functional relations calledystems. It was
conjectured in KNS] that the characters of the Kirillov-Reshetikhin modulee solutions of a
T-system, and this was later proved by Nakajimd&][in the simply-laced case, and by Hernandez
in the general caséH3]. Now it is easy to notice that in the simply-laced case theatiqns of a
T-system are exactly of the same form as the exchange reddtiancluster algebra. This led us to
introduce a cluster algebra structureRrby using an initial seed consisting of a choicenof+ 1)
Kirillov-Reshetikhin modules if5;. The exchange matrix of this seed encodésquations of the
T-system satisfied by these Kirillov-Reshetikhin modulddoté that the seed containsfrozen
variables — or coefficients — in the sense BZ[].) By definition of a cluster algebra, one can
obtain new seeds by applying sequences of mutations to itired seed. Then one of our main
conjectures is that all the new cluster variables produnddis way are classes of simple objects
of €,. (Note that in general, these simple objects are no longeltd¢tReshetikhin modules.)

1.2 For/ =0, the cluster structure & is trivial: there is a unique cluster consisting entirely of
frozen variables.

The case = 1 is already very interesting, and most of this paper will bealed to it. Recall
that Fomin and Zelevinsky have classified the cluster alggetmith finitely many cluster variables
in terms of finite root systemd-fZ3]. It turns out that for every the ringR; has finitely many
cluster variables, and that its cluster type coincides #ithroot system of. Therefore, one may
expect that the tensor structure of the simple objects ofdtegory#; can be described in “a finite
way”. In fact we conjecture that for evegythe categorys, behaves as nicely as the categ@ty
for sl,, and we prove it fog of type A, andDy.

More precisely, we single out a finite set of simple object®pfvhose Drinfeld polynomials
are naturally labeled by the set of almost positive rootg @f.e., positive roots and negative



simple roots). Recall that the almost positive roots arene-tw-one correspondence with the
cluster variablesfZ3], so we shall call these objects thiister simple objectsTo these objects
we addn distinguished simple objects which we cliizen simple objectur first claim is that
the classes of these objectsRipcoincide with the cluster variables and frozen variables.

Recall also that the cluster variables are grouped intolapping subsets of cardinality
called clustersgZ1]. The number of clusters is a generalized Catalan numbértteey can be
identified with the faces of the dual of a generalized as$ecieon FZ2]. Our second claim is
that a tensor product of cluster simple objects is simplend anly if all the objects belong to a
common cluster. Moreover, the tensor product of a frozerprbject with any simple object is
again simple. It follows that every simple object#f is a tensor product of cluster simple objects
and frozen simple objects. As a consequence, the tensorpaivany simple object 0% are
simple.

To prove this, we show that a tensor prodéet - - - ® S of simple objects of7 is simple if
and only if§ ® S; is simple for everyi # j. This result is proved uniformly for all types.

Note that only the frozen objects and the cluster objectxch#d to positive simple roots and
negative simple roots are Kirillov-Reshetikhin modulehieTfemaining cluster objects (labelled
by the positive non simple roots) probably deserve to beiatlchore closely.

1.3 When/ > 1 the ringR, has in general infinitely many cluster variables, grouped in-
finitely many clusters. A notable exception is the cgsesl,, for which Ry is a cluster algebra of
finite type A, in the classification offZ3]. In this special case it follows fronJP2] that, again,
the classes iR, of the simple objects c&; are precisely the cluster monomialskf

We conjecture that for arbitrary and /¢, every cluster monomial d®; is the class of a sim-
ple object. We also conjecture that, conversely, the classsimple objeciSin %, is a cluster
monomial if and only ifS® Sis simple. In this case, followind.[], we call Sareal simple ob-
ject We believe that real simple objects form an interesting<iaf irreducibleUy(g)-modules,
and the meaning of our partial results and conjectures tshigér characters are governed by the
combinatorics of cluster algebras.

1.4 Letus now describe the contents of the paper in more detail.

In Section 2 we recall the definition of a cluster algebra, wedntroduce the new notion of
monoidal categorification of a cluster algebra (Definitiah)2 We show (Proposition 2.2) that
the existence of a monoidal categorification gives an imatedanswer to some important open
problems in the theory of cluster algebras, like the linealependence of cluster monomials, or
the positivity of the coefficients of their expansion witlspect to an arbitrary cluster.

In Section 3 we briefly review the theory of finite-dimensibrepresentations dfl4(g) and
we introduce the categori&s. We also recall the definition of the Kirillov-Reshetikhinodules
and we review th& -system of equations that they satisfy.

In Section 4 we introduce some simple objeStsr) of ¥ attached to the almost positive
rootsa, and we formulate our conjecture (Conjecture 4.6) for thegary%7. It states tha¥; is
a monoidal categorification of a cluster algebrawith the same Dynkin type a§ and that the
S(a) are the cluster simple objects. We illustrate the conjectutypeAs.

In Section 5 we review the definition and main properties @ dkcharacters of Frenkel-
Reshetikhin. One of the main tools to calculate them is thenkeal-Mukhin algorithm which
we recall and illustrate with examples.

In Section 6, we introduce some truncated versions ofgtebaracters fofs1. These new
truncated characters are much easier to calculate and ¢éin¢giic all the information to determine



the composition factors of an object 6i. The main result of this section (Proposition 6.7) is an
explicit formula for the truncated-character ofS(a) whena is a multiplicity-free positive root.

In Section 7, we review followingHZ2, FZ5] the F-polynomials of the cluster algebre'.
These are variants of the Fibonacci polynomialskZZ], which are the building blocks of the
general solution of &-system. They satisfy a functional equation similar tb-aystem and each
cluster variable can be expressed in terms df §golynomial in a simple way (Equation (32)). We
show that Conjecture 4.6 (i) is equivalent to the fact that(tformalized) truncategtcharacters of
the cluster simple objects are equal to Er@olynomials, and we prove it for the multiplicity-free
roots (Theorem 7.8).

In Section 8, we prove an important tensor product theorerthiocategorys; (Theorem 8.1):
if §,...,S are simple objects ¢f?, thenS, ® - -- ® S is simple if and only if§ ® Sj is simple for
everyi # j.

In Section 9, we introduce followindg=Z2] the notions of compatible roots and cluster expan-
sion. Because of Theorem 8.1 and of the existence and uregsei a cluster expansioR42],
we reduce Conjecture 4.6 (ii) for a givgrto a finite check: one has to verify th&ta) ® S(B) is
simple for every paifa, 3) of compatible roots.

In Section 10 and Section 11 we prove Conjecture 4.6 in BgpandD,4. Conjecture 4.6 (i)
is proved more generally in tyde,, by showing that the truncategicharacters of cluster simple
objects are given by the explicit combinatorial formula BZP] for the Fibonacci polynomials of
2-restricted roots.

In Section 12 we present some applications of our result&forFirst we show that the-
characters of the simple objects@f are solutions of a system of functional equations similar to
periodicT-system. Secondly, we explain that threeight multiplicities appearing in the truncated
g-characters of the cluster simple objects are equal to senmsot product multiplicities. This is
reminiscent of the Kostka duality for representationssigf but in our case it is not limited to
type A. Thirdly, we exploit some known geometric formulas fefpolynomials due to Fu and
Keller [FK] to express the coefficients of the truncatpdharacters of the simple objects 61
as Euler characteristics of some quiver grassmannians ilsimilar to the Nakajima character
formula for standard modules, but our formula works for dienmodules.

Finally in Section 13 we state our conjectures #r(arbitrary £) and illustrate them fog =
slp (arbitrary /) where they follow from €CP2], and g = sl3 (¢ = 2). We also explain how our
conjecture forg = sl (arbitrary £) would essentially follow from a general conjecture GiS2]
about the relation between Lusztig's dual canonical and skraicanonical bases.

1.5 Kedem Ke] and Di FrancescolJFK] have studied another connection between quantum
affine algebras and cluster algebras, based on other tygaaatfonal equations@-systems and
generalizedT -systems). KellerKel2] has obtained a proof of the periodicity conjecture Yor
systems attached to pairs of simply-laced Dynkin diagrasitgg.2-Calabi-Yau categorifications of
cluster algebras. More recently, Inoue, lyama, Kuniba,as#éhi and Suzukil[KNS ] have also
studied the connection betwe¥nrsystemsT-systems, Grothendieck rings bf;(g) and cluster
algebras, motivated by periodicity problems. These padersot study the relations between
cluster monomials and irreduciblé(g)-modules.

After this paper was submitted for publication, Nakajini5] gave a geometric proof of
Conjecture 4.6 for all type&,D,E, using a tensor category of perverse sheaves on quiver va-
rieties. This category also makes sense for non Dynkin geliged Nakajima showed that its
Grothendieck ring has a cluster algebra structure and thatuster monomials are classes of
simple objects. Thanks to Proposition 2.2 below, this Wedtrong positivity results for every
acyclic cluster algebra with a bipartite seed. To the bestwfknowledge, our conjecture for



¢ > 1 remains open.

We have presented our main results in several seminars arfdrences in 2008 and 2009
(IHP Paris (BL), MSRI Berkeley (BL), NTUA Athens (BL), ETH Zigh (DH), UNAM Mexico
(DH), Math. Institute Oxford (DH), MIO Oberwolfach (BL)). @thank these institutions for their
kind invitations. Special thanks are due to Arun Ram and M®Rbrganizing in spring 2008
a program on combinatorial representation theory wherege Ipart of this work was done. We
also thank Keller for his preliminary Oberwolfach report tiis work [Kell]. Finally we thank
Nakajima for helpful comments and stimulating discussions

2 Cluster algebras and their monoidal categorifications

2.1 We refer to FZ4] for an excellent survey on cluster algebras. Here we ordgltéhe main
definitions and results.

2.1.1 Let0< n<r be some fixed integers. B = (bij) is anr x (r — n)-matrix with integer
entries, then therincipal part Bof B is the square matrix obtained froBhby deleting the last
rows. Given somé& € [1,r — n| define a new x (r — n)-matrix p(B) = (bf;) by

—byj ifi=korj=k
b, = bk b + b b 1
] bij‘f“ |k‘ k]‘; |k‘ k]| othe ise ( )

wherei € [1,r] andj € [1,r —n]. One callsuy(B) the mutationof the matrixB in directionk. If
B is an integer matrix whose principal part is skew-symmettien it is easy to check thai(B)
is also an integer matrix with skew-symmetric principaltpai/e will assume from now on that
B has skew-symmetric principal part. In this case, one caivaigmtly encodeB by a quiverl”
with vertex set{1,...,r} and withbjj arrows fromj toi if bj; > 0 and—bjj arrows fromi to j if
bij; < 0. Note that™ has no loop nor 2-cycle.

Now Fomin and Zelevinsky define a cluster algebf#B) as follows. Let# = Q(x,..., %)
be the field of rational functions incommuting indeterminates= (xq,...,% ). One calls(x, B)
theinitial seedof 427(@). For 1< k <r —ndefine

Xlt — I_lbik>0xlbik —;kl_lbik<oxibik ) (2)

The pair(uk( ), Uk(B)), wherepi(x) is obtained fromx by replacingx by X, Is themutationof
the seedx, k ) in directionk. One can iterate this procedure and obtain new seeds byingutat
(Lk(X), tk(B)) in any direction € [1,r —n]. Let.#” denote the set of all seeds obtained fronB)
by any finite sequence of mutations. Each seed/otonsists of arr-tuple of elements o
called acluster, and of a matrix. The elements of a cluster arelitster variables Every seed has
r —n neighbours obtained by a single mutation in directiog k < r —n. One does not mutate
the lastn elements of a cluster; they are callgdzen variablesand belong to every cluster. We
then define theluster algebrazzf(@) as the subring o7 generated by all the cluster variables of
the seeds of”. The integer — nis called theank of 7 (B).

A cluster monomials a monomial in the cluster variables ofmngle cluster. Note that the
exchange relation (2) is of the form

XX = My +m- 3)
wherem,; andm_ are two cluster monomials.



2.1.2 The first important result of the theory is that every cluseiablez of <7 (B) is a Laurent
polynomial inx with coefficients irZ. It is conjectured that the coefficients are positive. Nbtd t
because of (2), every cluster variable can be written as tastiton free rational expression X
but this is not enough to ensure the positivity of its Lauxgansion.

The second main result is the classificatiorchister algebras of finite typ&e.with finitely
many different cluster variables. Fomin and Zelevinskyvpbthat this happens if and only if
there exists a se€d, C) such that the quiver attached to the principal paﬂ:arf a Dynkin quiver
(that is, an arbitrary orientation of a Dynkin diagram of ¢y, D,E). In this case, the cluster
monomials form a distinguished subsetzﬁ’(ﬁ), which is conjectured to beZ-basis FZ5, §11].

If ,;z{(ﬁ) is not of finite cluster type, the cluster monomials do notsipabut it is conjectured
that they are linearly independent. It is an interestingnopeblem to specify a “canonicalZ-
basis of« (B) containing the cluster monomials.

2.2 We now propose a natural framework which would yield positanswers to the above
guestions. We say that a simple obj&wf a monoidal category iprime if there exists no non
trivial factorizationS= § ® . We say thaSis real if S® Sis simple.

Definition 2.1 Let.«” be a cluster algebra and le#Z be an abelian monoidal category. We say
that .# is a monoidal categorification of7 if the Grothendieck ring of# is isomorphic tagf,
and if

(i) the cluster monomials o are the classes of all the real simple objects4f

(i) the cluster variables of7 (including the frozen ones) are the classes of all the reahpr
simple objects of#7 .

The existence of a monoidal categorification of a clusteelalg is a very strong property, as
shown by the following result.

Proposition 2.2 Suppose that the cluster algebed has a monoidal categorificationZ. Then

(i) every cluster variable af/ has a Laurent expansion with positive coefficients witheesp
to any cluster;

(i) the cluster monomials a#/ are linearly independent.

Proof — If mis a cluster monomial, we denote Bym) the simple object with clag§(m)] = m.
Let zbe a cluster variable, and let
N(X1,...,Xn)

i --x?'

denote its cluster expansion with respect to the cluster (xi,...,% ). Here the numerator
N(x1,...,X ) is @ polynomial with coefficients if. Multiplying both sides by the denominator,
we see thalN(x1,...,X ) is the class of the tensor product

P:=S2)@8x)*" @ @ 8x)*%.

Moreover, sinc« is a cluster, every monomiah = x‘f ---X& is the class of a simple object

> =Sx) M@ ®Sx)H



of .# . Hence the coefficient ahin N(xy, ..., ) is equal to the multiplicity ok as a composition
factor of P, thus it is nonnegative. This proves (i).

By definition of a monoidal categorification, the cluster rapmals form a subset of the set of
classes of all simple objects o, which is aZ-basis of the Grothendieck group. This proves (ii).
O

Remark 2.3 (i) In recent years, many examples of categorifications wstelr algebras have been
constructed (see.g.[MRZ, BMRRT, CC, GLS2, BIRS, CK, GLS4]). They are quite different
from the monoidal categorifications introduced in this pagedeed, these categories are only
additive and have no tensor operation. The multiplicatibthe cluster algebra reflects the direct
sum operation of the category. We shall call these categatifinsadditive Note that there is
no analogue of Proposition 2.2 for additive categorifiaagioAlthough additive categorifications
have been helpful for proving positivity of cluster expams or linear independence of cluster
monomials in some cases, this always requires some adalitieork, for example to show the
positivity of some Euler characteristics. Finally, to reepthe cluster algebra from its additive
categorification one does not consider the Grothendieclypgferhich would be too small) but a
kind of “dual Hall algebra” constructed viaduster character This is in general a complicated
procedure.

(i) In view of the strength and simplicity of Proposition22.one might wonder whether there
exist any examples of monoidal categorifications of clualgebras. One of the aims of this paper
is to produce some examples using representations of quaaitine algebras.

(iii) Let .# be an abelian monoidal category..# is a monoidal categorification of a cluster
algebra«, then we get new combinatorial insights about the tensacttre of.#. In particular
if o7 has finite cluster type, we can express any simple objeaZds a tensor product of finitely
many prime objects, and this yields a combinatorial algamito calculate the composition factors
of a tensor product of simple objects @#. So this can be a fruitful approach to study certain
interesting monoidal categorie#’. This is the point of view we adopt in this paper.

3 Finite-dimensional representations ofJq(g)

In this section we briefly review some known results in theespntation theory of quantum affine
algebras. For more detailed surveys we refer the readeetmtinograph@P1, chap. 12] and the
recent paperQH].

3.1 Letgbe asimple Lie algebra ovér of type A,, Dy, or E,. We denote by = [1,n| the set of
vertices of the Dynkin diagram, b&= [a;j]; ;I the Cartan matrix of, by h the Coxeter number,
by N = {a;i | i € 1} the set of simple roots, BY the Weyl group, with longest elemewg.

LetUq(g) denote the corresponding quantum affine algebra, with petenme C* not a root
of unity. Uy(g) has a Drinfeld-Jimbo presentation, which ig-analogue of the usual presentation
of the Kac-Moody algebrg. It also has a second presentation, due to Drinfeld, whidietter
suited to study finite-dimensional representations. Theeanfinitely many generators

X', % his ki, ket (i€l rez, seZ\{0}),

and a list of relations which we will not repeat (seg.[FR]). Remember thaf can be realized
as a central extension of the loop algebra C[t,t~1]. If x",x, h; (i € I) denote the Chevalley
generators of thenx,-jfr is ag-analogue ok,—i ®t', hi s is ag-analogue of; ®t°, k; stands for the
g-exponential oh; = h; ® 1, andc for the g-exponential of the central element.

7



For everya € C* there exists an automorphistg of Uqy(g) given by
Ta()ﬁ'jfr) = arxij,Era Ta(his) =ahis, Ta(k™) =k, Tta(c™) =ch
There also exists an involutive automorphisngiven by

o(%;)=x_;. o(his)=—hi_s, o) =k, o) =c™

3.2 We consider the category of finite-dimensionalJy(g)-modules (of type 1). Itis easy to
see that ifV is an object of¢’, thenc acts onV as the identity, and the generatdis, act by
pairwise commuting endomorphisms\6f

SinceUy(g) is a Hopf algebra¥’ is an abelian monoidal category. It is well-known thais
not semisimple.

For an objecV in ¥ anda € C*, we denote by (a) the pull-back oV undert,, and byV?
the pull-back ol undero. The map$/ — V(a) andV — V7 give auto-equivalences &f.

3.3 Letl denote the set of vertices of the Dynkin diagrang oft was proved by Chari and Press-
ley that the simple objecSof ¢ are parametrized blytuples of polynomialsis = (75 s(u); i € 1)

in one indeterminate with coefficients inC and constant term 1, called tBeginfeld polynomials
of S In particular, fora € C* andi € | we have dundamental module;Y which is the simple
object with Drinfeld polynomials:

l—au if j=i,

mm4®={ 1 i

3.4 LetS denote the dual d&. The Drinfeld polynomials of" are easily deduced from those
of S namely
s (U)=mvs(d ), (i€l
wherei — i denotes the involution ohgiven bywp(ai) = —ajv.
The Drinfeld polynomials behave simply under the actionhaf automorphisms,, namely,
for a simple objecBof ¥ we have

T% 5(a) (U) = Th s(au), (ifel).

They also behave simply under the action of the involuaofCP3, Prop. 5.1] H4, Cor. 4.11],
namely, if

7 s(u) = [](1-a),
k

then
e (U) = [1(1 -3 g M),
k

We also have the following compatibility with tensor prothidf S, andS; are simple, and if
Sis the simple object with Drinfeld polynomialg s := 15 5 T s, (i € I), thenSis a subquotient of
the tensor produch ® S.

3.5 LetRdenote the Grothendieck ring @f. It is known [FR, Cor. 2] thatR is the polynomial
ring overZ in the classe$vi 5] (i € I, a € C*) of the fundamental modules.



3.6 Since the Dynkin diagram qf is a bipartite graph, we have a partitidbn= 1o LI 1; such
that every edge connects a vertexl@fwith a vertex ofl;. The following notation will be very
convenient and used in many places. Ferl we set
[ 0 ifielp, o 3
E'_{ 1 ifier, 8- DT @)
Clearly, the map— &; is completely determined by the choice&f e {0, 1} for a single vertexo,
hence there are only two possible such maps.

3.7 Let%7y be the full subcategory & whose object¥ satisfy:

for every composition factos of V and everyi € |, the roots of the Drinfeld polynomial
75 s(u) belong tog?Z+4,

The Grothendieck rin&;, of ¢7 is the subring oRgenerated by the classpb a5 ] (i €1, k€ Z).
It is known that every simple obje&of ¢ can be written as a tensor prod$ta;) ® - - - ® Sc(ax)
for some simple objectS,, ..., S of 47 and some complex numbeag, .. ., ax such that

ggzqzz, (1<i<j<k).
J

(This follows, for example, from the fact that such a tensmdpct satisfies the irreducibility
criterion in [ChaZ2].) Therefore, the description of the simple objectssoessentially reduces to
the description of the simple objects 6#.

3.8 We will now introduce an increasing sequence of subcategai?’,. Let/ € N. (Note that
in this papelN denotes the set of nhonnegative integers, that &sND)

Definition 3.1 The categorys; is the full subcategory d&7 consisting of those objects V which
satisfy:

for every composition factor S of V and every |, the roots of the Drinfeld polynomial
75 s(u) belong to{q=2~% |0 < k< (}.

Note that for every simple obje&of €7, there existk € Z such thaS(g¥) belongs td; for some
/e N.

Proposition 3.2 %, is an abelian monoidal category, with Grothendieck ring plodynomial ring

R =7 ||Vl 0O<k<e|.
The proof of Proposition 3.2 will be given in 5.2.4. It is arsgaonsequence of the theory of
g-characters.

Example 3.3 The simple objects of the categdéy have a simple description. Indeed, it follows
from [FM, Prop. 6.15] that all tensor products of fundamental maxlolesy are simple, hence
every simple object o0&} is isomorphic to the tensor product of fundamental modutesespond-
ing to the irreducible factors of its Drinfeld polynomialsloreover any tensor product of simple
objects of%y is simple.



3.9 The definition of4; depends on the map— & which can be chosen in two different ways.
However, ifg is not of typeAy,, the image of¢; under the auto-equivalene— Vo (g2+1) is
the category defined lik&; but with the opposite choice df. If g is of typeAgn, the image ofs;
underV — V*(q") is the category defined like, but with the opposite choice &. This shows
that the choice of; is in fact irrelevant.

3.10 Foriel, ke N*anda € C*, the simple objedw(i)

k,a

- [(1-au(l-adu)---(1—ag2u) if j=i,
"j,vvk‘,';_{ 1 if £,

with Drinfeld polynomials

is called aKirillov-Reshetikhin moduleln particular fork = l,Wl(’i; coincides with the fundamen-

tal moduleV; 5. By convention,\lvo(’i‘,j)1 is the trivial representation for evenanda.

The cIasseMé_g] in R satisfy the following system of equations indexedi layl, k € N*, and
ac C*, calledthe T-system

WD) = D I o]+ T, 5)
J

where in the right-hand side, the product runs over all edij adjacent toi in the Dynkin
diagram. This was conjectured iKINS] and proved in N2, H3]. Using these equations, one

can calculate inductively the expression of aiV\gé_g] as a polynomial in the cIass@Nl(_';] of the
fundamental modules. ' '

Example 3.4 For g = slp, we havel = {1}, and we may drop the indexn [Wlég]. TheT-system
reads
Wk al Wk ae] = Mkt 1.0] Wh—1 2] + 1, (aeC, keN").

This easily implies tha\i 5] is given by thek x k determinant:

WA 4] 1 0 0
1 [Wl,aqz] 1 :

Wal=1{ o 1 Mo : ' (6)
6 . 0' 1' [WLa'qzkfz]

4 The case/ = 1. statement of results and conjectures

We now focus on the subcategory.

4.1 LetQ = ZI be the root lattice ofi. Let ® C Q be the root system. Followindg-£2] we
denote by®-._; the subset of almost positive roots, that is,

o1 =D oU(-N)
consists of the positive roots together with the negativieh® simple roots. In this section, we

attach to eacly € d-._; a simple objec§3) of %1.

10



4.1.1 To the negative simple roeta; we attach the modul®—a;) whose Drinfeld polynomials
are all equal to 1, exce} 5_q,) Which is equal to

[ 1-ud® if i€l
P"S(“‘)(u)_{l—uq if iely. )

In other words §(—ai) is equal to the fundamental modfg, if i € lo, and to the fundamental
moduleV, q if i € 11.

4.1.2 To the simple root; we attach the modul(a;) whose Drinfeld polynomials are all equal
to 1, exceph g4, Which is equal to

1-u if i€l
Plsta) () :{ 1-ug if i€ Ii. (8)

In other words,S(ai) is equal to the fundamental modug; if i € lg, and to the fundamental
moduleV, g if i € 15.

4.1.3 ToB =S¢ biaj € d-o we attach the modul§(y) whose Drinfeld polynomials are
b .
Rsp = (Rsa) » (€l ©)
If B is not a simple root, this isot a Kirillov-Reshetikhin module.

4.1.4 Fori €1, we denote byr the simple module whose Drinfeld polynomials are all equal
to 1, excep® g which is equal to

[ A—ud)(1-ug?) if i€l
Pul:.(u)_{ A_ug(luf) i icl (10)

This is a Kirillov-Reshetikhin module. The classég will play the rdle of frozen cluster variables
in the Grothendieck ringr;.

4.2 We define a quivef” with 2n vertices as follows. We start from a copy of the Dynkin
diagram oriented in such a way that every vertex,aé a source, and every vertex lafis a sink.
For everyi € | we then add a new vertekand an arrow < i’ if i € lg (resp. i— i’ if i € I7).

Example 4.1 Let g be of typeAs. We choosdy = {1,3}. The quiverl is
1 « 71

— 2

W— N <

— 3

Putl’={i’ |i € 1}. Itis often convenient to identify with [1,n], I” with [n+ 1,2n], andi’ with
i +n. This will be done freely in the sequel. As explained in 2\ielcan attach a matrig = (bij)
to . This is a 21 x n-matrix with set of column indicek, and set of row indicesU I’, the vertex
set of". The entryly;; is equal to 1 if there is an arrow fromto i in I, to -1 if there is an arrow
fromito jinTI, and to O otherwise.

11



Example 4.2 We continue the previous example. We have

0O -1 O
1 0 1
= 0O -1 O
B= -1 0 O
O 1 0O
0O 0 -1

4.3 Let .o/ = o/(B) be the cluster algebra attached as in 2.1.1 to the initiad sed), where

X = (X1,...,Xn). This is a cluster algebra of rankwith n frozen variables. By construction,
the principal part oB is a skew-symmetric matrix encoded by a Dynkin quiver (wittkssource
orientation) of the same Dynkin type gsAs recalled in 2.1.2, it follows fromHZ3] that < has
finitely many cluster variables. Moreover, the (non-frogeluster variables are naturally labelled
by @ _1 via their denominatorfZ3, Th.1.9]. Letx[B] denote the cluster variable attached to
B € ®-_;, and letf; = X,y denote the frozen variable attached'tei+nel’.

Example 4.3 We continue the previous examples. We have
®._1={—0a1, —az, —0as3, 01, 02, O3, A1+ A2, 02 + O3, A1 + 02+ O3}.
The cluster algebra7 is the subring of#7 = Q(x1,X2,X3, f1, f2, f3) generated by
X[—a1] = X1, X[—02] = X2, X[—03] = X3, f1, fa, f3,

and the following cluster variables

x[on] = Xz)-(i; f1’
Xlag] = %’
Xas] = %,
Xja1+ap] = foxa + f>1<)1(>1<)2(3 + fafa ’
x[az +a3] = faxa + fi)z()l(f + fof3 7
fox3 + f1faxaxa + f1foxo + fofaxa + f1fafa |

Xo1+az2+as] = X XoXa

Lemma 4.4 The cluster algebrar is equal to the polynomial ring in then variables

X[—ai], X[oi], (i €l).

Proof — This follows from BFZ]. Indeed,< is an acyclic cluster algebra, an@-a;i], x[a]
are the generators denoted Xyx in [BFZ]. The monomials i, X}, ..., %, X, Which contain
no product of the fornxjx’j are calledstandard and by BFZ, Cor. 1.21] they form a basis of

over the ringZ[f; | i € I]. It then follows from the relations; = XX — i xj_""‘j that the set of all
monomials inxg, Xj,..., X, X, iS a basis ofe7 overZ. O
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Example 4.5 We continue Example 4.3. The generatorszffcan be expressed as polynomials
in
X[_al]v X[_a2]v X[_a3]> X[al]> X[a2]v X[a3]v

as follows:
fi = X—mlxo1] —x[—az],
fo = X—alx[az] — X[—o1]X[—as],
f3 = Xx—as]x[as] —x[—a2],
Xlag+az] = Xai]x[az] —X[—as],
[az]X[as] — X[—aq],
[aa]x]

]
Xaz+a3] = X
x[orl + oo+ (,73]

4.4 We have seen in 3.8 that the Grothendieck igs the polynomial ring in the classes of
the 2 fundamental modules &f;:

S(—ai), S(ai),  (i€l).
By Lemma 4.4, the assignment
X[—ai] = [S(—ai)], Xai]—[Sa)], (i€l),

extends to a ring isomorphismfrom <7 to Ry.
We can now state the main theorem-conjecture of this section

Conjecture 4.6 (i) We have
(X[B) =[8B)), 1(f)=1[F], (Be®Pg,icl).

(ii) If we identify.e7 to Ry via 1, 1 becomes a monoidal categorification.@f. Moreover, the
class in R of any simple object ¢#; is a cluster monomial (in other words, every simple
object of#7 is real).

The conjecture will be proved in Section 10 fgof type A,. In Section 11 we prove it fog
of type D4, and we prove (i) fog of type Dy,.
Conjecture 4.6 (ii) immediately implies the following

Corollary 4.7 (i) The category#; has finitely many prime simple objects, namely, the cluster
simple objects @) (B € ®-_1), and the frozen simple objects(Fe I).

(i) Each simple object o#; is a tensor product of primes whose classes belong to onesof th
clusters ofe7.

(i) All the tensor powers of a simple object@f are simple.

(iv) The cluster monomials formZbasis ofe’ . O
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Example 4.8 We continue the previous examples. By Corollary 4.7 gfof type Az the category
%1 has 12 prime simple objects:

S(_al)7 S(—az), S(_a3)7 S(al)v S(C(z), S(C(g,), S(Gl—l-az), S(GZ+G3)7 S(al+02+a3)a
Fi, B, Fs.

The first 6 modules are fundamental representatibng;,, F3 are Kirillov-Reshetikhin modules,
S(a1 + az2), S(a2 + az) are minimal affinizations (in the sense @Hal]), but S(a1 + a2+ a3)
is nota minimal affinization. Its underlyingq(g)-module is isomorphic & (wy + @ + ws) ©
V(m»). (Here we denote by (i € |) the fundamental weights @f and byV (A) the irreducible
Ugq(g)-module with highest weight .)

Using the known dimensions of the fundamental modules aaddimulas of Example 4.5,
we can easily calculate their dimensions, namely (in theesarder):

46,4, 4, 6,4, 20 20, 70, 10, 20, 10.
The cluster algebras has 14 clusters:

{_al7 _027 _03}7 {alu _027 _03}7 {_alu aZu _03}7 {_al7 _027 03}7 {alu _027 03}7
{—a1, a2, 02+ a3}, {—0a1, as, ax+as}, {—az, a2, a1+ a2}, {—as, a1, a1+ az},
{a1+az, a2, a2+ a3}, {a1, a3, a1+ a2+ az}, {01, a1+ az, a1+ a2 + as},

{(13, ar+ 03, 01+ 02-1-03}, {orl+orz, ar+ a3, 01+ a2+ag}.

Here we have written for shofl instead ofx|3] and we have omitted the three frozen variables
which belong to every cluster.
The simple objects o#; are exactly all tensor products of the form

S(B)* @ S(Br) %k @ S(Ba) P @ M @ R @ BB, (K, ko, Ka,l1, 12, 13) € NE,

in which {1, B2, B3} runs over the 14 clusters listed above. Moreover, simpleatbjmultiply (in
the Grothendieck ring) as the corresponding cluster moatsnin <. For instance, the exchange
formula

X[—az]X[az] = f2+X[—ou]X[—a3]

shows that the tensor produst—a) ® S(a2) has two composition factors isomorphicFg and

S—01) @ X~0a3).

5 g-characters

5.1 Anessential tool for our proof of Conjecture 4.6 in typandD is the theory ofy-characters
of Frenkel and ReshetikhifFR]. We shall recall briefly their definition and main propestid-or
more details see.g.[CH].

5.1.1 Recall from 3.2 that iV is a finite-dimensional,(g)-module, the endomorphisms of
which represent the generatdis, commute with each other. Moreover, by Drinfeld’s presenta-
tion thek; are pairwise commutative, and they commute with alllthg. Hence we can writy
as a finite direct sum of common generalized eigenspacebdaitnultaneous action of theand
of the h; ;. These common generalized eigenspaces are calldeatbight-space®f V. (Herel
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stands for “loop”). Theay-character of Vis a Laurent polynomial with positive integer coefficients
in some indeterminate¥ 5 (i € I,a € C*), which encodes the decomposition\tfas the direct
sum of itsl-weight-spaces .

More precisely, the eigenvalues of thg, (m > 0) in anl-weight-spac&V of V are always of

the form
qm _ qu k. m Ii m
m(a—q7) <rzl(a") ~2 ) -

for some nonzero complex numbegs, bis. Moreover, they completely determine the eigenvalues
of theh; ,» (M < 0) and of thek; onW. We encode this collection of eigenvalues with the Laurent

monomial y !
E}(ﬂf@41r¢>, (12)
I r= S=

and the coefficient of this monomial in tlgecharacter oV is the dimension oW [FM, Prop.
2.4]. The collection of eigenvalues (11) is called theeight of W. By a slight abuse, we shall
often say that th&-weight of W is the monomial (12).

Let# = Z[Yii;;i € l,ae C*], and denote byy(V) € # theg-character oV € ¢. One shows

that x4(V) depends only on the class dfin the Grothendieck ringr, and that the induced map
Xq:R— ¢ is an injective ring homomorphism.

Example 5.1 Let g = sl,. Thenl = {1}, and we can drop the indéx |. Hence
% =LY aeC.

One calculates easily tlecharacter of the fundamental modiig ,. It is two-dimensional, and
decomposes as a sum of two common eigenspaces:

XqWia) = Ya +Y;q21. (13)

From the identity
Woa] Wi ae] = Mool Woace] +1= Woa] +1,

(see Example 3.4), one deduces that
XaW2a) = YaYaq + YaYaa} + Ye:qzlYaiq‘%'

One can calculate similarly thegcharacter of every Kirillov-Reshetikhin module 1'05(;[2) (see
below Example 5.2).

5.1.2 Uq(g) has a natural subalgebra isomorphidigg), hence every € ¢ can be regarded
as aUq(g)-module by restriction. Thé-weight-space decomposition Gfis a refinement of its
decomposition as a direct sumldg(g)-weight-spaces. Ld? be the weight lattice of, with basis
given by the fundamental weights (i € I). We denote byw the Z-linear map from#? to Z[P]
defined by

w(g%?>=z(gw9m. (14)

If W is anl-weight-space o¥ with |-weight the Laurent monomiah € ¢/, thenW is a subspace
of theUq(g)-weight-space with weighi (m). Hence, the image(xq(V)) of theg-character oV
is the ordinary character of the underlyilig(g)-module.
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Fori € | anda € C* define
Aa=YiaqYiaq []Yia- (15)
JA
(Note that, because of our general assumptionghatsimply-laced (se&3.1), fori # j we have
aj € {0,—1}.) Thusw(Ai a) = ai, and theA; , (a € C*) should be viewed as affine analogues of
the simple root;. Following [FR], we define a partial order on the set of Laurent monomials
in the; 5 by setting:

m . _
m<m o isa monomial in the\; 5.

This is an affine analogue of the usual partial ordePodefined byA < A’ if and only if A’ — A
is a sum of simple roots;.
Let Sbe a simple object o& with Drinfeld polynomials

N

ms(u)=[](1-ua’), (el (16)
k=1
Then the subsetZ(S) of .# consisting of all the monomials occuring jy(S) has a unique
maximal element with respect tg, which is equal to
N
Mg = Y (i) (17)
€ IDl Hk

and has coefficient 1HM, Th. 4.1]. This is thehighest weight monomiaif x4(S). The one-
dimensional-weight-space o with |-weightms consists of thdighest-weight vectorsf S, that
is, thel-weight vectorss € Ssuch thatx!, v =0 for everyi € | andr € Z.

A monomialme .Z is calleddommantlf it does not contain negative powers of the variables
Yi.a. The highest weight monomiais of an irreducibleg-characteryq(S) is always dominant. We
will denote by.#, the set of dominant monomials.

Conversely, we can associate to any dominant monomial a$7ng unique set of Drin-
feld polynomials given by (16). Hence, we can equivalentiyametrize the isoclasses of simple
objects of € by .# .. In the sequel, the simple module whageharacter has highest weight
monomialm € .Z.. will be denoted by.(m). To summarize, we have

Xq(L(m)) =m <1+ > Mp) )
g

where all theM, are monomials in the variabley ;. 1. It will sometimes be convenient to renor-
malize theg-characters and work with

FalLm) =  xa(L(m) =1+ 3 My (19)

P
This is a polynomial with positive integer coefficients iretVariabIesAij;.

Example 5.2 We continue Example 5.1 and describe tpeharacters of all the simple objects of
¢ for g =slp. Forae C*, we haveAg = YaqYaq1- FOrke N, putmyga =VYaYae - Y2 It follows
from (6) and (13) that for the Kirillov-Reshetikhin module® have FR]:

XaWha) = Mea (1 Azdes (L AL (T4 (1+AZA+AD) ). (9
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We callg-segment of origin a and lengthtke string of complex numbers

s (k,a) = {a, acf, ---,aq?2}.

Two g-segments are said to bespecial positiorif one does not contain the other, and their union
is ag-segment. Otherwise we say that there argeneral position It is easy to check that every
finite multi-set{by,...,bs} of elements ofC* can be written uniquely as a union of segments
Z(ki,a) in such a way that every pafE(ki,a ), Z(kj,a;j)) is in general position. Then, Chari and
Pressley CP2] have proved that the simple moduavith Drinfeld polynomial

S

r(u) = [ (1 ubw)

m=1

is isomorphic to the tensor product of Kirillov-Reshetiktmodules®; W 5. Hencexq(S) can
be calculated using (19).

An important consequence of the existence and uniquengkle bfghest-weight of a simple
module is:

Proposition 5.3 [FM] Let V and W be two objects @f. If xq(V) and xq(W) have the same
dominant monomials with the same multiplicities, thgtV) = xq(W).

Indeed, to expresgy(V) as a sum of irreducible-characters, one can use the following simple
procedure. Pick a dominant monomialin xq(V) which is maximal with respect to the par-
tial order<. Thenxq(V) — xq(L(m)) is a polynomial with nonnegative coefficients. ¥§(V) —
Xq(L(m)) # 0O, then pick a maximal dominant monomial in xq(V) — Xq(L(m)) and consider
Xq(V) — Xq(L(M)) — Xq(L(n7)). And so forth. After a finite number of steps one gets the decom
position of x4(V) into irreducible characters using only its subset of domimaonomials.

5.2 We now recall an algorithm due to Frenkel and MukH#M] which attaches to anpe .7,
a polynomial FMm), equal to theg-character of.(m) under certain conditions.

5.2.1 We first introduce some notation. Givek |, we say thamm € ./ is i-dominantif every
variableY; , (a € C*) occurs inmwith non-negative exponent, and in this case we write .7 .
Using the known irreduciblel-characters qu(.qAIZ) (see Example 5.2) we define fore .
a polynomialg;(m) as follows. Letm be the monomial obtained from by replacingY; a by Ya
if j=iandby 1ifj#i. Then there is a unique irreducibtpcharacteryq(m) of Uq(sftz) with
highest weight monomiah. Write x4(m) = M(1+ ¥ ,M;), where theM, are monomials in the
variablesA;* (a € C*). Then one setg;(m) := m(1+ ¥ ,Mp) where eactMy is obtained from
the correspondin®1,, by replacing each variable; ! by Af;-

Suppose now thain € .#,. We define the subs@,, of .# as follows. A monomial
belongs tDy, if there is a finite sequendgny = m,my,...,m = m') such that foralr = 1,....t
there exists € | such thaim,_, € . ;. andm, is a monomial occuring ig;(m,_1). Clearly,Dm
is countable and evenyl € Dy, satisfiesf < m. We can therefore write

Dm={mp=m, my, mp, ... }

in such a way that i, < m, thent >r.
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Finally, we define inductively some sequences of intedsirsy ) ),>o and (s(m))r>o (i € I)
as follows. The initial condition is(mg) = 1 ands (mg) =0 for alli € |. Fort > 1, we set

s(m) = > (s(my) —s(m))[gi(m) im], (i€l), (20)
r<t, mee .
sm) = maqs(m)|iel}, (21)

where[¢i(my) : m] denotes the coefficient of; in the polynomialg; (m,). We then put

FM(m) := %s(m()mr. (22)
r>
Example 5.4 Takeg of type A, andm=Y11Y; 3. We have
¢ (m) - Y]_ ]_Y2 q3 +Yl q2Y2 qY2 qS,

$2(m) =VY11Y, P +Y11Y; q4Y 2667
SO we putmy = Y1 qu2 qYoge andmy = VY11 q4Y . The monomialn is 2-dominant, and we
have

$2(my) =Y, qzvz aYaqe + Y, qzvl @ Y2.qY5 o Y1 Ys, qgvz i

similarly, m, is 1-dominant and we have

¢1(rr12):Y1’1Y1,q4Y2Tq15,+Y1 ¢ Y1 Y2aYs q5+Y1 1Y +Y A Yo

1,92 '1,0°
We setmg = Y 2Y1q4Y2qY 5,m4 Y1q4Y 3Y2 15,ms Y11Y. qe,andm(; Y1 5 1q6Y2q We see

thatmg is nelther 1- domlnant nor 2- domlnant The mononmalls 1- domlnant and
¢1(rn4) = Yl q4Y2 q%Yz_q% + Yl q]éYZ_qa‘ ,
similarly, ms andmg are 2-dominant and
¢2(rn5) = Yl lYl Q6 ¢2(rne) Yl qJéYl qleYZ,q + Y]_ q]éYz P

Finally the monomiah; =Y, quY2 e is neither 1-dominant nor 2-dominant. So

Dm: {m> My, M, M3, My, Ms, Mg, rn?}

It is easy to check that Flvn) is the sum of all the elements B, with coefficient 1, and that we
have

M(M) = ¢1(m) + ¢1(M) + P1(Mu) = P2(M) + P2(M1) + P2(Ms) + P2(M).

5.2.2 Letme ;. We say that the simple modulé€m) is minusculef mis the only dominant
monomial ofxy(L(m)). (In [N3] these modules are callegpecial)

Theorem 5.5 [FM] If L(m) is minuscule theyg(L(m)) = FM(m). Moreover, all the fundamental
modules are minuscule.

It was proved in N2] that Kirillov-Reshetikhin modules are also minuscule. faftunately,
there exist simple modules for which the Frenkel-Mukhincgitnm fails, as shown by the next
example. For another example in typgsee NN].
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Example 5.6 Take g of type A, andm = Y12’1Y27q3. Clearly,L(m) is a simple object ofs7, and
using Conjecture 4.6 (ii) (which will be proved in Sectionihtype A,), we have in the notation
of 4.1

L(m) = Sa1) @ Sa1+ a2) = L(Y171) & L(Y171Y2’q3).

It is easy to calculate that fgrof type A, 1 anda e C*, we have
Xa(L(Y12)) = Ya+Y s Yoaq+ Yy msVaaq + -+ Yy aepin-

Hence, for our example in typ&,, Xq(L(M)) = Xq(L(Y11))Xq(L(Y1.1Y,q)) contains the monomial
YZTqJéYl,le,q3 =Yi1=mA A, cl‘z

with coefficient 1. On the other handy (m) = m(1+2A; ¢ +A;2) and go(m) = m(1+A, &)
Now my ;= mAié =Y11Y, Y2 qYz,q IS 2-dominant angz(my) = my 1+A£é4 +A;c1‘2A;c1‘4 ). Thus
FM(m) — m—2my is of the formmP whereP € Z[AIa,A2 2 a€ C*] contains only monomials

divisible by A; 2 orA;é4. Hence FMm) does not contain the monomialA; ;A, 32’ thus FMm)
is not equal tgxg(L(m)).

Remark 5.7 (i) When FM(m) = xq(L(m)), this polynomial can be written for eveiye | as a
positive sum of polynomials of the form; (n) for somenf € . . Form' € DN % ,, the
integers(m') — s () is then the coefficient of; (n) in this sum.

(i) One can slightly generalize=M, Th. 5.9] as follows: a sufficient condition for having
FM(m) = xq(L(m)) is that FM'm) contains all the dominant monomials yf(L(m)). The proof
is essentially the same as iaNl, Th. 5.9].

(iii) In [H1], a polynomialF(m) defined by formulas similar to (20), (21), (22), has been
defined for anym € .#, . The only difference between the definitionskafm) and FMm) is the
formula givings(my). If L(m) is minuscule, therfr(m) = FM(m) = xq(L(m)). OtherwiseF (m)
may not be equal to Fiin). The polynomial FMm) has nonnegative coefficients, may contain
several dominant monomials, and it may not belong to the ewdghe mapyg: R— . On the
other handfF (m) belongs to this image, has a unique dominant monomial (¢qua), but may
have negative coefficients.

This is well illustrated by Example 5.6. In that cdsen) has dimension 24, and we have

FM(m) = Xq(L(M) = Yoz, F(M) = Xq(L(M) = Yo1 =Y, 5Y2q— Yy 5.

andF (m) contains the monomlad2 5 with coefficient—1.
In this paper when we refer to the Frenkel-Mukhin algorithra will always mean the poly-
nomial FM(m).

5.2.3 Let us note a useful consequence of the Frenkel-Mukhin idfgor

Proposition 5.8 Let m= [];_; Yi.a € -#+ and let mM be a monomial occuring jy(L(m)),
where M is a monomial in the variableajx(i el,acC"). If Aj‘tl) occurs in M there exist

ke {1,...,r} and I € N\ {0} such that b= acq . Moreover, there also exist finite sequences
(Jl:|k71277JS: J)€|57 (|1:1<|2<<|5:|)6NS

such that g j , = —1 and A) ad

&j, = &, and even otherwise.

occurs in M for every &= 1,...,s— 1. Finally, I is odd if

t
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Proof — If m=Y, 4 is the highest weight monomial of a fundamental module, thgh(m)) =
FM(m), and the proposition holds by definition of the algorithm Fi.the general case, by 3.4
L(m) is a subquotient of the tensor produgf ;L (Y, a ), and therefore itg-character is contained
in the product of the-characters of the factors, which proves the proposition. O

5.2.4 We can now prove Proposition 3.2. Letm) andL(m') be in%4;. This means thamn
and m' are monomials in the variable§ .2 (0 <k < {). If L(m") is a composition factor
of L(m)®@L(m') thenm’ is a product of monomials ofq(L(m)) and xq(L(n)). So we have
m’ = mmM whereM is a monomial in thé\ha We claim that, fom” to be dominant, the spectral
parameters have to be of the forna = gfi+2<1 with 0 < k < £ — 1. Indeed, by Proposition 5.8
we know that these parameters belongio2'+1. Let

S= max{r|A E+2r+loccurs inM for somei }.

If s> ¢ then all variablesY; . .2s:> occuring inm’ have a negative exponent, aml cannot be

dominant. Henca = qfI+2k+l with 0 < k < ¢ — 1. It follows thatm’ depends only on the variables
Y, gir2 (0< k< £). ThusL(n') is in 4} and %} is closed under tensor products. The description
of the Grothendieck ringR, immediately follows, and this finishes the proof of Proposit3.2.

5.2.5 As aconsequence of Proposition 5.8, all simple modulesdcéitegorysy are minuscule.
Indeed consider such a mod@evith highest monomiain. A monomialn' occuring inxy(S) —m
contains at least on@f withr >1andj € 1. Asme Z[Y, ici, we can conclude as in Section

5.2.4 thatm is not domlnant

This property also holds for other subcategories equivalersy obtained by shifting the
spectral parameter by € C*. More explicitly, consider the category of finite-dimensab rep-
resentationd/ which satisfy : for every composition fact@of V and everyi € I, the Drinfeld
polynomial 75 s(u) belongs toZ[(1—a g% u)]. Then one proves exactly as above that in this
category any simple object is minuscule, and every tensmiymt of simple objects is simple.

5.3 The next proposition is often helpful to prove that certaionomials belong to the-
character of a module.

Proposition 5.9 [H2, Prop. 3.1]Let V be an object o#” and fix i€ |. Then there is a unique
decomposition okq(V) as a finite sum

Xq(V) = ;/ Améi(m),

and theA, are nonnegative integers.

Suppose that we know thate . | occurs inxq(V). Assume also that iff € .7 , \ {m}
is such thatp; (m') containsm thenn does not occur irxq(V). Then the proposition implies that
all the monomials ofp; (m) occur inxq(V). In particular, letm € .#, and letmM be a monomial
of Xq(L(m)), whereM is a monomial in theA; 2 (j € 1). If M contains no variabléy " then
mM € . . and¢;(mM) is contained irxq(L(m)).
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5.4 We will sometimes need a natural generalization of 5.3 irciiihe singletodi} is replaced
by an arbitrary subset of I. To formulate it we first need to imitate the definition ¢a{m) and
introduce some polynomialg;(m). We say thatn € .# is J-dominant and we writeme .,

if m does not contain negative powers\(]>fa (j€J, ac C*). Forme .# we denote bym the
monomial obtained fronm by replacingY; by 1 ifi ¢ J. If me .#; . thenm can be regarded
as a dominant monomial for the subalgeU@gJ ) of Uy(g) generated by the Drinfeld generators
attached to the vertices df Denote byx,(m) theg-character of the unique irreducibdecharacter
of Ug(gy) with highest weight monomiain. Write xq(M) = M(1+4 ¥ ,M;), where theM, are

monomials in the variabIeF (j €J, ae C*). Then one setg;(m) :=m(1+ 3 ,Mp) where each

My is obtained from the correspondiid, by replacing each varlable‘ by A‘l In particular,
if me ., theng;(m) is the sum of all the monomials af(L(m)) of the formmM whereM is a
monomial in theA;é (j €J). We can now state

Proposition 5.10 [H2, Prop. 3.1]JLet V be an object o¥ and let J be an arbitrary subset of I.
Then there is a unique decompositionygfV ) as a finite sum

Xa(V) = ; Améa(m),

and theA, are nonnegative integers.

In particular, letme ... and letmM be a monomial ofq(L(m)), whereM is a monomial in the
A{a1 (iel). If M contains no vanablé\ 3 with j € JthenmM € .#; . and¢;(mM) is contained

in Xq(L(m)).

6 Truncated g-characters

The Frenkel-Mukhin algorithm is an important tool becausereg is no general formula (like
the Weyl character formula) for calculating an irreducigleharacter ofg. Unfortunately, even
when the Frenkel-Mukhin algorithm is successful, the fupp@nsion of the irreduciblg-character

is in general impossible to handle because it contains tosym@onomials. For example, the
g-character of the 5th fundamental representationgfoif type Eg has 6899079264 monomials
(counted with their multiplicities) Ni4]. However, when dealing with the subcategafy, we
can work with certain truncations of thecharacters, as we shall explain in this section. Thus,
we will see that in the category; in type Dy, the q-characterxq(L(Y17q3Y2%1Y37q3Y47q3)) which
contains 167237 monomials (counted with their multipks) can be controlled by its truncated
g-character which has only 14 monomials.

6.1 From now on we will work in the subcategofs,. It follows from Proposition 5.8 that
the g-characters of objects &f7 involve only monomials in the variablegy (i € 1,r € Z). To
simplify notation,we will henceforth write;¥ instead of Yy . Similarly, we will write A ; instead
of A7qr .

6.2 LetV be an object of;. We can write

_ Zm((l—i- Y M)
p

where themy are dominant monomials in the variabgsg,,Y, 5 - (i € 1), and thel\/lék) are certain

(k)

monomials in the’\ijrl. The factorization of a monomiah = m¢Mp™ is in general not unique. For
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example, in typed; we haveY1,0Y1,2A£ } =Y>21. However, ifmkMék) is such thaM,()k) contains a
negative power of; ; for somei € | and some > 3, because of the restriction on the variables
occuring inmg and of the formula

-1__ -1 -1 g
A=Y ] Yie
jraj=-1

for any other expressiomkM,()k) = mkl\ﬁék) the monomiall\ﬁék) also contains a negative power of
A, for somei € | and some > 3. We define theruncated g-character of o be the Laurent

polynomial obtained fronyq(V) by keeping only the monomiaMék) which do not contain any
Aifrl with r > 3. We denote this truncated polynomial jgy(V)<2. Our motivation for introducing
this truncation is the following

Proposition 6.1 The map V— xq(V)<2 is an injective homomorphism from the Grothendieck
ring Ry of 1 to #'.

Proof — Itis clear from the definition that our truncatgetharacter is additive and multiplicative,
hence induces a homomorphism fré&tnto %. Let us prove injectivity. LeEbe a simple object of
€1, and xg(S) = m(1+ 3« Mx) where theMy are monomials in thaijrl. If My contains a variable

Aijrl with r > 3 thenmM can not be dominant. Indeed, if
s=max{r | A" occurs inMy for somei },

then all variablesy; 5.1 occuring inmM have a negative exponent, and thereforlsy is not
dominant. (In the terminology ofAM, §6.1], mM is aright negativemonomial.) Hence, the
dominant monomials of4(S) are all contained in its truncated versigg(S)<2. Thus, if for
two objectsV andW of %1 we havexq(V)<2 = Xq(W)<2 then xq(V) and xq(W) have the same
dominant monomials, and the claim follows from Proposittod. O

Remark 6.2 One might consider a different truncatgetharacter, obtained by keeping only the
dominant monomials. By Proposition 5.3, this truncatiomjective onRy, but it is difficult to
use because it is not multiplicative.

Example 6.3 We continue Example 5.4 in typ&. With our new simplified notation, we have
m=Y10Y>3, and one checks easily that

Xq(L(m))<2 =m+m = Y1’0Y2’3 +Y1T21Y2’1Y2’3 = Y1’0Y2’3 (l + AI&) .
On the other hand, it follows from Example 5.6 that

Xa(L(YZoY23))<2 = Xa(L(Y10))<2Xq(L(Y10Y23))<2
Yoo (14 A +ATIAL) YioYas (14 Ac)
= Yo¥as (1+2A£}+A£§+A£}A£%+A£§A2j%) :

Example 6.4 Let g be of typeA,D,E. Then fori € |

Xa(L(i2))2 = Yiz, Xa(L(Yia)<z =Yi1 (1+AF),
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Xa(L(Yi0))<2 =Yi0 <1+A€11 (1+Ai%)>,

jelagj=-1

Xa(L(YigYig+2))<2=YigYig o
Indeed, for all these modules tlyecharacter is given by the Frenkel-Mukhin algorithm (thetfir
three are fundamental modules, and the last one is a Kiieshetikhin module.)

Let us introduce foP,Q Z[Y,jrm € |,r € Z] the notation

P<Q <= Q-PeN)hielrez.

Corollary 6.5 Let S= L(m) be a simple object 0¥71. Suppose thaEM(m) > xq(S)<2. Then
FM(m) = xq(9).

Proof — By the proof of Proposition 6.1q(S)<2 contains all the dominant monomials xf(S)
and the claim follows from Remark 5.7 (ii). O

6.3 Lety= Y ca; be an element of the root lattice with nonnegative cooréimat We
denote byd = {j €| | ¢; # 0} thesupport ofy, and we assume thatis connected. Let

= []Yo %%

i€lp i€ly

This is the highest-weight of a simple object(m) of 4. The next proposition shows how to
calculate the truncategicharacter ot (m) in terms of the truncation ap;(m).

LetK = {kel—-J|ax = —1 for somej € J} be the subset of vertices adjacendtd-ork € K
denote byjk the uniquej € J such thaty; = —1. (The uniqueness qf, follows from the fact that
the Dynkin graph has no cycle adds connected.) Write

¢s(M)c2 =m <1+ > Mp) :
P

where theM, are monomials nAJ‘l, AJ‘2 (j €J). Infact, by Proposition 5.8, it is easy to see that

eachM, is of the formM, = |‘|JGJAJ 1+E for somep; p € N.

Proposition 6.6 We have

Xa(L(M)<2 =m <l+ > Mpkeull(1+A£;)NJk,p> ‘

p

Proof — From 5.4, we have thap;(m) < xq(L(m)). If ke KNl then jx € INlp, and if a

monomialM, contalnsAJ‘ with exponentu;, p > 0, thenmM, contalnsYqu * and no othely,
for r # 1. ThereforemM, is k-dominant. Using 5.3 we deduce that

P(MMp) = Mp(1+A3)Hie? < xq(L(M),

and this implies that

m<1+zw|pk Dl (1+A;;)“J‘kvp> < Xq(L(M))<2. (23)

p
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Note that ifk € KNlg then jkx € NIy, and ifmM;, is k-dominant then it contain “ék"’. Hence, in
this casepx(mMp)<2 = mM, does not contribute anything new to the truncale:character.

Let us now show that (23) is an equality. Suppose on the agritnat it is a strict inequality,
and letmM be a monomial irxq(L(m))<2 which appears in the left-hand side of (23) with a strictly
smaller multiplicity. HereM is a monomial in the variableéféliJrl. Moreover, by definition of

¢3(m) all the monomials ofyy(L(m)) obtained fromm by multiplying by variablesAI%jH with

j € J appear ingy(m) with the same multiplicity. Henc® has to contain at least one variable
A;_%Hl with k € J. By Proposition 5.8 we can assume tkat KN 1;. We will also assume that
mM is maximal with these properties. Denote bghe multiplicity of mMin xq(L(m)), and byv

the exponent oA, ;_L in M. SincemM belongs to a truncategtcharacterM does not contain any

variabIeAij31 with aix = —1, hencemM has to contairY, 5" and therefore it can not bedominant.
Hence, by 5.3, there exigtdominant monomialsny,...,ms, in xq(L(m)) (counted with their
multiplicities) such that eaclpy(m;) containsmM with multiplicity r; andr; +---+rs=r. Since

m; > mM for everyi, the multiplicities ofm; in both sides of (23) are equal. Moreover, by our
construction, the left-hand side of (23) also contagngy(m), hence the multiplicity omM in
this left-hand side is at least which contradicts our assumption. Thus (23) is an equality O

6.4 We now calculate(q(S(a))<2 for a multiplicity-free positive rootr, i.e.a root of the form
a = a3 = Yjcyaj for some connected subsgtof I. If g is not of typeA, we assume that the
trivalent node of the Dynkin diagram belongslgqthis is no loss of generality, see 3.9).

Proposition 6.7 Let J be a connected subset of |, amd- a; the corresponding multiplicity-free
positive root. Let) € {0,1}' be the characteristic function of d.e.ni =1ifi € Jandn; =0
otherwise. Let m be the highest weight monomigt08(a)). We have

Xa(S@)ez = m 3 AL,

where. denotes the set of all finite sequenees {0,1}' such thatv; < n; for every ic 1o, and
for every ic Iy

Vi < max(O, —ni+ Z v,—) . (24)
jaj=-1

Proof — We first prove the result fod =1 = {1,...,n}. In this case}; = 1 and the condition
v; < i is always satisfied. We use inductionmrForn = 1 we havexq(S(a))<2 :Yl,o(1+AIj)
if | = {1} =1o, andxq(S(@))<2 = Ya3if | =I1. Assume now that > 2, and letm, be a monomial
in the truncated}-character of§(a). We can suppose that the vertex labelled 1 is monovalent and
adjacent to the vertex labelled 2. RUt= {2,...,n}. There are two cases.

(@) If 1€ 1y thenm=Yi3Y20Ya3---. Putm’ =mY, 3. AsL(m) appears as a subquotient of
L(Y13)® L(m) and 7

Xa(L(Y13))<2Xq(L (M) <2 = YiaXq(L(M)) <2,

we havemy = Y; 3, wheren, is a monomial inxq(L(n))<2. By Proposition 6.6xq(L(m))<2
can be calculated frory (') <2, and by induction om we may assume that

prmMee=n"% [MAs

ves iel’
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where.” is defined like.” replacingl by I’. By Proposition 6.6x4(L(nm))<2> can only differ

from ¢/ (M) <2 by certain summandvlp(lJrAi%)“lp so this shows that the exponentof A, /', .

in my/m satisfies the condition (24) fare I’. It remains to check that; = 0. For this we can
use the fact thagy(L(m)) < Xq(L(Yl,ng,o))xq(L(rﬂYzjol)). Now by Proposition 6.6 and the first
formula in Example 6.3 (with the nodes 1 and 2 of &geDynkin diagram exchanged), we get

Xa(L(V13Y¥20))<2 = YiaYao(1+ A7 []  (1+A2).
j#Laj2=-1

This does not contaif; 3, neitherxq(L(MY,4))<2.

(b) If 1 €lg then 2¢ [, is not trivaleht, sov, < 1. We can assume that the vertex 3 is
adjacent to 2. We thus have=YigY>3Y30---. Putm = mYl‘ol. Thenm, = mgm; wheremy
is a monomial inxq(L(Y1,0))<2 andn?, is a monomial ian(L(nf))gz. By Proposition 6.6 the
monomialmy belongs toY; o, YLoAﬁ, Yl,oAﬁAQ%}- On the other hand, by Proposition 6.6 again,
Xq(L(M))<2 = ¢ () <2 in this case, which is known by induction. i # Y1.0A; 1A, 5 We see
that the exponent; of Aijll+ ¢ in my/msatisfies condition (24) for eveiye I. If mo =Y10A11A%3
condition (24) would be violated ifr; /m had v3 = 0. But in this casemngm, could not be a
monomial ofxq(L(m))<>. Indeed let us prove that,ﬁg_% appears, theAg_} must appear. We have

the inequalityxq(L(M))<2 < Xq(L(Y10Y23Y30))<2Xq(L(MY;5Y54))<2. For typeAs, again by
using the first formula in Example 6.3 and Propaosition 6.6 haee

Xa(L(Y23Y20))<2 = Y23Y30(1+ Az1) , Xo(L(YroY23))<2 = YioYos(1+ A1),

Then we have the two inequalitig;(L(Y1,0Y2:3Y30))<2 < Xq(L(Y10))<2Xq(L(Y23Y30))<2 and
Xq(L(Y1,0Y23Y30)) < Xq(L(Y1,0Y23))<2Xq(Y3,0))<2 Which follow as above from a subquotient ar-
gument. As a consequence we get

Xa(L(YL0Y23Y30))<2 < Y1,0Y2:3Y30 (l +ATHASTHALTAGT(L+ A %)) : (25)

Now we get the result by Proposition 6.6.
Finally, the general case of a root= a; for a subintervall of | follows from the casd = 1.
Indeed what we have already proved givespyem) <, and Proposition 6.6 then yields the value

of Xq(S(a))<2- O

Corollary 6.8 Assume that the trivalent node is yifl g is of type D or E. Letry be a multiplicity-
free root. Theryq(S(a;)) is given by the Frenkel-Mukhin algorithm.

Proof — Let m be the highest-weight of S(a). It follows easily from the explicit formula of
Proposition 6.7 that F¥Mn) > xq(S(a))<2. The only point which needs to be checked reduces to
type Az for m= Y1 gY23Y30. By (25), it suffices to check that

M(1+A T +As T +ATAT(1+AS3)) < FM(m).
We have clearlyn(1+A; 1+ Ag 1+ A 1A;1) < FM(m). Then
$2(mA TA]) = $2(Y21Y23) = 92(Y21)$2(Y21Y23)
wheremA 1A; 1A, 5 appears. Now the claim follows from Corollary 6.5. O

If gis of typeA, all its positive roots are multiplicity-free, thus Projtamn 6.7 and Example 6.4
give explicit formulae for all the truncategtcharacters(q(S(a))<2 in that case.
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Example 6.9 We takeg of type As. We assume thdp = {1,3} andl, = {2}. The truncated
g-characters of the modul&a) (o € ®-_;) are

X(S(—a))2 = Yz, Xa(Sla)<z = Yio(1+AT+ATA7),
Xa(S(—02)<z = Y21(1+A33), Xa(S(@2))<2z = Yo,

Xa(S(—a3))<2 = Ya2, Xq(S(a3))<2 = Yao(1+A3i+A23A57),

Xq(S(a1+ 02))<2 = Yio¥23(1+Ar7),

Xq(S(a2+a3))<2 = Ya3Ys0(1+A57),

Xo(S(01+ 02+ 03))<2 = YaoYaa¥s0(l+Ar]+AgT+ A 1AsT + A 1A A ).

Moreover, by Example 6.4, the frozen simple objdgthave the following truncateg-characters
Xa(F1)<2=Y10Y12, Xq(F2)<2=Y21Y23, Xq(F3)<2="Y30Y32.
Corollary 6.10 Leta; be a multiplicity-free root. Then(&;) is a prime simple object.

Proof — Let mbe the highest-weight of S(a;). We havem = [icsn1, Yi.0 [Ticani, Yi.3- Suppose
thatS(ajy) is not prime. Then

S(ay) =L(M) ® -+ @L(my), (26)
wheremy ---my = m. Clearly, there must existe JNlp and j € JN Iy with &; = —1 and such
thatYj o andYj 3 do not occur in the same monomiai, (1<r<Kk). Letms be the monomial
containingY; o. Then xq(L(ms)) containsmsA, - llAJ > by Proposition 6.6, hencaA 12 occurs

in Xg(L(m) ® ---® L(m)). On the other hand, it follows from Proposition 6.7 tlnaé,ll 12 is
not a monomial of(q(S(ay)), which contradicts (26). O

7 F-polynomials

In [FZ5], Fomin and Zelevinsky have shown that the cluster vargbles have a nice expres-
sion in terms of certain polynomials called thepolynomials, which are closely related to the
Fibonacci polynomials offZ2]. Moreover, FZ2] gives some explicit formulae for the Fibonacci
polynomials in typeA andD. We will recall these results in a form suitable to our pregmmpose.

7.1 In Section 4, we have used= {x[—ai] | i € |} as our reference cluster. It will be convenient
here to work with a slightly different cluster denotedby- {7 | i € |}, and given by

X[—Gi] if i €lp,
Zi =
X[ai] ifiel;.
Itis easy to see that one passes froto z by applying the sequence of mutatiqng., U« (it does
not matter in which order since they pairwise commute). Aigtitforward calculation shows that
the exchange matri®, = [bf;] atzis given by
gaj ifi,jelandi# ],

" -1 ifjelandi=j+nel,
"] —aq if jelo, andi=k+nel’ withk# |,

0 otherwise.
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Here the column set is indexed Ibyand the row set is indexed HyJl’ = [1,n] U [n+ 1,2n].
Following [FZ5, §6] we define the following elements of:

b2, o b?
yi=[]1f™  Yi=vi[]a" (27)
i gu i JDZ|
Example 7.1 We takeg of type Az andlp = {1,3}. We have

0 1 0
-1 0 -1
~ 0O 1 0
B, = -1 0 0
1 -1 1
0 0 -1

We have
yi=ft, yo=1,1 ya=fafyt, Si=zti ', Y=zzf,t, G3=z'ffh
Following [FZ5, §10] we denote b¥ the linear automorphism of the root lattiGegiven by
E(ai) = —&ai, (iel).

We also define piecewise-linear involutions(e = +1) of Q by

—[y:ai]—gaij max(0,[y: aj]) if &§=¢,
[Te(y) 1 ai] = 71 (28)
ly: ai if &+ €.

Here, fory € Q, we denote byy : ai] the coefficient ofa; in the expansion of on the basis of
simple roots. Itis easy to see thatpreservesb-_;. Fora € ®-_1, one then defines thgevector

g(a)=ET1_(0a). (29)

The involutiont_ relates the natural labellings of the cluster variablefwéspect toc andz. We
shall writezla] = x[1_(a)]. In particular, sinca_(—a;) = —&aj, we havez; = z[—a;| (i €1).

7.2 Consider the multiplicative group of all Laurent monomials in the variablds(i € I). As
in [FZ5, Def. 2.2], we introduce the addition given by

Ii_l fiai ® Il—l fibi — |I—| fimin(ahbi).

Endowed with this operation and its ordinary multiplicatiand division? becomes a semifield,
called thetropical semifield If F(ts,...,ty) is a subtraction-free rational expression with integer
coefficients in some variablés then we can evaluate it ihby specializing thé to some elements

pi of P. This will be denoted b¥ |p(p1,..., Pn).
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7.3 To define theé=-polynomials, we need to introduce a variant@fcalled thecluster algebra
with principal coefficientsWe shall denote it by, . Itis given by the initial seedu, §pr), where
U= (Uy,...,Un,V1,...,Vn), andBy, is the 21 x n matrix with the same principal part & and with
lower part equal to the x nidentity matrix. Thus(vy,...,vn) are the frozen variables e#, . By

[FZ3] every cluster variable of7; is of the form

Ng (U1, ..., Un, Ve, .., Vn)

30
ugt- R (30)

ula] =

for somea = S a0 € P~_1. HereNy is a polynomial, andN_4, = 1 (i € ). Following [FZ5,
§3], we can now define theé-polynomialsby specializing all they; to 1.

Fa(V]_,,Vn):Na(l,,1,V1,7Vn), (CYE(D>,1) (31)

For example, for the simple roat; we haveFg, (vi,...,Va) = 1+ V. It is known thatF, is a
polynomial with positive integer coefficient&Z5, Cor. 11.7]. The main formula is thelrZ5,
Cor. 6.3]:

a Mz (@) (32)
Fa|IP’(Y17 7Yn)
where, ifg(a) = (g1, .-.,0n), We write for shortz9@) = Z... 2. This means that the cluster

variablez[a] is completely determined by the correspondiﬁqpolynomial Fq andg-vectorg(a).

7.4 Recall from§4.4 the ring isomorphism: & — R;. Note that by comparing the relation

Xaix[—ai] =fi+ [] X-aj]
jraj=—1

with the T-system equation (5) satisfied by the Kirillov-ReshetikiindulesS(a;) and S(—a;),
we obtain immediately

(fi)y=1[R], (i€l
Taking into account Proposition 6.1, we can regaas an isomorphism from to the subring of
% generated by the truncategcharacters of objects &f;. We then havedf. Example 6.4)

I(Z|) :Yi,fi+27 l(fi) :Yi,EiYi,Ei-‘er (I € I) (33)

Moreover, extending to a homomorphism fron# to the fraction field o, we can consider the
elements (V).

Lemma 7.2 For j € I, we have
(y )= AJ_EJ+1

Proof — If j € I1, we have

a-_ 1 1
M@ ’—JEYJEJ+2|_|Y|5.+2 Ajgr

i#])
sincej+2= ¢+ 1if j € Iy andi € lp. On the other hand, if € lo, we have
ij
o —1 -1 aij ajj ajj o 1 1 dj A —
II;!I < > JEJ JEJJFZI_IY'El |E|+2YI &i+2 YJ EJYJ EJJrZII_IYI & AJ &+1
sinceéi =¢&;+1if j € lgandi € I;. a
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Lemma7.3 Leta € ®-_jand setf = 1_a = §;bia;. We have

< (@) > { MYS[Y: i8>0
= )=
aYn)

i€lp iely
FC{‘P(ylr" Y|27€ |f B - _

Proof — Write a = ¥;&0i. If a = —a; thenFy = 1. Moreover3 = —¢&ai, g(a) = a;j, SO

Z9(a) ( ) v
| —————— | =1(Z) =Y 5.0,
Falp O oyn) ) AT T2

which proves the formula in this case.
Otherwise ifa > 0, by [FZ5, Cor. 10.10] the polynomidF, has a unique monomial of max-
imal degree, which is divisible by all the other occuring rapmals and has coefficient 1. This

L . b, i .
monomial ism= []; V. When we evaluatenatv; =y; = [y fi, <™ we obtain

fa f — 2 Aja f- a f —AY A A& _ f —bi _|'
()5 =[] =[]

iely i€lp iely i€lp iely

MoreoverF, has constant term 1. Therefore@if> 0, thenb; > 0 for everyi € | and

Falp(Y1,---:¥n) = I_l fiibi-

i€ly

Otherwise, if = —a; with i € I; we haveF; |p(y1,...,¥n) = fi‘l (the casgB = —aj with i € Iy
has already been dealt with). On the other hagid,) = E(B) = — 3¢ bigai. Hence, if3 >0

then
Z9(a) b. —bi b._ vh P yh
"\ ) = O i@ []@)7 =[] Yo [1%3:

ic€ly i€lp iely i€ly iely

If B =—a;andi €1, we have

(a)
| (%) =1(f)1(z ") =Y.

Corollary 7.4 Let € ®- 1 and seta = 7_f. Let YP denote the highest weight monomial of
Xq(S(B)). We have

(XBD) = YPFa (Ad iy At i)

Proof — This follows immediately from Lemma 7.2, Lemma 7.3, and @lationx[3] = Z[1_f].
]

Using the notation of (18), we see that the proof of Conjextu6 (i) is now reduced to
establishing the following polynomial identity N[Ai‘fliﬂ]:

Xq(SB))<2=Fr (g,  (Bed0), (34)

that is,the normalized truncated g-character of should coincide with the F-polynomial at-
tached to the root_(3).
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7.5 We now recall an explicit formula of Fomin and Zelevinsky fbe F-polynomials. This is
obtained by combiningHZ2, Prop. 2.10] with FZ5, Th. 11.6]. It covers all thé-polynomials
in typeAandD.

75.1 Leta =3;aa; € P-o. Assume that; < 2 for everyi € |. Lety = 5;cia;. We say thay
is a-acceptabldf

() 0< ¢ < g foreveryiel;

(i) if i e lyandj € lp are adjacent theq < (2—a;) +c¢;j;

(iii) there is no simple pattig,...,im) Of lengthm > 1 contained in the support of such that
a, =a,=1andfork=0,....m
— 1 if i € g,
Tl &, —1 ifigelo.

In condition (iii) above, by a simple path we mean any patth@Dynkin diagram whose vertices
are pairwise distinct. Finally, le#(y, o) be the number of connected components of the set

{iel|g=1ifiel;andc =g —1ificlp}
that are contained ifi €1 | & = 2}. Then

Proposition 7.5 [FZ2, FZ5]
Fa(Vi,..., Vo) = 5 25090, (35)
y

where the sum is over afi-acceptabley € Q, and we writer” = ;¢ V7.

Example 7.6 Take g of type D4 and choosdg = {2}, where 2 labels the trivalent node. Let
o = a1+ 20,2+ az+ ag be the highest root. Then

Fo=1+2v,+ V% +V1Vo +VoV3 + VoVg + V1V% + V%Vg + V%V4 + V1V%V3 + V1V%V4 + V%V3V4 + V1V%V3V4.

7.5.2 If a is amultiplicity-free root that is, ifg; < 1 for all roots, (35) simplifies greatly. Indeed,
in the definition of anr-acceptable vectoy condition (ii) is a consequence of condition (i), and
condition (iii) reduces to

(iv) for everyi € I3, ¢ < min{c; | j € supga) andj adjacent ta}.

Example 7.7 Takeg of type Az and choosdy = {1,3}. Then

Fal = 1+wv,

ng = 14+ Va,

Fag = 1+vs,

Fa+a, = 1+vi+wvivy,

Far+as = 1+Vvz+Vavg,

Fa1+a2+a3 = 14+ V1 +V3+Vi1V3 + V1VoVs.
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7.6 We can now prove the following particular case of Conjectu@ (i) valid for all Lie types
(see Eqg. (34)). We assume (as we ntdy3.9) that the trivalent node is i if g is of typeD orE.

Theorem 7.8 Let 3 be a multiplicity-free positive root. Then

Xa(S(B))<2=F¢_(p)-

Proof — Suppose first thg® = a; with i € 1. Thenxy(S(B))<2 = Yi 3, and1_(B) = —a; so that
F:_(g) = 1. Hence the claim is verified in this case.

So we can assume th@t= aj is the multiplicity-free root supported on a connected stis
of | which is not reduced to a single element pfSet

J = {jel]jeliandaj =—1for some € I\J},
K' = {iel\J|iel;andaj=—1for somej € J},

and defin&k = (J\ J') UK'. It follows immediately from the definition af_ that the multiplicity-
free rootak supported orK is equal tor_(ay).

Let us now compare the sequences . of Proposition 6.7 forx, with the ax -acceptable
vectorsy = ¥; ¢iaj of 7.5.2. First we note that if¢g KUJ = K'U (J\J')LJ’ then bothy; andc; are
equal to O (this is a straightforward consequence of the idiefis of . and of anayk-acceptable
vector). Forj € JNlg = Knlgthe only condition satisfied by, andc; is that they should belong to
{0,1}. If j € (3\J')Nl1 thenj must have two neighbougi$andj” in JNlo, and the condition ow;
is 0< v <max{0, vy + vj» — 1}, while the condition om; is 0< ¢; < min{cj/,c;»}. Clearly, since
¢y andcj» belong to{0, 1}, the second condition can be rewritterx@; < max{0, ¢y +cj» — 1}.
If j € K’ thenj has a unique neighboyf € J, and the condition om; is 0 < v; < vj while the
condition onc; is 0< ¢j < cj. Finally, if j € J' thenj has a unique neighboyf € J, and the
condition onv; is 0 < vj < max{0,—1+vj} while the condition orc; is ¢; = 0. Clearly the
condition onv; forcesv; = 0. In conclusion, the exponentsand the vectory must satisfy the
same conditions, and the theorem follows from Propositignaid 7.5.2. O

8 Atensor product theorem

8.1 In a cluster algebra7, a producty; - - -y of cluster variables is a cluster monomial if and
only if for every 1< i < j < kthe productyy; is a cluster monomial. In this section we show the
following theorem, which is consistent with our categoation Conjecture 4.6 (ii), and will be
needed to prove it.

Theorem 8.1 Let §,...,&, be simple objects df;. Suppose that;® S; is simple for every
1<i< j<k. . Then $®---® S is simple.

Note that we may hav@ = S; for somei < j, in which case our assumption includes the simplicity
of §°2. The proof will be given in 8.5.

A similar result for a special class of modules of the Yangifnl,, attached to skew Young
diagrams was given by Nazarov and TaradeV .
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8.2 We need to recall some results about tensor products of tsbjé@’. Let A be the comul-
tiplication of Ug(g). In general one does not know explicit formulae for caldnn in terms of
the Drinfeld generators. However, the next propositiontaims partial information which will be
sufficient for our purposes. We have a natural grading«tfy) by the root latticeQ of g given by

degx)=+aj, deghis)=degk")=degc")=0, (i€l ,reZ, scZ\{0}).

LetU* (resp. U") be the subalgebra &fy(g) consisting of elements of positiveep.negative)
Q-degree.

Proposition 8.2 [D, Prop. 7.1]Fori €1 and r > O we have
Athi;)—hi;®1-1®h, eU- U™

The next result is about tensor products of fundamental mesduror a fundamental module
L(Yir) = Vigq in ¢z we denote by, a highest weight vector (it is unique up to rescaling by a
non-zero complex number).

Theorem 8.3 [Cha2, K, VV] Letry,...,rs be integers withy < --- <rs. Then, for anyi,... i,
the tensor product of fundamental module¥il;,) ®--- ® L(Y;,r,) is a cyclic module generated
by the tensor product of highest weight vectofg w --- ® u, r,. Moreover, there is a unique
homomorphism

Q: L(Yis,l's) K L(Yil,l'l) - L(Yil-,rl) Q- L(Yis-,l's)

With @(Uigr @ -+ @ Uiy r,) = Uiy r, @ - -+ @ Uig rg, @nd its image is the simple moduléYl, r, - - - Vi r,)-

Example 8.4 (cf. Example 5.1.) Takg = sl, and consider the tensor produgfYp) ® L(Y2). We
have
L(Yo) = Cup @ Cvyp, L(Y2) = Cup @ Cvy,

whereup andu, are the highest weight vectors, amgl= X, Up, V2 = X; U2. Each of these four
vectors spans a one-dimensiobig(s(>)-weight-space, hence also laweight-space, and we have

r r r r
hyuo = %u@ heup = #q%a hrvo = —%qzw, hva = —%q‘"w,

where[rlq= (4 —q~")/(q—q"1). By Theorem 8.3, the submodulelofYy) ® L(Y2) generated by
Up ® Uy is the three-dimensional simple modulley,Y,), with basis

Up®@Uz, X5 (Up®@U2) =Up@V2+Qup®@Uz, Vo®\Vo.

The Uqy(sl2)-weight-spaces ok (YY) are also one-dimensional and coincide withligeight-
spaces. By Proposition 8.2 we have
- _ Mo g
he (% (Lo @ Up)) = == (1= " JUo @ V2 + AVo @ U

for someA € C. Henceup ® Vo + Qo @ U hasl—weightYoY4‘l, which is the product of theweights
of up andv,. On the other hand, again by Proposition 8.2, we g ® u,) = 0 for everyr > 0,
hencevy ® W, is anl-weight-vector withl-weight 1. This shows thaiy ® v, is not an |-weight
vector.
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8.3 To an objecl of ¢, which is generated by a highest weight vectpwe attach as in 6.2
a truncatedelow gcharacteryq(V )3 as follows. We haveg(V) = m(1+ 5, M(P)), wheremis
thel-weight ofv, and theM(P) are monomials in théy * (i €1, r € Z.). Define

Xq(V)>3 ==m <1+ Z*M(p)>
P

where y* means the sum restricted to tM{P) which have no variablé\ ', A (i €1). We
shall also denote by- 3 the subspace &f obtained by taking the direct sum of the corresponding
I-weight-spaces.

8.4 Let She a simple object if¢1 and letm = [ Y.a}Y. 512 be its highest weight monomial.
We define

"= =[P S=Lm),

ThenS is a simple object of the subcategaey, and therefores™ = @, L(Y g )% is a tensor
product of fundamental modulesf(Example 3.3). SimilarlySt =~ i, L(Y, ,5+2)®b' Applying
Theorem 8.3, we get a surjective homomorphigm St S~ - SCc S ®S'.

Lemma 8.5 Let u” be a highest weight vector of S We have(pgl(S;3) =St®u and ¢s
restricts to a bijection from S@u~ to S.3.

=

Xa(ST)>3 = Xq(S") and xq(S )s3 =m~. S0 xq(S"® S )>3 = Xq(S")m~. Then we note that
Xq(S)>3=m"Xq(S"). Indeed, the inequalityy(S)>3 < m™ xq(S") follows from the factorization

m=m m". On the other handS" is minuscule by§ 5.2.5, soxy(S") = FM(m®). By using
inductively 5.4 for xq(S) we get the converse inequality. Hence we get 8" ® S )>3 =
Xq(S)=3. Sincegs is a homomorphism ofly(g)-modules, it preservelsweight-spaces, hence it
follows that it restricts to a vector space isomorphism fr@®h © S~ )3 to S.3. Now sinceu™ is

a highest-weight vector &, Proposition 8.2 shows that for everyeight vectorv € S, v u~

is anl-weight vector ofS" ® S~ with I-weight equal to the product of tHeweight of v by m™.

This implies thatS" @ u™ C (S" ® S™)~3. Hence, since these two vector spaces have the same
g-character, they are equal and the lemma is proved. O

Proof — First we havex(S" ® S™)>3 = Xq(S")>3 Xq(S)>3. Then by Proposition 5.8 we have

8.5 We can now give the proof of Theorem 8.1. For 1,...,k, definem®, §°, u*, @5 as
above. First consider a pairdi < j < k. Note that by Example 3.3 and Section 5. "q“‘S@ Si

is minuscule and simple. Now, sin&® Sj is simple, andS+ ®§ ®§ can be wrltten
as a product of fundamental modules with non-increasingtﬂieparameters, by Theorem 8.3,
we have a surjective homomorphisgn: ST ®S§ s ® S, - §®Sj, which is unique up to a
scalar multiple. Using three times Theorem 8.3, this hommfmiem, composed with the inclusion
S©SCY ©§ ®S ©S, can be factored as follows

S®Feg)es —(5eg)eg s -5 oS o )es =
2§ 050§ es)-geses es.
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The map from the second module to the fourth one can be watiens idsj—, where

a:5eg e —-geses

restricts to a homomorphisrar from Sf ®§to§ ®Sj+. Since @ is surjective, by applying
Lemma 8.5 td6= Sj, we get that infor) @ u;” contains§ @ Sf ®Uj , henced is surjective. To sum-
marize, we have obtained the existence of a unique homorson® ® S — § ® S/ mapping
uj+ QU tou ® uj+, which is surjective.

Now we proceed by induction ok > 2 to prove Theorem 8.1. Fde= 2 there is nothing
to prove, so také& > 3 and assume th& ® --- ® §_1 is simple. By Theorem 8.3 we obtain a
surjective homomorphism

SRS @08 )G 005 )05 > ®EG® - ®S1)®S.

Using the above result, we then have a sequence of surjéuiivemorphisms

SRE®®S%1) >SS0S @S 1> > (S® - ®Sc1)®S],

hence

SSE®R--®§ )0 05 )05 ~ (® 0% 1) 0§ »9®-- QS

Thus we have shown thaft '= 5 ® --- ® & is a quotient of a tensor product of fundamental
modules, which by Theorem 8.3 is a cyclic module generateitsbhyighest weight vector. Hence
V has no proper submodule containing its highest weightespac

We can now conclude, as i€P2, §4.10], by considering the dual modilg =S ®---®S;.
By our assumptionS; @ § = (S®S))* is simple for every I<i < j < k. Moreover, by 3.4,
the modulesS' belong to a category defined lik& except for a shift of all spectral parameters
by g ". Thus, by using the same pro&f* also has no proper submodule containing its highest
weight-space. But #V was a proper submodule @fnot containing its highest weight-space, then
the annihilatoW® of W in V* would be a proper submodule @f* containing its lowest weight-
space. Le#; (resp. ;) be the lowest (resp. highest) weight$fconsidered as ldq(g)-module.
ThenA = A1+---+ A, (resp. 4 = p1+ -+ + Up) is the lowest (resp. highest) weight \6f. In
the direct sum decomposition ¥f* as alUq(g)-module, there is a unique simple modulevith
lowest weightA, and by our assumptioh, is contained i'W°. By [CP4, Proposition 5.1 (b)] (see
also [FM, Theorem 1.3 (3)])u is the highest weight df, and therefor&/° must also contain the
highest weight-space &, which is impossible. This finishes the proof of Theorem 8.1. O

9 Cluster expansions

9.1 Following [FZ2, FZ3], we say that two rootsr,3 € ®-_; are compatibleif the cluster
variablesx[a| andx|[3] belong to a common cluster of . Lety be an element of the root latti€g
A cluster expansionf y is a way to expresg as

y=3 naa. (36)

where alln, are nonnegative integers, angdng = 0 whenevera and 3 are not compatible. In
plain words, a cluster expansion is an expansion into a sysaiovise compatible roots i~ _.

Theorem 9.1 [FZ2, Th. 3.11]Every element of the root lattice has a unique cluster expans
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9.2 Fory=yjca;€Q, define

_ lcil i
Y= |_| Y' 2= |_| Y|Cf| &§+1 € %+.

ci<0

This definition is such that farr € ®-_1, the monomial¥ ¢ is the highest-weight of S(a).
Let Sbe a simple object if#1. Its highest-weight is of the form

m= I_’ |E| |E|+2

for some nonnegative integeag b;. Clearly we can writen as

m= ”(YiinYifiJrZ)min(ai’bi) Y,
IS

for some uniquey € Q. Hence using Theorem 9.1 and (36), we have a unique fadtioriza

m=[](eYig 2™ ] (v

acd-_;

where thea for which ng > 0 are pairwise compatible. Suppose that Conjecture 4.6 @¥iab-
lished. SinceS(a) =L(YY) andF = L(Y, £ Y .2), to prove Conjecture 4.6 (ii) we then need to

prove that
L(m) = @F“™@P Q) sa)en.

iel acd,_g

Given that the highedtweights of the two sides coincide, this amounts to prové tha tensor
product of the right-hand side is a simple module. Becausghebrem 8.1, this will be the case
if and only if every pair of factors has a simple tensor pradiitius, assuming Conjecture 4.6 (i),
the proof of Conjecture 4.6 (ii) reduces to check that

() F®Sa)andF @ Fj are simple for everyr € ®-_; andi, j € [;
(i) if o,B € ®-_, are compatible, theS(a) ® S(B) is simple;
(ii) forevery a € ®-o, S(a) is prime.

Note that the simple object andS(—a;) are clearly prime. Indeed, K was not prime we could
only haveF; = §(aj) ® S(—a;), in contradiction with the -system

[Slai) @ S(—ai)] = [F]+ [] [S(—aj).

jraj=-1

10 TypeA

In this section we assume thats of typeA,. The vertices of the Dynkin diagram are labelled by
the intervall = [1,n] in linear order.

10.1 The positive roots are all multiplicity-free, labelled byetsubintervals of. Forli, j] C I,
we denote by j == zﬂ(:i ay the corresponding positive root. By Theorem 7.8, Eq. (3¢¢i#fied
for all positive roots. This and (33) proves Conjecture 4).é(type A.
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_az

Figure 1:The snake in type#

10.2 We will now prove 9.2 (i) and (ii). Note that 9.2 (iii) followsom Corollary 6.10.

10.2.1 We first dispose of (i), which is easy. Indeed, by Example g ® Fj)<2 is equal to a
single dominant monomial henée® F; is simple. Next, we use the fact thaf(S(a))<2 is given
by the Frenkel-Mukhin algorithm (see Example 6.4 and Cargl6.8). Thus, ifmis the highest
[-weight of S(a), we have

FM(Yi-,EiYi.,Ei+2m)<2 = Yi,EiYi.,Ei+2FM(m)<2 = Yi,EiYi,Ei+2XQ(L(m))<2'

Thereforexq(L(Yi g Yi.g-2m)) containsyy(F ® S(a))<2, andF @ S(a) is simple.

10.2.2 To describe explicitly the pairs of compatible roots we aoing to use the geometric
model of [FZ2, §3.5]. The se®-_1 has cardinalityn(n+1)/24+ n=n(n+ 3)/2. We identify

the elements ofp-_; with the diagonals of a regular convémr + 3)-gon %, 3 as follows. Let
1,...,n+ 3 be the vertices o, 3, labelled counterclockwise. The negative simple roots are
identified with the following diagonals:

i,n+3—i]  ifk=2i—1,
—0aK =
[+1,n+3—i] if k=2i.

These diagonals form a “snake”, as shown in Figure 1. To if§etite remaining diagonals (not
belonging to the snake) with positive roots, we associath eg j; with the unique diagonal
that crosses the diagonalsai, —ai;1, ..., —aj and does not cross any other diagoraly of
the snake. Under this identification the roatsand 3 are compatible if and only if they are
represented by two non-crossing diagonals. Hence thesctuate in one-to-one correspondence
with the triangulations of# 3.

Example 10.1 Taken= 3. The identification of the negative simple roots with thael@diagonals
of a hexagon is shown in Figure 1. The positive roots are sgpried by the remaining diagonals
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as follows:
a, = [2,6], o = [1,4], a3 = [3,5], a1+ 02 = [4,6], 02+ 03 = [1,3], a1+ 02+ 03 = [3,6].

The 14 clusters listed in Example 4.8 correspond to the aégulations of the hexagon.

10.2.3 It follows from the geometric model that all pairs of compégiroots(a, ) of ®-_; are
of one of the following forms:

(@ a=-a,B=-aj

(b) a=—a, B Powith [B:ai] =0;

(¢) a=ajj, B=ay, withk> j+1 (two disjoint intervals);

(d) a=ajj, B=ajyora=ajy, B=ajy (two intervals with a common end);

(e) a=ajy, B=apwithi<j<k<landk— jeven (two overlapping intervals);

(f) a=ajy, B=ajjgwithi < j<k<landk— jodd (one interval strictly contained into the
other).

Let us prove tha§(a) @ S(B) is simple in all these cases.

(a) This follows from Example 3.3. Indee§{—a;) andS(—aj) are fundamental modules in
a shift of the subcategoryp.

(b) Write B = a;. Letm=Y; ¢ .1 []jcin, Yj.0[1jean, Yi,3 be the highest weight monomial of
Xq(S(—ai) ®§(B)). Since by assumptionZ J, itis easy to check that Fvh) contains the product

Xa(L(Yig+1))<2Xa(S(B))<2 = Xa(S(—ai) ©S(B))<2

given by Example 6.4 and Proposition 6.7. Hence, by 3.4, rtaios in particularyg(L(m))<2.
By Corollary 6.5, it follows that FNMm) = xq(L(m)). Thus, xq(S(—ai) ® S(B)) = Xq(L(m)), and
S(—ai) @ S(B) is irreducible.

(c) Same reasoning as (b).

(d) We assume that< j < | and argue by induction os=1 —i. If s= 0, we have to check
thatS(a;) ® S(ai) is simple. This is clear, since if we choode= 1 thenxq(S(ai))<2 = Yi3 and
its square contains a single dominant monomial. Supposeldira is proved wheh—i = s, and
takel —i =s+1. Letm; ; andmy ;; denote the highest weight monomialsSgtr;; ;;) andS(ay; ).
Choose agai; = 1. Then, by Proposition 6.7, the truncatgdharacters o§(aj ;) andS(qj )
do not contain anﬁgékﬂ with k <i. So we have

Xa(S(aji )<z = bjirnjry(Mij<es Xa(S(afi))<2 = Gliraig(Mig))<e

Hencexq(S(aji,jj) ® S(aji)))<2 = Pjiva1+1 (M jjMi1)<2- SO by using the induction hypothesis
and 5.4, we get
Xa(S(aji ) @ S(agi))) <2 < Xq(L(Mg M) <2-

This shows tha§(ay; j;) ® S(aj ) = L(mg jmg;) is simple. The case &(qj j;) ® S(ayj) with
1<k jissimilar.
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(e) (f) Letm= my ,gmyj;; = Mji;m;j . We want to show that

Xa(L(Mix))<2 Xq(L(M))<2  if k—jis odd,
L - 37
Kol {Xq(L(mn,u))gzXq(L<mu,k}))<2 Tk=1ls even. -

To do this, it is enough to show that all the monomials in thyhtrihand side occur in the left-
hand side with the same multiplicity. We argue by inductionle-i > 2. Forl —i =2 we are
necessarily in the first case wifn=k=i+1=1—1. Let us choosé; = 1. Thené = 1, and by
Proposition 6.6

Xa(L(Mix))<2 = @M<z, Xa(L(M))<e = b (M) <2

Thus we can assume for simplicity of notation that[i,|] = [1,3]. Writing for shortvy, = A;lfmﬂ,
we have 7

Xa(L(M12)))<2 Xq(L(Mi2.3)) <2 = M(1+ V2 +Vav3) (14 V2 +Vavy).
If a monomial in the right-hand side does not containthen it belongs to

b3 (M1z)<2 P23(M23)<2 = P23(M<2 < Xq(L(M))

(the equality follows from (d)). For the same reason, if a oraral does not contaiwg, it belongs
to Xq(L(m)). The only monomial in the right-hand side which containshbatandvs is m' =
mMwVavs. Now '’ := mavs = Y1271Y173Y2‘21Y371 belongs tgxq(L(m)) by what we have just said, and
it is 1-dominant. We havey;(m’)<, = m’ +m, thus, by 5.3n7 also belongs to(g(L(m)). This
proves (37) wheh—i = 2.

Assume now that (37) holds whér-i = sand takd —i = s+ 1. Choose; = 1. Using again
Proposition 6.6, we can also assume without loss of getethft! = [i,|] = [1,s+1]. Arguing as
in the casé —i = 2 and using(c) or (d) or the induction hypothesis, we see that every monomial
m’ occuring in the right-hand side of (37) occurs)g(L(m)) with the same multiplicity ifim'm—1
does not contaim; v, - - - Vs, 1. SO we only need to consider the monomials= m\/i1 . -vﬁi with
ck > 0 for everyk € I. For such a monomiat?, it can be checked using Proposition 6.7 that
there existk with cx = 2, and that the smallest su&hbelongs tolg. Let us denote it b¥min.
Then Proposition 6.7 shows that := m' /v, _1 appears in the right-hand side of (37), and since
m’ does not containy,,, 1, by what we said aboverl” also appears ixq(L(m)) with the same
multiplicity. Now m” is (kmin — 1)-dominant andy,,,—1(m") = m’ 4+ m' is contained irxy(L(m))
by 5.3. Moreover, the multiplicities off and m” in ¢, —1(m’) are the same. Hence, their
multiplicities are also the same on both sides of (37). Thislies the proof of (e) and (f).

This finishes the proof of 9.2 (i) in typA. Hence Conjecture 4.6 (ii) is proved in type

10.3 The truth of Conjecture 4.6 in typa has the following interesting consequence, which
will be used to validate Conjecture 4.6 (i) in type

Lety = S;ciaj, with ¢ > 0. We definey¥ € .Z, asin 9.2. Writer_(y) =0 = 5, dia;.
Corollary 10.2 If 0 < d; < 2for every i€ |, the truncated g-character of(ly") is equal to

Xa(L(Y) 2 =YV (A AL ).

where the F-polynomial £is given by the explicit formula (35).
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Proof — Lety =73 4c0_,Na @ be the cluster expansion gf By 10.2, we have

XalY )<z = [ Xa(S@)%=Y" [] Fe AL, )",

acd-g acP-o

Sincert_ is linear on®iNaj, we haver_(y) = ¥ geco_,NaT-(a) = 8, and this is the cluster ex-
pansion ofs. Now if we defineFs(vy, ..., Vn) = [Naco-o Fr_(a)(V1;---,Va)", the proof of Propo-
sition 7.5 given in FZ2] shows that, since is 2-restricted,F5 can still be calculated by for-
mula (35). Indeed, the two main steps (Lemmas 2.11 and 2téZ)raved for a 2-restricted vector
which is not necessarily a root. O

Example 10.3 Let g be of typeAs and takdp = {2} andl; = {1,3}. Choosey = a1 + 20, + Q3.
Thent_(y) = y. Writing v, = Ai}%-&-l’ we have

Xq(L(Y173Y2270Y373))<2 = Y173Y2270Y373(1 + 2o + V% + V1Vo 4 VoV3 4 V1V% + V%Vg, + V]_V%Vg),

where the monomials of the right-hand side are given by tinebtoatorial rule of Proposition 7.5.

11 TypeD

In this section we takg of type D,,, and we label the Dynkin diagram as B][

11.1 LetB € d.pandleta =1_(B). We want to prove

Theorem 11.1 The normalized truncated g-character df33 is equal to

)?q(S(B))SZ = Fa(v1,...,Vn),

where we write for shortjv= Ai}liH (i €1), and the F-polynomial fis given by the combinatorial
formula of Proposition 7.5.

We assume that the trivalent node- 2 belongs tdg (by 3.9, this is no loss of generality). We
first establish some formulas in tyjg,.

Lemma 11.2 Letg be of type . We have
Xa(L(Y1aY20))<2 = YisYao(l+va(l+Vs)(1+Va)),
Xq(L(Y20Y33Y43))<2 = Yo0Y33Ya3(14Vo(1+4V1)),
Xa(L(Y13Y50Ya3Ya3))<o = Y13YZoY33Yaz (1+Vo(2+Vi+V3+Va)
+ V3(14v1)(1+V3)(14Vva)) .

Proof — The first two formulas concern multiplicity-free roots, atiais follow from Proposi-
tion 6.7. For the third one, taking= {1,2} and settingn= Y170Y£3Y370Y470, we have by Exam-
ple 6.3 (or Corollary 10.2)

$3(M)<z = mM(1+V2(2+ Vi) +V3(14 V1)),
and by 5.4 we know thag;(m) < xq(L(m)). Replacingd by {2,3} and by{2,4} we get that

M (1+Vo(2+ V1 + Vg +Va) +V3(1+ V1 + V3 +Va)) < Xq(L(M))<2-
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Now my := m3v; = Y1,1Y2f21Y§1Y3,3Y412’1Y4,3 is J-dominant ford = {3,4}, and
¢3(M) <2 = my(1+v3)(1+va),

S0, by 5.4, we see thaty (1+v3)(1+Vs) < Xq(L(m)). Arguing similarly withm, := m3vs and
Mg := M\3v4 we obtain that

M (L4 V2(2+ V1 +V3+Va) +V3(1+v1) (14 V3) (14 Va) ) < Xq(L(M))<2- (38)
Conversely, we havgg(L(m)) < Xq(L(Y2,0))Xq(L(Y13Y20Y33Y2a3). Using Proposition 6.7, we get
Xa(L(M)<2 <M1+ Vo(14V1)(1+Va)(1+Va)) (1+V2).
This upper bound is equal to the lower bound of (38) plus
M(V2V1V3 + VoVqVa + VoV3Va + VoV VaVa) .
We also haveyg(L(m)) < Xq(L(Y1,3Y20))Xq(Y2,0Y33Y4,3). Using the first two formulas, we get
Xq(L(M)<2 <mM(14Vvo(14Vv3)(14Va)) (14 V2(14+V1)).

This second upper bound does not contain the monomigs;vs and mwvivavs. We can rule
out the two remaining monomials by using the three-fold syl — 3 < 4, and we obtain an
upper bound equal to the lower bound. O

Proof of Th. 11.1 — If B8 is a multiplicity-free positive root, the result followsdim Theorem 7.8.
So we assume th@ = ;bja; has some multiplicity. In view of the list of roots f@,, this
implies thatb,_» = 2, andb,_1 = b, = 1. Sincen—2 € lg, we also haver = §;aa; with an_» =2
anda,_1=a,=1.

Consider the subgraplt’ of the Dynkin diagram supported df,n— 1], of type A,_1. Set
B’ =B —ananda’ = a —a,. Thena’ =1’ (B'), wheret’_is defined liker_, but fora'. LetYP
be the highest-weight of S(3). By Corollary 10.2,

San-1(YP) =YPFa(ve,... . Vo 1),

whereF, is the F-polynomial for4', given by the explicit formula (35). Sinaeec |4, this for-
mula shows thak,/(v1,...,Vh-1) = Fg(V1,...,Vn_1,0). Hence the specialization @t = 0 of the
polynomial Xq(S(B))<2 is equal toFy (vs, ..., Vn-1,0). Similarly, the specialization a1 = 0 of
Xa(S(B))<2 is equal toFg (V1, . .., Vn_2,0,Vn).

Thus we are reduced to prove that the monomiafg¢8(3))<2 andFy(vi, ..., vy) containing
bothv,,_; andv, are the same and have the same coefficients.

We first show that such a monomial is of the form/ﬁfzvn,lvn wherem is a monomial in
Vi,...,Vh_3. For the polynomialF,(v1,...,Vvy) this follows easily from the definition of ao-
acceptable vector and the valuesagf,a,-1,an. For Xq(S(B8))<2, we have

Xq(S(B))<2 < Xq(S(B—20an2—0Qn-1—0n))<2 Xq(S(2an—2+ an-1+ 0n))<2,

where, by Proposition 6.6q(S(8 —20n_2 — 0n—1— 0n) ) <2 does not contail,_2, Vn—1, Va. More-
over, 2, >+ an_1+ Ay is supported on a root system of type, so by Example 10.3 and Propo-
sition 6.6 all the monomials gfq(S(20n—2+ a1+ an)) <2 containingv,_1 andv;, are of the form
rﬂvﬁ_zvn_lvn wheren is a monomial inv,_s.
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We now note that ifm\ﬁ_zvn_lvn appears inF4(vi,...,Vn) (Wheremis a monomial in the
variablesvy, ..., vh_3), thenmvﬁf2 also occurs, and with the same multiplicity. This followseg
from the definition of ara-acceptable vectgrand of the integee(y, a). We have seen that\? ,
occurs inXq(S(B))<2 andFy(vy, ..., Vy) with the same multiplicity. Thus all we have to do is to
show '[hatm\ﬁ_2 andm\ﬁ_zvn_lvn occur inXq(S(B))<2 with the same multiplicity. Let us denote
these multiplicities bya andb, respectively.

SinceYPmZ_, is {n— 1,n}-dominant, Xq(S(B))<2 containsmZ_,(1+ Vn_1)(1 + vn) with
multiplicity at leasta by 5.4, soa < b.

Conversely, leB” = B — an — 0n_1. The multiplicitya of mZ_, in Xq(S(B))<2 is equal to its
multiplicity in Xq(S(B”))<2. This is a multiplicity in typeA,_», so using Corollary 10.2, we can
check that it coincides with the multiplicity cni‘lvznf2 in the product

Xa(S(B" — 2052 — an-3))<2 Xq(S(20n 2+ 0 -3)) <2
or equivalently in the product

Xa(S(B" — 202 — an-3))<2 Xq(S(20n 2+ On-3+ 0n-1+ On))<2.

Using the third formula of Lemma 11.2 and the fact that the fastor contains no variablg, »,
Vn_1, OF Vi, We obtain that in this product the multiplicityof mZ_, is equal to the multiplicity of
MV2_,Vn_1Vn. But, by 3.4, this is greater or equal bo Hencea > b. This concludes the proof of
Theorem 11.1. 0

Hence (34) is verified, and this proves Conjecture 4.6 (iypeD,,.

11.2 In this section we takg of type D4 and we prove that Conjecture 4.6 (ii) is verified. For
this we need to prove 9.2 (i) (i) and (iii).

11.2.1 The proof thatF ® F; is simple is the same as in tygg (cf. 10.2.1). We then consider
FoSa)forae d._1. If a=—aorif o is a multiplicity-free positive root, we can repeat the
argument of 10.2.1. & = a1 + 202+ as+ as, we choosd; = {2}, so thatr_(a) = a1+ a2+
a3+ a4. By Theorem 11.1, we have

)N(q(S(G))gz = 14 Vy +V3+Va+V1V3 + V1Va + V3V + V1V3Va + V1VoVaVy.

It is easy to check that this is the result given by the Freikekhin algorithm, so we can argue
again as in 10.2.1. This proves 9.2 (i).

11.2.2 Leta,B € ®-_1 be two compatible roots. We want to show tBéadr) ® S(3) is simple. If
a or B is negative, we can repeat the argument of 10.2.3 (a) (b)et®sIsuppose that, 3 € .

If the union of the supports af andf is strictly smaller than, we can assume by symmetry
that it is contained iq1,2,3}. Takel; = {2}. By Proposition 6.6, we then have

Xq(S(0))<2= 1123 (Y )<z, Xq(S(B))<2 = 91123 (YF) <2,

that is, ourg-characters are in fact of typ&;. On the other handy and are also compatible as
roots of typeAs, hence the equality

Xa(S(@))<2 Xa(S(B))<2 = Xa(S(a) @ S(B)) <2

follows from 10.2.3.
We are thus reduced to those pairs of compatible positives foo 3) whose union of supports
is equal tol. By [FZ2, Prop. 3.16], these are, up to the 3-fold symmetry B «— 4,
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(@ a=0a1, B=0a1+02+03+ 0

(b) a=0o1+az, B=0a1+202+ 03+ 0

() a=a1+d2+ 03, B=ax+az+ay;

(d a=o1+ax+03, B=01+02+03+04
(e) a=ai1+0z2+03 B=01+202+03+0s;
H a=B=o01+ 02+ a3+ 0y;

(9) a=B=a1+2a2+ 03+ 04.

(a) Takelg = {2}. Thenxy(S(a))<2 = Y13 and, sincer_ () = a» we have

Xq(S(B))<2 = Y1.3Y20Y31Ya1(1+ V2),

hencexq(S(a) ® S(B))<2 contains a unique dominant monomial &8{dr) © S(B) is simple.
(b) Takel; = {2}. Then, by Theorem 11.1,

Xq(S(C() ®S(B))<2= Yoy (1+ V1) (14 V1 + V3 + Vg + V1V3 + V1Va + VaVa + V1VaVa + V1VoVaVy).

The only dominant monomials in this product af&Y? andY?YBvivovavs, hence it is enough
to show thatY®YPvyvovavy occurs inxg(L(YOYF)). Now YOYP = Y12,0Y237’3Y3,0Y4,0, and clearly
m:=Y*YPy, = YZ,¥21Y3:Y30Y, 5 occurs inxq(L(Y?YF)). Sincem does not contaivy, vz, vs,
we know by 5.4 that; » 33 (M) is contained inq(L(Y9Y#)). To calculatedy; » 3, (m), we write
m= YV(Y2,1Y2,3)Y4f21 wherey = 2a; + 2a, + a3 is in the root lattice of typé\s and has the cluster
expansiory = (01 + az2) + (a1 + a2+ as). It then follows from Section 10 that

$(1,231 (M) = M(1+ V1) (14 V1 + V3 +ViV3 +V1Vovs),

hencemwvavs = YYPyivovgv, oceurs inyg(L(YEYF)).

(c) Takelp = {2}. Thent_(a) = a2+ as and1_(f) = a1 + a2, SO
Xa(S(@) @ S(B))<2 = YIYP (14 Vo + VaVa) (1+ Vo + Vava).

But by Section 10, this is equal ty1 2.4 (Y?YP), which is contained ing(L(Y?YF)).
(d) Takelo = {2}. Thent_(a) = a2+ a4 and1_(3) = a2, SO one can argue as in (c).
(e) Takely = {2}. Then, by Theorem 11.1,

Xa(S(a) @ S(B))<2 = YOYP (1+v1 + V3 +V1vg + ViVovs)

X (14 V1 + V3 + V4 + V1V3 + V1Va + V3V + V1V3Va + V1VoV3Vy ).

The only dominant monomials other tha¥Y? are Y?YPvivovs, YOYPvyvovav, which occurs
with coefficient 2, and/ *YPv2v2v3v4, hence it is enough to show that they occugiL (YY#)).
For the first one, which does not depend\an one can argue as in (c) or (d). NOAWY? =
Y25Y35Y5oYa0, and clearlym := Y@YPv, = Y2,Y21Y2:Y2,Y, 5 occurs inxq(L(Y?YP)). Since
m does not containy, Vz,vs, we know by 5.4 thath;; » 3, (m) is contained iq(L(Y9YP)). To
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calculated,; » 3 (m), we writem= YV(Y2,1Y2,3)Y4T21 wherey = 2a1 + 202+ 2a3 is in the root lattice
of type Az and has the cluster expansips- 2(a; + a2+ as). It then follows from Section 10 that

$11.23) (M) = M(L+ V1 + Vg +V1Va + ViVaVs)2,

hencemvivavs = YOYPvivovav, and m2vavi = YOYPVAZAv, oceur in xq(L(YOYF)), the first
one with coefficient 2.

() Take lo = {2}. Thenxq(S(a))<2 = Y%(1+ Vo), and its square has only one dominant
monomial, namelyY%)2.

(9) Takel; = {2}. Then, by Theorem 11.1,
Xq(S(G)®2)g2 = (Ya)z(l + V1 +V3+Vg+ViVa + V1V4 + V3Vg + V1V3Vs + V1V2V3V4)2.

The only dominant monomials other thén®)? are (Y%)2v1vovavs which occurs with coefficient
2, and(Y9)22v3v2v4, hence it is enough to show that they occurxiyfL((Y®)?)). Now my :=
(Y)?vy andmy := (Y#)2v4 both occur inxg(L((Y®)?)), the first one with coefficient 2, and both
are{1,2,3}-dominant. Considering; > 3) (M) and¢y1 > 3, (mp) we can conclude as in (e).

This finishes the proof of 9.2 (ii).

11.2.3 Finally 9.2 (iii) follows from Corollary 6.10 for all multipcity-free roots. It remains to
check it for the longest roar = a3 + 20, + a3+ a4. This can be done easily using our explicit
formulas for the truncated-characters. For example we see from Lemma 11.2 that the miaho
Y1,3Y22:0Y3’3Y4,3v2v3v4 occurs inXq(L(Y13Y20))Xq(L(Y2,0Y33Ya3)) but not in xq(S(ar)). All other
factorizations of§(a) can be ruled out in a similar way, and we omit the details.

This concludes the proof of Conjecture 4.6 in typg O

12 Applications

In this section we present some interesting consequenaas ofsults concerning;.

12.1 By construction, the cluster variables of a cluster algedatisfy some algebraic identities
coming from the mutation procedure. When we restrict to miora on thebipartite belt[FZ5]
these identities are similar tofasystem. In the casé= 1 thisT-system is periodic and involves
the classes of all the cluster simple object$gf as we shall now see.

Definet = 17,7 (see 7.1). For everye |, define a sequencg(j) (j € Z) of elements of
P _1 by

%(2)) =1 (—a); (39)
for odd j, y(j) is defined via the parity condition
w(i)=w(i+1 if &=(-1I* (40)

It follows from [FZ2] that every element ofp-._; is of the formy;(j) for somei € | and some
j € [0,h+2]. For everyi € |, define a sequend&(j) (j € Z) of elements ofP-._, by the initial
condition

Bi(0) = ai, (41)
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and the recursion
B(i+1) =1 pi(B(i), (1€Z). (42)
Define the following monomials in the classes of the frozempde objectds:

pﬁ(i):H[Fk]mawiﬁk“*“”% pru):ﬂ[mm“"’—“‘k“'*“i“, (iel,jez). (43
<

€

The next result follows from Conjecture 4.6 (i), hence it@wproved ifg is of typeA, or Dy,.

Theorem 12.1 The cluster simple objectg&) (a € ®-_1) of 4 satisfy the following system of
equations in the Grothendieck ring R

S+ D)Sn (- D)l = p?(i)+pi_(i)[¢|[5(w<(i))]"’“ka (iel, je2).

Proof — Set _
(i) = B0 _ gyl (a4)
P (1) !Zl
a Laurent monomial in this]. We will first show that
P+ -1 =[P (i) (45)
k£l
To do that, set
(ot (i) ik

o p(+Dp(i-1)°
Fori € 1, define following FZ2] a piecewise-linear automorphisa of Q by

y:aj it j#1,

lGi(v) o] = _[y;ai]—;akmax(o,[y:am if j=i. “o
ki

Thent, = [;_¢ 0. Using the definition of“(j) one can see that the exponen{ff in g;(j) is
equal to

[Gi(Bu(}) + Bu(i) = Bu(i +1) = Bu(i — 1) : ai
= [Gi(Bu(])) + Bu()) — T—1yi+2(Bu())) = T2y (Bu(])) : il

Suppose that; = (—1)I*1. Theng; appears once im_y)j+1 and does not appear m_y);. It
follows that

[Ty (Bu())) + T—g)i (Bu(i)) 2 ai] = [Gi(Bu(])) + Bu(]) : ],

hence, the exponent ] in g;(j) is 0. The case; = (—1)! is identical. Thusg;(j) = 1 and (45)
is proved.

Setyi(j) = 1/pi(j). Then, using the tropical semifield structure on the set afréat mono-
mials in the[F] (see 7.2), one hasdly;(j) = 1/p:"(j), hence

N PPN 10)
TN A NI
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With this new notation, (45) becomes
Yi(j+1)Yi(i—1)=kE||(1@Yk(i))faky (47)

and the relation of Theorem 12.1 takes the form
S+ 1) 80— 1) = 2 et UKD

Equations (47) and (48) coincide with formulas (8.11) and 2B of [FZ5], which proves the
theorem. 0

(48)

Example 12.2 We takeg of type Az and choosdy = {1,3}, |1 = {2}. Hencer, = 0103, T = 09,
andt = 0,030,. We have

10 =—a1,  (0)=-az, ¥5(0) = —as,
(1) = aa, ¥o(1) = —ag, ¥5(1) = as,
vi(2) = ay, v(2) =a1+ a2+ 03, ¥(2) =03,
i) =oax+as3, @B =a1+ax+03 WKBB)=01+0a2
n4)=ax+as (4 =, ¥5(4) = a1+ az,
nd) =-as, (B =, ¥8(5) = —aa,
1(6)=—as,  (6)=—a ¥5(6) = —a,
and
B(0) = a1, B2(0) = az, Bs(0) = a3,
Bu(l) =a1+az, Ba(l) =—az, Bs(1) = a2+ a3,
Bu(2) = a2+ 03, B2(2) = —axz, Bs(2) = o1+ az,
B(3) = a3, B(3) = az, Bs(3) = au,
Pr(4) =—a3 Bo(4) = a1+ az+as, Pa(4) =—aa,
Pr(5) =—a3 B2(5) = a1+ az+as, Pa(5) =—aa,
B1(6) = as, B2(6) = a2 Bs(6) = o1.
The formulas of Theorem 12.1 read foe 1, 3:

[S(aw)] [S(—a1)] = [Fa] + [S(—a2)],

[S(az+ a3)] [S(a1)] = [Fs] + [S(a1 + a2+ a3)],

[S(—as)] [S(az + a3)] = [F] + [F] [S(a2)],

[S(az)] [S(—a3)] = [Fs] + [S(—a2)],

[

[

S(a1 + a2)] [S(az)] = [Fi] + [S(a1 + a2+ a3)],

S(—a1)] [S(a1+ az)] = [F] + [F1] [S(a2)].

and fori = 2:
[Slar+ a2+ a3)] [S(—a2)] = [F][Fs] + [F2] [S(a1)] [S(a3)],
[S(az)] [S(ar + o2+ a3)] = [F] + [S(a1 + a2)] [S(a2 + a3)],
[S(—a2)] [S(a2)] = [F2] + [S(—0a1)] [S(—as3)].
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Remark 12.3 In typeE,, using Proposition 6.7, we can still prove identities imig only multi-
plicity-free roots. For example, one can show that for every,

[Sa)][S(—ai)] = [EHD[S(—GJ')]"’*E
J#

[Slai =3 jxaap][S(-ai)] = D[Fj]_aj +[F] D[S(aj)]_”“j-
J# J#I

The first formula is a classicdl-system, but not the second one.

12.2 If gis of typeA,, we have the following well-known duality for the charastef the finite-
dimensional irreduciblgi-modules. IfA = (Aq,...,An) andu = (u1,..., Uy) are two dominant
weights, identified in the standard way with partitions imretstn parts, there holds

dimV(A)y = V(u1) @@V (tn) @ V(A)],

whereV (A) stands for the irreduciblg-module with highest weight. In plain words, the weight
multiplicities of V(A) coincide with the multiplicities o¥/(A) as a direct summand of certain
tensor products. This is sometimes callGuktka dualityand is specific to typa.

We find it interesting to note that Eq. (34) yields a similaalily for the truncated}-characters
of the cluster simple objec§3) for anyg. Indeed assume that (34) holds, namely that

XQ(S(B))SZ = FT-(B)(Vlv"'7Vn)7 (Vi :Aijgli_i.l)v

(this is proved in typé\ andD and for all multiplicity-free roots in typ&). Then writing for short
a=1(B)=yiaa, Vv =iV fory=7y;caicQ, and

Fa(Vi,...,Vn) = z ng VY,
Y

we have thahg ,, is the multiplicity of thel -weightYAvY in (). On the other hand, define
T(a):= ®S(—£iai)®a‘.
iel
Note thatxy(T(a))<2 = |‘|iYi"j:(i+2 is reduced to a single monomial, $da) is simple. (From the
cluster algebra point of viewx[—&ai;i € |) is a cluster ofe7.) Put

—chaj if i €lp, a — G ifi €lp,
J#
di = . , g = o )
Z_(Cj_aj)aij if i €1y, —ci—éc,-ai,- if i €y,
JA =

If ng , # 0 thend; ande are nonnegative and we can consider the simple module

U(y) =R S(—&a) @ Fe.
il
Proposition 12.4 Assume that Eq. (34) holds fo(f®. Then the multiplicity of Wy) as a compo-
sition factor of the tensor product8) ® T (a) is equal to the I-weight multiplicity ), .

Proof — This is a direct calculation using Eq. (27) and the same iddna the proof of Proposi-
tion 2.2. The details are left to the reader. O
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12.3 So far we have only used some combinatorial and represemttieoretical techniques.
However, our results have geometric consequences. Intgesork of Fu and Keller FK], the
F-polynomials have nice geometric descriptions in termswiver grassmannians. This goes as
follows.

LetC be the oriented graph obtained from the Dynkin diagragiof deciding that the vertices
in 1, are sources and thoseligare sinks. S& is a Dynkin quiver, and we can associate to every
positive roota the unique (up to isomorphism) indecomposable representit/a] of C overC
with dimension vectorr. Regarding an elememnt= ¥ ¢;a; of the root lattice with nonnegative
coordinatex; as a dimension vector f@, we can consider for every representatidnof C the
guiver grassmannian

Gry(M) := {N | N is a subrepresentation bf with dimensiony}.

This is a closed subset of the ordinary grassmannian of ssbespf dimensioiy;c; of the com-
plex vector spacél. So in particular, G{M) is a projective variety. Denote by(Gr,(M)) its
topological Euler characteristic. Then we have the follugviormula, inspired from a similar
formula of Caldero and Chapoton for cluster expansionsuster variables@C].

Theorem 12.5[FK, Th. 6.5]For a € ®.o we have

Fa(Vi,...,Vn) = ZX(Gry(M[a]))vV.
Y

This yields immediately

Theorem 12.6 If Eq. (34) holds for3 € ®-_4, then

Xa(S(B))<2 =YPY x(GryM[T_(B))V',  (i=AZ,). (49)
y

Example 12.7 Takeg of type D4 and chooséy = {2}, so thatC is the quiver of typeD, with its
three arrows pointing to the trivalent node 2. It a1 + 2a2 + a3z + a4 be the highest root. We
havet_(B) = B. The representatioM[B] of C is of dimension 5. There are thirteen non-empty
quiver grassmannians corresponding to the dimension rgecto

(0707070)7 (07 17070)7 (0727070)7 (17 17070)7 (0717170)7 (0717071)7 (1727070)7

(0,2,1,0), (0,2,0,1), (1,2,1,0), (1,2,0,1), (0,2,1,1), (1,2,1,1).

The variety Gy 1 0,0)(M[B]) is a projective line, hence its Euler characteristic is ¢¢qu@. The
twelve other grassmannians are reduced to a point. Theraferobtain that

Xa(S(B))<2 = Y13Y50Y33Yaz (14 2V2 + V5 + V1V + VoV3 + VaVa -+ V1V3 + V3V + VBVa

+ VlV%VS + V1V%V4 + V%V3V4 + V1V%V3V4) )

in agreement with Lemma 11.2.

Note that if moreover Conjecture 4.6 (ii) holds, then we caitexany simple modulé&(m) in
%1 as atensor product of cluster simple objects. Taking intmawnt the additivity properties of the
Euler characteristics and the results GK(], this gives forxq(L(m))<> a formula similar to (49),
in which the indecomposable representafidft_ ()] is replaced by a generic representatiol€of
(or equivalently a representation without self-extenkion
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Example 12.8 Takeg of type A, and chooséy = {1}, so thatC is the quiver 1 2. Consider
the simple modul& = L(YfOYZg). We have seen th&= L(Y10Y23) ® L(Y10). This corresponds
to the fact that the generic representatiotCaidf dimension vector @; + o> is

M= (C << C) @ (C <2 0).
There are five non-empty quiver grassmanniangviarorresponding to the dimension vectors
(0,0), (1,0), (2,0, (1,1), (2,1).

The variety Gy (M) is a projective line, hence its Euler characteristic is ¢qoi&. The four
other grassmannians are reduced to a point. Therefore vaendbat

Xq(S)<2 =YioY23 (1+2v1 +V§ +Vvavo +Vivp)
in agreement with Example 6.3.

Theorem 12.6 is very similar to a formula of Nakajimid1, §13] for the g-character of a
standard module. Indeed, as shown by Lusztigl]], the lagrangian quiver varieties used in
Nakajima’s character formula are isomorphic to grassnmamniof submodules of a projective
module over a preprojective algebra. There are howeverrnwpoitant differences. In our case the
geometric formula gives only the truncatgecharacter (but this is enough to determine the full
g-character of an object &f1). More importantly, Theorem 12.6 concesimplemodules and not
standardmodules. In Nakajima’s approach, thecharacters of the simple modules are obtained
as alternating sums ofcharacters of standard modules using intersection colagyanethods.

13 General/

We now consider the catego®} for an arbitrary integef.

13.1 We define a quiveF, with vertex set{(i,k) |i €1, 1 <k < ¢+ 1}. The arrows ofl , are
given by the following rule. Suppose th@tk) is such thai € Iy andk is odd, ori € I; andk is
even. Then the arrows adjacent(tgk) are

(h) the horizontal arrowséi,k— 1) — (i,k) if k> 1 and(i,k+1) — (i,k) if k< ¢;
(v) the vertical arrowsi, k) — (j,k) wherea;; = —1 andk < /.
All arrows are of this type.
Example 13.1 Takeg of type Az and chooséy = {1,3} andl; = {2}. The quiver 3 is then

L) < (12 - (13 < (14
! 1 !

21) — (22 < (23 — (24
1 l 1

B < B2 — (B3 < (34
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Type ofg | £ | Type of.«
A1 1 Ay
Xn 1 Xn
Ao 2 D4
Ao 3 Es
Ao 4 Es
Az 2 Es
Aq 2 Eg

Table 1:Algebras«; of finite cluster type.

13.2 LetBy be then(¢/+ 1) x n¢-matrix with set of column indicebx [1,¢] and set of row indices
| x [1,£+1]. The entryb; ) (;m) is €qual to 1 if there is an arrow froij, m) to (i,k) in [y, to -1
if there is an arrow fronti, k) to (j,m), and to O otherwise.

Let <7, = <7 (By) be the cluster algebra attached to the initial see8;), where

X:(X(i,k) |i€|, 1§k<£+1)

This is a cluster algebra of rani(, with n frozen variablesf; := X ,,1) (i € 1). It follows easily
from [FZ3] that <7, has in general infinitely many cluster variables. The exoept pairs(g, /)
for which <7, has finite cluster type are listed in Table 1.

13.3 Fori el andk € [1,¢+ 1], define
(—k+1 L
2{ > w if i €lp,

ZV—k—I—Z

ri,k) =

w—l ifiely,

where[x| denotes the smallest integerx. These integers satisfy
@) r(i,k) >r(i,k+21) >r(i,k+2) =r(i,k) — 2,
(b) if &; = —1 thenr(j,k) is the unique integer strictly betwee(i, k) andr (i, k) +2(—1)¥g.

Recall from 3.10 the Kirillov-Reshetikhin modulég, (i € I, k€ N, ae C*). The Kirillov-
Reshetikhin modules i#; have spectral parameters of the foars o for some integer between

0 and/+ 1. To simplify notationwe shall write V&'_ir) instead of gr. We can now state our main
conjecture, which generalizes Conjecture 4.6 to arbitfary

Conjecture 13.2 The map ¥ — [Wk(ir)(i k)] extends to a ring isomorphismfrom the cluster

algebra <7, to the Grothendieck ring Rof 4. If we identify.e; with R, via 1, 6, becomes a
monoidal categorification of;.

The idea to choose this initial seed faf comes from thel -systems. Indeed, after replacirgy,
by [W(')(i_k)], the exchange relations (2) for the initial cluster vargsdbecome,

k,r
(i) () ()
Wt e M rieen ] T T 1[Wk,r(j7k)]
gjj=—

(i) —
[Wk7r(i,k)+2(fl)k£i] - [W(i)
r

(iel, k<o),
K, (i7k)]

which is an instance of Eq. (5).
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13.4 Itfollows from the work of Chari and Pressleg€P2] that Conjecture 13.2 holds fgr= sl
and any/ (see Example 5.2). In this casg¢ = R, is a cluster algebra of finite cluster type, with
one frozen variabl@\V,, 1 o]. The cluster variables are the classes of the other KirflR@shetikhin
modules ofé;, namely

Wk 2s], (1<k<¥, 0<s</l—k+1).

To determine the compatible pairs of cluster variables, careuse again the geometric model of
[FZ2] and attach to each cluster variable a diagonal of(the 3)-gon &, 5 as follows:

W 2s] — [s+1, s+k+2].

We then have thai »s @ W s is simple if and only if the corresponding diagonals do ntrisect
in the interior of %2, 3.

13.5 Takeg of typeA, and?/ =2. We chooséy = {1} andl; = {2}. In this case Conjecture 13.2
holds (see below 13.8). The cluster algebfahas finite cluster typB4, hence every simple object
of %2 is isomorphic to a tensor product of cluster simple objeats faozen simple objects.

The sixteen cluster simple objects are

L(Yio), L(Y12), L(Y14), L(Y21), L(Y23), L(Y25), L(Y10Y12), L(Y12Y14), L(Y21Y23), L(Y23Y25),

L(Y10Y23), L(Y12Y25), L(Y14Y21), L(Y10Y12Y25), L(Y10Y23Y25), L(Y10Y12Y23Y25).

They have respective dimensions
3,333 3 36,66, 6,8 8 8 15 15 35

Note that only the first ten are Kirillov-Reshetikhin modulelhe next five are evaluation mod-
ules. The last module(Y10Y12Y23Y25) is not an evaluation module. Its restrictionlg(g) is
isomorphic toV (2o + 2m») GV (wL + Wp).

The two frozen modules are the Kirillov-Reshetikhin moduléY; oY1 2Y14), L(Y21Y23Y25),
of dimension 10.

By [FZ3] there are fifty clustersi,e.fifty factorization patterns of a simple object @} as a
tensor product of cluster simple objects and frozen simp|eats.

13.6 Takeg of type A; and/ = 3. In this casex3 has infinitely many cluster variables. Choose
lo ={1,3} andl; = {2,4}. Thus the simple module(Y1 4Y21Y>7Y34) belongs tdé3. However, it
is not a real simple object|, §4.3] because in the Grothendieck riRg we have

[L(Y14Y21Y27Y24)]? = [L(Y24YE1Y57YZ4)] + [L(Y21Y2.3Y25Y27Ya 3Ya5)].

If ¢3is indeed a monoidal categorification.af, then[§ cannot be a cluster monomial.
For g of type Az and/ = 3, there is a similar example. The simple modu(¥; 4Y21Y27Y3.4)
belongs td¢3, and we have

[L(Y14Y21Y27Y3.4)]? = [LOYL4Y31Y57Y54)] + [L(Y21Y23Y25Y27)]

We expect the existence of non real simple objectg/iwhenevers, does not have finite
cluster type.
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13.7 Takeg of type A, and let/ be arbitrary. Let us sketch why in this case Conjecture 13.2
would essentially follow from a conjecture dBL.S2] (see alsoGLS4, §23.1]).

First, we can use the quantum affine analogue of the Schul-dMajity [CP5, Che, GRV] to
relate the finite-dimensional representationdJgfg) with the finite-dimensional representations
of the affine Hecke algebras(t) of type A (m > 1) with parametet = g2. More precisely, for
everymwe have a functo, from modﬁm(t) to the category’ of finite-dimensional represen-
tations ofUq(g), which maps every simple module ldif(t) to a simple module dfly(g) or to the
zero module. The simpldgy(g)-module with highest-weight i, |‘|‘f:1Yi7a is the image byZn,
of a simpleHm(t)-module, wheren= ¥ ik;.

Moreover, the functors#,, are multiplicative in the following sense: fdf; in modﬁml(t) and
M in modHy, (t) one has

Fmyrmy(M1O M) = Py (M1) ® Fm,(M2),

where — ® — denotes the induction product from midg, (t) x modHm,(t) to modHm, m,(t).
Let # be the sum ovem of the Grothendieck groups of the categories Hggt) endowed with
the multiplication induced by. The functors#, thus induce a surjective ring homomorphism
Y. Z — R, which maps classes of simples to classes of simples or o zer

Let Zm denote the full subcategory of mlaAk%(t) whose objects are those modules on which
the generatoryy,...,ym of the maximal commutative subalgebra@m(t) have all their eigen-
values in L

K -n n
{t |keZ, — <k< E+€},
(see L]). Itis easy to check that every simple object#ifis of the form.%,,(M) for somemand
some simple objed¥l of %,,. Therefore, denoting by?, the sum ovem of the Grothendieck
groups of the categoriegn ¢, we see that restricts to a surjective ring homomorphism fra#h
to Ry.

By a dual version of Ariki’'s theorem4, LNT ] the Z-basis of%, given by the classes of the
simple objects can be identified with the dual canonicalsbasithe coordinate ring’[N] of a
maximal unipotent subgroul of SLy;¢+1(C).

So, to summarize, fog of type A,, Conjecture 13.2 can be reformulated as a conjecture about
multiplicative properties of the dual canonical basi€@f]. In [GLS?2], a cluster algebra structure
on C[N] has been studied in relation with the representation thebpreprojective algebras. It
was shown that the cluster monomials belong to the dual aftigis semicanonical basisf C[N]
[Lu2]. More precisely they are the elements parametrized byrtkducible components of the
nilpotent varieties with an open orbit. It was also conjeetuthat these elements of the dual
semicanonical basis belong to the dual canonical basisehd&y Ariki’'s theorem, are classes of
irreducible representations of sorHe,.

Finally, one can check that the initial seed of the clustgelata.<?, given by Conjecture 13.2
is the image unde¥ of a seed ofC|N] = %,. So if the conjecture ofGLS2] was proved, by
applying¥ we would deduce that all cluster monomialsdagf are classes of simple objects%f.

To finish the proof of Conjecture 13.2 one would still havestplain whyall classes of real simple
objectsare cluster monomials.

13.8 In[GLS1]] it was shown that ilN is of typeA; (r < 4) the dual canonical and dual semi-
canonical basis of[N] coincide. Moreover these are the only cases for wifi¢N] has finite
cluster type. It then follows from 13.7 that Conjecture 1Bdls if n+ ¢ < 4, and moreover in
this case all simple objects @f; are real. This proves the conjecture fpof type A, and/ = 2
(see 13.5).
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13.9 For g of type A, there is an interesting relation between the cluster afgelh and the
grassmannian Gn+ 1,n+ ¢+ 2) of (n+ 1)-dimensional subspaces ©f*/*2. Indeed, the homo-
geneous coordinate ring[Gr(n+ 1,n+ ¢+ 2)] has a cluster algebra structug fvith an initial
seed given by a similar rectangular lattice (see aB8Y, GLS3]). More precisely, denote the
Pliicker coordinates dE[Gr(n+1,n+ ¢+ 2)] by

li1,. .. ing 1], (I<ip< - <ippr <N+L+2).
The ¢ + 2 Plicker coordinates
1,2,...,n+1], [2,3,...,n+2], ..., [(+2(+3,....n+{+2],

belong to the subset of frozen variables of the cluster a&g€hGr(n+ 1,n+ ¢+ 2)]. Hence, the
quotient ringS of C[Gr(n+ 1,n+ ¢+ 2)] obtained by specializing these variables to 1 is also
a cluster algebra, with the same principal part. By comgathre initial seed ofe/, with the
initial seed ofS, obtained from §, §4,35], we see immediately that these two cluster algebras are
isomorphic.

So we can reformulate Conjecture 13.2 §or sl 1 by stating tha&, should be a monoidal
categorification of the quotient ring ®f C[Gr(n—+ 1,n+ ¢+ 2)] by the relations

[1,2,....n+1]=[2,3,...,n+2|=---=[{+2(+3,....n+(+ 2] =1

Note that forg = sl we recover the situation ¢fL3.4. Note also that3LS3] provides aradditive
categorification of the cluster algeb@Gr(n+ 1,n+ ¢+ 2)], as a Frobenius subcategory of the
module category of a preprojective algebra of t¥pe,. 1.

Example 13.3Taken =2 and/ = 2 (see§13.5). In this cas&; is the ring obtained from
C[Gr(3,6)] by quotienting the following relations

[1,2,3] =[2,3,4] = [3,4,5] = [4,5,6] = 1.

For simplicity, we denote again by, j, k] the image of the Plucker coordinate in the quotignt
Then the identification of the Grothendieck riRgwith S, gives the following identities of cluster
(and frozen) variables:

[L(Y10)] = [3,4,6], [L(Y12)] =[2,3,5], [L(Y14)] =[1,2,4],

[L(Y21)] = [3,5,6], [L(Y23)] = [2,4,5], [L(Yz25)] = [1,3,4],

L(YioYio) = 23,6,  [L(VioYia) =125,  [L(YioYioYis)] = [1,2.6],

[L(Y21Y23)] = [2,5,6], [L(Y23Y25)] = [1,4,5], [L(Y21Y23Y25)] = [1,5,6],

[L(Y10Y23)] = [2,4,6], [L(Y12Y25)] = [1,3,5], [L(Y14Y21)] = [1,3,4][2,5,6] — [1,5,6],
[ [

L(Y10Y12Y25)] =[1,3,6], [L(Y10Y23Y2s5)] =[1,4,6], [L(Yi0Y12Y23Y25)] =[2,3,6][1,4,5] —1.

Moreover, as is easily checked, the dimension of a simpleutedd %> is obtained by evaluating
the corresponding cluster monomial$ on the matrix

11111 1

0 1 2 3 4 5

0 01 3 6 10
Thus,

11 1 1
dim L(Y10Y12Y23Y25) =11 2 5|x|0
0 1 0
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