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Abstract

Let C be the category of finite-dimensional representations of a quantum affine algebra
Uq(ĝ) of simply-laced type. We introduce certain monoidal subcategoriesCℓ (ℓ ∈ N) of C

and we study their Grothendieck rings using cluster algebras.
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1 Introduction

1.1 Let g be a simple Lie algebra of typeAn,Dn or En, and letUq(ĝ) denote the corresponding
quantum affine algebra, with parameterq∈ C∗ not a root of unity. The monoidal categoryC of
finite-dimensionalUq(ĝ)-modules has been studied by many authors from different perspectives
(seee.g.[AK , CP1, FR, GV, KS, N1]). In particular its simple objects have been classified by
Chari and Pressley, and Nakajima has calculated their character in terms of the cohomology of
certain quiver varieties.

In spite of these remarkable results many basic questions remain open, and in particular little
is known about the tensor structure ofC .

Wheng = sl2, Chari and Pressley [CP2] have shown that every simple object is isomorphic to a
tensor product of simple objects of a special type called Kirillov-Reshetikhin modules. Conversely,
they have shown that a tensor productS1⊗·· ·⊗Sk of Kirillov-Reshetikhin modules is simple if and
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only if Si⊗Sj is simple for every 16 i < j 6 k. Moreover,Si⊗Sj is simple if and only ifSi andSj

are “in general position” (a combinatorial condition on theroots of the Drinfeld polynomials of
Si andSj ). Hence, the Kirillov-Reshetikhin modules can be regardedas theprimesimple objects
of C [CP6], and one knows which products of primes are simple. As an easy corollary, one can
see that the tensor powers of any simple object ofC are simple.

Forg 6= sl2, the situation is far more complicated. Thus, already forg = sl3, we do not know a
general factorization theorem for simple objects (see [CP6], where a tentative list of prime simple
objects is conjectured). In fact, it was shown in [L ] that the tensor square of a simple object of
C is not necessarily simple in general, so one should not expect results similar to thesl2 case for
other Lie algebrasg.

Because of these difficulties, we decide in this paper to focus on some smaller subcategories.
We introduce a sequence

C0⊂ C1⊂ ·· · ⊂ Cℓ ⊂ ·· · , (ℓ ∈N),

of full monoidal subcategories ofC , whose objects are characterized by certain strong restric-
tions on the roots of the Drinfeld polynomials of their composition factors. By construction, the
Grothendieck ringRℓ of Cℓ is a polynomial ring inn(ℓ+ 1) variables, wheren is the rank ofg.
Our starting point is thatRℓ is naturally equipped with the structure of a cluster algebra.

Recall that cluster algebras were introduced by Fomin and Zelevinsky [FZ1] as a combi-
natorial device for studying canonical bases and total positivity. They found immediately lots
of applications, including a proof of a conjecture of Zamolodchikov concerning certain discrete
dynamical systems arising from the thermodynamic Bethe ansatz, calledY-systems [FZ2]. As
observed by Kuniba, Nakanishi and Suzuki [KNS], Y-systems are strongly related with the repre-
sentation theory ofUq(ĝ) via some other systems of functional relations calledT-systems. It was
conjectured in [KNS] that the characters of the Kirillov-Reshetikhin modules are solutions of a
T-system, and this was later proved by Nakajima [N2] in the simply-laced case, and by Hernandez
in the general case [H3]. Now it is easy to notice that in the simply-laced case the equations of a
T-system are exactly of the same form as the exchange relations in a cluster algebra. This led us to
introduce a cluster algebra structure onRℓ by using an initial seed consisting of a choice ofn(ℓ+1)
Kirillov-Reshetikhin modules inCℓ. The exchange matrix of this seed encodesnℓ equations of the
T-system satisfied by these Kirillov-Reshetikhin modules. (Note that the seed containsn frozen
variables – or coefficients – in the sense of [FZ1].) By definition of a cluster algebra, one can
obtain new seeds by applying sequences of mutations to the initial seed. Then one of our main
conjectures is that all the new cluster variables produced in this way are classes of simple objects
of Cℓ. (Note that in general, these simple objects are no longer Kirillov-Reshetikhin modules.)

1.2 Forℓ = 0, the cluster structure ofR0 is trivial: there is a unique cluster consisting entirely of
frozen variables.

The caseℓ = 1 is already very interesting, and most of this paper will be devoted to it. Recall
that Fomin and Zelevinsky have classified the cluster algebras with finitely many cluster variables
in terms of finite root systems [FZ3]. It turns out that for everyg the ringR1 has finitely many
cluster variables, and that its cluster type coincides withthe root system ofg. Therefore, one may
expect that the tensor structure of the simple objects of thecategoryC1 can be described in “a finite
way”. In fact we conjecture that for everyg the categoryC1 behaves as nicely as the categoryC

for sl2, and we prove it forg of typeAn andD4.
More precisely, we single out a finite set of simple objects ofC1 whose Drinfeld polynomials

are naturally labeled by the set of almost positive roots ofg (i.e., positive roots and negative
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simple roots). Recall that the almost positive roots are in one-to-one correspondence with the
cluster variables [FZ3], so we shall call these objects thecluster simple objects. To these objects
we addn distinguished simple objects which we callfrozen simple objects. Our first claim is that
the classes of these objects inR1 coincide with the cluster variables and frozen variables.

Recall also that the cluster variables are grouped into overlapping subsets of cardinalityn
called clusters [FZ1]. The number of clusters is a generalized Catalan number, and they can be
identified with the faces of the dual of a generalized associahedron [FZ2]. Our second claim is
that a tensor product of cluster simple objects is simple if and only if all the objects belong to a
common cluster. Moreover, the tensor product of a frozen simple object with any simple object is
again simple. It follows that every simple object ofC1 is a tensor product of cluster simple objects
and frozen simple objects. As a consequence, the tensor powers of any simple object ofC1 are
simple.

To prove this, we show that a tensor productS1⊗·· ·⊗Sk of simple objects ofC1 is simple if
and only ifSi ⊗Sj is simple for everyi 6= j. This result is proved uniformly for all types.

Note that only the frozen objects and the cluster objects attached to positive simple roots and
negative simple roots are Kirillov-Reshetikhin modules. The remaining cluster objects (labelled
by the positive non simple roots) probably deserve to be studied more closely.

1.3 Whenℓ > 1 the ringRℓ has in general infinitely many cluster variables, grouped into in-
finitely many clusters. A notable exception is the caseg = sl2, for whichRℓ is a cluster algebra of
finite typeAℓ in the classification of [FZ3]. In this special case it follows from [CP2] that, again,
the classes inRℓ of the simple objects ofCℓ are precisely the cluster monomials ofRℓ.

We conjecture that for arbitraryg andℓ, every cluster monomial ofRℓ is the class of a sim-
ple object. We also conjecture that, conversely, the class of a simple objectS in Cℓ is a cluster
monomial if and only ifS⊗S is simple. In this case, following [L ], we call S a real simple ob-
ject. We believe that real simple objects form an interesting class of irreducibleUq(ĝ)-modules,
and the meaning of our partial results and conjectures is that their characters are governed by the
combinatorics of cluster algebras.

1.4 Let us now describe the contents of the paper in more detail.
In Section 2 we recall the definition of a cluster algebra, andwe introduce the new notion of

monoidal categorification of a cluster algebra (Definition 2.1). We show (Proposition 2.2) that
the existence of a monoidal categorification gives an immediate answer to some important open
problems in the theory of cluster algebras, like the linear independence of cluster monomials, or
the positivity of the coefficients of their expansion with respect to an arbitrary cluster.

In Section 3 we briefly review the theory of finite-dimensional representations ofUq(ĝ) and
we introduce the categoriesCℓ. We also recall the definition of the Kirillov-Reshetikhin modules
and we review theT-system of equations that they satisfy.

In Section 4 we introduce some simple objectsS(α) of C1 attached to the almost positive
rootsα , and we formulate our conjecture (Conjecture 4.6) for the categoryC1. It states thatC1 is
a monoidal categorification of a cluster algebraA with the same Dynkin type asg, and that the
S(α) are the cluster simple objects. We illustrate the conjecture in typeA3.

In Section 5 we review the definition and main properties of the q-characters of Frenkel-
Reshetikhin. One of the main tools to calculate them is the Frenkel-Mukhin algorithm which
we recall and illustrate with examples.

In Section 6, we introduce some truncated versions of theq-characters forC1. These new
truncated characters are much easier to calculate and they contain all the information to determine
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the composition factors of an object ofC1. The main result of this section (Proposition 6.7) is an
explicit formula for the truncatedq-character ofS(α) whenα is a multiplicity-free positive root.

In Section 7, we review following [FZ2, FZ5] the F-polynomials of the cluster algebraA .
These are variants of the Fibonacci polynomials of [FZ2], which are the building blocks of the
general solution of aY-system. They satisfy a functional equation similar to aT-system and each
cluster variable can be expressed in terms of itsF-polynomial in a simple way (Equation (32)). We
show that Conjecture 4.6 (i) is equivalent to the fact that the (normalized) truncatedq-characters of
the cluster simple objects are equal to theF-polynomials, and we prove it for the multiplicity-free
roots (Theorem 7.8).

In Section 8, we prove an important tensor product theorem for the categoryC1 (Theorem 8.1):
if S1, . . . ,Sk are simple objects ofC1, thenS1⊗·· ·⊗Sk is simple if and only ifSi⊗Sj is simple for
everyi 6= j.

In Section 9, we introduce following [FZ2] the notions of compatible roots and cluster expan-
sion. Because of Theorem 8.1 and of the existence and uniqueness of a cluster expansion [FZ2],
we reduce Conjecture 4.6 (ii) for a giveng to a finite check: one has to verify thatS(α)⊗S(β ) is
simple for every pair(α ,β ) of compatible roots.

In Section 10 and Section 11 we prove Conjecture 4.6 in typeAn andD4. Conjecture 4.6 (i)
is proved more generally in typeDn, by showing that the truncatedq-characters of cluster simple
objects are given by the explicit combinatorial formula of [FZ2] for the Fibonacci polynomials of
2-restricted roots.

In Section 12 we present some applications of our results forC1. First we show that theq-
characters of the simple objects ofC1 are solutions of a system of functional equations similar toa
periodicT-system. Secondly, we explain that thel -weight multiplicities appearing in the truncated
q-characters of the cluster simple objects are equal to some tensor product multiplicities. This is
reminiscent of the Kostka duality for representations ofsln, but in our case it is not limited to
type A. Thirdly, we exploit some known geometric formulas forF-polynomials due to Fu and
Keller [FK ] to express the coefficients of the truncatedq-characters of the simple objects ofC1

as Euler characteristics of some quiver grassmannians. This is similar to the Nakajima character
formula for standard modules, but our formula works for simple modules.

Finally in Section 13 we state our conjectures forCℓ (arbitrary ℓ) and illustrate them forg =
sl2 (arbitrary ℓ) where they follow from [CP2], andg = sl3 (ℓ = 2). We also explain how our
conjecture forg = slr (arbitraryℓ) would essentially follow from a general conjecture of [GLS2]
about the relation between Lusztig’s dual canonical and dual semicanonical bases.

1.5 Kedem [Ke] and Di Francesco [DFK ] have studied another connection between quantum
affine algebras and cluster algebras, based on other types offunctional equations (Q-systems and
generalizedT-systems). Keller [Kel2] has obtained a proof of the periodicity conjecture forY-
systems attached to pairs of simply-laced Dynkin diagrams using 2-Calabi-Yau categorifications of
cluster algebras. More recently, Inoue, Iyama, Kuniba, Nakanishi and Suzuki [IIKNS ] have also
studied the connection betweenY-systems,T-systems, Grothendieck rings ofUq(ĝ) and cluster
algebras, motivated by periodicity problems. These papersdo not study the relations between
cluster monomials and irreducibleUq(ĝ)-modules.

After this paper was submitted for publication, Nakajima [N5] gave a geometric proof of
Conjecture 4.6 for all typesA,D,E, using a tensor category of perverse sheaves on quiver va-
rieties. This category also makes sense for non Dynkin quivers and Nakajima showed that its
Grothendieck ring has a cluster algebra structure and that all cluster monomials are classes of
simple objects. Thanks to Proposition 2.2 below, this yields strong positivity results for every
acyclic cluster algebra with a bipartite seed. To the best ofour knowledge, our conjecture for
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ℓ > 1 remains open.
We have presented our main results in several seminars and conferences in 2008 and 2009

(IHP Paris (BL), MSRI Berkeley (BL), NTUA Athens (BL), ETH Zurich (DH), UNAM Mexico
(DH), Math. Institute Oxford (DH), MIO Oberwolfach (BL)). We thank these institutions for their
kind invitations. Special thanks are due to Arun Ram and MSRIfor organizing in spring 2008
a program on combinatorial representation theory where a large part of this work was done. We
also thank Keller for his preliminary Oberwolfach report onthis work [Kel1]. Finally we thank
Nakajima for helpful comments and stimulating discussions.

2 Cluster algebras and their monoidal categorifications

2.1 We refer to [FZ4] for an excellent survey on cluster algebras. Here we only recall the main
definitions and results.

2.1.1 Let 0 6 n < r be some fixed integers. If̃B = (bi j ) is an r × (r − n)-matrix with integer
entries, then theprincipal part Bof B̃ is the square matrix obtained from̃B by deleting the lastn
rows. Given somek∈ [1, r−n] define a newr× (r−n)-matrix µk(B̃) = (b′i j ) by

b′i j =

{
−bi j if i = k or j = k,

bi j +
|bik|bk j +bik|bk j|

2
otherwise,

(1)

wherei ∈ [1, r] and j ∈ [1, r −n]. One callsµk(B̃) themutationof the matrixB̃ in directionk. If
B̃ is an integer matrix whose principal part is skew-symmetric, then it is easy to check thatµk(B̃)
is also an integer matrix with skew-symmetric principal part. We will assume from now on that
B̃ has skew-symmetric principal part. In this case, one can equivalently encodẽB by a quiverΓ
with vertex set{1, . . . , r} and withbi j arrows from j to i if bi j > 0 and−bi j arrows fromi to j if
bi j < 0. Note thatΓ has no loop nor 2-cycle.

Now Fomin and Zelevinsky define a cluster algebraA (B̃) as follows. LetF = Q(x1, . . . ,xr)
be the field of rational functions inr commuting indeterminatesx = (x1, . . . ,xr ). One calls(x, B̃)
the initial seedof A (B̃). For 16 k 6 r−n define

x∗k =
∏bik>0xbik

i + ∏bik<0x−bik
i

xk
. (2)

The pair(µk(x),µk(B̃)), whereµk(x) is obtained fromx by replacingxk by x∗k, is themutationof
the seed(x, B̃) in directionk. One can iterate this procedure and obtain new seeds by mutating
(µk(x),µk(B̃)) in any directionl ∈ [1, r−n]. LetS denote the set of all seeds obtained from(x, B̃)
by any finite sequence of mutations. Each seed ofS consists of anr-tuple of elements ofF
called acluster, and of a matrix. The elements of a cluster are itscluster variables. Every seed has
r −n neighbours obtained by a single mutation in direction 16 k 6 r −n. One does not mutate
the lastn elements of a cluster; they are calledfrozen variablesand belong to every cluster. We
then define thecluster algebraA (B̃) as the subring ofF generated by all the cluster variables of
the seeds ofS . The integerr−n is called therank of A (B̃).

A cluster monomialis a monomial in the cluster variables of asinglecluster. Note that the
exchange relation (2) is of the form

xkx
∗
k = m+ +m− (3)

wherem+ andm− are two cluster monomials.
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2.1.2 The first important result of the theory is that every clustervariablezof A (B̃) is a Laurent
polynomial inx with coefficients inZ. It is conjectured that the coefficients are positive. Note that
because of (2), every cluster variable can be written as a subtraction free rational expression inx,
but this is not enough to ensure the positivity of its Laurentexpansion.

The second main result is the classification ofcluster algebras of finite type, i.e.with finitely
many different cluster variables. Fomin and Zelevinsky proved that this happens if and only if
there exists a seed(z,C̃) such that the quiver attached to the principal part ofC̃ is a Dynkin quiver
(that is, an arbitrary orientation of a Dynkin diagram of type A,D,E). In this case, the cluster
monomials form a distinguished subset ofA (B̃), which is conjectured to be aZ-basis [FZ5, §11].

If A (B̃) is not of finite cluster type, the cluster monomials do not span it, but it is conjectured
that they are linearly independent. It is an interesting open problem to specify a “canonical”Z-
basis ofA (B̃) containing the cluster monomials.

2.2 We now propose a natural framework which would yield positive answers to the above
questions. We say that a simple objectS of a monoidal category isprime if there exists no non
trivial factorizationS∼= S1⊗S2. We say thatS is real if S⊗S is simple.

Definition 2.1 Let A be a cluster algebra and letM be an abelian monoidal category. We say
that M is a monoidal categorification ofA if the Grothendieck ring ofM is isomorphic toA ,
and if

(i) the cluster monomials ofA are the classes of all the real simple objects ofM ;

(ii) the cluster variables ofA (including the frozen ones) are the classes of all the real prime
simple objects ofM .

The existence of a monoidal categorification of a cluster algebra is a very strong property, as
shown by the following result.

Proposition 2.2 Suppose that the cluster algebraA has a monoidal categorificationM . Then

(i) every cluster variable ofA has a Laurent expansion with positive coefficients with respect
to any cluster;

(ii) the cluster monomials ofA are linearly independent.

Proof — If m is a cluster monomial, we denote byS(m) the simple object with class[S(m)] = m.
Let zbe a cluster variable, and let

z=
N(x1, . . . ,xn)

xd1
1 · · ·x

dr
r

denote its cluster expansion with respect to the clusterx = (x1, . . . ,xr). Here the numerator
N(x1, . . . ,xr) is a polynomial with coefficients inZ. Multiplying both sides by the denominator,
we see thatN(x1, . . . ,xr) is the class of the tensor product

P := S(z)⊗S(x1)
⊗d1⊗·· ·⊗S(xr)

⊗dr .

Moreover, sincex is a cluster, every monomialm= xk1
1 · · ·x

kr
r is the class of a simple object

Σ = S(x1)
⊗k1⊗·· ·⊗S(xr)

⊗kr
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of M . Hence the coefficient ofm in N(x1, . . . ,xr) is equal to the multiplicity ofΣ as a composition
factor ofP, thus it is nonnegative. This proves (i).

By definition of a monoidal categorification, the cluster monomials form a subset of the set of
classes of all simple objects ofM , which is aZ-basis of the Grothendieck group. This proves (ii).
2

Remark 2.3 (i) In recent years, many examples of categorifications of cluster algebras have been
constructed (seee.g.[MRZ , BMRRT , CC, GLS2, BIRS, CK , GLS4]). They are quite different
from the monoidal categorifications introduced in this paper. Indeed, these categories are only
additive and have no tensor operation. The multiplication of the cluster algebra reflects the direct
sum operation of the category. We shall call these categorificationsadditive. Note that there is
no analogue of Proposition 2.2 for additive categorifications. Although additive categorifications
have been helpful for proving positivity of cluster expansions or linear independence of cluster
monomials in some cases, this always requires some additional work, for example to show the
positivity of some Euler characteristics. Finally, to recover the cluster algebra from its additive
categorification one does not consider the Grothendieck group (which would be too small) but a
kind of “dual Hall algebra” constructed via acluster character. This is in general a complicated
procedure.

(ii) In view of the strength and simplicity of Proposition 2.2, one might wonder whether there
exist any examples of monoidal categorifications of clusteralgebras. One of the aims of this paper
is to produce some examples using representations of quantum affine algebras.

(iii) Let M be an abelian monoidal category. IfM is a monoidal categorification of a cluster
algebraA , then we get new combinatorial insights about the tensor structure ofM . In particular
if A has finite cluster type, we can express any simple object ofM as a tensor product of finitely
many prime objects, and this yields a combinatorial algorithm to calculate the composition factors
of a tensor product of simple objects ofM . So this can be a fruitful approach to study certain
interesting monoidal categoriesM . This is the point of view we adopt in this paper.

3 Finite-dimensional representations ofUq(ĝ)

In this section we briefly review some known results in the representation theory of quantum affine
algebras. For more detailed surveys we refer the reader to the monograph [CP1, chap. 12] and the
recent paper [CH].

3.1 Let g be a simple Lie algebra overC of typeAn,Dn or En. We denote byI = [1,n] the set of
vertices of the Dynkin diagram, byA = [ai j ]i, j∈I the Cartan matrix ofg, by h the Coxeter number,
by Π = {αi | i ∈ I} the set of simple roots, byW the Weyl group, with longest elementw0.

LetUq(ĝ) denote the corresponding quantum affine algebra, with parameterq∈ C∗ not a root
of unity. Uq(ĝ) has a Drinfeld-Jimbo presentation, which is aq-analogue of the usual presentation
of the Kac-Moody algebrâg. It also has a second presentation, due to Drinfeld, which isbetter
suited to study finite-dimensional representations. Thereare infinitely many generators

x+
i,r , x−i,r , hi,s, ki , k−1

i , c, c−1, (i ∈ I , r ∈ Z, s∈ Z\{0}),

and a list of relations which we will not repeat (seee.g.[FR]). Remember that̂g can be realized
as a central extension of the loop algebrag⊗C[t, t−1]. If x+

i , x−i , hi (i ∈ I) denote the Chevalley
generators ofg thenx±i,r is aq-analogue ofx±i ⊗ tr , hi,s is aq-analogue ofhi ⊗ ts, ki stands for the
q-exponential ofhi ≡ hi ⊗1, andc for theq-exponential of the central element.
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For everya∈ C∗ there exists an automorphismτa of Uq(ĝ) given by

τa(x
±
i,r ) = arx±i,r , τa(hi,s) = ashi,s, τa(k

±1
i ) = k±1

i , τa(c
±1) = c±1.

There also exists an involutive automorphismσ given by

σ(x±i,r) = x∓i,−r , σ(hi,s) =−hi,−s, σ(k±1
i ) = k∓1

i , σ(c±1) = c∓1.

3.2 We consider the categoryC of finite-dimensionalUq(ĝ)-modules (of type 1). It is easy to
see that ifV is an object ofC , thenc acts onV as the identity, and the generatorshi,s act by
pairwise commuting endomorphisms ofV.

SinceUq(ĝ) is a Hopf algebra,C is an abelian monoidal category. It is well-known thatC is
not semisimple.

For an objectV in C anda∈ C∗, we denote byV(a) the pull-back ofV underτa, and byVσ

the pull-back ofV underσ . The mapsV 7→V(a) andV 7→Vσ give auto-equivalences ofC .

3.3 Let I denote the set of vertices of the Dynkin diagram ofg. It was proved by Chari and Press-
ley that the simple objectsSof C are parametrized byI -tuples of polynomialsπS= (πi,S(u); i ∈ I)
in one indeterminateu with coefficients inC and constant term 1, called theDrinfeld polynomials
of S. In particular, fora ∈ C∗ and i ∈ I we have afundamental module Vi,a which is the simple
object with Drinfeld polynomials:

π j,Vi,a(u) =

{
1−au if j = i,

1 if j 6= i.

3.4 Let S∗ denote the dual ofS. The Drinfeld polynomials ofS∗ are easily deduced from those
of S, namely

πi,S∗(u) = πi∨,S(q
−hu), (i ∈ I),

wherei 7→ i∨ denotes the involution onI given byw0(αi) =−αi∨ .
The Drinfeld polynomials behave simply under the action of the automorphismsτa, namely,

for a simple objectSof C we have

πi,S(a)(u) = πi,S(au), (i ∈ I).

They also behave simply under the action of the involutionσ [CP3, Prop. 5.1] [H4, Cor. 4.11],
namely, if

πi,S(u) = ∏
k

(1−aku),

then
πi∨,Sσ (u) = ∏

k

(1−a−1
k q−hu).

We also have the following compatibility with tensor products. If S1 andS2 are simple, and if
S is the simple object with Drinfeld polynomialsπi,S := πi,S1πi,S2 (i ∈ I), thenS is a subquotient of
the tensor productS1⊗S2.

3.5 Let R denote the Grothendieck ring ofC . It is known [FR, Cor. 2] thatR is the polynomial
ring overZ in the classes[Vi,a] (i ∈ I , a∈C∗) of the fundamental modules.

8



3.6 Since the Dynkin diagram ofg is a bipartite graph, we have a partitionI = I0⊔ I1 such
that every edge connects a vertex ofI0 with a vertex ofI1. The following notation will be very
convenient and used in many places. Fori ∈ I we set

ξi =

{
0 if i ∈ I0,
1 if i ∈ I1,

εi = (−1)ξi . (4)

Clearly, the mapi 7→ ξi is completely determined by the choice ofξi0 ∈ {0,1} for a single vertexi0,
hence there are only two possible such maps.

3.7 Let CZ be the full subcategory ofC whose objectsV satisfy:

for every composition factorS of V and everyi ∈ I , the roots of the Drinfeld polynomial
πi,S(u) belong toq2Z+ξi .

The Grothendieck ringRZ of CZ is the subring ofRgenerated by the classes[Vi,q2k+ξi ] (i ∈ I , k∈Z).
It is known that every simple objectSof C can be written as a tensor productS1(a1)⊗·· ·⊗Sk(ak)
for some simple objectsS1, . . . ,Sk of CZ and some complex numbersa1, . . . ,ak such that

ai

a j
6∈ q2Z, (1 6 i < j 6 k).

(This follows, for example, from the fact that such a tensor product satisfies the irreducibility
criterion in [Cha2].) Therefore, the description of the simple objects ofC essentially reduces to
the description of the simple objects ofCZ.

3.8 We will now introduce an increasing sequence of subcategories ofCZ. Let ℓ∈N. (Note that
in this paperN denotes the set of nonnegative integers, that is, 0∈N.)

Definition 3.1 The categoryCℓ is the full subcategory ofCZ consisting of those objects V which
satisfy:

for every composition factor S of V and every i∈ I, the roots of the Drinfeld polynomial
πi,S(u) belong to{q−2k−ξi | 0 6 k 6 ℓ}.

Note that for every simple objectSof CZ, there existsk∈Z such thatS(qk) belongs toCℓ for some
ℓ ∈ N.

Proposition 3.2 Cℓ is an abelian monoidal category, with Grothendieck ring thepolynomial ring

Rℓ = Z

[
[Vi,q2k+ξi ]; 0 6 k 6 ℓ

]
.

The proof of Proposition 3.2 will be given in 5.2.4. It is an easy consequence of the theory of
q-characters.

Example 3.3 The simple objects of the categoryC0 have a simple description. Indeed, it follows
from [FM , Prop. 6.15] that all tensor products of fundamental modules of C0 are simple, hence
every simple object ofC0 is isomorphic to the tensor product of fundamental modules correspond-
ing to the irreducible factors of its Drinfeld polynomials.Moreover any tensor product of simple
objects ofC0 is simple.
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3.9 The definition ofCℓ depends on the mapi 7→ ξi which can be chosen in two different ways.
However, ifg is not of typeA2n, the image ofCℓ under the auto-equivalenceV 7→Vσ (qh+2ℓ+1) is
the category defined likeCℓ but with the opposite choice ofξi. If g is of typeA2n, the image ofCℓ

underV 7→V∗(qh) is the category defined likeCℓ but with the opposite choice ofξi . This shows
that the choice ofξi is in fact irrelevant.

3.10 For i ∈ I , k∈ N∗ anda∈ C∗, the simple objectW(i)
k,a with Drinfeld polynomials

π
j,W(i)

k,a
=

{
(1−au)(1−aq2u) · · · (1−aq2k−2u) if j = i,
1 if j 6= i,

is called aKirillov-Reshetikhin module. In particular fork = 1,W(i)
1,a coincides with the fundamen-

tal moduleVi,a. By convention,W(i)
0,a is the trivial representation for everyi anda.

The classes[W(i)
k,a] in R satisfy the following system of equations indexed byi ∈ I , k∈ N∗, and

a∈ C∗, calledthe T-system:

[W(i)
k,a][W(i)

k,aq2 ] = [W(i)
k+1,a][W

(i)
k−1,aq2]+∏

j
[W( j)

k,aq], (5)

where in the right-hand side, the product runs over all vertices j adjacent toi in the Dynkin
diagram. This was conjectured in [KNS] and proved in [N2, H3]. Using these equations, one
can calculate inductively the expression of any[W(i)

k,a] as a polynomial in the classes[W(i)
1,a] of the

fundamental modules.

Example 3.4 Forg = sl2, we haveI = {1}, and we may drop the indexi in [W(i)
k,a]. TheT-system

reads
[Wk,a][Wk,aq2 ] = [Wk+1,a][Wk−1,aq2]+1, (a∈ C∗, k∈ N∗).

This easily implies that[Wk,a] is given by thek×k determinant:

[Wk,a] =

∣∣∣∣∣∣∣∣∣∣∣∣∣

[W1,a] 1 0 · · · 0

1 [W1,aq2] 1
...

...

0 1 [W1,aq4]
. . .

...
...

. .. . . . . . .
...

0 · · · 0 1 [W1,aq2k−2]

∣∣∣∣∣∣∣∣∣∣∣∣∣

. (6)

4 The caseℓ = 1: statement of results and conjectures

We now focus on the subcategoryC1.

4.1 Let Q = ZΠ be the root lattice ofg. Let Φ ⊂ Q be the root system. Following [FZ2] we
denote byΦ>−1 the subset of almost positive roots, that is,

Φ>−1 = Φ>0∪ (−Π)

consists of the positive roots together with the negatives of the simple roots. In this section, we
attach to eachβ ∈Φ>−1 a simple objectS(β ) of C1.
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4.1.1 To the negative simple root−αi we attach the moduleS(−αi) whose Drinfeld polynomials
are all equal to 1, exceptPi,S(−αi) which is equal to

Pi,S(−αi)(u) =

{
1−uq2 if i ∈ I0,
1−uq if i ∈ I1.

(7)

In other words,S(−αi) is equal to the fundamental moduleVi,q2 if i ∈ I0, and to the fundamental
moduleVi,q if i ∈ I1.

4.1.2 To the simple rootαi we attach the moduleS(αi) whose Drinfeld polynomials are all equal
to 1, exceptPi,S(αi) which is equal to

Pi,S(αi)(u) =

{
1−u if i ∈ I0,
1−uq3 if i ∈ I1.

(8)

In other words,S(αi) is equal to the fundamental moduleVi,1 if i ∈ I0, and to the fundamental
moduleVi,q3 if i ∈ I1.

4.1.3 To β = ∑i∈I biαi ∈Φ>0 we attach the moduleS(γ) whose Drinfeld polynomials are

Pi,S(β) =
(
Pi,S(αi)

)bi , (i ∈ I). (9)

If β is not a simple root, this isnot a Kirillov-Reshetikhin module.

4.1.4 For i ∈ I , we denote byFi the simple module whose Drinfeld polynomials are all equal
to 1, exceptPi,Fi which is equal to

Pi,Fi (u) =

{
(1−uq0)(1−uq2) if i ∈ I0,
(1−uq)(1−uq3) if i ∈ I1.

(10)

This is a Kirillov-Reshetikhin module. The classes[Fi] will play the rôle of frozen cluster variables
in the Grothendieck ringR1.

4.2 We define a quiverΓ with 2n vertices as follows. We start from a copy of the Dynkin
diagram oriented in such a way that every vertex ofI0 is a source, and every vertex ofI1 is a sink.
For everyi ∈ I we then add a new vertexi′ and an arrowi← i′ if i ∈ I0 (resp. i→ i′ if i ∈ I1).

Example 4.1 Let g be of typeA3. We chooseI0 = {1,3}. The quiverΓ is

1 ← 1′

↓
2 → 2′

↑
3 ← 3′

PutI ′ = {i′ | i ∈ I}. It is often convenient to identifyI with [1,n], I ′ with [n+1,2n], andi′ with
i +n. This will be done freely in the sequel. As explained in 2.1.1we can attach a matrix̃B= (bi j )
to Γ. This is a 2n×n-matrix with set of column indicesI , and set of row indicesI ∪ I ′, the vertex
set ofΓ. The entrybi j is equal to 1 if there is an arrow fromj to i in Γ, to -1 if there is an arrow
from i to j in Γ, and to 0 otherwise.
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Example 4.2 We continue the previous example. We have

B̃ =




0 −1 0
1 0 1
0 −1 0
−1 0 0
0 1 0
0 0 −1




.

4.3 Let A = A (B̃) be the cluster algebra attached as in 2.1.1 to the initial seed (x, B̃), where
x = (x1, . . . ,x2n). This is a cluster algebra of rankn with n frozen variables. By construction,
the principal part of̃B is a skew-symmetric matrix encoded by a Dynkin quiver (with sink-source
orientation) of the same Dynkin type asg. As recalled in 2.1.2, it follows from [FZ3] that A has
finitely many cluster variables. Moreover, the (non-frozen) cluster variables are naturally labelled
by Φ>−1 via their denominator [FZ3, Th.1.9]. Letx[β ] denote the cluster variable attached to
β ∈Φ>−1, and let fi = xi+n denote the frozen variable attached toi′ ≡ i +n∈ I ′.

Example 4.3 We continue the previous examples. We have

Φ>−1 = {−α1,−α2,−α3, α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3}.

The cluster algebraA is the subring ofF = Q(x1,x2,x3, f1, f2, f3) generated by

x[−α1] = x1, x[−α2] = x2, x[−α3] = x3, f1, f2, f3,

and the following cluster variables

x[α1] =
x2 + f1

x1
,

x[α2] =
x1x3 + f2

x2
,

x[α3] =
x2 + f3

x3
,

x[α1 + α2] =
f2x2 + f1x1x3 + f1 f2

x1x2
,

x[α2 + α3] =
f2x2 + f3x1x3 + f2 f3

x2x3
,

x[α1 + α2 + α3] =
f2x2

2 + f1 f3x1x3 + f1 f2x2 + f2 f3x2 + f1 f2 f3
x1x2x3

.

Lemma 4.4 The cluster algebraA is equal to the polynomial ring in the2n variables

x[−αi ], x[αi ], (i ∈ I).

Proof — This follows from [BFZ]. Indeed,A is an acyclic cluster algebra, andx[−αi ], x[αi ]
are the generators denoted byxi , x′i in [BFZ]. The monomials inx1, x′1, . . . ,xn, x′n which contain
no product of the formx jx′j are calledstandard, and by [BFZ, Cor. 1.21] they form a basis ofA

over the ringZ[ fi | i ∈ I ]. It then follows from the relationsfi = xix′i −∏ j 6=i x
−ai j
j that the set of all

monomials inx1, x′1, . . . ,xn, x′n is a basis ofA overZ. 2
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Example 4.5 We continue Example 4.3. The generators ofA can be expressed as polynomials
in

x[−α1], x[−α2], x[−α3], x[α1], x[α2], x[α3],

as follows:

f1 = x[−α1]x[α1]−x[−α2],

f2 = x[−α2]x[α2]−x[−α1]x[−α3],

f3 = x[−α3]x[α3]−x[−α2],

x[α1 + α2] = x[α1]x[α2]−x[−α3],

x[α2 + α3] = x[α2]x[α3]−x[−α1],

x[α1 + α2 + α3] = x[α1]x[α2]x[α3]−x[−α1]x[α1]−x[−α3]x[α3]+x[−α2].

4.4 We have seen in 3.8 that the Grothendieck ringR1 is the polynomial ring in the classes of
the 2n fundamental modules ofC1:

S(−αi), S(αi), (i ∈ I).

By Lemma 4.4, the assignment

x[−αi ] 7→ [S(−αi)], x[αi ] 7→ [S(αi)], (i ∈ I),

extends to a ring isomorphismι from A to R1.
We can now state the main theorem-conjecture of this section.

Conjecture 4.6 (i) We have

ι(x[β ]) = [S(β )], ι( fi) = [Fi], (β ∈Φ>−1, i ∈ I).

(ii) If we identifyA to R1 via ι , C1 becomes a monoidal categorification ofA . Moreover, the
class in R1 of any simple object ofC1 is a cluster monomial (in other words, every simple
object ofC1 is real).

The conjecture will be proved in Section 10 forg of typeAn. In Section 11 we prove it forg
of typeD4, and we prove (i) forg of typeDn.

Conjecture 4.6 (ii) immediately implies the following

Corollary 4.7 (i) The categoryC1 has finitely many prime simple objects, namely, the cluster
simple objects S(β ) (β ∈Φ>−1), and the frozen simple objects Fi (i ∈ I).

(ii) Each simple object ofC1 is a tensor product of primes whose classes belong to one of the
clusters ofA .

(iii) All the tensor powers of a simple object ofC1 are simple.

(iv) The cluster monomials form aZ-basis ofA . 2
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Example 4.8 We continue the previous examples. By Corollary 4.7, forg of typeA3 the category
C1 has 12 prime simple objects:

S(−α1), S(−α2), S(−α3), S(α1), S(α2), S(α3), S(α1 + α2), S(α2 + α3), S(α1 + α2 + α3),

F1, F2, F3.

The first 6 modules are fundamental representations,F1,F2,F3 are Kirillov-Reshetikhin modules,
S(α1 + α2), S(α2 + α3) are minimal affinizations (in the sense of [Cha1]), but S(α1 + α2 + α3)
is not a minimal affinization. Its underlyingUq(g)-module is isomorphic toV(ϖ1 + ϖ2 + ϖ3)⊕
V(ϖ2). (Here we denote byϖi (i ∈ I) the fundamental weights ofg, and byV(λ ) the irreducible
Uq(g)-module with highest weightλ .)

Using the known dimensions of the fundamental modules and the formulas of Example 4.5,
we can easily calculate their dimensions, namely (in the same order):

4, 6, 4, 4, 6, 4, 20, 20, 70, 10, 20, 10.

The cluster algebraA has 14 clusters:

{−α1,−α2,−α3}, {α1,−α2,−α3}, {−α1, α2,−α3}, {−α1,−α2, α3}, {α1,−α2, α3},

{−α1, α2, α2 + α3}, {−α1, α3, α2 + α3}, {−α3, α2, α1 + α2}, {−α3, α1, α1 + α2},

{α1 + α2, α2, α2 + α3}, {α1, α3, α1 + α2 + α3}, {α1, α1 + α2, α1 + α2 + α3},

{α3, α2 + α3, α1 + α2 + α3}, {α1 + α2, α2 + α3, α1 + α2 + α3}.

Here we have written for shortβ instead ofx[β ] and we have omitted the three frozen variables
which belong to every cluster.

The simple objects ofC1 are exactly all tensor products of the form

S(β1)
⊗k1⊗S(β2)

⊗k2⊗S(β3)
⊗k3⊗F⊗l1

1 ⊗F⊗l2
2 ⊗F⊗l3

3 , (k1,k2,k3, l1, l2, l3) ∈N6,

in which{β1, β2, β3} runs over the 14 clusters listed above. Moreover, simple objects multiply (in
the Grothendieck ring) as the corresponding cluster monomials inA . For instance, the exchange
formula

x[−α2]x[α2] = f2 +x[−α1]x[−α3]

shows that the tensor productS(−α2)⊗S(α2) has two composition factors isomorphic toF2 and
S(−α1)⊗S(−α3).

5 q-characters

5.1 An essential tool for our proof of Conjecture 4.6 in typeA andD is the theory ofq-characters
of Frenkel and Reshetikhin [FR]. We shall recall briefly their definition and main properties. For
more details seee.g.[CH].

5.1.1 Recall from 3.2 that ifV is a finite-dimensionalUq(ĝ)-module, the endomorphisms ofV
which represent the generatorshi,m commute with each other. Moreover, by Drinfeld’s presenta-
tion theki are pairwise commutative, and they commute with all thehi,m. Hence we can writeV
as a finite direct sum of common generalized eigenspaces for the simultaneous action of theki and
of thehi,m. These common generalized eigenspaces are called thel-weight-spacesof V. (Herel
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stands for “loop”). Theq-character of Vis a Laurent polynomial with positive integer coefficients
in some indeterminatesYi,a (i ∈ I ,a ∈ C∗), which encodes the decomposition ofV as the direct
sum of itsl-weight-spaces .

More precisely, the eigenvalues of thehi,m (m> 0) in an l-weight-spaceW of V are always of
the form

qm−q−m

m(q−q−1)

(
ki

∑
r=1

(air )
m−

li

∑
s=1

(bis)
m

)
(11)

for some nonzero complex numbersair ,bis. Moreover, they completely determine the eigenvalues
of thehi,m (m< 0) and of theki onW. We encode this collection of eigenvalues with the Laurent
monomial

∏
i∈I

(
ki

∏
r=1

Yi,air

li

∏
s=1

Y−1
i,bis

)
, (12)

and the coefficient of this monomial in theq-character ofV is the dimension ofW [FM , Prop.
2.4]. The collection of eigenvalues (11) is called thel-weight of W. By a slight abuse, we shall
often say that thel-weight ofW is the monomial (12).

Let Y = Z[Y±i,a; i ∈ I ,a∈C∗], and denote byχq(V) ∈Y theq-character ofV ∈ C . One shows
that χq(V) depends only on the class ofV in the Grothendieck ringR, and that the induced map
χq : R→ Y is an injective ring homomorphism.

Example 5.1 Let g = sl2. ThenI = {1}, and we can drop the indexi ∈ I . Hence

Y = Z[Y±a ;a∈ C∗].

One calculates easily theq-character of the fundamental moduleW1,a. It is two-dimensional, and
decomposes as a sum of two common eigenspaces:

χq(W1,a) = Ya +Y−1
aq2 . (13)

From the identity
[W1,a][W1,aq2] = [W2,a][W0,aq2]+1 = [W2,a]+1,

(see Example 3.4), one deduces that

χq(W2,a) = YaYaq2 +YaY
−1
aq4 +Y−1

aq2Y
−1
aq4 .

One can calculate similarly theq-character of every Kirillov-Reshetikhin module forUq(ŝl2) (see
below Example 5.2).

5.1.2 Uq(ĝ) has a natural subalgebra isomorphic toUq(g), hence everyV ∈ C can be regarded
as aUq(g)-module by restriction. Thel-weight-space decomposition ofV is a refinement of its
decomposition as a direct sum ofUq(g)-weight-spaces. LetP be the weight lattice ofg, with basis
given by the fundamental weightsϖi (i ∈ I). We denote byω theZ-linear map fromY to Z[P]
defined by

ω

(

∏
i,a

Y
ui,a
i,a

)
= ∑

i

(
∑
a

ui,a

)
ϖi. (14)

If W is anl-weight-space ofV with l-weight the Laurent monomialm∈ Y , thenW is a subspace
of theUq(g)-weight-space with weightω(m). Hence, the imageω(χq(V)) of theq-character ofV
is the ordinary character of the underlyingUq(g)-module.
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For i ∈ I anda∈C∗ define
Ai,a = Yi,aqYi,aq−1 ∏

j 6=i

Y
ai j
j,a . (15)

(Note that, because of our general assumption thatg is simply-laced (see§3.1), for i 6= j we have
ai j ∈ {0,−1}.) Thusω(Ai,a) = αi , and theAi,a (a∈ C∗) should be viewed as affine analogues of
the simple rootαi . Following [FR], we define a partial order on the setM of Laurent monomials
in theYi,a by setting:

m6 m′ ⇐⇒
m′

m
is a monomial in theAi,a.

This is an affine analogue of the usual partial order onP, defined byλ 6 λ ′ if and only if λ ′−λ
is a sum of simple rootsαi .

Let Sbe a simple object ofC with Drinfeld polynomials

πi,S(u) =
ni

∏
k=1

(1−ua(i)
k ), (i ∈ I). (16)

Then the subsetM (S) of M consisting of all the monomials occuring inχq(S) has a unique
maximal element with respect to6, which is equal to

mS = ∏
i∈I

ni

∏
k=1

Y
i,a(i)

k
(17)

and has coefficient 1 [FM , Th. 4.1]. This is thehighest weight monomialof χq(S). The one-
dimensionall-weight-space ofSwith l-weightmS consists of thehighest-weight vectorsof S, that
is, thel-weight vectorsv∈ Ssuch thatx+

i,rv = 0 for everyi ∈ I andr ∈ Z.
A monomialm∈M is calleddominantif it does not contain negative powers of the variables

Yi,a. The highest weight monomialmS of an irreducibleq-characterχq(S) is always dominant. We
will denote byM+ the set of dominant monomials.

Conversely, we can associate to any dominant monomial as in (17) a unique set of Drin-
feld polynomials given by (16). Hence, we can equivalently parametrize the isoclasses of simple
objects ofC by M+. In the sequel, the simple module whoseq-character has highest weight
monomialm∈M+ will be denoted byL(m). To summarize, we have

χq(L(m)) = m

(
1+∑

p
Mp

)
,

where all theMp are monomials in the variablesA−1
i,a . It will sometimes be convenient to renor-

malize theq-characters and work with

χ̃q(L(m)) :=
1
m

χq(L(m)) = 1+∑
p

Mp. (18)

This is a polynomial with positive integer coefficients in the variablesA−1
i,a .

Example 5.2 We continue Example 5.1 and describe theq-characters of all the simple objects of
C for g = sl2. Fora∈C∗, we haveAa =YaqYaq−1. Fork∈N, putmk,a =YaYaq2 · · ·Yaq2k−2. It follows
from (6) and (13) that for the Kirillov-Reshetikhin moduleswe have [FR]:

χq(Wk,a) = mk,a

(
1+A−1

aq2k−1

(
1+A−1

aq2(k−1)−1

(
1+ · · ·

(
1+A−1

aq3(1+A−1
aq )
)
· · ·
)))

. (19)
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We callq-segment of origin a and length kthe string of complex numbers

Σ(k,a) = {a, aq2, · · · ,aq2k−2}.

Two q-segments are said to be inspecial positionif one does not contain the other, and their union
is aq-segment. Otherwise we say that there are ingeneral position. It is easy to check that every
finite multi-set{b1, . . . ,bs} of elements ofC∗ can be written uniquely as a union of segments
Σ(ki ,ai) in such a way that every pair(Σ(ki ,ai), Σ(k j ,a j)) is in general position. Then, Chari and
Pressley [CP2] have proved that the simple moduleSwith Drinfeld polynomial

πS(u) =
s

∏
m=1

(1−ubm)

is isomorphic to the tensor product of Kirillov-Reshetikhin modules
⊗

i Wki ,ai . Henceχq(S) can
be calculated using (19).

An important consequence of the existence and uniqueness ofthe highestl -weight of a simple
module is:

Proposition 5.3 [FM ] Let V and W be two objects ofC . If χq(V) and χq(W) have the same
dominant monomials with the same multiplicities, thenχq(V) = χq(W).

Indeed, to expressχq(V) as a sum of irreducibleq-characters, one can use the following simple
procedure. Pick a dominant monomialm in χq(V) which is maximal with respect to the par-
tial order6. Thenχq(V)− χq(L(m)) is a polynomial with nonnegative coefficients. Ifχq(V)−
χq(L(m)) 6= 0, then pick a maximal dominant monomialm′ in χq(V)− χq(L(m)) and consider
χq(V)− χq(L(m))− χq(L(m′)). And so forth. After a finite number of steps one gets the decom-
position ofχq(V) into irreducible characters using only its subset of dominant monomials.

5.2 We now recall an algorithm due to Frenkel and Mukhin [FM ] which attaches to anym∈M+

a polynomial FM(m), equal to theq-character ofL(m) under certain conditions.

5.2.1 We first introduce some notation. Giveni ∈ I , we say thatm∈M is i-dominantif every
variableYi,a (a∈C∗) occurs inmwith non-negative exponent, and in this case we writem∈Mi,+.
Using the known irreducibleq-characters ofUq(ŝl2) (see Example 5.2) we define form∈Mi,+

a polynomialϕi(m) as follows. Letm be the monomial obtained fromm by replacingYj,a by Ya

if j = i and by 1 if j 6= i. Then there is a unique irreducibleq-characterχq(m) of Uq(ŝl2) with
highest weight monomialm. Write χq(m) = m(1+ ∑p Mp), where theMp are monomials in the
variablesA−1

a (a ∈ C∗). Then one setsϕi(m) := m(1+ ∑pMp) where eachMp is obtained from
the correspondingMp by replacing each variableA−1

a by A−1
i,a .

Suppose now thatm∈M+. We define the subsetDm of M as follows. A monomialm′

belongs toDm if there is a finite sequence(m0 = m,m1, . . . ,mt = m′) such that for allr = 1, . . . , t
there existsi ∈ I such thatmr−1 ∈Mi,+ andmr is a monomial occuring inϕi(mr−1). Clearly,Dm

is countable and everym′ ∈ Dm satisfiesm′ 6 m. We can therefore write

Dm = {m0 = m, m1, m2, . . . }

in such a way that ifmt 6 mr thent > r.
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Finally, we define inductively some sequences of integers(s(mr))r≥0 and(si(mr))r≥0 (i ∈ I)
as follows. The initial condition iss(m0) = 1 andsi(m0) = 0 for all i ∈ I . For t ≥ 1, we set

si(mt) = ∑
r<t, mr∈Mi,+

(s(mr)−si(mr))[ϕi(mr) : mt ], (i ∈ I), (20)

s(mt) = max{si(mt) | i ∈ I}, (21)

where[ϕi(mr) : mt ] denotes the coefficient ofmt in the polynomialϕi(mr). We then put

FM(m) := ∑
r≥0

s(mr)mr . (22)

Example 5.4 Takeg of typeA2 andm= Y1,1Y2,q3. We have

ϕ1(m) = Y1,1Y2,q3 +Y−1
1,q2Y2,qY2,q3,

ϕ2(m) = Y1,1Y2,q3 +Y1,1Y1,q4Y−1
2,q5,

so we putm1 = Y−1
1,q2Y2,qY2,q3 andm2 = Y1,1Y1,q4Y−1

2,q5. The monomialm1 is 2-dominant, and we
have

ϕ2(m1) = Y−1
1,q2Y2,qY2,q3 +Y−1

1,q2Y1,q4Y2,qY
−1
2,q5 +Y1,q4Y−1

2,q3Y
−1
2,q5;

similarly, m2 is 1-dominant and we have

ϕ1(m2) = Y1,1Y1,q4Y−1
2,q5 +Y−1

1,q2Y1,q4Y2,qY
−1
2,q5 +Y1,1Y

−1
1,q6 +Y−1

1,q2Y
−1
1,q6Y2,q.

We setm3 = Y−1
1,q2Y1,q4Y2,qY

−1
2,q5, m4 = Y1,q4Y−1

2,q3Y
−1
2,q5, m5 = Y1,1Y

−1
1,q6, andm6 = Y−1

1,q2Y
−1
1,q6Y2,q. We see

thatm3 is neither 1-dominant nor 2-dominant. The monomialm4 is 1-dominant and

ϕ1(m4) = Y1,q4Y−1
2,q3Y

−1
2,q5 +Y−1

1,q6Y
−1
2,q3;

similarly, m5 andm6 are 2-dominant and

ϕ2(m5) = Y1,1Y
−1
1,q6, ϕ2(m6) = Y−1

1,q2Y
−1
1,q6Y2,q +Y−1

1,q6Y
−1
2,q3.

Finally the monomialm7 = Y−1
1,q6Y

−1
2,q3 is neither 1-dominant nor 2-dominant. So

Dm = {m, m1, m2, m3, m4, m5, m6, m7}.

It is easy to check that FM(m) is the sum of all the elements ofDm with coefficient 1, and that we
have

FM(m) = ϕ1(m)+ ϕ1(m2)+ ϕ1(m4) = ϕ2(m)+ ϕ2(m1)+ ϕ2(m5)+ ϕ2(m6).

5.2.2 Let m∈M+. We say that the simple moduleL(m) is minusculeif m is the only dominant
monomial ofχq(L(m)). (In [N3] these modules are calledspecial.)

Theorem 5.5 [FM ] If L(m) is minuscule thenχq(L(m)) = FM(m). Moreover, all the fundamental
modules are minuscule.

It was proved in [N2] that Kirillov-Reshetikhin modules are also minuscule. Unfortunately,
there exist simple modules for which the Frenkel-Mukhin algorithm fails, as shown by the next
example. For another example in typeC3 see [NN].
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Example 5.6 Takeg of type A2 andm = Y2
1,1Y2,q3. Clearly, L(m) is a simple object ofC1, and

using Conjecture 4.6 (ii) (which will be proved in Section 10in typeAn), we have in the notation
of 4.1

L(m)∼= S(α1)⊗S(α1 + α2) = L(Y1,1)⊗L(Y1,1Y2,q3).

It is easy to calculate that forg of typeAn+1 anda∈C∗, we have

χq(L(Y1,a)) = Y1,a +Y−1
1,aq2Y2,aq+Y−1

2,aq3Y3,aq2 + · · ·+Y−1
n,aqn+1.

Hence, for our example in typeA2, χq(L(m)) = χq(L(Y1,1))χq(L(Y1,1Y2,q3)) contains the monomial

Y−1
2,q3Y1,1Y2,q3 = Y1,1 = mA−1

1,qA−1
2,q2

with coefficient 1. On the other hand,ϕ1(m) = m(1+ 2A−1
1,q + A−2

1,q) andϕ2(m) = m(1+ A−1
2,q4).

Now m1 := mA−1
1,q =Y1,1Y

−1
1,q2Y2,qY2,q3 is 2-dominant andϕ2(m1) = m1(1+A−1

2,q4 +A−1
2,q2A

−1
2,q4). Thus

FM(m)−m− 2m1 is of the formmP whereP ∈ Z[A−1
1,a,A

−1
2,a; a ∈ C∗] contains only monomials

divisible byA−2
1,q or A−1

2,q4. Hence FM(m) does not contain the monomialmA−1
1,qA−1

2,q2, thus FM(m)

is not equal toχq(L(m)).

Remark 5.7 (i) When FM(m) = χq(L(m)), this polynomial can be written for everyi ∈ I as a
positive sum of polynomials of the formϕi(m′) for somem′ ∈Mi,+. For m′ ∈ Dm∩Mi,+, the
integers(m′)−si(m′) is then the coefficient ofϕi(m′) in this sum.

(ii) One can slightly generalize [FM , Th. 5.9] as follows: a sufficient condition for having
FM(m) = χq(L(m)) is that FM(m) contains all the dominant monomials ofχq(L(m)). The proof
is essentially the same as in [FM , Th. 5.9].

(iii) In [ H1], a polynomialF(m) defined by formulas similar to (20), (21), (22), has been
defined for anym∈M+. The only difference between the definitions ofF(m) and FM(m) is the
formula givings(mt). If L(m) is minuscule, thenF(m) = FM(m) = χq(L(m)). OtherwiseF(m)
may not be equal to FM(m). The polynomial FM(m) has nonnegative coefficients, may contain
several dominant monomials, and it may not belong to the image of the mapχq : R→ Y . On the
other hand,F(m) belongs to this image, has a unique dominant monomial (equalto m), but may
have negative coefficients.

This is well illustrated by Example 5.6. In that caseL(m) has dimension 24, and we have

FM(m) = χq(L(m))−Y1,1, F(m) = χq(L(m))−Y1,1−Y−1
1,q2Y2,q−Y−1

2,q3,

andF(m) contains the monomialY−1
2,q3 with coefficient−1.

In this paper when we refer to the Frenkel-Mukhin algorithm we will always mean the poly-
nomial FM(m).

5.2.3 Let us note a useful consequence of the Frenkel-Mukhin algorithm.

Proposition 5.8 Let m= ∏r
k=1Yik,ak ∈M+ and let mM be a monomial occuring inχq(L(m)),

where M is a monomial in the variables A−1
i,a (i ∈ I , a ∈ C∗). If A−1

j,b occurs in M there exist

k∈ {1, . . . , r} and l∈ N\{0} such that b= akql . Moreover, there also exist finite sequences

( j1 = ik, j2, . . . , js = j) ∈ Is, (l1 = 1 6 l2 6 · · ·6 ls = l) ∈ Ns

such that ajt , jt+1 = −1 and A−1
jt ,akqlt occurs in M for every t= 1, . . . ,s− 1. Finally, lt is odd if

ε jt = εik and even otherwise.
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Proof — If m= Yi,a is the highest weight monomial of a fundamental module, thenχq(L(m)) =
FM(m), and the proposition holds by definition of the algorithm FM.In the general case, by 3.4
L(m) is a subquotient of the tensor product⊗r

k=1L(Yik,ak), and therefore itsq-character is contained
in the product of theq-characters of the factors, which proves the proposition. 2

5.2.4 We can now prove Proposition 3.2. LetL(m) and L(m′) be in Cℓ. This means thatm
and m′ are monomials in the variablesYi,qξi +2k (0 6 k 6 ℓ). If L(m′′) is a composition factor
of L(m)⊗ L(m′) then m′′ is a product of monomials ofχq(L(m)) and χq(L(m′)). So we have
m′′ = mm′M whereM is a monomial in theA−1

i,a . We claim that, form′′ to be dominant, the spectral

parametersa have to be of the forma = qξi+2k+1 with 0 6 k 6 ℓ−1. Indeed, by Proposition 5.8
we know that these parameters belong toqξi+2N+1. Let

s= max{r | A−1
i,qξi+2r+1occurs inM for somei}.

If s> ℓ then all variablesYi,qξi +2s+2 occuring inm′′ have a negative exponent, andm′′ cannot be

dominant. Hencea= qξi+2k+1 with 06 k 6 ℓ−1. It follows thatm′′ depends only on the variables
Yi,qξi +2k (0 6 k 6 ℓ). ThusL(m′′) is in Cℓ andCℓ is closed under tensor products. The description
of the Grothendieck ringRℓ immediately follows, and this finishes the proof of Proposition 3.2.

5.2.5 As a consequence of Proposition 5.8, all simple modules in the categoryC0 are minuscule.
Indeed consider such a moduleSwith highest monomialm. A monomialm′ occuring inχq(S)−m
contains at least oneA−1

j,qr with r ≥ 1 and j ∈ I . As m∈ Z[Yi,qξi ]i∈I , we can conclude as in Section
5.2.4 thatm′ is not dominant.

This property also holds for other subcategories equivalent to C0 obtained by shifting the
spectral parameter bya ∈ C∗. More explicitly, consider the category of finite-dimensional rep-
resentationsV which satisfy : for every composition factorS of V and everyi ∈ I , the Drinfeld
polynomial πi,S(u) belongs toZ[(1− a−1q−ξi u)]. Then one proves exactly as above that in this
category any simple object is minuscule, and every tensor product of simple objects is simple.

5.3 The next proposition is often helpful to prove that certain monomials belong to theq-
character of a module.

Proposition 5.9 [H2, Prop. 3.1]Let V be an object ofC and fix i∈ I. Then there is a unique
decomposition ofχq(V) as a finite sum

χq(V) = ∑
m∈Mi,+

λmϕi(m),

and theλm are nonnegative integers.

Suppose that we know thatm∈Mi,+ occurs inχq(V). Assume also that ifm′ ∈Mi,+ \{m}
is such thatϕi(m′) containsm thenm′ does not occur inχq(V). Then the proposition implies that
all the monomials ofϕi(m) occur inχq(V). In particular, letm∈M+ and letmM be a monomial
of χq(L(m)), whereM is a monomial in theA−1

j,a ( j ∈ I). If M contains no variableA−1
i,a then

mM∈Mi,+ andϕi(mM) is contained inχq(L(m)).
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5.4 We will sometimes need a natural generalization of 5.3 in which the singleton{i} is replaced
by an arbitrary subsetJ of I . To formulate it we first need to imitate the definition ofϕi(m) and
introduce some polynomialsϕJ(m). We say thatm∈M is J-dominant, and we writem∈MJ,+,
if m does not contain negative powers ofYj,a ( j ∈ J, a∈ C∗). For m∈M we denote bym the
monomial obtained fromm by replacingY±i,a by 1 if i 6∈ J. If m∈MJ,+ thenm can be regarded
as a dominant monomial for the subalgebraUq(ĝJ) of Uq(ĝ) generated by the Drinfeld generators
attached to the vertices ofJ. Denote byχq(m) theq-character of the unique irreducibleq-character
of Uq(ĝJ) with highest weight monomialm. Write χq(m) = m(1+ ∑pMp), where theMp are

monomials in the variablesA−1
j,a ( j ∈ J, a∈C∗). Then one setsϕJ(m) := m(1+∑pMp) where each

Mp is obtained from the correspondingMp by replacing each variableA−1
j,a by A−1

j,a. In particular,
if m∈M+ thenϕJ(m) is the sum of all the monomials ofχq(L(m)) of the formmM whereM is a
monomial in theA−1

j,a ( j ∈ J). We can now state

Proposition 5.10 [H2, Prop. 3.1]Let V be an object ofC and let J be an arbitrary subset of I.
Then there is a unique decomposition ofχq(V) as a finite sum

χq(V) = ∑
m∈MJ,+

λmϕJ(m),

and theλm are nonnegative integers.

In particular, letm∈M+ and letmM be a monomial ofχq(L(m)), whereM is a monomial in the
A−1

i,a (i ∈ I). If M contains no variableA−1
j,a with j ∈ J thenmM∈MJ,+ andϕJ(mM) is contained

in χq(L(m)).

6 Truncated q-characters

The Frenkel-Mukhin algorithm is an important tool because there is no general formula (like
the Weyl character formula) for calculating an irreducibleq-character ofC . Unfortunately, even
when the Frenkel-Mukhin algorithm is successful, the full expansion of the irreducibleq-character
is in general impossible to handle because it contains too many monomials. For example, the
q-character of the 5th fundamental representation forg of type E8 has 6899079264 monomials
(counted with their multiplicities) [N4]. However, when dealing with the subcategoryC1, we
can work with certain truncations of theq-characters, as we shall explain in this section. Thus,
we will see that in the categoryC1 in type D4, the q-characterχq(L(Y1,q3Y2

2,1Y3,q3Y4,q3)) which
contains 167237 monomials (counted with their multiplicities) can be controlled by its truncated
q-character which has only 14 monomials.

6.1 From now on we will work in the subcategoryCZ. It follows from Proposition 5.8 that
theq-characters of objects ofCZ involve only monomials in the variablesYi,qr (i ∈ I , r ∈ Z). To
simplify notation,we will henceforth write Yi,r instead of Yi,qr . Similarly, we will write Ai,r instead
of Ai,qr .

6.2 LetV be an object ofC1. We can write

χq(V) = ∑
k

mk(1+∑
p

M(k)
p )

where themk are dominant monomials in the variablesYi,ξi
,Yi,ξi+2 (i ∈ I), and theM(k)

p are certain

monomials in theA−1
i,r . The factorization of a monomialm= mkM

(k)
p is in general not unique. For
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example, in typeA2 we haveY1,0Y1,2A−1
1,1 = Y2,1. However, ifmkM

(k)
p is such thatM(k)

p contains a
negative power ofAi,r for somei ∈ I and somer > 3, because of the restriction on the variablesY
occuring inmk and of the formula

A−1
i,r = Y−1

i,r+1Y
−1
i,r−1 ∏

j: ai j =−1

Yj,r ,

for any other expressionmkM
(k)
p = m̃kM̃

(k)
p the monomialM̃(k)

p also contains a negative power of
Ai,r for somei ∈ I and somer > 3. We define thetruncated q-character of Vto be the Laurent

polynomial obtained fromχq(V) by keeping only the monomialsM(k)
p which do not contain any

A−1
i,r with r > 3. We denote this truncated polynomial byχq(V)62. Our motivation for introducing

this truncation is the following

Proposition 6.1 The map V7→ χq(V)62 is an injective homomorphism from the Grothendieck
ring R1 of C1 to Y .

Proof — It is clear from the definition that our truncatedq-character is additive and multiplicative,
hence induces a homomorphism fromR1 toY . Let us prove injectivity. LetSbe a simple object of
C1, andχq(S) = m(1+ ∑k Mk) where theMk are monomials in theA−1

i,r . If Mk contains a variable

A−1
i,r with r > 3 thenmMk can not be dominant. Indeed, if

s= max{r | A−1
i,r occurs inMk for somei },

then all variablesYi,s+1 occuring inmMk have a negative exponent, and thereforemMk is not
dominant. (In the terminology of [FM , §6.1], mMk is a right negativemonomial.) Hence, the
dominant monomials ofχq(S) are all contained in its truncated versionχq(S)62. Thus, if for
two objectsV andW of C1 we haveχq(V)62 = χq(W)62 thenχq(V) andχq(W) have the same
dominant monomials, and the claim follows from Proposition5.3. 2

Remark 6.2 One might consider a different truncatedq-character, obtained by keeping only the
dominant monomials. By Proposition 5.3, this truncation isinjective onRZ, but it is difficult to
use because it is not multiplicative.

Example 6.3 We continue Example 5.4 in typeA2. With our new simplified notation, we have
m= Y1,0Y2,3, and one checks easily that

χq(L(m))62 = m+m1 = Y1,0Y2,3 +Y−1
1,2 Y2,1Y2,3 = Y1,0Y2,3

(
1+A−1

1,1

)
.

On the other hand, it follows from Example 5.6 that

χq(L(Y2
1,0Y2,3))62 = χq(L(Y1,0))62 χq(L(Y1,0Y2,3))62

= Y1,0

(
1+A−1

1,1 +A−1
1,1A−1

2,2

)
Y1,0Y2,3

(
1+A−1

1,1

)

= Y2
1,0Y2,3

(
1+2A−1

1,1 +A−2
1,1 +A−1

1,1A−1
2,2 +A−2

1,1A
−1
2,2

)
.

Example 6.4 Let g be of typeA,D,E. Then fori ∈ I

χq(L(Yi,2))62 = Yi,2, χq(L(Yi,1))62 = Yi,1

(
1+A−1

i,2

)
,

22



χq(L(Yi,0))62 = Yi,0

(
1+A−1

i,1 ∏
j∈I ,ai j =−1

(1+A−1
j,2)

)
,

χq(L(Yi,ξi
Yi,ξi+2))62 = Yi,ξi

Yi,ξi+2.

Indeed, for all these modules theq-character is given by the Frenkel-Mukhin algorithm (the first
three are fundamental modules, and the last one is a Kirillov-Reshetikhin module.)

Let us introduce forP,Q∈ Z[Y±i,r ; i ∈ I , r ∈ Z] the notation

P 6 Q ⇐⇒ Q−P∈ N[Y±i,r ; i ∈ I , r ∈ Z].

Corollary 6.5 Let S= L(m) be a simple object ofC1. Suppose thatFM(m) > χq(S)62. Then
FM(m) = χq(S).

Proof — By the proof of Proposition 6.1,χq(S)62 contains all the dominant monomials ofχq(S),
and the claim follows from Remark 5.7 (ii). 2

6.3 Let γ = ∑i∈I ciαi be an element of the root lattice with nonnegative coordinates ci . We
denote byJ = { j ∈ I | c j 6= 0} thesupport ofγ , and we assume thatJ is connected. Let

m= ∏
i∈I0

Yci
i,0 ∏

i∈I1

Yci
i,3.

This is the highestl -weight of a simple objectL(m) of C1. The next proposition shows how to
calculate the truncatedq-character ofL(m) in terms of the truncation ofϕJ(m).

Let K = {k∈ I−J | ak j =−1 for somej ∈ J} be the subset of vertices adjacent toJ. Fork∈K
denote byjk the uniquej ∈ J such thatak j =−1. (The uniqueness ofjk follows from the fact that
the Dynkin graph has no cycle andJ is connected.) Write

ϕJ(m)62 = m

(
1+∑

p
Mp

)
,

where theMp are monomials inA−1
j,1, A−1

j,2 ( j ∈ J). In fact, by Proposition 5.8, it is easy to see that

eachMp is of the formMp = ∏ j∈J A
−µ j,p

j,1+ξ j
for someµ j,p ∈ N.

Proposition 6.6 We have

χq(L(m))62 = m

(
1+∑

p
Mp ∏

k∈K∩I1

(1+A−1
k,2)

µ jk,p

)
.

Proof — From 5.4, we have thatϕJ(m) 6 χq(L(m)). If k ∈ K ∩ I1 then jk ∈ J∩ I0, and if a

monomialMp containsA−1
jk,1

with exponentµ jk,p > 0, thenmMp containsY
µ jk,p

k,1 and no otherYk,r

for r 6= 1. ThereforemMp is k-dominant. Using 5.3 we deduce that

ϕk(mMp) = Mp(1+A−1
k,2)

µ jk,p 6 χq(L(m)),

and this implies that

m

(
1+∑

p
Mp ∏

k∈K∩I1

(1+A−1
k,2)

µ jk,p

)
6 χq(L(m))62. (23)
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Note that ifk∈ K∩ I0 then jk ∈ J∩ I1, and ifmMp is k-dominant then it containsY
µ jk,p

k,2 . Hence, in
this caseϕk(mMp)62 = mMp does not contribute anything new to the truncatedq-character.

Let us now show that (23) is an equality. Suppose on the contrary that it is a strict inequality,
and letmMbe a monomial inχq(L(m))62 which appears in the left-hand side of (23) with a strictly
smaller multiplicity. HereM is a monomial in the variablesA−1

i,ξi+1. Moreover, by definition of

ϕJ(m) all the monomials ofχq(L(m)) obtained fromm by multiplying by variablesA−1
j,ξ j+1 with

j ∈ J appear inϕJ(m) with the same multiplicity. HenceM has to contain at least one variable
A−1

k,ξk+1 with k 6∈ J. By Proposition 5.8 we can assume thatk ∈ K ∩ I1. We will also assume that
mM is maximal with these properties. Denote byr the multiplicity of mM in χq(L(m)), and byv
the exponent ofA−1

k,2 in M. SincemM belongs to a truncatedq-character,M does not contain any

variableA−1
i,3 with aik =−1, hencemM has to containY−v

k,3 and therefore it can not bek-dominant.
Hence, by 5.3, there existk-dominant monomialsm1, . . . ,ms, in χq(L(m)) (counted with their
multiplicities) such that eachϕk(mi) containsmM with multiplicity r i andr1 + · · ·+ rs = r. Since
mi > mM for every i, the multiplicities ofmi in both sides of (23) are equal. Moreover, by our
construction, the left-hand side of (23) also contains∑i ϕk(mi), hence the multiplicity ofmM in
this left-hand side is at leastr, which contradicts our assumption. Thus (23) is an equality. 2

6.4 We now calculateχq(S(α))62 for a multiplicity-free positive rootα , i.e.a root of the form
α = αJ = ∑ j∈J α j for some connected subsetJ of I . If g is not of typeA, we assume that the
trivalent node of the Dynkin diagram belongs toI0 (this is no loss of generality, see 3.9).

Proposition 6.7 Let J be a connected subset of I, andα = αJ the corresponding multiplicity-free
positive root. Letη ∈ {0,1}I be the characteristic function of J,i.e.ηi = 1 if i ∈ J andηi = 0
otherwise. Let m be the highest weight monomial ofχq(S(α)). We have

χq(S(α))62 = m ∑
ν∈S

∏
i∈I

A−νi
i,1+ξi

,

whereS denotes the set of all finite sequencesν ∈ {0,1}I such thatνi 6 ηi for every i∈ I0, and
for every i∈ I1

νi 6 max

(
0, −ηi + ∑

j :ai j =−1

ν j

)
. (24)

Proof — We first prove the result forJ = I = {1, . . . ,n}. In this caseηi ≡ 1 and the condition
νi 6 ηi is always satisfied. We use induction onn. Forn= 1 we haveχq(S(α))62 =Y1,0(1+A−1

1,1)
if I = {1}= I0, andχq(S(α))62 =Y1,3 if I = I1. Assume now thatn> 2, and letm1 be a monomial
in the truncatedq-character ofS(α). We can suppose that the vertex labelled 1 is monovalent and
adjacent to the vertex labelled 2. PutI ′ = {2, . . . ,n}. There are two cases.

(a) If 1∈ I1 thenm= Y1,3Y2,0Y3,3 · · ·. Putm′ = mY−1
1,3 . As L(m) appears as a subquotient of

L(Y1,3)⊗L(m′) and
χq(L(Y1,3))62χq(L(m′))62 = Y1,3χq(L(m′))62,

we havem1 = Y1,3m′1 wherem′1 is a monomial inχq(L(m′))62. By Proposition 6.6,χq(L(m′))62

can be calculated fromϕI ′(m′)62, and by induction onn we may assume that

ϕI ′(m
′)62 = m′ ∑

ν∈S ′
∏
i∈I ′

A−νi
i,1+ξi

,
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whereS ′ is defined likeS replacingI by I ′. By Proposition 6.6,χq(L(m′))62 can only differ
from ϕI ′(m′)62 by certain summandsMp(1+A−1

1,2)
µ2,p so this shows that the exponentνi of A−1

i,1+ξi

in m1/m satisfies the condition (24) fori ∈ I ′. It remains to check thatν1 = 0. For this we can
use the fact thatχq(L(m)) 6 χq(L(Y1,3Y2,0))χq(L(m′Y−1

2,0 )). Now by Proposition 6.6 and the first
formula in Example 6.3 (with the nodes 1 and 2 of theA2 Dynkin diagram exchanged), we get

χq(L(Y1,3Y2,0))62 = Y1,3Y2,0(1+A−1
2,1 ∏

j 6=1,aj2=−1

(1+A−1
j,2)).

This does not containA−1
1,2, neitherχq(L(m′Y−1

2,0 ))62.
(b) If 1 ∈ I0 then 2∈ I1 is not trivalent, soν2 6 1. We can assume that the vertex 3 is

adjacent to 2. We thus havem = Y1,0Y2,3Y3,0 · · ·. Put m′ = mY−1
1,0 . Thenm1 = m0m′1 wherem0

is a monomial inχq(L(Y1,0))62 andm′1 is a monomial inχq(L(m′))62. By Proposition 6.6 the
monomialm0 belongs to{Y1,0, Y1,0A−1

1,1, Y1,0A−1
1,1A−1

2,2}. On the other hand, by Proposition 6.6 again,

χq(L(m′))62 = ϕI ′(m′)62 in this case, which is known by induction. Ifm0 6= Y1,0A−1
1,1A−1

2,2 we see

that the exponentνi of A−1
i,1+ξi

in m1/m satisfies condition (24) for everyi ∈ I . If m0 = Y1,0A−1
1,1A−1

2,2

condition (24) would be violated ifm′1/m′ had ν3 = 0. But in this casem0m′1 could not be a
monomial ofχq(L(m))62. Indeed let us prove that ifA−1

2,2 appears, thenA−1
3,1 must appear. We have

the inequalityχq(L(m))62 6 χq(L(Y1,0Y2,3Y3,0))62 χq(L(m′Y−1
2,3 Y−1

3,0 ))62. For typeA3, again by
using the first formula in Example 6.3 and Proposition 6.6, wehave

χq(L(Y2,3Y3,0))62 = Y2,3Y3,0(1+A−1
3,1) , χq(L(Y1,0Y2,3))62 = Y1,0Y2,3(1+A−1

1,1).

Then we have the two inequalitiesχq(L(Y1,0Y2,3Y3,0))62 6 χq(L(Y1,0))62χq(L(Y2,3Y3,0))62 and
χq(L(Y1,0Y2,3Y3,0)) 6 χq(L(Y1,0Y2,3))62χq(Y3,0))62 which follow as above from a subquotient ar-
gument. As a consequence we get

χq(L(Y1,0Y2,3Y3,0))62 6 Y1,0Y2,3Y3,0

(
1+A−1

1,1+A−1
3,1 +A−1

1,1A
−1
3,1(1+A−1

2,2)
)

. (25)

Now we get the result by Proposition 6.6.
Finally, the general case of a rootα = αJ for a subintervalJ of I follows from the caseJ = I .

Indeed what we have already proved gives usϕJ(m)62, and Proposition 6.6 then yields the value
of χq(S(α))62. 2

Corollary 6.8 Assume that the trivalent node is in I0 if g is of type D or E. LetαJ be a multiplicity-
free root. Thenχq(S(αJ)) is given by the Frenkel-Mukhin algorithm.

Proof — Let m be the highestl -weight of S(α). It follows easily from the explicit formula of
Proposition 6.7 that FM(m) > χq(S(α))62. The only point which needs to be checked reduces to
typeA3 for m= Y1,0Y2,3Y3,0. By (25), it suffices to check that

m(1+A−1
1,1 +A−1

3,1+A−1
1,1A−1

3,1(1+A−1
2,2)) 6 FM(m).

We have clearlym(1+A−1
1,1 +A−1

3,1+A−1
1,1A−1

3,1) 6 FM(m). Then

ϕ2(mA−1
1,1A−1

3,1) = ϕ2(Y
2
2,1Y2,3) = ϕ2(Y2,1)ϕ2(Y2,1Y2,3)

wheremA−1
1,1A−1

3,1A−1
2,2 appears. Now the claim follows from Corollary 6.5. 2

If g is of typeA, all its positive roots are multiplicity-free, thus Proposition 6.7 and Example 6.4
give explicit formulae for all the truncatedq-charactersχq(S(α))62 in that case.
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Example 6.9 We takeg of type A3. We assume thatI0 = {1,3} and I1 = {2}. The truncated
q-characters of the modulesS(α) (α ∈Φ>−1) are

χq(S(−α1))62 = Y1,2, χq(S(α1))62 = Y1,0(1+A−1
1,1 +A−1

1,1A
−1
2,2),

χq(S(−α2))62 = Y2,1(1+A−1
2,2), χq(S(α2))62 = Y2,3,

χq(S(−α3))62 = Y3,2, χq(S(α3))62 = Y3,0(1+A−1
3,1 +A−1

2,2A
−1
3,1),

χq(S(α1 + α2))62 = Y1,0Y2,3(1+A−1
1,1),

χq(S(α2 + α3))62 = Y2,3Y3,0(1+A−1
3,1),

χq(S(α1 + α2+ α3))62 = Y1,0Y2,3Y3,0(1+A−1
1,1+A−1

3,1 +A−1
1,1A−1

3,1 +A−1
1,1A−1

2,2A−1
3,1).

Moreover, by Example 6.4, the frozen simple objectsFi have the following truncatedq-characters

χq(F1)62 = Y1,0Y1,2, χq(F2)62 = Y2,1Y2,3, χq(F3)62 = Y3,0Y3,2.

Corollary 6.10 Let αJ be a multiplicity-free root. Then S(αJ) is a prime simple object.

Proof — Let m be the highestl -weight ofS(αJ). We havem= ∏i∈J∩I0 Yi,0 ∏i∈J∩I1 Yi,3. Suppose
thatS(αJ) is not prime. Then

S(αJ)∼= L(m1)⊗·· ·⊗L(mk), (26)

wherem1 · · ·mk = m. Clearly, there must existi ∈ J∩ I0 and j ∈ J∩ I1 with ai j = −1 and such
thatYi,0 andYj,3 do not occur in the same monomialmr (1 6 r 6 k). Let ms be the monomial
containingYi,0. Thenχq(L(ms)) containsmsA

−1
i,1 A−1

j,2 by Proposition 6.6, hencemA−1
i,1 A−1

j,2 occurs

in χq(L(m1)⊗·· ·⊗L(mk)). On the other hand, it follows from Proposition 6.7 thatmA−1
i,1 A−1

j,2 is
not a monomial ofχq(S(αJ)), which contradicts (26). 2

7 F-polynomials

In [FZ5], Fomin and Zelevinsky have shown that the cluster variables of A have a nice expres-
sion in terms of certain polynomials called theF-polynomials, which are closely related to the
Fibonacci polynomials of [FZ2]. Moreover, [FZ2] gives some explicit formulae for the Fibonacci
polynomials in typeA andD. We will recall these results in a form suitable to our present purpose.

7.1 In Section 4, we have usedx = {x[−αi ] | i ∈ I} as our reference cluster. It will be convenient
here to work with a slightly different cluster denoted byz = {zi | i ∈ I}, and given by

zi =

{
x[−αi ] if i ∈ I0,

x[αi ] if i ∈ I1.

It is easy to see that one passes fromx to z by applying the sequence of mutations∏k∈I1 µk (it does
not matter in which order since they pairwise commute). A straightforward calculation shows that
the exchange matrix̃Bz = [bz

i j ] at z is given by

bz
i j =





ε jai j if i, j ∈ I andi 6= j,

−1 if j ∈ I andi = j +n∈ I ′,

−ak j if j ∈ I0, andi = k+n∈ I ′ with k 6= j,

0 otherwise.

26



Here the column set is indexed byI and the row set is indexed byI ∪ I ′ ≡ [1,n] ∪ [n+ 1,2n].
Following [FZ5, §6] we define the following elements ofF :

y j = ∏
i∈I

f
bz

i+n, j
i , ŷ j = y j ∏

i∈I
z
bz

i j
i . (27)

Example 7.1 We takeg of typeA3 andI0 = {1,3}. We have

B̃z =




0 1 0
−1 0 −1
0 1 0
−1 0 0
1 −1 1
0 0 −1




.

We have

y1 = f−1
1 f2, y2 = f−1

2 , y3 = f2 f−1
3 , ŷ1 = z−1

2 f−1
1 f2, ŷ2 = z1z3 f−1

2 , ŷ3 = z−1
2 f2 f−1

3 .

Following [FZ5, §10] we denote byE the linear automorphism of the root latticeQ given by

E(αi) =−εiαi, (i ∈ I).

We also define piecewise-linear involutionsτε (ε =±1) of Q by

[τε(γ) : αi ] =





−[γ : αi]−∑
j 6=i

ai j max(0, [γ : α j ]) if εi = ε ,

[γ : αi ] if εi 6= ε .

(28)

Here, forγ ∈ Q, we denote by[γ : αi ] the coefficient ofαi in the expansion ofγ on the basis of
simple roots. It is easy to see thatτε preservesΦ>−1. Forα ∈Φ>−1, one then defines theg-vector

g(α) = Eτ−(α). (29)

The involutionτ− relates the natural labellings of the cluster variables with respect tox andz. We
shall writez[α ] = x[τ−(α)]. In particular, sinceτ−(−αi) =−εiαi , we havezi = z[−αi ] (i ∈ I).

7.2 Consider the multiplicative groupP of all Laurent monomials in the variablesfi (i ∈ I). As
in [FZ5, Def. 2.2], we introduce the addition⊕ given by

∏
i

f ai
i ⊕∏

i
f bi
i = ∏

i
f min(ai ,bi)
i .

Endowed with this operation and its ordinary multiplication and division,P becomes a semifield,
called thetropical semifield. If F(t1, . . . , tn) is a subtraction-free rational expression with integer
coefficients in some variablesti, then we can evaluate it inP by specializing theti to some elements
pi of P. This will be denoted byF|P(p1, . . . , pn).
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7.3 To define theF-polynomials, we need to introduce a variant ofA called thecluster algebra
with principal coefficients. We shall denote it byApr . It is given by the initial seed(u, B̃pr), where
u = (u1, . . . ,un,v1, . . . ,vn), andB̃pr is the 2n×n matrix with the same principal part as̃Bz and with
lower part equal to then×n identity matrix. Thus(v1, . . . ,vn) are the frozen variables ofApr . By
[FZ3] every cluster variable ofApr is of the form

u[α ] =
Nα(u1, . . . ,un,v1, . . . ,vn)

ua1
1 · · ·u

an
n

(30)

for someα = ∑i∈I aiαi ∈Φ>−1. HereNα is a polynomial, andN−αi ≡ 1 (i ∈ I). Following [FZ5,
§3], we can now define theF-polynomialsby specializing all theui to 1:

Fα(v1, . . . ,vn) = Nα(1, . . . ,1,v1, . . . ,vn), (α ∈Φ>−1). (31)

For example, for the simple rootαi we haveFαi (v1, . . . ,vn) = 1+ vi . It is known thatFα is a
polynomial with positive integer coefficients [FZ5, Cor. 11.7]. The main formula is then [FZ5,
Cor. 6.3]:

z[α ] =
Fα(ŷ1, . . . , ŷn)

Fα |P(y1, . . . ,yn)
zg(α), (32)

where, if g(α) = (g1, . . . ,gn), we write for shortzg(α) = zg1
1 · · ·z

gn
n . This means that the cluster

variablez[α ] is completely determined by the correspondingF-polynomialFα andg-vectorg(α).

7.4 Recall from§4.4 the ring isomorphismι : A → R1. Note that by comparing the relation

x[αi ]x[−αi ] = fi + ∏
j:ai j =−1

x[−α j ]

with the T-system equation (5) satisfied by the Kirillov-ReshetikhinmodulesS(αi) andS(−αi),
we obtain immediately

ι( fi) = [Fi], (i ∈ I).

Taking into account Proposition 6.1, we can regardι as an isomorphism fromA to the subring of
Y generated by the truncatedq-characters of objects ofC1. We then have (cf. Example 6.4)

ι(zi) = Yi,ξi+2, ι( fi) = Yi,ξi
Yi,ξi+2, (i ∈ I). (33)

Moreover, extendingι to a homomorphism fromF to the fraction field ofY , we can consider the
elementsι(ŷ j).

Lemma 7.2 For j ∈ I, we have
ι(ŷ j) = A−1

j,ξ j+1.

Proof — If j ∈ I1, we have

ι(ŷ j) = ι( f j)
−1∏

i 6= j

ι(zi)
−ai j = Y−1

j,ξ j
Y−1

j,ξ j+2∏
i 6= j

Y
−ai j

i,ξi+2 = A−1
j,ξ j+1,

sinceξi +2 = ξ j +1 if j ∈ I1 andi ∈ I0. On the other hand, ifj ∈ I0, we have

ι(ŷ j) = ι( f j)
−1∏

i 6= j

ι
(

zi

fi

)ai j

= Y−1
j,ξ j

Y−1
j,ξ j+2∏

i 6= j

Y
−ai j

i,ξi
Y
−ai j

i,ξi+2Y
ai j

i,ξi+2 = Y−1
j,ξ j

Y−1
j,ξ j+2∏

i 6= j

Y
−ai j

i,ξi
= A−1

j,ξ j+1,

sinceξi = ξ j +1 if j ∈ I0 andi ∈ I1. 2
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Lemma 7.3 Let α ∈Φ>−1 and setβ = τ−α = ∑i biαi . We have

ι

(
zg(α)

Fα |P(y1, . . . ,yn)

)
=





∏
i∈I0

Ybi
i,0 ∏

i∈I1

Ybi
i,3 if β > 0,

Yi,2−ξi
if β =−αi .

Proof — Write α = ∑i aiαi . If α =−αi thenFα = 1. Moreover,β =−εiαi , g(α) = αi , so

ι

(
zg(α)

Fα |P(y1, . . . ,yn)

)
= ι(zi) = Yi,ξi+2,

which proves the formula in this case.
Otherwise ifα > 0, by [FZ5, Cor. 10.10] the polynomialFα has a unique monomial of max-

imal degree, which is divisible by all the other occuring monomials and has coefficient 1. This

monomial ism= ∏i v
ai
i . When we evaluatematvi = yi = ∏k∈I f

bz
k+n,i

k we obtain

∏
i∈I

f−ai
i ∏

i∈I1

f
−∑ j 6=i aj ai j

i = ∏
i∈I0

f−ai
i ∏

i∈I1

f
−ai−∑ j 6=i aj ai j

i = ∏
i∈I0

f−bi
i ∏

i∈I1

f bi
i .

MoreoverFα has constant term 1. Therefore, ifβ > 0, thenbi > 0 for everyi ∈ I and

Fα |P(y1, . . . ,yn) = ∏
i∈I0

f−bi
i .

Otherwise, ifβ = −αi with i ∈ I1 we haveFα |P(y1, . . . ,yn) = f−1
i (the caseβ = −αi with i ∈ I0

has already been dealt with). On the other hand,g(α) = E(β ) = −∑i∈I biεiαi . Hence, ifβ > 0
then

ι

(
zg(α)

Fα |P(y1, . . . ,yn)

)
= ∏

i∈I0

ι( fi)
bi ∏

i∈I0

ι(zi)
−bi ∏

i∈I1

ι(zi)
bi = ∏

i∈I0

Ybi
i,0 ∏

i∈I1

Ybi
i,3.

If β =−αi andi ∈ I1, we have

ι

(
zg(α)

Fα |P(y1, . . . ,yn)

)
= ι( fi)ι(z−1

i ) = Yi,1.

2

Corollary 7.4 Let β ∈ Φ>−1 and setα = τ−β . Let Yβ denote the highest weight monomial of
χq(S(β )). We have

ι(x[β ]) = Yβ Fα

(
A−1

1,ξ1+1, . . . ,A
−1
n,ξn+1

)
.

Proof — This follows immediately from Lemma 7.2, Lemma 7.3, and the relationx[β ] = z[τ−β ].
2

Using the notation of (18), we see that the proof of Conjecture 4.6 (i) is now reduced to
establishing the following polynomial identity inN[A−1

i,ξi+1]:

χ̃q(S(β ))62 = Fτ−(β), (β ∈Φ>0), (34)

that is,the normalized truncated q-character of S(β ) should coincide with the F-polynomial at-
tached to the rootτ−(β ).
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7.5 We now recall an explicit formula of Fomin and Zelevinsky fortheF-polynomials. This is
obtained by combining [FZ2, Prop. 2.10] with [FZ5, Th. 11.6]. It covers all theF-polynomials
in typeA andD.

7.5.1 Let α = ∑i aiαi ∈ Φ>0. Assume thatai 6 2 for everyi ∈ I . Let γ = ∑i ciαi . We say thatγ
is α-acceptableif

(i) 0 6 ci 6 ai for everyi ∈ I ;

(ii) if i ∈ I1 and j ∈ I0 are adjacent thenci 6 (2−a j)+c j ;

(iii) there is no simple path(i0, . . . , im) of lengthm> 1 contained in the support ofα such that
ai0 = aim = 1 and fork = 0, . . . ,m

cik =

{
1 if ik ∈ I1,
aik−1 if ik ∈ I0.

In condition (iii) above, by a simple path we mean any path in the Dynkin diagram whose vertices
are pairwise distinct. Finally, lete(γ ,α) be the number of connected components of the set

{i ∈ I | ci = 1 if i ∈ I1 andci = ai −1 if i ∈ I0}

that are contained in{i ∈ I | ai = 2}. Then

Proposition 7.5 [FZ2, FZ5]
Fα(v1, . . . ,vn) = ∑

γ
2e(γ ,α)vγ , (35)

where the sum is over allα-acceptableγ ∈Q, and we writevγ = ∏i∈I vci
i .

Example 7.6 Take g of type D4 and chooseI0 = {2}, where 2 labels the trivalent node. Let
α = α1 +2α2 + α3+ α4 be the highest root. Then

Fα = 1+2v2 +v2
2+v1v2+v2v3+v2v4+v1v2

2 +v2
2v3 +v2

2v4 +v1v2
2v3+v1v2

2v4+v2
2v3v4 +v1v2

2v3v4.

7.5.2 If α is amultiplicity-free root, that is, ifai 6 1 for all roots, (35) simplifies greatly. Indeed,
in the definition of anα-acceptable vectorγ condition (ii) is a consequence of condition (i), and
condition (iii) reduces to

(iv) for every i ∈ I1, ci 6 min{c j | j ∈ supp(α) and j adjacent toi}.

Example 7.7 Takeg of typeA3 and chooseI0 = {1,3}. Then

Fα1 = 1+v1,
Fα2 = 1+v2,
Fα3 = 1+v3,
Fα1+α2 = 1+v1+v1v2,
Fα2+α3 = 1+v3+v2v3,
Fα1+α2+α3 = 1+v1+v3 +v1v3 +v1v2v3.
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7.6 We can now prove the following particular case of Conjecture4.6 (i) valid for all Lie types
(see Eq. (34)). We assume (as we may,cf. 3.9) that the trivalent node is inI0 if g is of typeD or E.

Theorem 7.8 Let β be a multiplicity-free positive root. Then

χ̃q(S(β ))62 = Fτ−(β).

Proof — Suppose first thatβ = αi with i ∈ I1. Thenχq(S(β ))62 = Yi,3, andτ−(β ) =−αi so that
Fτ−(β) = 1. Hence the claim is verified in this case.

So we can assume thatβ = αJ is the multiplicity-free root supported on a connected subset J
of I which is not reduced to a single element ofI1. Set

J′ = { j ∈ J | j ∈ I1 andai j =−1 for somei ∈ I \J},

K′ = {i ∈ I \J | i ∈ I1 andai j =−1 for somej ∈ J},

and defineK = (J\J′)⊔K′. It follows immediately from the definition ofτ− that the multiplicity-
free rootαK supported onK is equal toτ−(αJ).

Let us now compare the sequencesν ∈S of Proposition 6.7 forαJ, with theαK-acceptable
vectorsγ = ∑i ciαi of 7.5.2. First we note that ifi 6∈K∪J = K′⊔(J\J′)⊔J′ then bothνi andci are
equal to 0 (this is a straightforward consequence of the definitions of S and of anαK-acceptable
vector). Forj ∈ J∩ I0 = K∩ I0 the only condition satisfied byν j andc j is that they should belong to
{0,1}. If j ∈ (J\J′)∩ I1 then j must have two neighboursj ′ and j ′′ in J∩ I0, and the condition onv j

is 06 ν j 6 max{0,ν j ′+ν j ′′−1}, while the condition onc j is 06 c j 6 min{c j ′ ,c j ′′}. Clearly, since
c j ′ andc j ′′ belong to{0,1}, the second condition can be rewritten 06 c j 6 max{0,c j ′ +c j ′′ −1}.
If j ∈ K′ then j has a unique neighbourj ′ ∈ J, and the condition onν j is 06 ν j 6 ν j ′ while the
condition onc j is 0 6 c j 6 c j ′ . Finally, if j ∈ J′ then j has a unique neighbourj ′ ∈ J, and the
condition onν j is 0 6 ν j 6 max{0,−1+ v j ′} while the condition onc j is c j = 0. Clearly the
condition onν j forcesν j = 0. In conclusion, the exponentsν and the vectorsγ must satisfy the
same conditions, and the theorem follows from Proposition 6.7 and 7.5.2. 2

8 A tensor product theorem

8.1 In a cluster algebraA , a producty1 · · ·yk of cluster variables is a cluster monomial if and
only if for every 16 i < j 6 k the productyiy j is a cluster monomial. In this section we show the
following theorem, which is consistent with our categorification Conjecture 4.6 (ii), and will be
needed to prove it.

Theorem 8.1 Let S1, . . . ,Sk, be simple objects ofC1. Suppose that Si ⊗Sj is simple for every
1 6 i < j 6 k. Then S1⊗·· ·⊗Sk is simple.

Note that we may haveSi
∼= Sj for somei < j, in which case our assumption includes the simplicity

of S⊗2
i . The proof will be given in 8.5.
A similar result for a special class of modules of the Yangianof gln attached to skew Young

diagrams was given by Nazarov and Tarasov [NT].
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8.2 We need to recall some results about tensor products of objects of C . Let ∆ be the comul-
tiplication ofUq(ĝ). In general one does not know explicit formulae for calculating ∆ in terms of
the Drinfeld generators. However, the next proposition contains partial information which will be
sufficient for our purposes. We have a natural grading ofUq(ĝ) by the root latticeQ of g given by

deg(x±i,r ) =±αi , deg(hi,s) = deg(k±i ) = deg(c±) = 0, (i ∈ I , r ∈ Z, s∈ Z\{0}).

Let U+ (resp. U−) be the subalgebra ofUq(ĝ) consisting of elements of positive (resp.negative)
Q-degree.

Proposition 8.2 [D, Prop. 7.1]For i ∈ I and r > 0 we have

∆(hi,r)−hi,r ⊗1−1⊗hi,r ∈U−⊗U+.

The next result is about tensor products of fundamental modules. For a fundamental module
L(Yi,r ) = Vi,qr in CZ we denote byui,r a highest weight vector (it is unique up to rescaling by a
non-zero complex number).

Theorem 8.3 [Cha2, K , VV ] Let r1, . . . , rs be integers with r1 6 · · · 6 rs. Then, for any i1, . . . , is,
the tensor product of fundamental modules L(Yis,rs)⊗·· ·⊗L(Yi1,r1) is a cyclic module generated
by the tensor product of highest weight vectors uis,rs⊗ ·· · ⊗ ui1,r1. Moreover, there is a unique
homomorphism

φ : L(Yis,rs)⊗·· ·⊗L(Yi1,r1)→ L(Yi1,r1)⊗·· ·⊗L(Yis,rs)

with φ(uis,rs⊗·· ·⊗ui1,r1) = ui1,r1⊗·· ·⊗uis,rs, and its image is the simple module L(Yi1,r1 · · ·Yis,rs).

Example 8.4 (cf. Example 5.1.) Takeg = sl2 and consider the tensor productL(Y0)⊗L(Y2). We
have

L(Y0) = Cu0⊕Cv0, L(Y2) = Cu2⊕Cv2,

whereu0 andu2 are the highest weight vectors, andv0 = x−0 u0, v2 = x−0 u2. Each of these four
vectors spans a one-dimensionalUq(sl2)-weight-space, hence also anl-weight-space, and we have

hru0 =
[r]q
r

u0, hru2 =
[r]q
r

q2ru2, hrv0 =−
[r]q
r

q2rv0, hrv2 =−
[r]q
r

q4rv2,

where[r]q = (qr−q−r)/(q−q−1). By Theorem 8.3, the submodule ofL(Y0)⊗L(Y2) generated by
u0⊗u2 is the three-dimensional simple moduleL(Y0Y2), with basis

u0⊗u2, x−0 (u0⊗u2) = u0⊗v2+qv0⊗u2, v0⊗v2.

TheUq(sl2)-weight-spaces ofL(Y0Y2) are also one-dimensional and coincide with itsl-weight-
spaces. By Proposition 8.2 we have

hr(x
−
0 (u0⊗u2)) =

[r]q
r

(1−q4r)u0⊗v2+ λv0⊗u2

for someλ ∈C. Henceu0⊗v2+qv0⊗u2 hasl-weightY0Y
−1
4 , which is the product of thel-weights

of u0 andv2. On the other hand, again by Proposition 8.2, we havehr(v0⊗u2) = 0 for everyr > 0,
hencev0⊗ u2 is an l-weight-vector withl-weight 1. This shows thatu0⊗ v2 is not an l-weight
vector.
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8.3 To an objectV of C1 which is generated by a highest weight vectorv, we attach as in 6.2
a truncatedbelow q-characterχq(V)>3 as follows. We haveχq(V) = m(1+ ∑p M(p)), wherem is
the l-weight ofv, and theM(p) are monomials in theA−1

i,r (i ∈ I , r ∈ Z>0). Define

χq(V)>3 := m

(
1+∑

p

∗M(p)

)

where∑∗ means the sum restricted to theM(p) which have no variableA−1
i,1 , A−1

i,2 (i ∈ I). We
shall also denote byV>3 the subspace ofV obtained by taking the direct sum of the corresponding
l-weight-spaces.

8.4 Let Sbe a simple object inC1 and letm= ∏i∈I Y
ai
i,ξi

Ybi
i,ξi+2 be its highest weight monomial.

We define
m− = ∏

i∈I

Yai
i,ξi

, S− = L(m−), m+ = ∏
i∈I

Ybi
i,ξi+2, S+ = L(m+).

ThenS− is a simple object of the subcategoryC0, and thereforeS− ∼=
⊗

i∈I L(Yi,ξi
)⊗ai is a tensor

product of fundamental modules (cf. Example 3.3). Similarly,S+ ∼=
⊗

i∈I L(Yi,ξi+2)
⊗bi . Applying

Theorem 8.3, we get a surjective homomorphismφS : S+⊗S−։ S⊂ S−⊗S+.

Lemma 8.5 Let u− be a highest weight vector of S−. We haveφ−1
S (S>3) = S+ ⊗ u− and φS

restricts to a bijection from S+⊗u− to S>3.

Proof — First we haveχq(S+⊗S−)>3 = χq(S+)>3 χq(S−)>3. Then by Proposition 5.8 we have
χq(S+)>3 = χq(S+) and χq(S−)>3 = m−. So χq(S+⊗S−)>3 = χq(S+)m−. Then we note that
χq(S)>3 = m−χq(S+). Indeed, the inequalityχq(S)>3 6 m−χq(S+) follows from the factorization
m = m−m+. On the other hand,S+ is minuscule by§ 5.2.5, soχq(S+) = FM(m+). By using
inductively 5.4 forχq(S) we get the converse inequality. Hence we get thatχq(S+⊗S−)>3 =
χq(S)>3. SinceφS is a homomorphism ofUq(ĝ)-modules, it preservesl-weight-spaces, hence it
follows that it restricts to a vector space isomorphism from(S+⊗S−)>3 to S>3. Now sinceu− is
a highest-weight vector ofS−, Proposition 8.2 shows that for everyl-weight vectorv∈ S+, v⊗u−

is an l-weight vector ofS+⊗S− with l-weight equal to the product of thel-weight of v by m−.
This implies thatS+⊗ u− ⊂ (S+⊗S−)>3. Hence, since these two vector spaces have the same
q-character, they are equal and the lemma is proved. 2

8.5 We can now give the proof of Theorem 8.1. Fori = 1, . . . ,k, definem±i , S±i , u±i , φSi as
above. First consider a pair 16 i < j 6 k. Note that by Example 3.3 and Section 5.2.5,S±i ⊗S±j
is minuscule and simple. Now, sinceSi ⊗Sj is simple, andS+

j ⊗S+
i ⊗S−i ⊗S−j can be written

as a product of fundamental modules with non-increasing spectral parameters, by Theorem 8.3,
we have a surjective homomorphismφ : S+

j ⊗S+
i ⊗S−i ⊗S−j ։ Si ⊗Sj , which is unique up to a

scalar multiple. Using three times Theorem 8.3, this homomorphism, composed with the inclusion
Si ⊗Sj ⊂ S−i ⊗S+

i ⊗S−j ⊗S+
j , can be factored as follows

S+
j ⊗ (S+

i ⊗S−i )⊗S−j → (S+
j ⊗S−i )⊗S+

i ⊗S−j → S−i ⊗ (S+
j ⊗S+

i )⊗S−j ∼=

∼= S−i ⊗S+
i ⊗ (S+

j ⊗S−j )→ S−i ⊗S+
i ⊗S−j ⊗S+

j .
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The map from the second module to the fourth one can be writtenasα⊗ idS−j
, where

α : S+
j ⊗S−i ⊗S+

i → S−i ⊗S+
i ⊗S+

j

restricts to a homomorphismα from S+
j ⊗ Si to Si ⊗ S+

j . Sinceφ is surjective, by applying
Lemma 8.5 toS= Sj , we get that im(α)⊗u−j containsSi⊗S+

j ⊗u−j , henceα is surjective. To sum-
marize, we have obtained the existence of a unique homomorphism S+

j ⊗Si → Si ⊗S+
j mapping

u+
j ⊗ui to ui⊗u+

j , which is surjective.
Now we proceed by induction onk > 2 to prove Theorem 8.1. Fork = 2 there is nothing

to prove, so takek > 3 and assume thatS1⊗ ·· ·⊗Sk−1 is simple. By Theorem 8.3 we obtain a
surjective homomorphism

S+
k ⊗ (S+

1 ⊗·· ·⊗S+
k−1)⊗ (S−1 ⊗·· ·⊗S−k−1)⊗S−k ։ S+

k ⊗ (S1⊗·· ·⊗Sk−1)⊗S−k .

Using the above result, we then have a sequence of surjectivehomomorphisms

S+
k ⊗ (S1⊗·· ·⊗Sk−1) ։ S1⊗S+

k ⊗S2⊗·· ·⊗Sk−1 ։ · · ·։ (S1⊗·· ·⊗Sk−1)⊗S+
k ,

hence

S+
k ⊗ (S+

1 ⊗·· ·⊗S+
k−1)⊗ (S−1 ⊗·· ·⊗S−k−1)⊗S−k ։ (S1⊗·· ·⊗Sk−1)⊗S+

k ⊗S−k ։ S1⊗·· ·⊗Sk.

Thus we have shown thatV := S1⊗ ·· · ⊗Sk is a quotient of a tensor product of fundamental
modules, which by Theorem 8.3 is a cyclic module generated byits highest weight vector. Hence
V has no proper submodule containing its highest weight-space.

We can now conclude, as in [CP2, §4.10], by considering the dual moduleV∗ = S∗k⊗·· ·⊗S∗1.
By our assumption,S∗j ⊗S∗i ∼= (Si ⊗Sj)

∗ is simple for every 16 i < j 6 k. Moreover, by 3.4,
the modulesS∗i belong to a category defined likeC1 except for a shift of all spectral parameters
by q−h. Thus, by using the same proof,V∗ also has no proper submodule containing its highest
weight-space. But ifW was a proper submodule ofV not containing its highest weight-space, then
the annihilatorW◦ of W in V∗ would be a proper submodule ofV∗ containing its lowest weight-
space. Letλi (resp. µi) be the lowest (resp. highest) weight ofS∗i considered as aUq(g)-module.
Thenλ = λ1 + · · ·+ λn (resp. µ = µ1 + · · ·+ µn) is the lowest (resp. highest) weight ofV∗. In
the direct sum decomposition ofV∗ as aUq(g)-module, there is a unique simple moduleL with
lowest weightλ , and by our assumption,L is contained inW◦. By [CP4, Proposition 5.1 (b)] (see
also [FM , Theorem 1.3 (3)]),µ is the highest weight ofL, and thereforeW◦ must also contain the
highest weight-space ofV∗, which is impossible. This finishes the proof of Theorem 8.1. 2

9 Cluster expansions

9.1 Following [FZ2, FZ3], we say that two rootsα ,β ∈ Φ>−1 are compatibleif the cluster
variablesx[α ] andx[β ] belong to a common cluster ofA . Let γ be an element of the root latticeQ.
A cluster expansionof γ is a way to expressγ as

γ = ∑
α∈Φ>−1

nα α , (36)

where allnα are nonnegative integers, andnαnβ = 0 wheneverα andβ are not compatible. In
plain words, a cluster expansion is an expansion into a sum ofpairwise compatible roots inΦ>−1.

Theorem 9.1 [FZ2, Th. 3.11]Every element of the root lattice has a unique cluster expansion.
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9.2 For γ = ∑i ciαi ∈Q, define

Yγ := ∏
ci<0

Y|ci |
i,2−ξi ∏

ci>0

Yci
i,ξi−εi+1 ∈M+.

This definition is such that forα ∈Φ>−1, the monomialYα is the highestl -weight ofS(α).
Let Sbe a simple object inC1. Its highestl -weight is of the form

m= ∏
i∈I

Yai
i,ξi

Ybi
i,ξi+2

for some nonnegative integersai ,bi . Clearly we can writem as

m=

(

∏
i∈I

(Yi,ξi
Yi,ξi+2)

min(ai ,bi)

)
Yγ ,

for some uniqueγ ∈Q. Hence using Theorem 9.1 and (36), we have a unique factorization

m= ∏
i∈I

(Yi,ξi
Yi,ξi+2)

min(ai ,bi ) ∏
α∈Φ>−1

(Yα)nα ,

where theα for which nα > 0 are pairwise compatible. Suppose that Conjecture 4.6 (i) is estab-
lished. SinceS(α) = L(Yα) andFi = L(Yi,ξi

Yi,ξi+2), to prove Conjecture 4.6 (ii) we then need to
prove that

L(m)∼=
⊗

i∈I

F⊗min(ai ,bi )
i

⊗

α∈Φ>−1

S(α)⊗nα .

Given that the highestl -weights of the two sides coincide, this amounts to prove that the tensor
product of the right-hand side is a simple module. Because ofTheorem 8.1, this will be the case
if and only if every pair of factors has a simple tensor product. Thus, assuming Conjecture 4.6 (i),
the proof of Conjecture 4.6 (ii) reduces to check that

(i) Fi⊗S(α) andFi⊗Fj are simple for everyα ∈Φ>−1 andi, j ∈ I ;

(ii) if α ,β ∈Φ>−1 are compatible, thenS(α)⊗S(β ) is simple;

(iii) for every α ∈Φ>0, S(α) is prime.

Note that the simple objectsFi andS(−αi) are clearly prime. Indeed, ifFi was not prime we could
only haveFi

∼= S(αi)⊗S(−αi), in contradiction with theT-system

[S(αi)⊗S(−αi)] = [Fi]+ ∏
j :ai j =−1

[S(−α j)].

10 TypeA

In this section we assume thatg is of typeAn. The vertices of the Dynkin diagram are labelled by
the intervalI = [1,n] in linear order.

10.1 The positive roots are all multiplicity-free, labelled by the subintervals ofI . For [i, j] ⊂ I ,
we denote byα[i, j] := ∑ j

k=i αk the corresponding positive root. By Theorem 7.8, Eq. (34) isverified
for all positive roots. This and (33) proves Conjecture 4.6 (i) in type A.

35



1

2

34

5

6

−α

−α

1

−α2

3

Figure 1:The snake in type A3.

10.2 We will now prove 9.2 (i) and (ii). Note that 9.2 (iii) followsfrom Corollary 6.10.

10.2.1 We first dispose of (i), which is easy. Indeed, by Example 6.4,χq(Fi⊗Fj)62 is equal to a
single dominant monomial henceFi⊗Fj is simple. Next, we use the fact thatχq(S(α))62 is given
by the Frenkel-Mukhin algorithm (see Example 6.4 and Corollary 6.8). Thus, ifm is the highest
l -weight ofS(α), we have

FM(Yi,ξi
Yi,ξi+2m)62 = Yi,ξi

Yi,ξi+2FM(m)62 = Yi,ξi
Yi,ξi+2χq(L(m))62.

Thereforeχq(L(Yi,ξi
Yi,ξi+2m)) containsχq(Fi⊗S(α))62, andFi⊗S(α) is simple.

10.2.2 To describe explicitly the pairs of compatible roots we are going to use the geometric
model of [FZ2, §3.5]. The setΦ>−1 has cardinalityn(n+ 1)/2+ n = n(n+ 3)/2. We identify
the elements ofΦ>−1 with the diagonals of a regular convex(n+ 3)-gon Pn+3 as follows. Let
1, . . . ,n+ 3 be the vertices ofPn+3, labelled counterclockwise. The negative simple roots are
identified with the following diagonals:

−αk ≡

{
[i, n+3− i] if k = 2i−1,

[i +1, n+3− i] if k = 2i.

These diagonals form a “snake”, as shown in Figure 1. To identify the remaining diagonals (not
belonging to the snake) with positive roots, we associate each α[i, j] with the unique diagonal
that crosses the diagonals−αi,−αi+1, . . . ,−α j and does not cross any other diagonal−αk of
the snake. Under this identification the rootsα and β are compatible if and only if they are
represented by two non-crossing diagonals. Hence the clusters are in one-to-one correspondence
with the triangulations ofPn+3.

Example 10.1 Taken= 3. The identification of the negative simple roots with the snake diagonals
of a hexagon is shown in Figure 1. The positive roots are represented by the remaining diagonals
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as follows:

α1≡ [2,6], α2≡ [1,4], α3≡ [3,5], α1 + α2≡ [4,6], α2 + α3≡ [1,3], α1 + α2 + α3≡ [3,6].

The 14 clusters listed in Example 4.8 correspond to the 14 triangulations of the hexagon.

10.2.3 It follows from the geometric model that all pairs of compatible roots(α ,β ) of Φ>−1 are
of one of the following forms:

(a) α =−αi, β =−α j ;

(b) α =−αi, β ∈Φ>0 with [β : αi ] = 0;

(c) α = α[i, j], β = α[k,l ] with k > j +1 (two disjoint intervals);

(d) α = α[i, j], β = α[i,l ] or α = α[i,k], β = α[ j,k] (two intervals with a common end);

(e) α = α[i,k], β = α[ j,l ] with i < j 6 k < l andk− j even (two overlapping intervals);

(f) α = α[i,l ], β = α[ j,k] with i < j < k < l andk− j odd (one interval strictly contained into the
other).

Let us prove thatS(α)⊗S(β ) is simple in all these cases.

(a) This follows from Example 3.3. Indeed,S(−αi) andS(−α j) are fundamental modules in
a shift of the subcategoryC0.

(b) Write β = αJ. Let m= Yi,ξi+1∏ j∈J∩I0 Yj,0 ∏ j∈J∩I1 Yj,3 be the highest weight monomial of
χq(S(−αi)⊗S(β )). Since by assumptioni 6∈ J, it is easy to check that FM(m) contains the product

χq(L(Yi,ξi+1))62 χq(S(β ))62 = χq(S(−αi)⊗S(β ))62

given by Example 6.4 and Proposition 6.7. Hence, by 3.4, it contains in particularχq(L(m))62.
By Corollary 6.5, it follows that FM(m) = χq(L(m)). Thus,χq(S(−αi)⊗S(β )) = χq(L(m)), and
S(−αi)⊗S(β ) is irreducible.

(c) Same reasoning as (b).

(d) We assume thati 6 j 6 l and argue by induction ons= l − i. If s= 0, we have to check
thatS(αi)⊗S(αi) is simple. This is clear, since if we chooseξi = 1 thenχq(S(αi))62 = Yi,3 and
its square contains a single dominant monomial. Suppose theclaim is proved whenl − i = s, and
takel− i = s+1. Letm[i, j] andm[i,l ] denote the highest weight monomials ofS(α[i, j]) andS(α[i,l ]).
Choose againξi = 1. Then, by Proposition 6.7, the truncatedq-characters ofS(α[i, j]) andS(α[i,l ])

do not contain anyA−1
k,ξk+1 with k 6 i. So we have

χq(S(α[i, j]))62 = ϕ[i+1, j+1](m[i, j])62, χq(S(α[i,l ]))62 = ϕ[i+1,l+1](m[i,l ])62.

Henceχq(S(α[i, j])⊗S(α[i,l ]))62 = ϕ[i+1,l+1](m[i, j]m[i,l ])62. So by using the induction hypothesis
and 5.4, we get

χq(S(α[i, j])⊗S(α[i,l ]))62 6 χq(L(m[i, j]m[i,l ]))62.

This shows thatS(α[i, j])⊗S(α[i,l ]) ∼= L(m[i, j]m[i,l ]) is simple. The case ofS(α[i, j])⊗S(α[k, j]) with
1 6 k 6 j is similar.
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(e) (f) Letm= m[i,k]m[ j,l ] = m[i,l ]m[ j,k]. We want to show that

χq(L(m))62 =

{
χq(L(m[i,k]))62 χq(L(m[ j,l ]))62 if k− j is odd,

χq(L(m[i,l ]))62 χq(L(m[ j,k]))62 if k− j is even.
(37)

To do this, it is enough to show that all the monomials in the right-hand side occur in the left-
hand side with the same multiplicity. We argue by induction on l − i > 2. For l − i = 2 we are
necessarily in the first case withj = k = i +1 = l −1. Let us chooseξi = 1. Thenξl = 1, and by
Proposition 6.6

χq(L(m[i,k]))62 = ϕ[i,l ](m[i,k])62, χq(L(m[ j,l ]))62 = ϕ[i,l ](m[i,k])62.

Thus we can assume for simplicity of notation thatI = [i, l ] = [1,3]. Writing for shortvm= A−1
m,ξm+1,

we have
χq(L(m[1,2]))62 χq(L(m[2,3]))62 = m(1+v2 +v2v3)(1+v2 +v1v2).

If a monomial in the right-hand side does not containv1, then it belongs to

ϕ[2,3](m[1,2])62 ϕ[2,3](m[2,3])62 = ϕ[2,3](m)62 6 χq(L(m))

(the equality follows from (d)). For the same reason, if a monomial does not containv3, it belongs
to χq(L(m)). The only monomial in the right-hand side which contains both v1 andv3 is m′ =
mv1v2

2v3. Now m′′ := mv2
2v3 = Y2

1,1Y1,3Y
−1
2,2 Y3,1 belongs toχq(L(m)) by what we have just said, and

it is 1-dominant. We haveϕ1(m′′)62 = m′′+ m′, thus, by 5.3,m′ also belongs toχq(L(m)). This
proves (37) whenl − i = 2.

Assume now that (37) holds whenl − i = sand takel − i = s+1. Chooseξi = 1. Using again
Proposition 6.6, we can also assume without loss of generality thatI = [i, l ] = [1,s+1]. Arguing as
in the casel − i = 2 and using(c) or (d) or the induction hypothesis, we see that every monomial
m′ occuring in the right-hand side of (37) occurs inχq(L(m)) with the same multiplicity ifm′m−1

does not containv1v2 · · ·vs+1. So we only need to consider the monomialsm′ = mvc1
1 · · ·v

cs+1
s+1 with

ck > 0 for everyk ∈ I . For such a monomialm′, it can be checked using Proposition 6.7 that
there existsk with ck = 2, and that the smallest suchk belongs toI0. Let us denote it bykmin.
Then Proposition 6.7 shows thatm′′ := m′/vkmin−1 appears in the right-hand side of (37), and since
m′′ does not containvkmin−1, by what we said above,m′′ also appears inχq(L(m)) with the same
multiplicity. Now m′′ is (kmin−1)-dominant andϕkmin−1(m′′) = m′′+m′ is contained inχq(L(m))
by 5.3. Moreover, the multiplicities ofm′ and m′′ in ϕkmin−1(m′′) are the same. Hence, their
multiplicities are also the same on both sides of (37). This finishes the proof of (e) and (f).

This finishes the proof of 9.2 (ii) in typeA. Hence Conjecture 4.6 (ii) is proved in typeA.

10.3 The truth of Conjecture 4.6 in typeA has the following interesting consequence, which
will be used to validate Conjecture 4.6 (i) in typeD.

Let γ = ∑i ciαi , with ci > 0. We defineYγ ∈M+ as in 9.2. Writeτ−(γ) = δ = ∑i diαi .

Corollary 10.2 If 0 6 di 6 2 for every i∈ I, the truncated q-character of L(Yγ) is equal to

χq(L(Yγ))62 = Yγ Fδ

(
A−1

1,ξ1+1, . . . ,A
−1
n,ξn+1

)
,

where the F-polynomial Fδ is given by the explicit formula (35).
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Proof — Let γ = ∑α∈Φ>0
nα α be the cluster expansion ofγ . By 10.2, we have

χq(L(Yγ))62 = ∏
α∈Φ>0

χq(S(α))nα
62 = Yγ ∏

α∈Φ>0

Fτ−(α)(A
−1
i,ξi+1)

nα .

Sinceτ− is linear on⊕iNαi , we haveτ−(γ) = ∑α∈Φ>0
nα τ−(α) = δ , and this is the cluster ex-

pansion ofδ . Now if we defineFδ (v1, . . . ,vn) := ∏α∈Φ>0
Fτ−(α)(v1, . . . ,vn)

nα , the proof of Propo-
sition 7.5 given in [FZ2] shows that, sinceδ is 2-restricted,Fδ can still be calculated by for-
mula (35). Indeed, the two main steps (Lemmas 2.11 and 2.12) are proved for a 2-restricted vector
which is not necessarily a root. 2

Example 10.3 Let g be of typeA3 and takeI0 = {2} andI1 = {1,3}. Chooseγ = α1 +2α2 + α3.
Thenτ−(γ) = γ . Writing vi = A−1

i,ξi+1, we have

χq(L(Y1,3Y
2
2,0Y3,3))62 = Y1,3Y

2
2,0Y3,3(1+2v2 +v2

2 +v1v2 +v2v3 +v1v2
2 +v2

2v3 +v1v2
2v3),

where the monomials of the right-hand side are given by the combinatorial rule of Proposition 7.5.

11 TypeD

In this section we takeg of typeDn, and we label the Dynkin diagram as in [B].

11.1 Let β ∈Φ>0 and letα = τ−(β ). We want to prove

Theorem 11.1 The normalized truncated q-character of S(β ) is equal to

χ̃q(S(β ))62 = Fα(v1, . . . ,vn),

where we write for short vi = A−1
i,ξi+1 (i ∈ I), and the F-polynomial Fα is given by the combinatorial

formula of Proposition 7.5.

We assume that the trivalent noden−2 belongs toI0 (by 3.9, this is no loss of generality). We
first establish some formulas in typeD4.

Lemma 11.2 Letg be of type D4. We have

χq(L(Y1,3Y2,0))62 = Y1,3Y2,0 (1+v2(1+v3)(1+v4)) ,

χq(L(Y2,0Y3,3Y4,3))62 = Y2,0Y3,3Y4,3 (1+v2(1+v1)) ,

χq(L(Y1,3Y2
2,0Y3,3Y4,3))62 = Y1,3Y2

2,0Y3,3Y4,3 (1+v2(2+v1 +v3 +v4)

+ v2
2(1+v1)(1+v3)(1+v4)

)
.

Proof — The first two formulas concern multiplicity-free roots, andthus follow from Proposi-
tion 6.7. For the third one, takingJ = {1,2} and settingm= Y1,0Y2

2,3Y3,0Y4,0, we have by Exam-
ple 6.3 (or Corollary 10.2)

ϕJ(m)62 = m
(
1+v2(2+v1)+v2

2(1+v1)
)
,

and by 5.4 we know thatϕJ(m) 6 χq(L(m)). ReplacingJ by {2,3} and by{2,4} we get that

m
(
1+v2(2+v1 +v3+v4)+v2

2(1+v1 +v3 +v4)
)

6 χq(L(m))62.
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Now m1 := mv2
2v1 = Y1,1Y

−1
2,2 Y2

3,1Y3,3Y2
4,1Y4,3 is J-dominant forJ = {3,4}, and

ϕJ(m1)62 = m1(1+v3)(1+v4),

so, by 5.4, we see thatm1(1+ v3)(1+ v4) 6 χq(L(m)). Arguing similarly withm2 := mv2
2v3 and

m3 := mv2
2v4 we obtain that

m
(
1+v2(2+v1 +v3+v4)+v2

2(1+v1)(1+v3)(1+v4)
)

6 χq(L(m))62. (38)

Conversely, we haveχq(L(m)) 6 χq(L(Y2,0))χq(L(Y1,3Y2,0Y3,3Y4,3). Using Proposition 6.7, we get

χq(L(m))62 6 m(1+v2(1+v1)(1+v3)(1+v4)) (1+v2).

This upper bound is equal to the lower bound of (38) plus

m(v2v1v3 +v2v1v4 +v2v3v4 +v2v1v3v4) .

We also haveχq(L(m)) 6 χq(L(Y1,3Y2,0))χq(Y2,0Y3,3Y4,3). Using the first two formulas, we get

χq(L(m))62 6 m(1+v2(1+v3)(1+v4)) (1+v2(1+v1)) .

This second upper bound does not contain the monomialsmv2v1v3 andmv2v1v3v4. We can rule
out the two remaining monomials by using the three-fold symmetry 1↔ 3↔ 4, and we obtain an
upper bound equal to the lower bound. 2

Proof of Th. 11.1 — If β is a multiplicity-free positive root, the result follows from Theorem 7.8.
So we assume thatβ = ∑i biαi has some multiplicity. In view of the list of roots forDn, this
implies thatbn−2 = 2, andbn−1 = bn = 1. Sincen−2∈ I0, we also haveα = ∑i aiαi with an−2 = 2
andan−1 = an = 1.

Consider the subgraph∆′ of the Dynkin diagram supported on[1,n− 1], of type An−1. Set
β ′ = β −αn andα ′ = α−αn. Thenα ′ = τ ′−(β ′), whereτ ′− is defined likeτ−, but for∆′. LetYβ

be the highestl -weight ofS(β ). By Corollary 10.2,

ϕ[1,n−1](Y
β ) = Yβ Fα ′(v1, . . . ,vn−1),

whereFα ′ is theF-polynomial for∆′, given by the explicit formula (35). Sincen ∈ I1, this for-
mula shows thatFα ′(v1, . . . ,vn−1) = Fα(v1, . . . ,vn−1,0). Hence the specialization atvn = 0 of the
polynomialχ̃q(S(β ))62 is equal toFα(v1, . . . ,vn−1,0). Similarly, the specialization atvn−1 = 0 of
χ̃q(S(β ))62 is equal toFα(v1, . . . ,vn−2,0,vn).

Thus we are reduced to prove that the monomials ofχ̃q(S(β ))62 andFα(v1, . . . ,vn) containing
bothvn−1 andvn are the same and have the same coefficients.

We first show that such a monomial is of the formmv2
n−2vn−1vn wherem is a monomial in

v1, . . . ,vn−3. For the polynomialFα(v1, . . . ,vn) this follows easily from the definition of anα-
acceptable vector and the values ofan−2,an−1,an. For χ̃q(S(β ))62, we have

χ̃q(S(β ))62 6 χ̃q(S(β −2αn−2−αn−1−αn))62 χ̃q(S(2αn−2 + αn−1+ αn))62 ,

where, by Proposition 6.6,̃χq(S(β−2αn−2−αn−1−αn))62 does not containvn−2,vn−1,vn. More-
over, 2αn−2 +αn−1+αn is supported on a root system of typeA3, so by Example 10.3 and Propo-
sition 6.6 all the monomials of̃χq(S(2αn−2+αn−1+αn))62 containingvn−1 andvn are of the form
m′v2

n−2vn−1vn wherem′ is a monomial invn−3.
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We now note that ifmv2
n−2vn−1vn appears inFα(v1, . . . ,vn) (wherem is a monomial in the

variablesv1, . . . ,vn−3), thenmv2
n−2 also occurs, and with the same multiplicity. This follows again

from the definition of anα-acceptable vectorγ and of the integere(γ ,α). We have seen thatmv2
n−2

occurs inχ̃q(S(β ))62 andFα(v1, . . . ,vn) with the same multiplicity. Thus all we have to do is to
show thatmv2

n−2 andmv2
n−2vn−1vn occur inχ̃q(S(β ))62 with the same multiplicity. Let us denote

these multiplicities bya andb, respectively.
SinceYβ mv2

n−2 is {n− 1,n}-dominant, χ̃q(S(β ))62 containsmv2
n−2(1+ vn−1)(1+ vn) with

multiplicity at leasta by 5.4, soa 6 b.
Conversely, letβ ′′ = β −αn−αn−1. The multiplicity a of mv2

n−2 in χ̃q(S(β ))62 is equal to its
multiplicity in χ̃q(S(β ′′))62. This is a multiplicity in typeAn−2, so using Corollary 10.2, we can
check that it coincides with the multiplicity ofmv2

n−2 in the product

χ̃q(S(β ′′−2αn−2−αn−3))62 χ̃q(S(2αn−2 + αn−3))62

or equivalently in the product

χ̃q(S(β ′′−2αn−2−αn−3))62 χ̃q(S(2αn−2 + αn−3 + αn−1+ αn))62.

Using the third formula of Lemma 11.2 and the fact that the first factor contains no variablevn−2,
vn−1, or vn, we obtain that in this product the multiplicitya of mv2

n−2 is equal to the multiplicity of
mv2

n−2vn−1vn. But, by 3.4, this is greater or equal tob. Hencea > b. This concludes the proof of
Theorem 11.1. 2

Hence (34) is verified, and this proves Conjecture 4.6 (i) in typeDn.

11.2 In this section we takeg of typeD4 and we prove that Conjecture 4.6 (ii) is verified. For
this we need to prove 9.2 (i) (ii) and (iii).

11.2.1 The proof thatFi ⊗Fj is simple is the same as in typeAn (cf. 10.2.1). We then consider
Fi⊗S(α) for α ∈ Φ>−1. If α = −αi or if α is a multiplicity-free positive root, we can repeat the
argument of 10.2.1. Ifα = α1 + 2α2 + α3 + α4, we chooseI1 = {2}, so thatτ−(α) = α1 + α2 +
α3 + α4. By Theorem 11.1, we have

χ̃q(S(α))62 = 1+v1 +v3 +v4+v1v3 +v1v4 +v3v4 +v1v3v4 +v1v2v3v4.

It is easy to check that this is the result given by the Frenkel-Mukhin algorithm, so we can argue
again as in 10.2.1. This proves 9.2 (i).

11.2.2 Let α ,β ∈Φ>−1 be two compatible roots. We want to show thatS(α)⊗S(β ) is simple. If
α or β is negative, we can repeat the argument of 10.2.3 (a) (b). So let us suppose thatα ,β ∈Φ>0.

If the union of the supports ofα andβ is strictly smaller thanI , we can assume by symmetry
that it is contained in{1,2,3}. TakeI1 = {2}. By Proposition 6.6, we then have

χq(S(α))62 = ϕ{1,2,3}(Y
α)62, χq(S(β ))62 = ϕ{1,2,3}(Y

β )62,

that is, ourq-characters are in fact of typeA3. On the other hand,α andβ are also compatible as
roots of typeA3, hence the equality

χq(S(α))62 χq(S(β ))62 = χq(S(α)⊗S(β ))62

follows from 10.2.3.
We are thus reduced to those pairs of compatible positive roots (α ,β ) whose union of supports

is equal toI . By [FZ2, Prop. 3.16], these are, up to the 3-fold symmetry 1↔ 3↔ 4,
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(a) α = α1, β = α1 + α2 + α3 + α4;

(b) α = α1 + α2, β = α1 +2α2 + α3 + α4;

(c) α = α1 + α2 + α3, β = α2 + α3+ α4;

(d) α = α1 + α2 + α3, β = α1 + α2+ α3 + α4;

(e) α = α1 + α2 + α3, β = α1 +2α2 + α3+ α4;

(f) α = β = α1 + α2 + α3+ α4;

(g) α = β = α1 +2α2 + α3 + α4.

(a) TakeI0 = {2}. Thenχq(S(α))62 = Y1,3 and, sinceτ−(β ) = α2 we have

χq(S(β ))62 = Y1,3Y2,0Y3,1Y4,1(1+v2),

henceχq(S(α)⊗S(β ))62 contains a unique dominant monomial andS(α)⊗S(β ) is simple.

(b) TakeI1 = {2}. Then, by Theorem 11.1,

χq(S(α)⊗S(β ))62 = YαYβ (1+v1)(1+v1 +v3 +v4 +v1v3 +v1v4 +v3v4 +v1v3v4 +v1v2v3v4).

The only dominant monomials in this product areYαYβ andYαYβ v1v2v3v4, hence it is enough
to show thatYαYβ v1v2v3v4 occurs inχq(L(YαYβ )). Now YαYβ = Y2

1,0Y
3
2,3Y3,0Y4,0, and clearly

m := YαYβ v4 = Y2
1,0Y2,1Y3

2,3Y3,0Y−1
4,2 occurs inχq(L(YαYβ )). Sincem does not containv1,v2,v3,

we know by 5.4 thatϕ{1,2,3}(m) is contained inχq(L(YαYβ )). To calculateϕ{1,2,3}(m), we write
m= Yγ(Y2,1Y2,3)Y

−1
4,2 whereγ = 2α1 +2α2 +α3 is in the root lattice of typeA3 and has the cluster

expansionγ = (α1 + α2)+ (α1 + α2+ α3). It then follows from Section 10 that

ϕ{1,2,3}(m) = m(1+v1)(1+v1 +v3+v1v3 +v1v2v3),

hencemv1v2v3 = YαYβ v1v2v3v4 occurs inχq(L(YαYβ )).

(c) TakeI0 = {2}. Thenτ−(α) = α2 + α4 andτ−(β ) = α1 + α2, so

χq(S(α)⊗S(β ))62 = YαYβ (1+v2 +v2v4)(1+v2 +v1v2).

But by Section 10, this is equal toϕ{1,2,4}(Y
αYβ ), which is contained inχq(L(YαYβ )).

(d) TakeI0 = {2}. Thenτ−(α) = α2 + α4 andτ−(β ) = α2, so one can argue as in (c).

(e) TakeI1 = {2}. Then, by Theorem 11.1,

χq(S(α)⊗S(β ))62 = YαYβ (1+v1 +v3 +v1v3 +v1v2v3)

×(1+v1+v3 +v4+v1v3 +v1v4 +v3v4 +v1v3v4 +v1v2v3v4).

The only dominant monomials other thanYαYβ areYαYβ v1v2v3, YαYβ v1v2v3v4 which occurs
with coefficient 2, andYαYβ v2

1v2
2v2

3v4, hence it is enough to show that they occur inχq(L(YαYβ )).
For the first one, which does not depend onv4, one can argue as in (c) or (d). NowYαYβ =
Y2

1,0Y
3
2,3Y

2
3,0Y4,0, and clearlym := YαYβ v4 = Y2

1,0Y2,1Y3
2,3Y

2
3,0Y

−1
4,2 occurs inχq(L(YαYβ )). Since

m does not containv1,v2,v3, we know by 5.4 thatϕ{1,2,3}(m) is contained inχq(L(YαYβ )). To
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calculateϕ{1,2,3}(m), we writem=Yγ(Y2,1Y2,3)Y
−1
4,2 whereγ = 2α1+2α2+2α3 is in the root lattice

of typeA3 and has the cluster expansionγ = 2(α1 +α2+α3). It then follows from Section 10 that

ϕ{1,2,3}(m) = m(1+v1+v3 +v1v3 +v1v2v3)
2,

hencemv1v2v3 = YαYβ v1v2v3v4 and mv2
1v2

2v2
3 = YαYβ v2

1v2
2v2

3v4 occur in χq(L(YαYβ )), the first
one with coefficient 2.

(f) Take I0 = {2}. Then χq(S(α))62 = Yα(1+ v2), and its square has only one dominant
monomial, namely(Yα)2.

(g) TakeI1 = {2}. Then, by Theorem 11.1,

χq(S(α)⊗2)62 = (Yα)2(1+v1 +v3 +v4+v1v3 +v1v4 +v3v4 +v1v3v4 +v1v2v3v4)
2.

The only dominant monomials other than(Yα)2 are(Yα)2v1v2v3v4 which occurs with coefficient
2, and(Yα)2v2

1v2
2v2

3v2
4, hence it is enough to show that they occur inχq(L((Yα)2)). Now m1 :=

(Yα)2v4 andm2 := (Yα)2v2
4 both occur inχq(L((Yα)2)), the first one with coefficient 2, and both

are{1,2,3}-dominant. Consideringϕ{1,2,3}(m1) andϕ{1,2,3}(m2) we can conclude as in (e).

This finishes the proof of 9.2 (ii).

11.2.3 Finally 9.2 (iii) follows from Corollary 6.10 for all multiplicity-free roots. It remains to
check it for the longest rootα = α1 + 2α2 + α3 + α4. This can be done easily using our explicit
formulas for the truncatedq-characters. For example we see from Lemma 11.2 that the monomial
Y1,3Y2

2,0Y3,3Y4,3v2v3v4 occurs inχq(L(Y1,3Y2,0))χq(L(Y2,0Y3,3Y4,3)) but not in χq(S(α)). All other
factorizations ofS(α) can be ruled out in a similar way, and we omit the details.

This concludes the proof of Conjecture 4.6 in typeD4. 2

12 Applications

In this section we present some interesting consequences ofour results concerningC1.

12.1 By construction, the cluster variables of a cluster algebrasatisfy some algebraic identities
coming from the mutation procedure. When we restrict to mutations on thebipartite belt[FZ5]
these identities are similar to aT-system. In the caseℓ = 1 thisT-system is periodic and involves
the classes of all the cluster simple objects ofC1, as we shall now see.

Defineτ = τ+τ− (see 7.1). For everyi ∈ I , define a sequenceγi( j) ( j ∈ Z) of elements of
Φ>−1 by

γi(2 j) = τ j(−αi); (39)

for odd j, γi( j) is defined via the parity condition

γi( j) = γi( j +1) if εi = (−1) j+1. (40)

It follows from [FZ2] that every element ofΦ>−1 is of the formγi( j) for somei ∈ I and some
j ∈ [0,h+ 2]. For everyi ∈ I , define a sequenceβi( j) ( j ∈ Z) of elements ofΦ>−1 by the initial
condition

βi(0) = αi , (41)
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and the recursion
βi( j +1) = τ(−1) j+1(βi( j)), ( j ∈ Z). (42)

Define the following monomials in the classes of the frozen simple objectsFi:

p+
i ( j) = ∏

k∈I

[Fk]
max(0,[βk( j):αi ]), p−i ( j) = ∏

k∈I

[Fk]
max(0,−[βk( j):αi ]), (i ∈ I , j ∈ Z). (43)

The next result follows from Conjecture 4.6 (i), hence it is now proved ifg is of typeAn or Dn.

Theorem 12.1 The cluster simple objects S(α) (α ∈Φ>−1) of C1 satisfy the following system of
equations in the Grothendieck ring R1

[S(γi( j +1))] [S(γi( j−1))] = p+
i ( j)+ p−i ( j)∏

k6=i

[S(γk( j))]−aik , (i ∈ I , j ∈ Z).

Proof — Set

pi( j) =
p+

i ( j)

p−i ( j)
= ∏

k∈I

[Fk]
[βk( j):αi ], (44)

a Laurent monomial in the[Fi]. We will first show that

pi( j +1)pi( j−1) = ∏
k6=i

(p+
k ( j))−aik . (45)

To do that, set

qi( j) =
∏k6=i(p+

k ( j))−aik

pi( j +1)pi( j−1)
.

For i ∈ I , define following [FZ2] a piecewise-linear automorphismσi of Q by

[σi(γ) : α j ] =





[γ : α j ] if j 6= i,

−[γ : αi ]−∑
k6=i

aik max(0, [γ : αk]) if j = i.
(46)

Thenτε = ∏εi=ε σi. Using the definition ofp±i ( j) one can see that the exponent of[Fu] in qi( j) is
equal to

[σi(βu( j))+ βu( j)−βu( j +1)−βu( j−1) : αi ]

= [σi(βu( j))+βu( j)− τ(−1) j+1(βu( j))− τ(−1) j (βu( j)) : αi ].

Suppose thatεi = (−1) j+1. Thenσi appears once inτ(−1) j+1 and does not appear inτ(−1) j . It
follows that

[τ(−1) j+1(βu( j))+ τ(−1) j (βu( j)) : αi ] = [σi(βu( j))+βu( j) : αi ],

hence, the exponent of[Fu] in qi( j) is 0. The caseεi = (−1) j is identical. Thus,qi( j) = 1 and (45)
is proved.

Setyi( j) = 1/pi( j). Then, using the tropical semifield structure on the set of Laurent mono-
mials in the[Fi ] (see 7.2), one has 1⊕yi( j) = 1/p+

i ( j), hence

p+
i ( j) =

1
1⊕yi( j)

, p−i ( j) =
yi( j)

1⊕yi( j)
.
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With this new notation, (45) becomes

yi( j +1)yi( j−1) = ∏
k6=i

(1⊕yk( j))−aik , (47)

and the relation of Theorem 12.1 takes the form

[S(γi( j +1))] [S(γi( j−1))] =
1+yi( j)∏k6=i [S(γk( j))]−aik

1⊕yi( j)
. (48)

Equations (47) and (48) coincide with formulas (8.11) and (8.12) of [FZ5], which proves the
theorem. 2

Example 12.2 We takeg of typeA3 and chooseI0 = {1,3}, I1 = {2}. Henceτ+ = σ1σ3, τ− = σ2,
andτ = σ1σ3σ2. We have

γ1(0) =−α1, γ2(0) =−α2, γ3(0) =−α3,

γ1(1) = α1, γ2(1) =−α2, γ3(1) = α3,

γ1(2) = α1, γ2(2) = α1 + α2+ α3, γ3(2) = α3,

γ1(3) = α2 + α3, γ2(3) = α1 + α2+ α3, γ3(3) = α1 + α2,

γ1(4) = α2 + α3, γ2(4) = α2, γ3(4) = α1 + α2,

γ1(5) =−α3, γ2(5) = α2, γ3(5) =−α1,

γ1(6) =−α3, γ2(6) =−α2, γ3(6) =−α1,

and
β1(0) = α1, β2(0) = α2, β3(0) = α3,

β1(1) = α1 + α2, β2(1) =−α2, β3(1) = α2 + α3,

β1(2) = α2 + α3, β2(2) =−α2, β3(2) = α1 + α2,

β1(3) = α3, β2(3) = α2, β3(3) = α1,

β1(4) =−α3, β2(4) = α1 + α2 + α3, β3(4) =−α1,

β1(5) =−α3, β2(5) = α1 + α2 + α3, β3(5) =−α1,

β1(6) = α3, β2(6) = α2, β3(6) = α1.

The formulas of Theorem 12.1 read fori = 1,3:

[S(α1)] [S(−α1)] = [F1]+ [S(−α2)],

[S(α2 + α3)] [S(α1)] = [F3]+ [S(α1 + α2+ α3)],

[S(−α3)] [S(α2 + α3)] = [F2]+ [F3] [S(α2)],

[S(α3)] [S(−α3)] = [F3]+ [S(−α2)],

[S(α1 + α2)] [S(α3)] = [F1]+ [S(α1 + α2+ α3)],

[S(−α1)] [S(α1 + α2)] = [F2]+ [F1] [S(α2)].

and fori = 2:

[S(α1 + α2 + α3)] [S(−α2)] = [F1][F3]+ [F2] [S(α1)] [S(α3)],

[S(α2)] [S(α1 + α2+ α3)] = [F2]+ [S(α1 + α2)] [S(α2 + α3)],

[S(−α2)] [S(α2)] = [F2]+ [S(−α1)] [S(−α3)].
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Remark 12.3 In typeEn, using Proposition 6.7, we can still prove identities involving only multi-
plicity-free roots. For example, one can show that for everyi ∈ I ,

[S(αi)][S(−αi)] = [Fi]+∏
j 6=i

[S(−α j)]
−ai j ,

[S(αi −∑ j 6=i ai j α j)][S(−αi)] = ∏
j 6=i

[Fj ]
−ai j +[Fi]∏

j 6=i

[S(α j)]
−ai j .

The first formula is a classicalT-system, but not the second one.

12.2 If g is of typeAn, we have the following well-known duality for the characters of the finite-
dimensional irreducibleg-modules. Ifλ = (λ1, . . . ,λn) and µ = (µ1, . . . ,µn) are two dominant
weights, identified in the standard way with partitions in atmostn parts, there holds

dimV(λ )µ = [V(µ1)⊗·· ·⊗V(µn) : V(λ )],

whereV(λ ) stands for the irreducibleg-module with highest weightλ . In plain words, the weight
multiplicities of V(λ ) coincide with the multiplicities ofV(λ ) as a direct summand of certain
tensor products. This is sometimes calledKostka dualityand is specific to typeA.

We find it interesting to note that Eq. (34) yields a similar duality for the truncatedq-characters
of the cluster simple objectsS(β ) for anyg. Indeed assume that (34) holds, namely that

χ̃q(S(β ))62 = Fτ−(β)(v1, . . . ,vn), (vi = A−1
i,ξi+1),

(this is proved in typeA andD and for all multiplicity-free roots in typeE). Then writing for short
α = τ−(β ) = ∑i aiαi , vγ = ∏i∈I vci

i for γ = ∑i ciαi ∈Q, and

Fα(v1, . . . ,vn) = ∑
γ

nβ ,γ vγ ,

we have thatnβ ,γ is the multiplicity of thel -weightYβ vγ in S(β ). On the other hand, define

T(α) :=
⊗

i∈I

S(−εiαi)
⊗ai .

Note thatχq(T(α))62 = ∏i Y
ai
i,ξi+2 is reduced to a single monomial, soT(α) is simple. (From the

cluster algebra point of view,(x[−εiαi ]; i ∈ I) is a cluster ofA .) Put

di =





−∑
j 6=i

c jai j if i ∈ I0,

∑
j 6=i

(c j −a j)ai j if i ∈ I1,
, ei =





ai −ci if i ∈ I0,

−ci−∑
j 6=i

c jai j if i ∈ I1,
.

If nβ ,γ 6= 0 thendi andei are nonnegative and we can consider the simple module

U(γ) :=
⊗

i∈I

S(−εiαi)
⊗di ⊗F⊗ei

i .

Proposition 12.4 Assume that Eq. (34) holds for S(β ). Then the multiplicity of U(γ) as a compo-
sition factor of the tensor product S(β )⊗T(α) is equal to the l-weight multiplicity nβ ,γ .

Proof — This is a direct calculation using Eq. (27) and the same idea as in the proof of Proposi-
tion 2.2. The details are left to the reader. 2
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12.3 So far we have only used some combinatorial and representation-theoretical techniques.
However, our results have geometric consequences. Indeed,by work of Fu and Keller [FK ], the
F-polynomials have nice geometric descriptions in terms of quiver grassmannians. This goes as
follows.

LetC be the oriented graph obtained from the Dynkin diagram ofg by deciding that the vertices
in I1 are sources and those inI0 are sinks. SoC is a Dynkin quiver, and we can associate to every
positive rootα the unique (up to isomorphism) indecomposable representation M[α ] of C overC
with dimension vectorα . Regarding an elementγ = ∑i ciαi of the root lattice with nonnegative
coordinatesci as a dimension vector forC, we can consider for every representationM of C the
quiver grassmannian

Grγ(M) := {N | N is a subrepresentation ofM with dimensionγ}.

This is a closed subset of the ordinary grassmannian of subspaces of dimension∑i ci of the com-
plex vector spaceM. So in particular, Grγ(M) is a projective variety. Denote byχ(Grγ(M)) its
topological Euler characteristic. Then we have the following formula, inspired from a similar
formula of Caldero and Chapoton for cluster expansions of cluster variables [CC].

Theorem 12.5 [FK , Th. 6.5]For α ∈Φ>0 we have

Fα(v1, . . . ,vn) = ∑
γ

χ(Grγ(M[α ]))vγ .

This yields immediately

Theorem 12.6 If Eq. (34) holds forβ ∈Φ>−1, then

χq(S(β ))62 = Yβ ∑
γ

χ(Grγ(M[τ−(β )]))vγ , (vi = A−1
i,ξi+1). (49)

Example 12.7 Takeg of typeD4 and chooseI0 = {2}, so thatC is the quiver of typeD4 with its
three arrows pointing to the trivalent node 2. Letβ = α1 +2α2 + α3 + α4 be the highest root. We
haveτ−(β ) = β . The representationM[β ] of C is of dimension 5. There are thirteen non-empty
quiver grassmannians corresponding to the dimension vectors

(0,0,0,0), (0,1,0,0), (0,2,0,0), (1,1,0,0), (0,1,1,0), (0,1,0,1), (1,2,0,0),

(0,2,1,0), (0,2,0,1), (1,2,1,0), (1,2,0,1), (0,2,1,1), (1,2,1,1).

The variety Gr(0,1,0,0)(M[β ]) is a projective line, hence its Euler characteristic is equal to 2. The
twelve other grassmannians are reduced to a point. Therefore we obtain that

χq(S(β ))62 = Y1,3Y
2
2,0Y3,3Y4,3

(
1+2v2 +v2

2 +v1v2 +v2v3 +v2v4 +v1v2
2 +v2

2v3 +v2
2v4

+ v1v2
2v3 +v1v2

2v4 +v2
2v3v4 +v1v2

2v3v4
)
,

in agreement with Lemma 11.2.

Note that if moreover Conjecture 4.6 (ii) holds, then we can write any simple moduleL(m) in
C1 as a tensor product of cluster simple objects. Taking into account the additivity properties of the
Euler characteristics and the results of [CK ], this gives forχq(L(m))62 a formula similar to (49),
in which the indecomposable representationM[τ−(β )] is replaced by a generic representation ofC
(or equivalently a representation without self-extension).
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Example 12.8 Takeg of typeA2 and chooseI0 = {1}, so thatC is the quiver 1←− 2. Consider
the simple moduleS= L(Y2

1,0Y2,3). We have seen thatS∼= L(Y1,0Y2,3)⊗L(Y1,0). This corresponds
to the fact that the generic representation ofC of dimension vector 2α1 + α2 is

M = (C
id
←− C)⊕ (C

0
←− 0).

There are five non-empty quiver grassmannians forM corresponding to the dimension vectors

(0,0), (1,0), (2,0), (1,1), (2,1).

The variety Gr(1,0)(M) is a projective line, hence its Euler characteristic is equal to 2. The four
other grassmannians are reduced to a point. Therefore we obtain that

χq(S)62 = Y2
1,0Y2,3

(
1+2v1 +v2

1 +v1v2 +v2
1v2
)
,

in agreement with Example 6.3.

Theorem 12.6 is very similar to a formula of Nakajima [N1, §13] for the q-character of a
standard module. Indeed, as shown by Lusztig [Lu1], the lagrangian quiver varieties used in
Nakajima’s character formula are isomorphic to grassmannians of submodules of a projective
module over a preprojective algebra. There are however two important differences. In our case the
geometric formula gives only the truncatedq-character (but this is enough to determine the full
q-character of an object ofC1). More importantly, Theorem 12.6 concernssimplemodules and not
standardmodules. In Nakajima’s approach, theq-characters of the simple modules are obtained
as alternating sums ofq-characters of standard modules using intersection cohomology methods.

13 Generalℓ

We now consider the categoryCℓ for an arbitrary integerℓ.

13.1 We define a quiverΓℓ with vertex set{(i,k) | i ∈ I , 1 6 k 6 ℓ+ 1}. The arrows ofΓℓ are
given by the following rule. Suppose that(i,k) is such thati ∈ I0 andk is odd, ori ∈ I1 andk is
even. Then the arrows adjacent to(i,k) are

(h) the horizontal arrows(i,k−1)→ (i,k) if k > 1 and(i,k+1)→ (i,k) if k 6 ℓ;

(v) the vertical arrows(i,k)→ ( j,k) whereai j =−1 andk 6 ℓ.

All arrows are of this type.

Example 13.1 Takeg of typeA3 and chooseI0 = {1,3} andI1 = {2}. The quiverΓ3 is then

(1,1) ← (1,2) → (1,3) ← (1,4)
↓ ↑ ↓

(2,1) → (2,2) ← (2,3) → (2,4)
↑ ↓ ↑

(3,1) ← (3,2) → (3,3) ← (3,4)
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Type ofg ℓ Type ofAℓ

A1 ℓ Aℓ

Xn 1 Xn

A2 2 D4

A2 3 E6

A2 4 E8

A3 2 E6

A4 2 E8

Table 1:AlgebrasAℓ of finite cluster type.

13.2 Let B̃ℓ be then(ℓ+1)×nℓ-matrix with set of column indicesI× [1, ℓ] and set of row indices
I × [1, ℓ+1]. The entryb(i,k),( j,m) is equal to 1 if there is an arrow from( j,m) to (i,k) in Γℓ, to−1
if there is an arrow from(i,k) to ( j,m), and to 0 otherwise.

Let Aℓ = A (B̃ℓ) be the cluster algebra attached to the initial seed(x, B̃ℓ), where

x = (x(i,k) | i ∈ I , 1 6 k 6 ℓ+1).

This is a cluster algebra of ranknℓ, with n frozen variablesfi := x(i,ℓ+1) (i ∈ I). It follows easily
from [FZ3] that Aℓ has in general infinitely many cluster variables. The exceptional pairs(g, ℓ)
for which Aℓ has finite cluster type are listed in Table 1.

13.3 For i ∈ I andk∈ [1, ℓ+1], define

r(i,k) =





2

⌈
ℓ−k+1

2

⌉
if i ∈ I0,

2

⌈
ℓ−k+2

2

⌉
−1 if i ∈ I1,

where⌈x⌉ denotes the smallest integer> x. These integers satisfy

(a) r(i,k) > r(i,k+1) > r(i,k+2) = r(i,k)−2,

(b) if ai j =−1 thenr( j,k) is the unique integer strictly betweenr(i,k) andr(i,k)+2(−1)kεi.

Recall from 3.10 the Kirillov-Reshetikhin modulesW(i)
k,a (i ∈ I , k∈ N, a∈ C∗). The Kirillov-

Reshetikhin modules inCℓ have spectral parameters of the forma= qr for some integerr between
0 andℓ+1. To simplify notationwe shall write W(i)

k,r instead of W(i)
k,qr . We can now state our main

conjecture, which generalizes Conjecture 4.6 to arbitraryℓ.

Conjecture 13.2 The map x(i,k) 7→ [W(i)
k,r(i,k)] extends to a ring isomorphismι from the cluster

algebra Aℓ to the Grothendieck ring Rℓ of Cℓ. If we identifyAℓ with Rℓ via ι , Cℓ becomes a
monoidal categorification ofAℓ.

The idea to choose this initial seed forAℓ comes from theT-systems. Indeed, after replacingx(i,k)

by [W(i)
k,r(i,k)], the exchange relations (2) for the initial cluster variables become,

[W(i)
k,r(i,k)+2(−1)kεi

] =

[W(i)
k−1,r(i,k−1)][W

(i)
k+1,r(i,k+1)]+ ∏

ai j =−1

[W( j)
k,r( j,k)]

[W(i)
k,r(i,k)]

(i ∈ I , k 6 ℓ),

which is an instance of Eq. (5).
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13.4 It follows from the work of Chari and Pressley [CP2] that Conjecture 13.2 holds forg = sl2
and anyℓ (see Example 5.2). In this caseAℓ ≡Rℓ is a cluster algebra of finite cluster typeAℓ, with
one frozen variable[Wℓ+1,0]. The cluster variables are the classes of the other Kirillov-Reshetikhin
modules ofCℓ, namely

[Wk,2s], (1 6 k 6 ℓ, 0 6 s6 ℓ−k+1).

To determine the compatible pairs of cluster variables, onecan use again the geometric model of
[FZ2] and attach to each cluster variable a diagonal of the(ℓ+3)-gonPℓ+3 as follows:

[Wk,2s] 7−→ [s+1, s+k+2].

We then have thatWk,2s⊗Wk′,2s′ is simple if and only if the corresponding diagonals do not intersect
in the interior ofPℓ+3.

13.5 Takeg of typeA2 andℓ = 2. We chooseI0 = {1} andI1 = {2}. In this case Conjecture 13.2
holds (see below 13.8). The cluster algebraA2 has finite cluster typeD4, hence every simple object
of C2 is isomorphic to a tensor product of cluster simple objects and frozen simple objects.

The sixteen cluster simple objects are

L(Y1,0), L(Y1,2), L(Y1,4), L(Y2,1), L(Y2,3), L(Y2,5), L(Y1,0Y1,2), L(Y1,2Y1,4), L(Y2,1Y2,3), L(Y2,3Y2,5),

L(Y1,0Y2,3), L(Y1,2Y2,5), L(Y1,4Y2,1), L(Y1,0Y1,2Y2,5), L(Y1,0Y2,3Y2,5), L(Y1,0Y1,2Y2,3Y2,5).

They have respective dimensions

3, 3, 3, 3, 3, 3, 6, 6, 6, 6, 8, 8, 8, 15, 15, 35.

Note that only the first ten are Kirillov-Reshetikhin modules. The next five are evaluation mod-
ules. The last moduleL(Y1,0Y1,2Y2,3Y2,5) is not an evaluation module. Its restriction toUq(g) is
isomorphic toV(2ϖ1 +2ϖ2)⊕V(ϖ1 + ϖ2).

The two frozen modules are the Kirillov-Reshetikhin modules L(Y1,0Y1,2Y1,4), L(Y2,1Y2,3Y2,5),
of dimension 10.

By [FZ3] there are fifty clusters,i.e.fifty factorization patterns of a simple object ofC2 as a
tensor product of cluster simple objects and frozen simple objects.

13.6 Takeg of typeA4 andℓ = 3. In this caseA3 has infinitely many cluster variables. Choose
I0 = {1,3} andI1 = {2,4}. Thus the simple moduleL(Y1,4Y2,1Y2,7Y3,4) belongs toC3. However, it
is not a real simple object [L , §4.3] because in the Grothendieck ringR3 we have

[L(Y1,4Y2,1Y2,7Y3,4)]
2 = [L(Y2

1,4Y
2
2,1Y

2
2,7Y

2
3,4)]+ [L(Y2,1Y2,3Y2,5Y2,7Y4,3Y4,5)].

If C3 is indeed a monoidal categorification ofA3, then[S] cannot be a cluster monomial.
For g of typeA3 andℓ = 3, there is a similar example. The simple moduleL(Y1,4Y2,1Y2,7Y3,4)

belongs toC3, and we have

[L(Y1,4Y2,1Y2,7Y3,4)]
2 = [L(Y2

1,4Y
2
2,1Y

2
2,7Y

2
3,4)]+ [L(Y2,1Y2,3Y2,5Y2,7)].

We expect the existence of non real simple objects inCℓ wheneverAℓ does not have finite
cluster type.
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13.7 Takeg of type An and letℓ be arbitrary. Let us sketch why in this case Conjecture 13.2
would essentially follow from a conjecture of [GLS2] (see also [GLS4, §23.1]).

First, we can use the quantum affine analogue of the Schur-Weyl duality [CP5, Che, GRV] to
relate the finite-dimensional representations ofUq(ĝ) with the finite-dimensional representations
of the affine Hecke algebraŝHm(t) of typeAm (m> 1) with parametert = q2. More precisely, for
everym we have a functorFm from modĤm(t) to the categoryC of finite-dimensional represen-
tations ofUq(ĝ), which maps every simple module of̂Hm(t) to a simple module ofUq(ĝ) or to the
zero module. The simpleUq(ĝ)-module with highestl -weight∏n

i=1∏ki
r=1Yi,ai is the image byFm

of a simpleĤm(t)-module, wherem= ∑i iki .
Moreover, the functorsFm are multiplicative in the following sense: forM1 in modĤm1(t) and

M2 in modĤm2(t) one has

Fm1+m2(M1⊙M2) = Fm1(M1)⊗Fm2(M2) ,

where−⊙− denotes the induction product from modĤm1(t)×modĤm2(t) to modĤm1+m2(t).
Let R be the sum overm of the Grothendieck groups of the categories modĤm(t) endowed with
the multiplication induced by⊙. The functorsFm thus induce a surjective ring homomorphism
Ψ : R→ R, which maps classes of simples to classes of simples or to zero.

Let Dm,ℓ denote the full subcategory of mod̂Hm(t) whose objects are those modules on which
the generatorsy1, . . . ,ym of the maximal commutative subalgebra ofĤm(t) have all their eigen-
values in {

tk | k∈ Z,
1−n

2
6 k 6

n
2

+ ℓ

}
,

(see [L ]). It is easy to check that every simple object ofCℓ is of the formFm(M) for somemand
some simple objectM of Dm,ℓ. Therefore, denoting byRℓ the sum overm of the Grothendieck
groups of the categoriesDm,ℓ, we see thatΨ restricts to a surjective ring homomorphism fromRℓ

to Rℓ.
By a dual version of Ariki’s theorem [A, LNT ] the Z-basis ofRℓ given by the classes of the

simple objects can be identified with the dual canonical basis of the coordinate ringC[N] of a
maximal unipotent subgroupN of SLn+ℓ+1(C).

So, to summarize, forg of typeAn, Conjecture 13.2 can be reformulated as a conjecture about
multiplicative properties of the dual canonical basis ofC[N]. In [GLS2], a cluster algebra structure
on C[N] has been studied in relation with the representation theoryof preprojective algebras. It
was shown that the cluster monomials belong to the dual of Lusztig’s semicanonical basisof C[N]
[Lu2]. More precisely they are the elements parametrized by the irreducible components of the
nilpotent varieties with an open orbit. It was also conjectured that these elements of the dual
semicanonical basis belong to the dual canonical basis, hence, by Ariki’s theorem, are classes of
irreducible representations of somêHm.

Finally, one can check that the initial seed of the cluster algebraAℓ given by Conjecture 13.2
is the image underΨ of a seed ofC[N] ≡ Rℓ. So if the conjecture of [GLS2] was proved, by
applyingΨ we would deduce that all cluster monomials ofAℓ are classes of simple objects ofCℓ.
To finish the proof of Conjecture 13.2 one would still have to explain whyall classes of real simple
objectsare cluster monomials.

13.8 In [GLS1] it was shown that ifN is of typeAr (r 6 4) the dual canonical and dual semi-
canonical basis ofC[N] coincide. Moreover these are the only cases for whichC[N] has finite
cluster type. It then follows from 13.7 that Conjecture 13.2holds if n+ ℓ 6 4, and moreover in
this case all simple objects ofCℓ are real. This proves the conjecture forg of typeA2 andℓ = 2
(see 13.5).

51



13.9 For g of type An, there is an interesting relation between the cluster algebra Aℓ and the
grassmannian Gr(n+1,n+ℓ+2) of (n+1)-dimensional subspaces ofCn+ℓ+2. Indeed, the homo-
geneous coordinate ringC[Gr(n+ 1,n+ ℓ+ 2)] has a cluster algebra structure [S] with an initial
seed given by a similar rectangular lattice (see also [GSV, GLS3]). More precisely, denote the
Plücker coordinates ofC[Gr(n+1,n+ ℓ+2)] by

[i1, . . . , in+1], (1 6 i1 < · · ·< in+1 6 n+ ℓ+2).

Theℓ+2 Plücker coordinates

[1,2, . . . ,n+1], [2,3, . . . ,n+2], . . . , [ℓ+2, ℓ+3, . . . ,n+ ℓ+2],

belong to the subset of frozen variables of the cluster algebra C[Gr(n+ 1,n+ ℓ+ 2)]. Hence, the
quotient ringSℓ of C[Gr(n+ 1,n+ ℓ + 2)] obtained by specializing these variables to 1 is also
a cluster algebra, with the same principal part. By comparing the initial seed ofAℓ with the
initial seed ofSℓ obtained from [S, §4,§5], we see immediately that these two cluster algebras are
isomorphic.

So we can reformulate Conjecture 13.2 forg = sln+1 by stating thatCℓ should be a monoidal
categorification of the quotient ring Sℓ of C[Gr(n+1,n+ ℓ+2)] by the relations

[1,2, . . . ,n+1] = [2,3, . . . ,n+2] = · · ·= [ℓ+2, ℓ+3, . . . ,n+ ℓ+2] = 1.

Note that forg = sl2 we recover the situation of§13.4. Note also that [GLS3] provides anadditive
categorification of the cluster algebraC[Gr(n+ 1,n+ ℓ+ 2)], as a Frobenius subcategory of the
module category of a preprojective algebra of typeAn+ℓ+1.

Example 13.3 Take n = 2 and ℓ = 2 (see§13.5). In this caseS2 is the ring obtained from
C[Gr(3,6)] by quotienting the following relations

[1,2,3] = [2,3,4] = [3,4,5] = [4,5,6] = 1.

For simplicity, we denote again by[i, j,k] the image of the Plücker coordinate in the quotientS2.
Then the identification of the Grothendieck ringR2 with S2 gives the following identities of cluster
(and frozen) variables:

[L(Y1,0)] = [3,4,6], [L(Y1,2)] = [2,3,5], [L(Y1,4)] = [1,2,4],

[L(Y2,1)] = [3,5,6], [L(Y2,3)] = [2,4,5], [L(Y2,5)] = [1,3,4],

[L(Y1,0Y1,2)] = [2,3,6], [L(Y1,2Y1,4)] = [1,2,5], [L(Y1,0Y1,2Y1,4)] = [1,2,6],

[L(Y2,1Y2,3)] = [2,5,6], [L(Y2,3Y2,5)] = [1,4,5], [L(Y2,1Y2,3Y2,5)] = [1,5,6],

[L(Y1,0Y2,3)] = [2,4,6], [L(Y1,2Y2,5)] = [1,3,5], [L(Y1,4Y2,1)] = [1,3,4][2,5,6]− [1,5,6],

[L(Y1,0Y1,2Y2,5)] = [1,3,6], [L(Y1,0Y2,3Y2,5)] = [1,4,6], [L(Y1,0Y1,2Y2,3Y2,5)] = [2,3,6][1,4,5]−1.

Moreover, as is easily checked, the dimension of a simple module inC2 is obtained by evaluating
the corresponding cluster monomial inS2 on the matrix




1 1 1 1 1 1
0 1 2 3 4 5
0 0 1 3 6 10




Thus,

dimL(Y10Y12Y23Y25) =

∣∣∣∣∣∣

1 1 1
1 2 5
0 1 10

∣∣∣∣∣∣
×

∣∣∣∣∣∣

1 1 1
0 3 4
0 3 6

∣∣∣∣∣∣
−1 = 35.
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[D] I. DAMIANI , La R-matrice pour les algèbres quantiques de type affine nontordu, Ann. Sci. Ecole Normale Sup.31
(1998), 493–523.

[DFK] P. DI FRANCESCO, R. KEDEM, Q-systems as cluster algebras II: Cartan matrix of finite type and the polynomial
property, arXiv:0803.0362.

[FM] E. FRENKEL, E. MUKHIN , Combinatorics of q-characters of finite-dimensional representations of quantum affine alge-
bras, Comm. Math. Phys.216(2001), 23–57.

[FR] E. FRENKEL, N. RESHETIKHIN, The q-characters of representations of quantum affine algebras, Recent developments
in quantum affine algebras and related topics, Contemp. Math. 248(1999), 163–205.

[FZ1] S. FOMIN , A. ZELEVINSKY, Cluster algebras I: Foundations, J. Amer. Math. Soc.15 (2002), 497–529.

[FZ2] S. FOMIN , A. ZELEVINSKY,Y-systems and generalized associahedra, Ann. Math.158(2003), 977–1018.

[FZ3] S. FOMIN , A. ZELEVINSKY, Cluster algebras II: Finite type classification, Invent. Math.154(2003), 63–121.

[FZ4] S. FOMIN , A. ZELEVINSKY,Cluster algebras: notes for the CDM-03 conference. Current developments in mathematics,
2003, 1–34, Int. Press, Somerville, MA, 2003.

[FZ5] S. FOMIN , A. ZELEVINSKY, Cluster algebras IV: coefficients, Compos. Math.143(2007), 112–164.

53



[FK] C. FU, B. KELLER, On cluster algebras with coefficients and 2-Calabi-Yau categories, Trans. Amer. Math. Soc.362
(2010), 859-895.
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[GLS3] C. GEISS, B. LECLERC, J. SCHRÖER, Partial flag varieties and preprojective algebras, Ann. Inst. Fourier (Grenoble)
58 (2008), 825–876.
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