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ABsTRACT. In this paper we study minimal affinizations of representations of
quantum groups (generalizations of Kirillov-Reshetikhin modules of quantum
affine algebras introduced in [Chal]). We prove that all minimal affinizations
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of type A, B we prove the thin property (the l[-weight spaces are of dimension
1) and a conjecture of [NN1] (already known for type A). The proof of the
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1. INTRODUCTION

In this paper ¢ € C* is fixed and is not a root of unity.

Affine Kac-Moody algebras § are infinite dimensional analogs of semi-simple Lie
algebras g, and have remarkable applications (see [Kal). Their quantizations U,(§),
called quantum affine algebras, have a very rich representation theory which has
been intensively studied in mathematics and physics (see references in [CP6, DM]
and in [CP2, FR, Nak1, Nak4] for various approaches). In particular Drinfeld [Dr2]
discovered that they can also be realized as quantum affinizations of usual quantum
groups U, (g) C U,(§). By using this new realization, Chari-Pressley [CP6] classified
their finite dimensional representations.

Chari [Chal] introduced the notion of minimal affinizations of representations
of quantum groups : starting from a simple representation V' of U, (g), an affiniza-
tion of V is a simple representation V of Uq(g) such that V is the head in the
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decomposition of V in simple U, (g)-representations. Then one can define a partial
ordering on the set of affinizations of V' and so a notion of minimal affinization for
this ordering. For example the minimal affinizations of simple U, (g)-modules of
highest weight a multiple of a fundamental weight are the Kirillov-Reshetikhin
modules which have been intensively studied in recent years (for example see
[KOS, KNH, K1, HKOTY, KN, Cha2, Nak4, Nak5, H4, CM3, FL| and references
therein). An (almost) complete classification of minimal affinizations was done in
[Chal, CP3, CP4, CP5].

The motivation to study minimal affinizations comes from physics : the affiniza-
tions of representations of quantum groups are important objects from the physical
point of view, as stressed for example in [FR, Remark 4.2| and in the introduction
of [Chal|. For example in the theory of lattice models in statistical mechanics, they
are related to the problem of proving the integrability of the model : the point
is to add spectral parameters to a solution of the related quantum Yang-Baxter
equation (see [CP6]). A second example is related to the quantum particles of the
affine Toda field theory (see [BL, Do|) which correspond to simple finite dimensional
representations of quantum affine algebras.

In the present paper we prove new results on the structure of minimal affiniza-
tions, in particular in the light of recent developments in the representation theory
of quantum affine algebras.

A particular class of finite dimensional representations, called special modules
[Nak4], attracted much attention as Frenkel-Mukhin [FM1] proposed an algorithm
which gives their g-character (analog of the usual character adapted to the Drinfeld
realization and introduced by Frenkel-Reshetikhin [FR] : they encode a certain de-
composition of representations in so called I-weight spaces or pseudo weight spaces).
For example the Kirillov-Reshetikhin modules [Nak4, Nak5, H4| are special (this is
the crucial point of the proof of the Kirillov-Reshetikhin conjecture). A dual class
of modules called antispecial modules is introduced in the present paper (antispe-
cial does not mean the opposite of special), and an analog of the Frenkel-Mukhin
algorithm gives their g-character.

In the present paper we prove that minimal affinizations in type A, B, G are
special and antispecial. We get counter examples for other types, but we prove in
type C, D, F that a large class of minimal affinizations are special or antispecial.
In particular the Frenkel-Mukhin algorithm works for these modules. As an appli-
cation, we prove that minimal affinizations of type A and B are thin (the I-weight
spaces are of dimension 1). We also get the special property for analog simple mod-
ules of quantum affinizations of some non necessarily finite quantum Kac-Moody
algebras.

In the proofs of the present paper, the crucial steps include technics developed
in [H4| to prove the Kirillov-Reshetikhin conjecture and in [H6| to solve the Naka-
jima’s smallness problem. The general idea is to prove simultaneously the special
property and the thin property by induction on the highest weight of the mini-
mal affinizations. This allows to use the elimination theorem [H4| which leads to
eliminate some monomials in the g-character of simple modules.

Nakajima first conjectured the existence of such large classes of special modules
for simply-laced cases (see [Nak4]), and the existence of a large class of special
minimal affinizations was conjectured by Mukhin in a conversation with the author
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in the conference "Representations of Kac-Moody Algebras and Combinatorics" at
Banff in March 2005.

In some situations, the properties are already known or can be proved directly
from already known explicit formulas. Indeed, for Kirillov-Reshetikhin modules the
special property was proved in [Nak5| (simply-laced case) and in [H4] (non simply-
laced case). So for Kirillov-Reshetikhin modules in classical types, the explicit
formulas in [KOS, KNH] are satisfied (the formulas for fundamental representations
are given in [KS|) and we can get the properties directly from them. General
formulas and the thin properties were proved for irreducible tame modules, which
include minimal affinizations, for Yangians of type A [Chel, Che2, NT]. (The author
was told by Nakajima that the same results hold for quantum affine algebras of type
Aby [V].) See also [FM2] for the cases of minimal affinizations, which are evaluation
representations in type A.

Explicit formulas are also available for twisted yangians in classical types [Mo,
Nazl]. But the author did not find in the literature a proof of the correspondence
between quantum affine algebras and twisted (or non simply laced) yangians.

In general no explicit formulas for g-characters of quantum affine algebras are
available, so our proofs use direct arguments without explicit formulas and are in-
dependent of previous results on yangians. In particular this allows to extend uni-
formly our arguments to previously unknown situations (like type B, C, D, Ga, Fy),
and to more general quantum affinizations which are not necessarily quantum affine
algebras.

For quantum affine algebras in classical types, explicit conjectural formulas [NN1,
NN2, NN3| are available for a large class of representations including many minimal
affinizations (all of them for type A; see [KOS, KNH] for more general formulas). In
types A, B, the results proved in the present paper imply [NN1, Conjecture 2.2] for
these minimal affinizations. The author did not find in the literature a proof of this
result, except for type A as explained above. The main subject of the present paper
is minimal affinizations and so we give a proof of [NN1, Conjecture 2.2] in this case.
But it is possible to prove [NN1, Conjecture 2.2] for more general representations
by using a variation of this proof (this and [NN1, Conjecture 2.2] in types C, D
will be discussed in a separate publication).

The results of [NT, KS, KOS] and of [NN1, Conjecture 2.2| (and thin property
as their consequence) were explained to the author by Nakajima in an early stage
of this research, June 2005.

Let us describe the organization of the present paper. In section 2 we give some
backgrounds on the representation theory of quantum affine algebras. In section 3
we recall the definition of minimal affinizations and state the main results of the
paper. In section 4 we give preliminary results, including results from [H6| and
discussion about an involution of U,(g). In section 5 we prove the main result of
the paper. In section 6 we explain the proof of [NN1, Conjecture 2.2] for minimal
affinizations in types A, B, we state additional results (Theorem 6.6) for more
general quantum affinizations, and we discuss possible further developments, in
particular on generalized induction systems involving minimal affinizations.

Acknowledgments : The author is very grateful Evgeny Mukhin for encour-
aging him to study minimal affinizations in the continuation of the proof of the
Kirillov-Reshetikhin conjecture, to Hiraku Nakajima for useful comments and ref-
erences in an early stage of this research, and to Vyjayanthi Chari, Maxim Nazarov,
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Alexander Molev, Michela Varagnolo for useful comments and references. A part
of this paper was written as the author gave lectures in the East China Normal
University in Shanghai, he would like to thank Naihong Hu for the invitation.

2. BACKGROUND

2.1. Cartan matrix and quantized Cartan matrix. Let C = (C; ;)1<;,j<n be
a Cartan matrix of finite type. We denote I = {1,---,n}. C is symmetrizable :
there is a matrix D = diag(ry, - ,7rn) (r; € N*) such that B = DC is symmetric.
In particular if C' is symmetric then D = I,, (simply-laced case).
We consider a realization (h, II, IIV) of C' (see [B, Ka|): b is a n dimensional Q-vector
space, II = {1, ,a,} C bh* (set of the simple roots) and IV = {aY, -+, } C b
(set of simple coroots) are set such that for 1 < 4,5 < n, a;j(e;) = C;;. Let
Ay,--- A, € b* (resp. AY,---,AY € b) be the the fundamental weights (resp.
coweights) : A;(a)) = a;(A}) = 0;; where d;; is 1 if ¢ = j and 0 otherwise.
Denote P = {\ € h*|Vi € I, \(o)') € Z} the set of weights and PT = {\ € P|Vi €
I, \(«)) > 0} the set of dominant weights. For example we have oy, ,a, € P
and Aq,---,A, € PT. Denote Q = @,c;Za; C P the root lattice and QT =
> erNa; € Q. For A\, i € b*, denote A > pif A — p e Q. Let v : h* — b linear
such that for all ¢ € I we have v(a;) = r;af. For A\, p € b*, AMv(u)) = p(v(N)). We
use the enumeration of vertices of [Ka).
We denote ¢; = ¢" and for I € Z,r > 0,m > m’ > 0 we define in Z[g*] :
¢ —q! m [m],!
=T e =l =t e | ] = o
For a,b € Z, we denote ¢t = {¢***"|r € Z} and ¢*+*N = {¢*+"|r € Z,7 > 0}.
Let C(z) be the quantized Cartan matrix defined by (i # j € I):
Cii(2) =z + 2", Cij(z) = [Cijl=.
C(z) is invertible (see [FR]). We denote by C(z) the inverse matrix of C(z) and by
D(z) the diagonal matrix such that for i, j € I, D, ;(z) = §; ;[ri]..

2.2. Quantum algebras.
2.2.1. Quantum groups.

Definition 2.1. The quantum group Uy(g) is the C-algebra with generators kiﬂ,
zE (i € I) and relations:

+C;
k}kj = k}]k}7 , k‘?a?;t =q; Jﬂf;‘tkia
ki — k1
[z, 27] = 6 j—,
J ! qi — 4q; !
> o [P @ iy =0 ori £ )
r=0-1—Ci r o % J \"i .

This algebra was introduced independently by Drinfeld [Drl] and Jimbo [J]. It is
remarkable that one can define a Hopf algebra structure on U,(g) by :
A=z @1+ kot ,Alx])=2; k' +1@1x;,

S(ki) =k, S(af) = —af ki, S(a;) = —kiay,

3
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e(ki) =1, e(z})=e(x])=0.

Let U, (h) be the commutative subalgebra of U, (g) generated by the k! (i € I).
For V a Uy(h)-module and w € P we denote by V,, the weight space of weight w :

Vo={veV|Viel k.wv= q;‘)(aiv)v}.
In particular we have x;—L.Vw C Vipta,-

We say that V' is U, (h)-diagonalizable if V' = @ _p V., (in particular V' is of type
1).
For V a finite dimensional U, (h)-diagonalizable module we define the usual charac-
ter

x(V) = Zwepdim(Vw)e(w) eé= @ Z.e(w).

weP

2.2.2. Quantum loop algebras. We will use the second realization (Drinfeld real-
ization) of the quantum loop algebra U,(Lg) (subquotient of the quantum affine
algebra U,(g)) :

Definition 2.2. U,(Lg) is the algebra with generators xﬁ, (ielrel) k'
(i €I) him (i € I,m € Z—{0}) and the following relations (i,j € I,r,r" €
Z,m,m' € Z —{0}):

[ki, ki) = [kiy hjm] = [Rim, Bjme] = 0,

+ +Cij, +
kixj’r = ql ©J j,r [z
h 1= 4+ mB; oot
[ i,m;xjﬂ«] = E[m i7j](1xj,m+r’
Ot — Dy
+ — _ 1,7+T T,7+T
[xi,r’ xj,r’] =0;,5 —1 J
4 —q;

£ o+ B, + .+  _ 4B, + .+ & +
Lir+1Ljr — 4 ij,r’xi,rJrl =4q in,rxj,r’-i—l L 41%5 >

kK|S + + + 4+ + _
Zwezszk:o...s( 1) {k] Lirrqy Lir ey Vi i s xixrw(w_o’

where the last relation holds for all i # j, s = 1 — C;;, all sequences of inte-

gers ri,-+- ,Ts. g s the symmetric group on s letters. For i € I and m € 7Z,
qum € Uy, (Lyg) is determined by the formal power series in Uy (Lg)[[z]] (resp. in

Uy (Le)[=~ 1)
: S s -1 ) +m/
ZT"ZO i,j:mz — kl €l’p(i(q —q )Zm,21hz7im12’ ),

and ¢F_ =0 form > 0.

i, Fm

Uy(Lg) has a Hopf algebra structure (from the Hopf algebra structure of Uy, (g)).
For J C I we denote by U,(Lgs) C Uy,(Lg) the subalgebra generated by the xfm,
Bim, kY for i € J. U,(Lgy) is a quantum loop algebra associated to the semi-
simple Lie algebra g ; of Cartan matrix (C; ;) jes. For example for ¢ € I, we denote
Uy(Lgi) = uq(ﬁg{i}) ~ Uy, (Lslz).

The subalgebra of U,(Lg) generated by the h; m, k' (resp. by the mfr) is denoted
by Uy (Lh) (resp. Uy(Lg)™).
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2.3. Finite dimensional representations of quantum loop algebras. Denote
by Rep(Uy(Lg)) the Grothendieck ring of (type 1) finite dimensional representations
of Uy(Lyg).

2.3.1. Monomials and q-characters. Let V be a representation in Rep(Uy(Lg)). The
subalgebra U, (Lh) C U,(Lg) is commutative, so we have :

V= 697:(

where : V, ={veV|[Ip>0,Vie I,m >0, (¢fim - 'yfim)p.v = 0}.

Vi,

'Yij,:j:"m,)'iEI,'sz

The v = (’Yfim)iekmzo are called [-weights (or pseudo-weights) and the V., # {0}
are called [-weight spaces (or pseudo-weight spaces) of V. One can prove [FR] that
~ is necessarily of the form :

—1
m _ deg(Qi)—deg(R;) Qi(ug; ") Ri(ug;
1) S it = (@) et (ug; )Ri(ug)
m20 Qi(ugi)Ri(ug; )
where Q;, R; € C(u) satisfy Q;(0) = R;(0) = 1. The Frenkel-Reshetikhin g¢-
characters morphism X, [FR] encodes the l-weights v (see also [Kn|). It is an
injective ring morphism :

Xq : Rep(Uy(Lg)) — Z[Yii]iel,aec*
defined by
Xq(V) = Zvdim(ny)m%

where :

s
m’y — H Y;];,a z,a,
i€l,acC* >

Qi(u) = Haetc*(l —ua)%e | Ri(u) = H

The m,, are called monomials (they are analogs of weight). We denote by A the set
of monomials of Z[Yii]z’el,ae(:*- For an [-weight 7, we denote V, = V,,, . We will
also use the notation 2 = qur fori eI and r,p € Z.

For J C I, x; is the morphism of g-characters for Uy (Lgs) C Uy(Lg).

_ Ti,a
e (1 —ua)™e.

For a m monomial we denote wu;,(m) € Z such that m = [[,c; ,cc ;L;”"'(m)

We also denote w(m) = 3,1 ,eceUi,a(Mm)Ai, ui(m) = 3 ce- ia(m) and u(m) =
> icr wi(m). mis said to be J-dominant if for all j € J,a € C* we have u; ,(m) > 0.
An I-dominant monomials is said to be dominant.

Observe that xq, X&] can also be defined for finite dimensional U,(Lh)-modules in
the same way.

In the following for V' a finite dimensional U, (Lh)-module, we denote by M (V') the
set of monomials occurring in x4(V).

Forie I,a € C* we set :

_ - -1
Aiv(l _Yi,aqflyrlva(h H Yrj,a
{41C;,i=—1}

-1 -1 -1 -1y —1
X H Yj,aq—lyj,aq H Yjﬂq?YJ}a Yj,aq‘Q'
{ilCj,i=—2} {jICj,i=-3}

(2)
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As the A} L are algebraically independent [FR] (because C(z) is invertible), for M

a product of A;(} we can define v; (M) > 0 by M = Hiel’aeC*A;:i‘“(m). We put
vi(M) = Zaec*vi,a(M) and v(M) = Zz‘elvi(M)'

For A € —Q% we set v(\) = —A(AY +---+AY). For M a product of Ai_;, we have
v(M) = v(w(A)).

For m, m’ two monomials, we write m’ < m if m’m~! is product of Af;

Definition 2.3. [FM1] A monomial m € A — {1} is said to be right-negative if
for all a € C*, for L = maz{l € Z|3i € I,u;q44c(m) # 0} we have Vj € I,
Uj qqr (m) < 0.

Observe that a right-negative monomial is not dominant. We can also define left-
negative monomials by replacing max by min in the formula of L in Definition
2.3.

Lemma 2.4. [FM1] 1) Fori € I,a € C*, Af; is right-negative.
2) A product of right-negative monomials is right-negative.
3) If m is right-negative, then m’ < m implies that m’ is right-negative.

We have the same results by replacing right-negative by left-negative.
For J C I and Z € ), we denote Z 7 the element of ) obtained from Z by putting
Vil =1forj¢.J.
Let 3 : Z[Yﬁ]jel,beo — & be the ring morphism such that g(m) = e(w(m)).

Proposition 2.5. [FR, Theorem 3| For V € Rep(U,(Lg)), let Res(V') be the re-
stricted Uy (g)-module. We have (80 xq)(V) = x(Res(V)).

2.3.2. [-highest weight representations. The irreducible finite dimensional U, (Lg)-
modules have been classified by Chari-Pressley. They are parameterized by domi-
nant monomials :

Definition 2.6. A U,(Lg)-module V is said to be of I-highest weight m € A if
there is v € Vy, such that V =U,(Lg)~w and Vi € I,7 € Z,x} v = 0.

e
For m € A, there is a unique simple module L(m) of I-highest weight m.

Theorem 2.7. [CP6, Theorem 12.2.6] The dimension of L(m) is finite if and only
if m is dominant.

Forie€ I, acC*, k>0 we denote X,glt)l =1lweq, o k)i ggr—2n+1-

i,aq;
Definition 2.8. The Kirillov-Reshetikhin modules are the W,glt)l = L(X,S) ).

We denote by Wéf)

" the trivial representation (it is of dimension 1). For ¢ € T
and a € C*, Wl(l()l is called a fundamental representation and is denoted by V;(a)
(in the case g = slp we simply write Wy, , and V (a)).

For g = sl, the monomials mi = Xj, 4, M2 = X, e, are said to be in special

position if the monomial ms = Haec*Yamax(u“(ml)’""'(m2)) is of the form ms =

Xky.a5 and mg # mq, ms # mo. A normal writing of a dominant monomial m is
a product decomposition m = Hi:l,w,Lthfll such that for I # ', Xy, o, Xk, a,
are not in special position. Any dominant monomial has a unique normal writing
up to permuting the monomials (see [CP6, Section 12.2]).

It follows from the study of the representations of U,(Lsls) in [CP1, CP2, FR| that
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Proposition 2.9. Suppose that g = sls.
(1) Wi.q is of dimension k+1 and :

Xq(Wk,a) = Xk,a(]- + A;qlk- (]- + A;qlk—z(]- + - (]- + A;qlz—k)) e )
(2) V(ag" *) @ V(ag®> *) @ - @ V(agh~1) is of g-character :
KL+ A )+ A L) (L+ A ).

In particular all [-weight spaces of the tensor product are of dimension 1.
(8) For m a dominant monomial and m = Xy, 4, -+ Xk,.a, @ normal writing we
have :

L(m) = Wkl,al - sz,az'
2.3.3. Special modules and complementary reminders.

Definition 2.10. For m € A let D(m) be the set of monomials m’ € A such that

there are mg = m,my,--- ,my =m' € A satisfying for all j € {1,--- N} :

;71(11(172;' i;vla'rjqij whereij € I, r; > 1 and ay, - - s ar; € c,

(2) for 1 <r <7y, uija,(mj—1) > [{r' € {1,--- ,rj}ar = ar}| where vj,ij, ar
are as in condition (1).

(1) m; = mjflA

For all m’ € D(m), m' < m. Moreover if m’ € D(m), then (D(m') C D(m)).

Theorem 2.11. [H5, Theorem 5.21] For V. € Mod(U,(§)) be a l-highest weight
module of highest monomial m, we have M(V) C D(m).

In particular for all m’ € M(V), we have m’ < m and the v; o (m'm=1),v(m'm=1) >
0 are well-defined. As a direct consequence of Theorem 2.11, we also have :

Lemma 2.12. Fori € I,a € C*, we have (x4(Vi(a)) — Yi.a) € Z[Y

j7aqz]jel,l>0~

This result was first proved in [FM1, Lemma 6.1, Remark 6.2].
A monomial m is said to be antidominant if for all ¢ € I,a € C*, u; o(m) <0.

Definition 2.13. A U,(Lg)-module is said to be special (resp. antispecial) if his
q-character has a unique dominant (resp. antidominant) monomial.

The notion of special module was introduced in [Nak4]. It is of particular im-
portance because an algorithm of Frenkel-Mukhin [FM1] gives the g-character of
special modules. It is easy to write a similar algorithm for antispecial modules from
the Frenkel-Mukhin algorithm (for example it suffices to use the involution studied
in section 4.2).

Observe that a special (resp. antispecial) module is a simple I-highest weight mod-
ule. But in general all simple I-highest weight module are not special. The following
result was proved in [Nak4, Nak5| for simply-laced types, and in full generality in
[H4] (see [FM1] for previous results).

Theorem 2.14. [H4, Theorem 4.1, Lemma 4.4] The Kirillov-Reshetikhin modules

are special. Moreover for m € M(ngg), m # X,Sl)l mplies m < X,gflAi_;qk.

Define

i Z(AF) T D) jesaece — ZIAT Jje saecs
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the ring morphism such that M(I]((A;fa)ﬂ(‘])) = A;-'fa. For m J-dominant, denote by
L7 (m™)) the simple U, (Lg)-module of I-highest weight m~(/). Define :

Ly(m) = muly((m= ) "I (L (m= ).
We have :

Proposition 2.15. [H6| For a representation V' € Rep(Uy(Lg)) and J C I, there
s unique decomposition in a finite sum :

(3) Xq(V) = > Ay (m')Ly(m’).

m’ J-dominant

Moreover for all m’ J-dominant we have Aj(m') > 0.

Remark 2.16. Let m be a dominant monomial and m’ € M(L(m)) a J-dominant
monomial such that there are no m'” > m’ satisfying m'" € M(m) and m’ appears
in Ly(m'). Then from Proposition 2.15 the monomials of Lj(m’) are in M(L(m)).
It gives inductively from m a set of monomial occurring in xq(L(m)).

2.3.4. Thin modules.

Definition 2.17. [H6] A U,(Lg)-module V is said to be thin if his l-weight spaces
are of dimension 1.

For example for g of type A, B, C, all fundamental representations are thin

(it can be established directly from the formulas in [KS]; this thin property was
observed and proved with a different method in [H3, Theorem 3.5]; see also [CM2]).
Observe that it follows from [H1, Section 8.4] that for g of type G2, all fundamen-
tal representations are thin. For g of type Fy, the fundamental representations
corresponding to ¢ = 1 and ¢ = 4 are thin, but the fundamental representations
corresponding to ¢ = 2 or ¢ = 3 are not thin (see [H3]).
For type D, it is known that fundamental representations are not necessarily thin
: for example for g of type Dy, the fundamental representations V2(a) has an I-
weight space of dimension 2. Explicit formulas for the g-character of fundamental
representation in type D are given in [KS| (the thin fundamental representations
of type D are also characterized in [CM2]; see also remark 2.19 bellow for a general
statement).

For m € Z[Y; 4)icr aec+ & dominant monomial, the standard module M (m) is
defined as the tensor product :

Mm)= @ (@ (QVilag)®" ™)@ (Q)Vi(ag")*"e ™) @ - ).

a€e(C*/q%) el el

It is well-defined as for ¢,j € I and a € C* we have V;(a) ® V;(a) ~ V;(a) ® Vi(a)
and for a’ ¢ ag?, we have V;(a)®V;(a’) ~ V;(a')®V;(a). Observe that fundamental
representations are particular cases of standard modules.

As a direct corollary of a result of Nakajima, there is the following result for
simply-laced types :

Corollary 2.18. We suppose that g is simply-laced. Let m = [],c; Y;‘:q% where
a€C*, w, >0 and ¢; € Z satisfies (C; ; < 0= |¢; — ¢;| =1). Then the standard

module M (m) is thin if and only if it is simple as a Uy(g)-module.
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Proof: It follows from [Nak3, Proposition 3.4] that in this situation the number of
monomials in x4,(M(m))) is equal to the dimension of the simple U,(g)-module of
highest weight > ., wiA;. d
Observe that this result is false for not simply-laced g (for example there is a
thin fundamental representation for type G which is not simple as a U, (g)-module,
see |[H1, Section 8.4]).
The following remark was communicated to the author by Nakajima :

Remark 2.19. In particular for g simply-laced, a fundamental representation is
thin if and only if the corresponding coefficient of the highest root is 1 (this point
is also a trivial consequence of previously known results, for example the geometric
construction [Nakl]).

We got also the following example :

Proposition 2.20. [H6, Proposition 6.6] Let g = sl,+1 and consider a mono-
mial of the form m =Y, .Y, g2+ Yi, opin where R >0, d1,49,--- ;ig € I,

li,la,+ ,lr € Z satisfying for all 1 <r < R—1, 1,41 — 1l > i +ir41. Then L(m)
is thin.

3. MINIMAL AFFINIZATIONS AND MAIN RESULTS

In this section we recall the definition of minimal affinizations and their classifi-
cation in regular cases. Then we state the main results which are proved in other
sections.

3.1. Definitions [Chal].

Definition 3.1. For V a simple finite dimensional Uy(g)-module, a simple finite
dimensional Uy (Lg)-module L(m) is said to be an affinization of V if w(m) is the
highest weight of V.

For V' a U,(g)-module and X\ € PT, denote by m, (V) the multiplicity in V of the
simple U, (g)-module of highest weight A.
Two affinizations are said to equivalent if they are isomorphic as U, (g)-modules.
Denote by Qy the equivalence classes of affinizations of V' and for L an affinization
of V denote by [L] € Qy its classes. For [L],[L] € Qy, we write [L] < [L/] if and
only if for all 4 € PT, either

(i) mu(L) < myu(L'),

(ii) Jv > p such that m, (L) < m,(L’).

Proposition 3.2. < defines a partial ordering on Qy .

Definition 3.3. A minimal affinizations of V is a minimal element of Qv for the
partial ordering.

Remark 3.4. For g = sl,11, we have evaluation morphisms Uy(Lg) — Uy(g)
denoted by ev, and ev® (for a € C*) and in particular a minimal affinization L of
V is isomorphic to V' as a U, (g)-module.

3.2. Classification. The minimal affinizations were classified in [Chal, CP3, CP4,
CP5] for all types, except for type D, E for a weight orthogonal to the special node.
For the regular cases (ie. with a linear Dynkin diagram, that is to say types A, B,
C, Fy, G2), the classification is complete :
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Theorem 3.5. [Chal, CP3, CP4| Suppose that g is reqular and let A\ € PT. For
i€l let \i = No) and for i <n let

Cl(>\) _ qTiAri+Ti+1>\i+1+Ti+1*Ci+1,i*1 and C;()\) _ qTriAi+Ti+1)\i+1JrTi*Ci.Hl*l.

Then a simple Uy (Lg)-module L(m) is a minimal affinization of V/(A) if and only
if m is of the form m = [[,; Xy)a with (a;)ier € (C*) satisfying one of two
conditions :

(1) For alli <j€l, a;j/aj =[]ic,c;cs(N).

(1I) For alli < j €I, aj/a; = [[;c -; ¢s(N).

Observe that we have rewritten the defining formulas of ¢;, ¢, [Chal, CP3, CP4|
in a slightly different (more homogeneous) way.

Observe that for classical types, minimal affinizations (called generalized Kirillov-
Reshetikhin modules) were also studied in [GK].

Remark 3.6. As a consequence of Theorem 3.5, for k> 0 and i € I, the minimal
affinizations of V(kA;) are the Kirillov-Reshetikhin modules.

For g of type D, and A € PT, we define with the same formulas ¢;(A) fori < n—1,
and we set ¢, _1(\) = ¢*»—2T**+1 For a monomial m = [] X;l)a we have analog
conditions (I) and (II) :

(I) For all i < j € I, ai/a; = (¢j—1(A) [Tics<min(j—1,n—3) ¢s(A),

(II) For all i < j € I, aj/a; = (¢j—1 (M) [];<s<min(j—1,n-3) Cs(A),
where e; =0if j <n—-2and e,—1 =€, = 1.

It follows from [CP3, Theorem 6.1] that if A,,_2 # 0 and m =[]
(I) or (II), then L(m) is a minimal affinization of V' (X).

iel

el ng) @ satisfies

3.3. Main results. It follows directly from Theorem 2.14 and remark 3.6 that (see
also Proposition 6.8 for an alternative general proof) :

Corollary 3.7. For i € I and k > 0, the minimal affinizations of V(kA;) are
special.

In general a minimal affinization is not special. Let us look at some examples.

First we consider type C.

If m satisfies condition (IT) of Theorem 3.5, L(m) is not necessarily special. For
example consider the case g of type C3 and m = Y51Y5 42Y3 o7. L(m) is a minimal
affinization of V' (2A2+A3). By the process described in remark 2.16, the monomials
111325 12,1813337, 151151313337, 151151222435 13337, 2512, 13237 and 33 occur in
Xq(L(m)) and so L(m) is not special.

If m satisfies condition (I) of Theorem 3.5, L(m) is not necessarily special. For
example consider the case g of type C3 and m = Yj 3Y] ;5Y7 7Y21. L(m) is a
minimal affinization of V(3A; + A2). By the process described in remark 2.16, the
monomials 1713151725131, 111315172435 ", 1,13121725", 111315 occur in x4(L(m))
and so L(m) is not special.

Eventually, let m = Y71 1Y) (2Y] aY5 7Y5 (0Y3 1a. We can see as for Y5 1Y5 (2Y3 7
that L(m) is not special. Moreover L(m) is antispecial if and only if the module
L(Y1 qaY1 g12Y7 g10Y5 7Y5 05Y31) is special (see Lemma 4.10 and Corollary 4.11
bellow). But we can check as for Y7 ;3Y; 45Y7 47Y5 1 that this module is not special.
So L(m) is not special and not antispecial.
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For types D, there are minimal affinizations which are not special. For example
let g of type Dy and m =Y 43Y] 45Y21. Then L(m) is not special (see [H6, Remark
6.8]).

However we prove in this paper :

Theorem 3.8. For g of type A, B, G, all minimal affinizations are special and
antispecial.

Theorem 3.9. For g of type C, Fy and A € P satisfying A, = 0, all minimal
affinizations of V(\) satisfying (I) (resp. (II)) are antispecial (resp. special).

For g of type D and A € P satisfying An—1 = \pn, all L(m) satisfying (I) (resp.
(I1)) and an,—1 = a, are antispecial (resp. special).

Note that for type D, the condition a,—1 = a, is automatically satisfied if A\; # 0
for one j <n — 2.

Theorem 3.10. For g of type A, B, all minimal affinizations are thin.

Theorems 3.8, 3.9 and 3.10 are proved in section 5.

Note for type C, there are minimal affinizations which are not thin : for example
consider g of type Cy and m = Y31Y3 ;2. L(m) is a Kirillov-Reshetikhin and a min-
imal affinization of V(2A3). By the process described in remark 2.16, the following
monomials occur in x4 (L(m)) : 3132, 212335 '3, 14143, 212345 145, 142125 13445 M43,
142135 43, 142134471, 151212534471 and 1512122364547 . And so by Proposition
2.15 and Proposition 2.9 the monomial 2;252; 324547 occurs in x,(L(m)) with
multiplicity larger than 2.

For type G, there are minimal affinizations which are not thin : for example let
m =Y30Y22. L(m) is a Kirillov-Reshetikhin and a minimal affinization of V' (2Az2).
We have 202, 11132Z122_1, 17_119_1242%28 € M(L(m)), and so Yl__legAYM occurs
in x4(L(m)) with multiplicity larger than 2. /

4. PRELIMINARY RESULTS

In this section g is an arbitrary semi-simple Lie algebra. We discuss preliminary
results which will be used in the proof of Theorem 3.8, 3.9 and 3.10 in the next
section.

First it is well known that :

Lemma 4.1. Let L(my), L(ms) be two simple modules. Then L(mims) is a sub-
quotient of L(mq) ® L(mz). In particular M(L(mimsz)) C M(L(my))M(L(msz)).

4.1. Results of [H6|. All results of this subsection are preliminary results of [H6].

Lemma 4.2. Let a € C* and m be a monomial of Z[Y; aqrlicir>0. Then for
m' € M(L(m)) and b € C*, (v;p,(m'm™1) #0=b € ag" V).

Lemma 4.3. Let V € Rep(Uy(Lg)) be a Uy(Lg)-module and m’ € M(V') such that
there is i € I satisfying Min{u;.(m')|a € C*} < —2. Then there is m" > m’ in
M(V) i-dominant such that Max{u;,(m")|b € C*} > 2.

We recall [H6| that a monomial m is said to be thin if Max;ecs qec-

U;q(m)] < 1.

Proposition 4.4. If V is thin then all m € M(V) are thin. If V is special and all
m € M(V) are thin, then V is thin.
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Lemma 4.5. Let m dominant and J C I. Let v be an highest weight vector of
L(m) and L' C L(m) the U,(Lgy)-submodule of L(m) generated by v. Then L' is
an Uy (Lh)-submodule of L(m) and x4(L') = Lj(m).

In particular for 1 € w(m) — 3, ;Nay;, we have
dim((L(m)),) = dim((L7 (m™")) 1-0),

where (1) = 37, (e w;.

Lemma 4.6. Let V = L(m) be a Uy(Lg)-module simple module and consider a
monomial m’ € (M(L(m)) — {m}). Then there is j € I and M' € M(V) j-
dominant such that M" > m/, M" € m'Z[A; plpec and (Ug(Lg;).-Var) N (M )m) #
{0}.

We have the following elimination theorem :

Theorem 4.7. Let V. = L(m) be a Uy(Lg)-module simple module. Let m’ < m
and i € I satisfying the following conditions

(i) there is a unique i-dominant M € (M(V) Nm'Z[A; q)aecr) — {m'},

(1) 3y en 7t (Var) = {0},

(i5i) m' is not a monomial of L;(M),

(iv) if m" € M(Uy(Lg:)-Var) is i-dominant, then v(m”"m=1) > v(m'm™1),

(v) for all j # i, {m" € M(V)|o(m"m™1) <v(mm=1)} N m'Z[Ajﬂ]aec* =0.
Then m' ¢ M(V). /

Lemma 4.8. Let L(m) be a simple Uy(Lg)-module, and m’ € M(L(m)) such that
all m” € M(L(m)) satisfying v(m”m=1) < v(m'm=1) is thin.

1) Fori € I such that m' is not i-dominant, there is a € C* such that u; o(m’') <
0 and m'A; .-+ € M(L(m)).

2) We suppzose that g = sly+1, that there are i € I, a € C* satisfying u; o(m') =
—1 and m'Y; 4 is dominant. Then there is M € M(L(m)) dominant such that
M >m/ and v,(m'M~1) <1, vy(m'M~1) <1.

3) We suppose that g = slny1, that there is j € I, such that m’ is (I — {j})-
dominant and if j < n—1, then for alla € C*, (ujqo(m') < 0= ujiq 49-1(m') >0).
Then there is M € M(L(m)) dominant of the form

/
M=m H (Aj,aq*1 Aj—l,aq*?’ te Aimaqz‘afjfl),
{a€C*|uj o (m’)<0}

where for a € C*, 1 < i, < j.

Observe that we can prove in the same way an analog result where we replace all
ie€elbyi=n—i+1.

4.2. Involution of U,(Lg) and simple modules. For p an automorphism of
Uy(Lg) and V a U,(Lg)-module we denote the corresponding twisted module by
w*V. The involution of the algebra ) defined by Ylj; — Yfa_l is denoted by o.

For all b € C*, let 7, be the automorphism of U, (Lg) defined by xfm — b‘mxfm,
iy v+ b"hir, kX k. For V a U,(Lg)-module we have x, (V) = By(xq(V))
where 0, : Y — ) is the ring morphism such that ﬁb(Yi,j;) =Y=,. So 7y L(m) ~

i,ab"
L(Bp(m)) and x4(75 L(m)) = Bo(xq(L(m)))-
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Lemma 4.9. [Chal, Proposition 1.6] There is a unique involution o of the algebra
U, (Lg) such that for alli € I,r € Z,m € Z — {0} :

o(zt) = af_, o(him) = —him , o(ki) =k "

@7 7

Moreover form >0, 0(¢; 4,,) = & -
(Observe that we could also use J(x;—;,) = —af_, to define an involution of
Uy(Lg).)
Lemma 4.10. We have x4(c*V) = o(xq(V)).
Proof: For vy = (’yij_/::tm)ie[’mz(), it follows from the relation a(ﬁfim) = ¢j+,, that

Vy, = (6"V)y where v/ = (’yi:t::Fm)ie[’mZ(). Let Qi(u) = [[,cc+(1 — ua)®e and
Ri(u) = [T ec- (1 — ua)™= such that in C[[u®]] we have :

Z ’Yii utm — gdes(Qi)—deg(Ri) Qi (uq{l)Ri (uq7)
mz0 MHEM ' Qi(ugi) Ri(ug; ')
Then in C[[u*]] we have :

T Em  des(Qu)- deg(R)Q(u g R (u*lql)
Z%JFMU =4 1
= Qi(u='q;)Ri(u="q; ")
(

 den(@))—des() @) (ug; )R (ug;)

Z Q;(ug) R} (ug; ")’
where Qj(u) = [[,cc-(1 —ua)"#a=* and Rj(u) = [],cc. (1 —ua)®.=~" by using the
identities
1-— au_lqi_1 1 1—atug  1—autq 1-— a‘luqi_1

=q, and q; =g .
4 4 1 —au-lqg* e 1—alug

G au=1g; t1— a—luqi_1

O

In particular x(¢*V) = o(x(V')) where o : £ — £ is defined by o(e(N)) = e(—N).

Let wo be the longest element in the Weyl group of g and ¢ — i be the unique

bijection of I such that wy(e;) = —a;. Let hY be the dual Coxeter number of g and

rV the maximal number of edges connecting two vertices of the Dynkin diagram of
g.

Corollary 4.11. For m dominant, we have o*L(m) ~ L(m') where

=TT I
acC
Proof: A submodule of V is a submodule of ¢*V, so V' simple implies ¢*V sim-
ple. As it is proved in [FM1, Corollary 6.9] that the lowest monomial of L(m) is
—u;,q(m)

Hz‘el,ae([:* Yé’aq;v’hv , we get the result from Lemma 4.10. g
Observe that as a by product we get the following symmetry property :

Corollary 4.12. If k = k, then Xq(W,g 31) is invariant by (T,2,vnv ©0).

For example, this symmetry can be observe on the diagrams of ¢-characters in
[Nak2, Figure 1] and [H1, Section §].

Let us go back to the main purposes of this paper. First we get a simplification
in the proof of Theorem 3.8 :
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Corollary 4.13. In Theorem 3.8, it suffices to prove that all minimal affinizations
are special.

Proof: First suppose that g is of type B or G. Then i = i. If m satisfies condition

(IT) of Theorem 3.5, then m’ of corollary 4.11 satisfies condition (I). Moreover if M

is dominant, then o (M) is antidominant. So we can conclude with Lemma 4.10. If

g is of type A, conditions (I) and (II) are the same up to a different numbering. O
Exactly in the same way we get :

Corollary 4.14. In Theorem 3.9, it suffices to prove that the considered simple
representations satisfying the condition (II) are special.

For V a U,(Lg)-module, denote by V* the dual module of V. As S(k;) = k; ', we
have x(V*) = o(x(V)). As a direct consequence of [FM1, Corollary 6.9], we have :

Lemma 4.15. For m dominant, we have (L(m))* ~ L(m'") where

U4 m
S | R e
i€l,aeC* i,aq~"

Note that it was proved in [FM1] that we have the following relation between
the g-character of (V;(a))* ~ Vg(aq_rvhv) and Vj(a) :

Xq((Vi(@))") = (1a 00 0 74-1)(xq(Vi(a)))-

Proposition 4.16. For m a dominant monomial, we have

X(L(m)) = x(L((e(m))™")).

Proof: From previous results, we have
X(@* ((L(m))*)) = o(x((L(m))*)) = x(L(m)),
and o ((L(m))*) =~ L([] Y ™y = L(o(m)) ™). O

i€l,aeC* " j,a—1
o _ Ui q(m)
The above proposition can be extended to x(L(m)) = X(L([Licraec-Yipart )
for all b € C*.
Observe that we do not have a direct relation between the monomials of the same
weight space : for example for g = sly and m = YqY:]%,, the term of weight A in

Xq(L(m)) is 2Y,Y,s Yq}l and the term of weight A in xq(L(0(m))) is Yy +Y 2 Y.

4.3. Additional preliminary results.

Lemma 4.17. Let m = X,SZI Let m' € M(ngz()l) and p € {k,k—2,--- ,—k+ 2}.
Then v; qq» (m'm=1) > 1 implies
Ui,aq’." (m/mil) Z 1 ) Ui_aqk—z (m/mil) 2 1 y T vi,(qu (m/mil) Z L.

Proof: For = k the result is clear. We suppose that © < k£ and we prove the
result by induction on k. For k = 1 the result is clear. For general k > 1 and p < k,
suppose that v; ,qn (m'm~1) > 1. Som’ # m and it follows from Theorem 2.14 that

m' < mA;iq,_c. By Lemma 4.1, m’ = mims where m; € M(Vi(aqffl)) and mo €

M(W]i?l,aq;l)' From Lemma 4.2, vj(mY, ') # 0 implies b = ag"(*=D*x
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with R > 1 and so b = agj’. So we have v; 4q» (mg(X]Ei_)1 aq,l)*l) > 1. So by the

1

induction hypothesis

’Ui’aqf,—z(mQ(Xlii)Laqi_l)fl) >1, Ui,aqf_‘l (mQ(Xlilf)l,aqi—l)il) >1,

"3 Vi agh (mg(X]iijl aq._l)_l) > 1.

We can conclude because it follows from Theorem 2.14 that v; ,.»(m'm™"') > 1. 0

Lemma 4.18. Let a € C* and a monomial m € Z[Y; aq)icirez. Let m’ €
M(L(m)) and R € Z such that for alli € I, (uj,qqr(m’) <0=r < R). Then there
is a dominant monomial M € M(L(m)) N (MZ[A; aqr | {(i,r))icl,r<R—r:})-

Proof:  From Lemma 2.15 it suffices to prove the result for U, (sly). In this case the

result follows from (3) of Proposition 2.9. O
To conclude this section, let us prove a refined version of Proposition 2.15. For
; U, 4 q2r (M)
i€ 1, a € C* and m a monomial denote m—(ha) = HTGZY;_(L;;; . Define :

Lia(m) = myf ((m="9) "y (L (m~ ).

Observe that for ' € ag??, m—® = m=0) and L; ,(m) = L; . (m). So the
definition can be given for a € (C*/¢?%). We have :

Corollary 4.19. For a representation V € Rep(Uy(Lg)), i € I and a € C*, there
is a unique decomposition in a finite sum :

Xq(V) - Z{m’\(m’)ﬂ(iﬁ) is dominant}Ai’a(m/)Li7a(ml).

Moreover for all m' such that (m')~(%) s dominant, we have \; o(m’) > 0.

Proof: First we write the decomposition of Lemma 2.15 with J = {i}. Then it
follows from Proposition 2.9 that for m’ an i-dominant monomial we have

Li(m/) — (ml)ﬂ(lf{i}) H LLb((m/)H(iyb)).
bG(C*/q?Z)

5. PROOF OF THE MAIN RESULTS

In this section we prove Theorems 3.8, 3.9 and 3.10. We study successively the
different types.

5.1. Type A. In this section 5.1, g = sl;,41.

Lemma 5.1. Let A\ € P and L(m) be a minimal affinization of V(\). Suppose
that m satisfies the condition (II) (resp. condition (I)) of Theorem 3.5. Let K =
maz{i € I|\; # 0} (resp. K = min{i € I|\; # 0}). The following properties are
satisfied.

(1) For allm/ € M(L(m)), if vk (m'm™") > 1, then v, o (M'm™") > 1.

(2) L(m) is special.

(3) L(m) is thin.
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(4) For all m' € M(L(m)) we have

v ptli—k (m'm™) = v Aptli—kl—2(m'm™1)

Jrarq Jrarq

= =0, prios—er(m'mTh) =1,
where
§ = maz{ilv;(m'm™1) # 0} (resp. j = min{i|vi(m'm=") #0}),
k = maz{i < j|\; # 0} (resp. k = min{i > j|\; # 0}),
and R = vj(m'm™') — 1.

Observe that as a consequence of property (4), for b € C*, vj,(m'm=1) # 0

implies
be {aquk-i-\j—k\ , aquk+|j—k|—2, ... ,aquk-l-lj—kl—QR}.

Lemma 5.1 combined with corollary 4.13 implies Theorem 3.8 and Theorem 3.10
for type A.

Proof: We suppose that L(m) satisfies (IT) (the case (I) is treated in the same
way). We prove by induction on u(m) > 0 simultaneously that (1), (2), (3) and (4)
are satisfied.

For u(m) = 0 the result is clear. Suppose that u(m) > 1.

First we prove (1) by induction on v(m'm=!) > 0. For v(m'm~1!) = 0 we
have m’ = m and the result is clear. In general suppose that for m” such that
v(m"m~1) < v(m'm™1!), the property is satisfied. Suppose that vi(m/'m=1) > 1
and vg . ox (M'm~1) = 0. Tt suffices to prove that the conditions of Proposition
4.7 with ¢ = K are satisfied.

Condition (i) of Proposition 4.7 : if M > m’/ and M € M(L(m)), we have
V¢ agrx (Mm™1) = 0 and so by the induction hypothesis v (Mm™") = 0. So if we

’ —1
suppose moreover that M € m'Z[Ak 4|acc+, we have M = m' [, cc- A})(K;(m m ),

and so we get the uniquemless. For the existence, it suffices to prove that this

M = m/ [[pee- A ™ ) is in M(L(m)). By Lemma 4.6, there is j € I,

M’ € M(L(m)) j-dominant such that M’ > m’ and M’ € m'Z[A, ]qec-. By the

induction hypothesis on v we have 5 = K, and so by uniqueness M’ = M.
Condition (ii) of Proposition 4.7 : by construction of M we have v (Mm~=1) = 0.
Condition (iii) of Proposition 4.7 : first observe that

M e m~ ) M(L(m(m=F)~1)),
As u(m(m~F))=1) < u(m), we have property (4) for L(m(m~%))~1) and we get

(M)_)(K) = YK,aquK*YK,aquKf‘c’ o 'YK,GK(f

with R’ > 0. By Lemma 2.9, m’ is not a monomial of M(Lg(M)).
Condition (iv) of Proposition 4.7 : let m"” € M(Uy(Lgx).(L(m))ar) such that

v(m”m™1) < v(m'm~1). Then we have m” € MAj_(laKquZ[Al_(lb]be@ and so

(m")~() is right negative, so m” is not K-dominant.

Condition (v) of Proposition 4.7 : clear by the induction property on v.

Now we prove (2). Let J = {i € I|i < K}. By Lemma 4.1, M(L(m)) C
(m= D M(L(m=FN))) U (M(L(m~))m=5)), From Theorem 2.14, all mono-

mials of m ™) (x,(L(m™))) —m =) are lower than mAj_(laquK which is right-

negative, and so are not dominant. Let m’ € (M(L(m~))ym=) — {m}). If

v (m'm~1) > 1, it follows from property (1) that m’ is lower than mAf(laquK

Mg +1-2R/,
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which is right-negative, so m’ is not dominant. If vx(m’m~!) = 0, we have
ugep(m/ (m=FN)=1) > 0 for all b € C*. We have m/(m~F))~1 ¢ M(L(m—)))
with uw(m™)) < u(m), so by the induction hypothesis on u, m’(m=%))~1 is not
dominant. So there is i # K, b € C*, such that u;,(m/(m~"))~1) < 0. As
wip(m/ (m= )= =y, y(m’), m’ is not dominant. So L(m) is special.

Now we prove (3). From property (2) and Proposition 4.4, it suffices to prove
that all monomials of M(L(m)) are thin. From Lemma 4.3, we can suppose that
there is m’ € M(L(m)) such that there are i € I,a € C* satisfying u; o(m') =
2 and such that all m” satisfying v(m”m=1) < v(m’m~1) is thin. Then m’ is
({1,---,i =2} U{i}U{i+2,--- ,n})-dominant and (u;—_1(m') < 0 = b = aq)
and (ujr15(m’) < 0 = b = aq). We can apply (3) of Lemma 4.8 for gy ... ;—1}
and for ggiqq,... ny. We get M € M(L(m)) dominant satisfying u;, ,4 - (M) > 1,
W)y aqi—iz (M) > 1 with ji < ja, j1 < < jo. From property (2) we have m = M,
contradiction with condition (IT) of Theorem 3.5.

Now we prove (4) by induction on v(m/m~=1) > 0. We can suppose that j = n
(Lemma 4.5). So k = K. For v(m’m~1) = 0 we have m’ = m and the result is clear.
Let m/ such that the property is satisfied for m” with v(m”m=1) < v(m'm=1). Let
R > 0 maximal such that

/ —1 —1 -1
< )
m mAmakqu-;-n—k An’akq/\k+n—k—2 An’akq/\k+n—k—2R+2

We suppose moreover that

/ -1 -1 -1 -1
m < mAn,ak.q*H“*’“An,aqukﬂf’c*? s 'An7akq>\k+n—k—2R+2An’b

with b # apg " ~*=2E_ By the induction property on v, m’ is (I —{n})-dominant,
Un,bg(m’) < 0 and (up,(m') < 0= ¢ = bq). By property (3), unpq(m’) = —1. m’
is a monomial of L, (m’A, ;). By property (3), we can apply (3) of Lemma 4.8 and
we get M € M(L(m)) dominant of the form M = m/A, yA,_1pg-1 - Ap_r pg—r
with » > 0. From property (2), we have M = m. So R=0. Son—r = K,
bg~" = axq ¥, that is to say b = axg <"~ K contradiction. O

5.2. Type B. In this section 5.2, we suppose that g is of type B,,.
5.2.1. Preliminary results for type B.

Lemma 5.2. Let a € C*, m € Z[Y; ogr|icrrez a dominant monomial. Consider
m' € M(L(m)) {1,---,n — 1}-dominant such that all m"” € M(L(m)) satisfying
v(m"m™Y) < v(m'm~1) is thin. Suppose that m’ is not dominant and let R =
min{r € Z|un qq-(m') < 0}. Then there is M € M(L(m)) {1,--- ,n—1}-dominant
such that m > M >m', m'M~! ¢ ZIA; yqr26i-nytar—1)iclr<0;, Un aqr (M) =0 and
for all v < R, up aqr (M) >0 and Y-~ Up agr—2-a1(M) > 0.

Proof:  For the shortness of notations, we suppose that m'Y,, ,,r is dominant (the

proof is exactly the same if R # max{r € Z|uy qq-(m’) < 0}). First there is
mo = An7aqR—1An,1’aqR—3 .- 'An,a’aqR—l—Qnm/ S M(L(m)),

where @ > 0 and myg is {1,---,n — 1}-dominant. If & = 0 we take M = my.
Otherwise, u,, 4qr—4(mo) = —1 and w,;(mg) > 0 implies b = ag®~*. We continue
and we get inductively (at each step the involved monomials are thin by assumption)

my = An’aqR—l—uAn,LaqR—s—u - 'An7a+r’aq1?—l—2a—2rmr71 € M(L(m)),
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where 1 < r < o« and m, is {1,--- ,n — 1}-dominant. We take M = m, and the
properties are satisfied by construction. (I

Lemma 5.3. Let L(m) be a simple Uy(Lg)-module. Let m' € M(L(m)) such that
all m" € M(L(m)) satisfying v(m”m=1) < v(m'm=1) is thin. Suppose that there
are j € (I —{n}) such that ujp(m’) < 0 and mY;; is dominant. Moreover we
suppose that if j # 1, then u;_qpq-2(m’) > 0. Then there is M € M(L(m))
dominant satisfying one of the following conditions :

(1) M =m'Ajpg—2A41 g4 Ajirpg—2-2r where 0 <1 <n—j,
(2) M = m/(Aj,bq*2Aj+1,bq*4 s An_17bq72n+2j)An7bq72n+2j M’ where
M’ € Z[Ay, pg—2n+2i+200—m)—at |k<n 120 L[ Ap pg-2nt2i-21]1>1,
(3) M = ml(Aj,bq_zAj+1,bq_4 e An,bq_2_2”+27)An,aq_2"+2-7;
(4) M = ml(Aj7bq—2 Aj+1,bq—4 e An’bq—2—2n+2j)An’bq—2n+2j Anilybq—2n—2+2j.

Moreover
in case (1), we have u; .y ~2-2r—v; . (M
in case (2), we have Uy,_q pg-2n+25-2(M)
in case (8), we have w, p,-s-2nr2; (M) =
in case (4), we have U, _q pg—2n—a+2; (M

= 1!

1 and ZlZO Up, pg—2n+2i—1-4 (M) > 0,
n7bq7172n+2j (M) = 1,

1.

| | ~—

IS

Proof: Thanks to the hypothesis u;_1 p4-2(m’) > 0, we can suppose that j =
1 . By using (3) of Lemma 4.8 with ggy,... ,—13 of type A,_1, we get m; =
m' Ay pg-2A2pq-1 - Ay yy pg—20+1) € M(L(m)), {1,--- ,n — 1}-dominant.
If my is dominant, then the condition (1) is satisfied, and we set M = m;.
Otherwise we have r = n — 2, U,_1 pg-2n(m1) = 1, m;y is not n-dominant and
(un,a(m1) <0 =d=bg=?""3 or d = bg=2"T1).

If Wy, pg—2n+1(m1) > 0 and w,, pg—20+3(my1) = —1, then we can use Lemma 5.2 and
so condition (2) is satisfied.

If Uy pg-2n+1(my) = —1 and uy, pg-2nt3(m1) > 0, M = mi A, pg-2n € M(L(m))
is dominant, so condition (1) is satisfied.

If Up, pg—2n+1 (ml) = —1and Up, bhg—2n+3 (ml) =—1,mq = mlAn,bq*%An,bq*?”*? S
M(L(m)) is n-dominant and (u,—1.4(m2) < 0 = d = bg=2"*2). If my is domi-
nant, condition (3) is satisfied. If w,_1 pg-2n+2(m2) = =1, M = maA,_; pg-2n €

M(L(m)) is dominant as w,, pg—2n+1(M2) = Uy, pg—2n-1(m2) = 1. So condition (4) is
satisfied.

The additional properties in the end of the statement are clear by construction
of M. O

5.2.2. Kirillov-Reshetikhin modules WA(na) Now we consider the case of a Kirillov-
Reshetikhin module in the node n, that is to say a minimal affinization of V(AA,,)

(observe that in this case condition (I) and condition (IT) of Theorem 3.5 are sat-
isfied).

Lemma 5.4. Let m = X)(\ng Then

(1) For allm’ € M(L(m)) and p € {A\ A =2, , —=A+2}, vy gqu(m'm™1) > 1
implies vy, gor (M'M™Y) > 1,0, gr—2(m'm™1) > 1, vy gqu (m'm™1) > 1.

(2) L(m) is special.

(3) L(m) is thin.
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(4) Let m' € M(L(m)) satisfying > ,.cz ;cn Vi.agr+2n—2i+ar(m'm=1) > 0. Let
J=min{i <n|Y, oy Viagrten—2irar (M'm™) £ 0}, We have

Vj qqr+2n—2i (m’mfl) = Vj gqr+2n—2j—4 (m’mil)

/. —1
== Uj’aq)\+2n—2j—4R (m m ) = 1,
— . Iy —1
where R =3 ., V; ggrton—2itar(m'm™") — 1.

Proof: (1) follows from Lemma 4.17. (2) follows from Theorem 2.14.

Let us prove (3). From property (2) and Proposition 4.4, it suffices to prove that
all monomials of M(L(m)) are thin. From Lemma 4.3, we can suppose that there
is m' € M(L(m)) such that there are [ € I, d € C* satisfying u; 4(m’) = 2 and such
that all m” € M(L(m)) satisfying v(m”m~!) < v(m’m=1) is thin. We distinguish
three cases (), (8), (7).

() Suppose that there is ¢ € C* such that uy, (m’) > 2. Then one of the two
following condition is satisfied.

(a.i) : There is b € C* such that up—1,(m') = —1, (up—1,a(m ) <0=d=0M),
(U pg-1(m') = 201 Uy, pg-3(m') = 2) and (up,a(m') = 2 = (d=0bqg~ ! or d = bg3)).

(a.ii) : Thereis b € C* such that wp—1 5(m) = wp_1 pg2 (M) = =1, Up pg—1 (M') =
2, (Un_1.4(m') < 0= (d=0bor d=bg?)) and (u, 4(m’') =2 =d=bg™ ).
Otherwise, by using Proposition 2.15, we would get m” € M(L(m)) such that
v(m"m™1) <wv(m'm=1) and m” does not satisfy property (3).

First suppose that the condition («.i) is satisfied. We have the following subcases

a.i.l) @ Uppg-1(m') > 1 and uy, pg-3(m’) > 1. Then m'A,,_; p,—» € M(L(m))
is (I — {n — 2})-dominant and by (3) of Lemma 4.8 with g¢; .. ,_1} we get M €
M )) dominant such that w, g p,~2-2r(M) > 1 for an R > 1. By property
(2)

@.i.2) @ Uppe-3(m’) = 2 and u, pg-1(m’) = 0. Then m” = m/A,_1 4,2 €
L(m)) and Yn’bqstn_’;q_l appears in m’. So by Lemma 2.15 there is m"”’ €
L(m)) such that m” < m"" and wu,, p4-s(m"") > 2, contradiction.
@.i.3) 1 Uy pe-1(m') = 2 and w, pe-3(m’) = 0. Then m” = m/A,_y 4,2 €
M(L(m)) is (I — {n — 2,n})-dominant and Vj € I, (u; et (m”) > 0=1< -2). So
by Lemma 4.18 we get M € M(L(m)) dominant such that v, ,-a(m”M~1) > 1
and m"M~1 € Z[A; ppiljeri<—3. S0 g pg-1(M) =ty pg—1(m”) = 1. By property
(2), M = m. By property (1), we have v, ,(m”M~1) > 1, contradiction.

Now we suppose that («.ii) is satisfied. We have the following subcases :

(@.di.l) @ uppg(m’) = 0. Then m” = m'A,_; pg2An_1pAny € M(L(m))
and Yn_17bq74Yn_Lb,rzYnilLan’bqfl appears in m”. So m"" = m"A,_1 4,2 €
M(L(m)) and 1 pg-4(m™) = 2, contradiction.

(ui1.2) 1 uppe(m') = uy, bq—s( m') = 1. Consider m"” = m'Ap_14A,_1 pg—2-
Then m” € M(L(m)) is (I — {n — 2})-dominant and by (3) of Lemma 4.8 with
941, n—2} We get M € M(L(m)) dominant such that

(

(L(m

,M m, contradiction.
M(

M(

(
(

Up—py pg—2r1 (M) > 1 and w,, ., pg—2-200 (M) > 1

with r1,79 > 1. By property (2), M = m, contradiction.
(@.4.3) : Unpg(m') =1 and u,, p,-3(m’) = 0. Then

m” = mlAn—qu—ZAnfl,bAn?bq—‘l S M(L(m))
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is (I — {n —2})-dominant, Y,,_; p,—2Y}, p,-5 appears in m” and Vj € I, (u; 4(m") =
—1 = ((j,d) = (n —2,b¢g72) or (j,d) = (n — 2,b))). So by (3) of Lemma 4.8,
there is m"” € M(L(m)) of the form m”" = A,,_ pg-2A4,_3pg—1 - Ap_pg pgz—2m”
with R > 1 such that Vj € I, (ujq(m”) = =1 = (j,d) = (n —2,bg72)). We
have w,, pg—5(m"") = qusz( " =1. If m" is dominant, we have m"” = m,
contradiction. So u,,_g p,-2(m") = —1. As moreover u,, y,-5(m"’) = 1, we have a
dominant monomial M € M(L(m)) of the form :

"
M:m (An72,bq*4Anfl,bq*GAn,bq*B)(An73,bq*6An72,bq*BAnfl,bqfloAn,bq*U)
o (Anfr,bq_%An7r+1,bq_2_2r t An,bq_‘“)
X (An_T_17bq—2—2'rAn_r7bq—4—27‘ e -An—r—1+r’7bq*2*27'*27'l ),

where r > 1 and » +1 > ' > 0. By property (1), we have M = m. So we have
Up— R bg—28 (M) = Up_ g pg-2r (M) = 1, contradiction.

(B) Suppose that there is b € C* such that w,_15(m’) > 2. Then we have
(un—2.4(m') < 0= d=bg*) and (u,q4(m’) < 0= d = bq). By (3) of Lemma 4.8
with J={1,--- ,n—1} and J = {n}, we get a dominant monomial M € M(L(m))
satisfying one of the two following condition :

(8.1) Uj, bg2i1—2n+2 (M) =1, Uy hg—1 (M) =1 with j; <n—1.

(52) Uy, bg2i1—2n+2 (M) =1, un_Lb(M) =1 with j; <n —2.

From (2) we have m = M, contradiction.

(7) Suppose that there is i < n—2 and b € C* such that u; y(m’) > 2. Then m' is
({1, ,i—2}u{i}u{i+2,--- ,n})-dominant. We have (u;_1 4(m’) < 0= d = bg?)
and (u;+1,4(m’) < 0= d = bg?). By applying (3) of Lemma 4.8 and Lemma 5.3,
we get M € M(L(m)) dominant such that (M){%"»=2} £ 1. From property (2)
we have m = M, contradiction.

Now we prove property (4) by induction on v(m'm~!) > 0. Let j be as in
property (4). For v(m'm~!) = 0 we have m’ = m and the result is clear. We
suppose that property (4) is satisfied for m’ satlsfymg v(m”m™) <ov(m'm™1). Let
R > 0 maximal such that m'm~—! < Aj quQn 27A;aq’\+2" RS A;;qHQn_sz_m.
We suppose moreover that

— — —1 —
m m- < AJ agh+2n—2j Aj aght2n—2j—4 o 'Aj’aqk+2n—2j+4—4RAJ b

with b = ag**2"=2=4 and u # R. If j > 2, we have u;_1,(m’) = 1. By
the induction hypothesis on v, m’ is (I — {j})-dominant, u,,2(m’) = —1 and
(uja(m') < 0= d = bg*). By property (3), we can apply Lemma 5.3 and we get
a dominant monomial M € M(L(m)). From property (2), we have M = m. As
Un—1(m) =0, we are in the situation (1) or (3) of Lemma 5.3. So

Nn—1 €
m(m ) = Aj,bAjJrl,bq—2 e An—l,bq—Q(”—l—J‘)An7bq—2("—-7'> (An,,bq2—2(”—-7)) )

where € € {0,1}. So b = ag**?"=% =0 and R = 0, contradiction. g

5.2.3. Condition (I). Now we treat the general case of minimal affinization satis-
fying condition (I) of Theorem 3.5 (except the Kirillov-Reshetikhin modules W,y;)
already studied in Lemma 5.4).

Lemma 5.5. Let A € PT and L(m) be a minimal affinization of V() such that
m satisfies condition (I) of Theorem 8.5. Let K = min{i € I|\; # 0}. We suppose
that K <n — 1. Then the following conditions are satisfied :
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(1) For allm’ € M(L(m)) satisfying 3, c7 Vi .apq2 i+ (m'm=1) > 1, we have
Vg apeqii (M'm™1) > 1.

(2) L(m) is special.

(3) L(m) is thin.

(4) Let m' € M(L(m)) satisfying Y-, cz ;e Vi.a;q2>i+ar(m'm™") > 1. We have

rpAg+2k—2j—4 (m'm_l)

/7, —1
T A +2k—25 (m m ) = Uj,ak-q'

Yj,anq’

! p—
C=v rk.)\k.+2k—2j—41?(m m 1) = 1,

J,akq
where
j= mm{z < n| ZviﬂiqziJAT (m/mil) > 1},
rEZL
k= mm{z > ]|)\1 7é 0} and R = (ZTEZ Uj7ajq2/\j+4r(m/m_l)) — 1.
(5) Let m' € M(L(m)) such that min{i|y, c;v; 4, g25i+ar(M'm™1) > 1} = n.
Then A\, # 0 and

Un:anq)\" (mlm_l) = 'Un,anq*n—2 (m/m_l)

== U g, gin2R (m'm™1) =1,
where R =3, ., Vp 4, g23n+2r (M'm™1) — 1.

Proof:  We prove by induction on u(m) > 0 simultaneously that (1), (2), (3), (4)
and (5) are satisfied.

For u(m) = 0 the result is clear. Suppose that u(m) > 1.

First we prove (1) by induction on v(m'm=!) > 0. For v(m'm~1!) = 0 we
have m’ = m and the result is clear. In general suppose that for m’” such that
v(m/"m~1') <w(m'm~') the property is satisfied, that vy, 2xc (m'm™") = 0 and
> rez VK axqx+ar(m'm™") > 1. Observe that it follows from Lemma 2.15 and

corollary 4.19 that m’ is (I — { K})-dominant and (m/)~(K:axa® ) s dominant.

If m’ is not dominant, by corollary 4.19, there is m” € M(L(m)) K-dominant
such that m’ is a monomial of Ly, ,2xx-2(m"). Moreover from Proposition 2.9,
there is b € axq*** 4% such that Ax m’ € M(L(m)). By the induction property
on v, we have ZT‘GZ UK,aquxK+4r(m/AK,bm71) =0. Som" = m’AKb. But m” €
m~FM(L(m(m=F))=1)). As u(m(m~F))~1) < u(m), we have property (4)
for L(m(m=U))~1) and we get

(m")H(K) S YK,aKq”‘K*2YK,aKq2>‘K*6 .- 'YK,aKq—2’\K+2—4RI Z[YK7(1K(I4""+2>‘K]T’€Z
with R" > 0. By Lemma 2.9, m’ is not a monomial of M(Lg(m’)), contradiction.
So m/ is dominant.

Let us prove that Y, vg o g2rx+ar+2(m'm™1) = 0. Observe that

m/YI;qumK_g € M(L(mYI;}qumKJ)).
Moreover w; q(m’(m=))~1) < 0 implies j = K and a = axg**< 2. As we have
u(mYIgqumK_g) < u(m), properties (2) and (3) are satisfied by L(mYI;}qumK_Q).
So we can use (2) of Lemma 4.8 for gy ... 13 of type A,,_1 and we get a monomial
m' € M(L(mYA )) N (m’Yﬁl Z[Aj’aKq2kK+47~+2(K—j)]j§n717rez),

Kagq? K2 Kaxq? K2
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which is {1,--- ,n — 1}-dominant and satisfying vn,l(m'YI;ZKqMK,Z(m”)*l) <

1. If vn_l(m'YI;ZKqMK,Z(m”)’l) = 0, then mYI;}mqﬂKﬁ = m” and the re-

sult is clear. Otherwise, consider the unique b € apq¢?*<+t2(=K)+4Z guch that
Vp—1p(m'Y ! (m")~1) = 1. We have u, 4(m”) < 0 = (d = bgord =

K,apq? K =2
bg™1). If uy pe(m”) = 0 we use Lemma 5.2 and we get the result. If u, pq(m”) = —1
and w,, p,-1(m”) = 0, we use Lemma 5.2, and in particular we get a monomial
— —1 —
(mYK,ZKq2’\K_2)Aj,d € M(L(mYK,}quz)‘K_2))

where d ¢ apxq?*<t4Z, contradiction with condition (II). In the same way if we

have w, pq(m”) = —1 and u,, -1 (m”) = —1, then we get a contradiction by using
twice Lemma 5.2.

Now it suffices to prove that the conditions of Proposition 4.7 with i = K are
satisfied.

Condition (i) of Proposition 4.7 : if M > m/ is in M(L(m)), we have necessarily
Vi¢ agqrx (Mm™1) = 0. So by induction hypothesis Y, o, v o g2rxc+ar (Mm™1) =
0, and so vg(Mm™') = 0. So if we suppose moreover that M € m'Z[Ak q]aecr,

o —1
we have necessarily M = m ][], cc- A%{‘L“(m " ), and so we get the uniqueness.

ro,—1
For the existence, it suffices to prove that this M = m ][], .c- A%’i’:’(m ™) is in

M(L(m)). By Lemma 4.6, there is j € I, M’ € M(L(m)) j-dominant such that
M'" >m’ and M' € m'Z[A; 4]acc+. By induction hypothesis on v we have j = K,
and so by uniqueness M’ = M.
Condition (ii) of Proposition 4.7 : by construction of M we have vi (Mm™1) = 0.
Condition (iii) of Proposition 4.7 : first observe that

M e m~) M(L(m(m=F)~=1)),
As u(m(m~F))~1) < u(m), we have property (4) for L(m(m~5))~1) and we get
(M)A(K) S YK,aKqQAK_2YK,aK(12AK_6 e YK,aKq*2>‘K+2*4R’Z[YK,(LK(]‘“‘*'Z*K]T’EZ

with R > 0. By Lemma 2.9, m’ is not a monomial of M(Lg(M)).
Condition (iv) of Proposition 4.7 : consider a monomial m” € M(Uy(Lgxr).Var)
such that v(m”m=1) < v(m'm=1). We have m" < MA}_laKqﬂkZ[AI_(,ld]dEC* and so

(m")H(K’“K‘?mK) is right negative, so m” is not K-dominant.
Condition (v) of Proposition 4.7 : clear by the induction property on v.
Now we prove (2). Let J = {i € I|K < i}. From Lemma 4.1,

M(L(m)) € (m~ D MLm= F))) U (M(Lm~D))ym=ED),

As all monomials of m ™) (y,(L(m~"))) — m=U)) are lower than mAj_(laKqAK
(Theorem 2.14) which is right-negative, they are not dominant. Let m’ be a mono-
mial in (M(L(m~)m=E) — {m}). As u(m=)) < u(m), the induction prop-
erty implies that m/(m =)~ is not dominant. If 3=, ; Vg o g2rrc+a(M'm™1) > 1,

it follows from property (1) that m' is lower than mAl_(laKqﬂK which is right-

)

negative, so m’ is not dominant. We suppose that Y7o, Vg 423 sc+at (m'm=") = 0.
We have for all | € Z, ug gorca(m’(m=5))=1) > 0, and so there is (i,a) € I x C*
not of the form (K, ¢>5+4!) with I € Z such that u; ,(m/(m=))~1) < 0. So

uiq(m') = ui,a(m'(m_’(K))_l) <0
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and m’ is not dominant. So L(m) is special.

Now we prove (3). From property (2) and Proposition 4.4, it suffices to prove
that all monomials of M(L(m)) are thin. From Lemma 4.3, we can suppose that
there is m’ € M(L(m)) such that there are | € I,d € C* satisfying u; 4(m’) = 2
and such that all m” € M(L(m)) satisfying v(m”m~1) < v(m'm~!) is thin. We
consider subcases as in the proof of Lemma 5.4.

If (a.i.1) is satisfied, we get u,,_ g pg—2-2r(m) > 1 with R > 1 and (u,, p,-1(m) >
L or Uy, pg-s(m) > 1). As =2 — 2R < —3, we get a contradiction with condition (I)
of Theorem 3.5.

If (cv.i.2) is satisfied, we get a contradiction as for Lemma 5.4.

If (c.i.3) is satisfied, as for Lemma 4.2 we get m” € ./\/l(L(m))ﬁmZ[A;blql]ieug_g
such that w, pg-1(m) =, pg-1 (M) =1, v, pg-4(m”m™) > 1. From Lemma 4.2
and Lemma 4.1, we have m” € m{L»=1 M(L(m=)), and we get a contradic-
tion as for Lemma 5.4.

If condition («.ii.1) is satisfied, we get a contradiction as for Lemma 5.4.

If condition («.9:.2) is satisfied, we get as in the proof of Lemma 5.4 that

Up—py pg—2r1 (M) > 1 and uy,_, pg—2-2m2 (M) > 1

with r1,79 > 1. Contradiction with condition (I) of Theorem 3.5.

If condition («.ii.3) is satisfied : we follow the proof of Lemma 5.4 and we
get m/”. If m"" is dominant, we have u, p,-5(m"") = w,,_g pg—2r(m"’) = 1 with
—2R—(—5) <3 < 2(n—(n— R))+4, contradiction with condition (I) of Theorem
3.5. So m” is not dominant. Let R,7,7" and M dominant defined in the proof of
Lemma 5.4. From the property (2) we have m = M. Observe that ' <r+ 1. We
have u,,_ g pq-2r(m) = 1. We study two cases :

if n—r—1471" =n, we have moreover u,, ;. —s-2-—2 (m) = 1. But (=3 —2r —
2r')—(=2R) < 2R—4 < 2(n— (n—R)), contradiction with condition (I) of Theorem
3.5.

if n—r—1+7" <n—1, we have moreover u,, , ;. p,—4-20—2(m) = 1. Let
d=n—-r—1+r—-n—-R))=-1+(R+r"—r)and D = (—4—2r —2¢')+ 2R =
2d — 4r" — 2.

If d < 0, condition (I) implies D > —2d+4,800< D+2d —4=4d —4r' — 6 < 0,
contradiction.

If d = 0, condition (I) implies D € 4Z, contradiction as D = —4r' — 2.

If d > 0, condition (I) implies D < —4 —2d, s0 0 > D +4+2d = 4d + 2 —
47 = =24+ 4R —4randn—r—-1<n— R <n-—R—1+7". So the product
Ay i pg-2-2r—20r + Ap_y 1 pg-2-2r can not appear in m(m'”")~! (for example
we may use Theorem 4.7 as in the proof of Lemma 5.1), contradiction.

Now we suppose that there is b € C* such that u,_q(m’) > 2. By property
(2), we get as in the proof of Lemma 5.4 that m satisfies property (8.1) or (5.2)
of Lemma 5.4. For (£.1), we have (251 —2n+2 — (-1)) = 2(j1 —n) +3 <
2(n — j1) + 5, contradiction with condition (I) of Theorem 3.5. For (3.2), we have
(2j1 —2n+2-0)=2(j1 —n)+2 <2(n—1—7j1)+ 6, contradiction with condition
(I) of Theorem 3.5.

Finally we suppose that there are i < n — 2, b € C* such that u;,(m’) > 2.
Then m’ is ({1,---,i—2}U{i} U{i+2, -+ ,n})-dominant. We have (u;_1 4(m’) <
0 = d = bg?), and (uj41,4(m') < 0 = d = bg*). By applying (3) of Lemma 4.8
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and Lemma 5.3 (with bg? instead of b and i + 1 instead of j), we get a dominant
monomial M € M(L(m)) satisfying one of the conditions

(’}/.1) (Case (1) of Lemma 53) : U,jhbq2j1—21' (M) > 1, U,j27bq21'72j2+27'rj2 (M) > 1
with j1 < j2, j1 <i<j2 <,

(’}/.2) (Case (2) of Lemma 53) P Ujy pg2i1—2i (M) > 1 and Up—1,bg—2n+2i+2 (M) >1
with j; <4,

(7-3) (case (3) of Lemma 5.3) : u;, pg2in—2(M) > 1 and u, pgr-2nt2: (M) > 1,
Up pgs—2n+2i (M) > 1 with jy <4,

(7.4) (case (4) of Lemma 5.3) : u;, py2i—2(M) > 1 and w1 pg-2n+2i(M) > 1
From property (2) we have m = M. For (y.1), we have 2j; —2i— (20 —2jo+2—1;,) <
2(j1+72)—4i < 2(j2—j1), contradiction with condition (I) of Theorem 3.5. For (y.2),
we have 2j; —2i — (—2n+2i+2) < 2(n—1—j1), contradiction with condition (I) of
Theorem 3.5. For (+.3), we have 2j; —2i—(3—2n+2i) < 2(n—j;1), contradiction with
condition (I) of Theorem 3.5. For (v.4), we have 2j; —2i—(2i—2n) < 2(n—1—j1)+4,
contradiction with condition (I) of Theorem 3.5.

Now we prove property (4) by induction on v(m'm~!) > 0. Let j be as in
property (4). For v(m'm~!) = 0 we have m’ = m and the result is clear. We
suppose that property (4) is satisfied for m” such that v(m”m=1) < v(m/m=1).
Let R > 0 maximal such that

1 —1 —1 —1 —1
mm— < Aj7akq7~k>\k+2(k—j) Aj7aquk>\k+2(k—j)—4 T Aj7aquk>\k+2(k—j)+4—4R'

We suppose moreover that

/. —1 —1 —1 —1 -1
mm < j,akq%*k*—?(’“—j)Aj,aquk*k'*'?(’c—-f)—‘l e 'Aj’aquk/\k+2(k—j)+4—41?Aj’b

with b = apg™ M T2(F=)=4% and u # R. By the induction hypothesis on v, m’ is
(I — {j})-dominant, u;p,2(m’) = —1 and (u;4(m’) < 0= d = bg?). By property
(3), we can apply Lemma 5.3 and we get a dominant monomial M € M(L(m)).
From property (2), we have M = m. So we have one of the following situations :

Case (1) of Lemma 5.3 : m =m/A;jyAj11 pg-2 - Ajirpg—2r Wwhere 0 <r <n—j,
and uj+r,bq_2r_rj+7' (M) =1.SoR= 0,j+r= k,b= aquk)\kJrZr — (qum@)\zﬁrQ(k*j)7
contradiction.

Case (2) of Lemma 5.3: m = m/(Aj,bAj+1,bq*2 o 'An_17bq272n+2j)An7bq272n+2j M’
where

M e Z[Ap7bq2—2n+2j+2(p—n)—4],]p<n’lZOZ[An7bq2—2n+2j—4l]lzl,
and ,, 1 pg-2n+2i (M) = 1,50 b € a,_1¢* n-1120-)F2+4Z There is | > 0 such that
bg=2H2HI=AL — A=l Qo b @ g gt T2 NTRHL — 2+ 2 )L oy
condition (I) of Theorem 3.5, contradiction.
Case (3) of Lemma 5.3 : U, bg—1-2n+2j (m) = Un, gt —2n+2j (m) =1 and

’
m=m (Aj,quj+17bq—2 ce An7bq—2n+2j)An7bq2—2n+2j .

So R =0 and b = a,¢**?"~2=2_ From condition (I) of Theorem 3.5, a,¢* =
apq AT With e Z. So b = apq M T2(k=)+4r=2 49 not of the form
apq M T2E=2=41  contradiction.

Case (4) of Lemma 5.3 : u,,_1 pg—2n—2+2;(m) = 1 and

’
m=m (Aj,bAj-i-l,bq—? o 'An7bq—2n+2j)An7bq2—2n+2j An_17bq—2n+2j.
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So bg~21+21 = g, g2, and 50 b = ay_1g2 1 F20=0) € g2 et2(k—)+2H4Z,
contradiction.

Now we prove property (5) by induction on v(m/m=1!) > 0. For v(m'm=1) =0
we have m’ = m and the result is clear. We suppose that property (5) is satisfied
for m/” such that v(m”m=') < v(m'm~!) and we suppose that

min{é| Zvimqmiﬂr (m'm™) > 1} = n.
reZ

Let R > 0 maximal such that

/-1 -1 -1 -1
mm~ < An,aonAn,aon_2 .. 'An,anq*n”—”'

We suppose moreover that

7, —1 —1 —1 —1 -1
mm é An,aon An:a1zq>‘"72 An:a'rzqk”+272RAn'vb

with b = a,¢*»~2* and p # R. By the induction hypothesis on v, m’ is (I — {n})-

dominant, wuy pq(m’) = —1 and (upq(m’) < 0 = d = bg). So m” = A, ,ym’ €
M(L(m))is (I—{n—1})-dominant and (un,—1 ¢(m"”) < 0=d =b). Hup_1,(m") >
0, m” is dominant equal to m, so R = 0 and b = a,q¢™, contradiction. So

Un—1,5(m") <0, m"Ay_1 g2 € M(L(m)) and v, 1 pg-2(m'm~") > 1. So bg~? ¢
Un—1¢* 4% and b ¢ a,,¢* %, By lemma 5.2 there is | € Z such that bg~' =% =
ang* 1, 50 b € apg* T4, contradiction. U

5.2.4. Condition (II). We study the general case of study condition (II) of Theorem
3.5.

Lemma 5.6. Let A € PT and L(m) be a minimal affinization of V() such that
m satisfies condition (II) of Theorem 3.5. Let K = mazx{i € I|\; # 0}. Then

(1) For all m' € M(L(m)), if vig(m'm™=1) > 1, then v ae (m'm™1) > 1.

(2) L(m) is special. "

(8) L(m) is thin.

(4) For all m' € M(L(m)) such that v,(m'm~1) = 0 we have

K,akxq

U apg?Prti—k) (mlm_l) =0 2(Ag+i—k—2) (m/m_l)

J J,akq

— — . fon—1) —
== Uj’akq2(/\k+_7—k—21?) (m m ) = 1,

where j = maz{i|lv;(m'm=1) # 0}, k = maz{i < j|\; # 0} and R = vj(m'm~')—1.

Observe that Lemma 5.4, Lemma 5.5 and Lemma 5.6 combined with corollary
4.13 imply Theorem 3.8 and Theorem 3.10 for type B.

In this case we do not need to prove simultaneously the different properties.
Proof: Property (4) : as v,(m/m~(1) = 0, it follows from Lemma 4.5 that m’
appears in Ly ..,—1}3(m). As gy is of type A, _1, the result is exactly property (4)
of Lemma 5.1.

Property (1) and (2) : as property (4) is satisfied, we can use the proof of
property (1) and (2) of Lemma 5.1.

Property (3) : the monomial M = [] y i (m) satisfies (I), and so

i€l,acCs t; g-1g—rvnv
it follows from Lemma 5.4 and Lemma 5.5 that L(M) is thin. But from corollary
4.11, o*L(M) ~ L(m), and so we have property (3) (Lemma 4.10). O
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5.3. Type Gs. In this section we suppose that g is of type G.

Lemma 5.7. Let m be a dominant monomial satisfying condition (I) of Theorem
3.5. Then L(m) is special.

Proof: From Lemma 4.1, M(L(m)) € M(L(m~M)M(L(m~®)). From Lemma
2.14, if m’ is in (M(L(m~®) — {m~OHM(L(m™P)), then m’ < mAL .

l,a1q

which is right-negative, and so m’ is not dominant. Consider m’ = m~Mm)
where mf € (M(L(m™®))) — {m=@1). Tt follows from Theorem 2.14 that m} is
right-negative. Suppose that m’ is dominant. In particular m/ is 2-dominant and
(u1p(mh) < 0 = (urp(mh) = —land b € {a1¢> 3, a1¢°3M -+ Ja13M173})).
From Lemma 4.1, my € M(Va(a2q'=22))M(Va(a2q®>=*2)) - - - M(Va(azg*?~1)). But
for b € C*, it follows from [H1, Section 8.4.1] (with 1 instead of 2 and 2 instead of
1) that

Xq(V2(b)) =Yop + Yzjbl(ﬁYqu + Y1jb1q7y2,bq4y2,bq6 + Yé,bq4)/zjbl(18 + Y195 }/QTbqu"YQ?bqu

-1 —1
+ Y17bq11Y27b(110 + Yv?,qu :

From condition (I), a1¢™3**3 = ¢"(az¢**>™!). So one Yljbl can only appear in

Xq(Va(agg*2™1)), and so (u1p(mh) < 0 = b = a1¢7 M3 = ¢7(azq™71)). As a
consequence vy g -3\ (m'm~1) > 1. From the above explicit description of the
Xq(Va(D)), for all

m' e M(L(ma(l))(M(L(mﬂ(z))) B {mH(Q)})v
if Ul,a1473M (m”mfl) = 0 then
Uy aqq—3A1+3+61 (m'")

1,a1q— 3> —3+61
1>0

:YVF

Larg=31-3YLarg? 31 Y1a,0-30 Y1 30 -3,
where € € {0, 1}. In particular we can prove as for property (2) of Lemma 5.1 that
V1 gy q—2n (m'm™1) > 1 implies v; ,, 25, (m'm™1) > 1, contradiction. O

Lemma 5.8. Let m be a dominant monomial satisfying condition (II) of Theorem
3.5. Then L(m) is special.

Proof: Tt follows from Lemma 4.17 that for m’ € M(L(m)), if vo(m'm=1) = 0
then (m/)~® is of the form

(Va.apqr2-1Yo.apq32-3 - Ya.agqi—22 ) Ya,agqi-ra—2 - Yo ayqi-ra—2,

where R > 0 (from condition (IT) we have asq' =272 = ¢°(a;¢3*~3)). So we can
use the proof of property (2) of Lemma 5.1. O

Lemma 5.7 and Lemma 5.8 combined with corollary 4.13 imply Theorem 3.8 for
type G.

5.4. Types C, D and Fy. In this subsection we prove theorem 3.9.

From corollary 4.14, it suffices to consider the condition (II).

Type C' : as A\, = 0 and gyy.... ,—1y is of type A, 1, it follows from (1) of
Lemma 5.1 that the monomials m’ € M(L(m)) satisfying v,(m’m=1) > 0 are
right-negative and so not dominant. For the monomials m’ € M(L(m)) satisfying
v (m'm™1) = 0, we can use (2) of Lemma 5.1 and Lemma 4.5.

Type D : as a, = ap—1 and A\, = A\p_1, all monomials in the set

m—>(I—{n—1n})M(L(m—(n)))M(L(m—%n—l)))
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are right-negative. Moreover we can prove as (1) of Lemma 5.1 that for i =n — 1
or i =n, vi(m'm~"') > 0 implies v; , . (m'm~") > 0, and so m/ is right-negative.
For the monomials m’ € M(L(m)) satisfying v, _1(m'm=1!) = v,(m'm=1) = 0, we
can use (2) of Lemma 5.1 and Lemma 4.5.

Type Fy : the proof is analog to type C' by using Lemma 5.6 for g¢; 2 3} of type
Bs. O

6. APPLICATIONS AND FURTHER POSSIBLE DEVELOPMENTS

6.1. Jacobi-Trudi determinants and Nakai-Nakanishi conjecture. In [NN1,
Conjecture 2.2] Nakai-Nakanishi conjectured for classical types that the Jacobi-
Trudi determinant is the g-character of a certain finite dimensional representation
of the corresponding quantum affine algebra. This determinant can be expressed
in terms of tableaux (see |[BR| for type A, [KOS| for type B, and [NN1, NN2,
NN3] for general classical type). The cases considered in [NN1] include all minimal
affinizations for type A, and for type B many minimal affinizations (but for example
not the fundamental representations V,,(a)).

As an application of the present paper, we prove this conjecture for minimal
affinizations of type A and B considered in [NN1, Conjecture 2.2] (see the intro-
duction for previous results). Indeed it can be checked for type A and B that
the tableaux expression is special and canceled by screening operators, and so is
given by the Frenkel-Mukhin algorithm (see the proofs bellow; this fact was first
announced and observed in some cases in [NN1, Section 2.3, Rem. 1]). So from
[FM1], Theorem 3.8 proved in the present paper implies that the g-character of a
considered minimal affinization is necessarily equal to the corresponding expression.

Theorem 6.1. For g of type A, B, the g-character of a minimal affinization con-
sidered in [NN1, Conjecture 2.2| is given by the corresponding Jacobi- Trudi deter-
minant.

This result is coherent with the thin property proved in this paper.

With the same strategy, representations more general than minimal affinizations,
and types C, D, will be discussed in a separate publication.

Let us recall the tableaux expression of the Jacobi-Trudi determinant and give
the proof of theorem 6.1. We treat the type B (the proof for type A is more simple).

We recall that a partition A\ = (A1, Aa,---) is a sequence of weakly decreasing
non-negative integers with finitely many non-zero terms. The conjugate partition
is denoted by X = (A}, Ay, --+). For A, u two partitions, we say that p C A if for all
1 >0, A\; > p;. For p C )\, the corresponding skew diagram is

M ={(,7) e NxNlp; +1 <5 <N} ={(i,7) e Nx N[pj +1 <4 <N}
We suppose in the following that d(A/p) < n where d(A/u) is the length of the
longest column of A\/u, and that A/ is connected (i.e. p; +1 < Ajyq if N\j1q # 0).

Let B={1,---,n,0,7m,---,1}. We give the ordering < on the set B by

1<2<---<n=<0=<n=<---<2<T1.
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As it is a total ordering, we can define the corresponding maps succ and prec. For

a € C* let
(1], =Yia,
il =Y}, oYipen  (2<i<n-—1)
" la i—1,aq? " t,aq (i=1) =7 = ’
_ —1
—1
Izla = Yn,aq2"+1Yn agq?n—3,
=Y, Y Yog
n, T dn—liag® 24y gg2nt1iin gq2n—1s
a:}/ifl,aq‘“’ 20-2Y 1471 2i (QSZSTL—].),

2,aq
- -1
a = 1/1’(:“14n72'
Observe that we have

X(I Vl - +- +- +a+|z|a+a+a+'”+a'

For T'= ( i,j)(m)@\/u a tableaux of shape \/u with coefficients in B, let

MTya = H aq4(j*i) €y

(GIEX 1
Let Tab(By,, A\/u) be the set of tableaux of shape A/u with coefficients in B satis-
fying the two conditions :
Ti; = Tij+r and (T35, T j41) # (0,0),
T,; < Tiprj or (Tij. Tiy1,) = (0,0).
The tableaux expression of the Jacobi-Trudi determinant [KOS, NN1] is :

XX/ p,a = Z MT,a € Y.

TE€Tab(Bn,\/1)

For a monomial m, we denote (m)* = [jier,aec j2uio(m)>0} Y“’ (M) the neg-
ative and the positive part of m.

We say that (m)~ is partly canceled by (m')* if there is s € I and a € C* such
that ui,a((m)”) = —uia((m)*) #

Lemma 6.2. Let T € Tab(B,, )\/ ) and a € C*. Let (i,j) # (¢',7) € A,
a=T,; and § =Ty j. If (aq4(7 )~ is partly canceled by (Elaqll(j_i,))*', then
(i,7) = (' +1,5") or ((i,5) = (' + 1,5/ + 1) and Ty ; = Ty j» = 7).

Proof: We study different cases :

Case (1): 2<a=<nand1 <3=<n—1. Wehave a =3+ 1 and gli—D+2e —
¢t =201 Qo ' — i = (j—i) 4+ 1. If j < j', we have i <4’ and so Tij; < Ty jv,
contradiction. So j > j’ and i > i’. There is ((ir,jr))1<r<r € (A/p)f such that
(i0,jo) = (', j") and (ir, jr) = (i,j) and ((ir41, jr+1) = (ir+1,r) oF (ir41, fr41) =
(tr,jr +1)). Let T, =T5, ;. As (ip41,jr+1) = (ir + 1,7,) implies n > T, q > T7,
we have Tp = T1 + (i — ¢'), and so (¢,7) = (i' + 1,75).

Case (2) : n— 1 <a =<1and 7 < B <2. Analog to case (1).

Case (3): 2<a=nandm =<3 =<2 As

Izlaq4(j—i) € Z[Yk,aq%*2+4r]kgnfl,reZ X Z[Yn,,aq27']rela
and
Izlaq‘l(j'—i') S Z[Yk,aq%*‘l’”]kgnfl,rEZ X Z[Yn,,aq27']T€Za
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we have a contradiction.

Case (4) : n—1=<a=<1and 1 =<3 =n—1. Analog to case (3).

Case (5) : @ = 0 and f# = n. We have ¢*0=—D+2n+1 — G =)+2n=3 g,
j =i = —14)+1. Asin case (1), we have j > j'. So ¢ > 4'. Consider (i, j,),
T, as in case (1). If ¢ > i’ 4+ 2, there is r1 < rg such that i, 41 = i, + 1 and
lrg41 = ipy, + 1. We have T, = T,,41 = 0 or 1T}, = T;,11 = 0. So there is
(p,q) € A/p such that (p,q+1),(p+1,9+1) € A/pand T g+1 = Tpt1,9+1 = 0 and
Tpq=mn.50 (p+1,9) € \/p and Tpy1,4 = n, contradiction.

Case (6) : @ =0 and 8 =0. We have ¢*0U-D+2n+1 — g4('=i)+2n-3 41q we can
conclude as in case (5).

Case (7): a = mand 3 = 0. We have ¢*0—0D+2n+1 — AG"=)+2n=3 g,
j’ =i =(—i)+1. Asincase (1) we have j > j'. Soi > 4. If j > j/, as in case (5)
we get (p,q) € A/p such that (p+1,q),(p+1,¢+1) € \/pand T g = Tpi1,4 =0
and Tpy1,g41 =7. So (p,¢+ 1) € A/ and T} 441 = 7, contradiction.

Case (8) : o = m and f = n. We have ¢*U=D+2ntl — G =)+2n=3 )
GUDF2n=1 — 4G =) +2n=1 I the first case j/ — i’ = (j —i) 4+ 1. As above
we have j > j'. So ¢ > . Consider (ir,j,), T, as in case (1). If there is r
such that ((irvjr)v (ir+17jr+1)v (ir+2ajr+2)) = ((irajr)a (irvjr + 1)7 (ir + 1,7, + 1))7
we have necessarily (T, Tr+1,Tr4+2) = (n,0,m). So ¢ = i, and i = i, + 1 =
i/ + 1. We can treat in the same way the situation where there is r such that
((irs dr), (irg1, Jrar), (irg2, Jra2)) = ((ivs ), (ir + 1,5r), (i + 1,5r + 1)), In the
second case j' — i = (j — 7). As above we have j > j' and i = ¢ + 1. O

Lemma 6.3. Let To = (i — p1;) i, jyex/u- Then To € Tab(Bn, \/p) and mr, o is the
unique dominant monomial of Xx/u,a-

Proof:  First it is clear that Ty € Tab(By, A/u) and that mp, , is dominant. Con-
sider T' € Tab(B,,, A/p) such that Tp # T'. So there is (i,7) € A/ u satisfying the

property
(4) (i=ps+1and T;; # 1) or (i # pj + 1 and T ; # succ(Ti-1,5)).

From lemma 6.2 the negative part of the box corresponding to (7, ) is not canceled
in mr, (in the case (8) of lemma 6.2, the negative part of the box can only be
partly canceled). O

Lemma 6.4. For all T € Tab(B,, /1), a € C*, the monomial mr , is thin.

Proof: Let (i,5) # (i',j') € Mp, o = T;; and § = Ty j». We suppose that
(an4(j,i))+ = (Izlaq4(.7’—i,))+ # 0. We study different cases (by symmetry we
can suppose a < 3) :

Case (1) : 1 = a <= B <= n—1. We have a = f and ¢*U-9+2-1) —
QU261 Qo jf — i = (j —i). If j < j/, we have i > i’ and so T;; <
Ty j» = n— 1, contradiction. In the same way we get a contradiction for j > j'.

Case (2) : m < a < 3 < 2. Analog to case (1).

Case (3): 1 2a=<n—1and7n < 8 <2. Analog to case (3) of lemma 6.2.

Case (4) : @ = n and 3 = 0. We have ¢*0~—9D+2n=3 — AG'=)+2n=3 g,
j'—1i' =j—i. As above, we have j < j'. So i < i’. We can conclude as in case (5)
of lemma 6.2.
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Case (5) : o= = 0. We have ¢(i=0+2n=3 — (4("=)+2n=3 qq 3/ _ 4/ = j — .
If j # j', we get (p,q) € A/p such that (p,g+ 1) € M/ p and Tj, g = Tpq41 = 0,
contradiction.

Case (6) . a = =n. We have q4(j—i)+2n—3 _ q4(j'—i')+2n—3 or q4(j—i)+2n—1 _
4G =i)+2n=1 1n both cases j' —i = j —i and we get a contradiction as in case
1). O

Finally we can conclude the proof of theorem 6.1 :

q
(

Lemma 6.5. We have x»x/.,o € Im(xq)-

In the proof we will need the following partial ordering defined on Tab(B,,, \/u)
: for T, 1" € Tab(B,, \/u) we set :

TT & (V6,5) € M, Tiy 2T} ;).

Also by convention for any a € B, T} ; # a means ((i,7) € \/pu = T;; # ).
Proof: Let o € I. We want to give a decomposition of x,, as in proposition 2.15
for J = {a}. From Lemma 6.4, the L, (M) that should appear in this decomposition
are thin. It suffices to prove that the set Tab(B,,, A/u) is in bijection with a disjoint
union of sets M(Lqy(M)) via T — mrq.

First suppose that o <n — 1. Let M, be the set of tableaux T € Tab(By, A/u)
such that for any (7,7) € M/ :

Ti’j =a+1= ((Z — 1,]) S )\//L and Tifl,j = a),

Ti’j =a= ((l — ].,j) € )\//J, and Tiflyj =+ ].)
Then by Lemma 6.2, M, corresponds to all a-dominant monomials appearing in
X\/p,a- For T € My, let T' be the tableaux defined in the following way. For

(i,7) € Mp: )

ifhij=acand Tip1; #a+1, weset T; j = a+ 1,

ifT;; =a+1and Tiy1; # @, weset T; j =@,

otherwise we set T; ; = T; ;.
Then T € Tab(B,,, A\/u). For T € M,,, we define :

Mo (T) = {T" € Tab(B,, \/p)|T < T' < T}.
Then by Lemma 2.9 we have
La(mT,a) = Z mr a,
T'eMq(T)

and (My(T))rem, defines a partition of Tab(B,, A/u).
Now we treat the case a = n. Let M,, be the set of tableaux T € Tab(B,, A/u)
such that for any (4,7) € \/p :

T;,;=0=((i—1,5) € Npand T;,_1 ; € {0,n}),
Ti;j=n=(({—-1,j—1)e X pand T;_1 ;—1 =n).
By definition of skew diagram, the last condition implies that
(Tiy=n=((i—1.7),(i,j —1) € \/pwand Ti_1; € {0,n} and T;;—1 € {0,7})).

This can be rewritten :

= Ti1,j—1 Tij—1 n 0 n 0 n m n m
Tl’j_ni(Ti—l,j T”>€{<n ﬁ)’(o ﬁ)’(n ﬁ)’(O ﬁ)}
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Then by Lemma 6.2, M,, corresponds to all n-dominant monomials appearing in
X\/p,a- For T € My, let T be the tableaux defined in the following way. For
(i,7) € M )

if T; ; =n and Tij41 j41 # 7 and Tiq ; # 0 and Ty ; # 7, we set T ; =7,

if T;; =nand Ty 541 # 7 and Ty j € {0,7}, we set Tj; = 0,

if Ti’j =0 and Ti+1’j # 0 and Ti+1’j # 7, we set Ti’j = .

otherwise we set Ti,j =T ;.
Then T € Tab(B,, \/u). For T € M,,, we define :

Mo(T) = {T" € Tab(B,,, \/p)|T < T' < T}.

Then by Lemma 2.9, we have

Ln(mT,a) = Z mrs a,

T'e Mo (T)

and (M, (T'))rem, defines a partition of Tab(B,,, A\/u). O

6.2. General quantum affinizations. The quantum affinization ,(g) of a quan-
tum Kac-Moody algebra U, (g) is defined with the same generators and relations
as the Drinfeld realization of quantum affine algebras, but by using the generalized
symmetrizable Cartan matrix of g instead of a Cartan matrix of finite type. The
quantum affine algebra, quantum affinizations of usual quantum groups, are the
simplest examples and have the particular property of being also quantum Kac-
Moody algebras. In general these algebras are not a quantum Kac-Moody algebra.
In [Mi, Nakl, H2|, the category O of integrable representations is studied. For reg-
ular quantum affinizations (with a linear Dynkin diagram), one can define analogs
of minimal affinizations by using properties (I) and (IT) of Theorem 3.5.

For example let us consider the type B, , (n > 2, p > 2) corresponding to the
Cartan matrix (C; j)1<i,j<n defined as the Cartan matrix of type B,, except that
we replace C, ,—1 = —2 by C, ,—1 = —p. Then one can prove exactly as for lemma
5.6 that (an analog of Theorem 4.7 is proved by using [H2, Lemma 5.10]):

Theorem 6.6. Let g be of type By, ,. Then if m satisfies property (I) (resp. (II)),
then L(m) is antispecial (resp. special).

So the analog of the Frenkel-Mukhin algorithm works for these modules and as
an application it should be possible to get additional results for this class of special
modules (see also section 6.4 bellow).

6.3. Multiparameter T-systems. The special property of Kirillov-Reshetikhin
modules allows to prove a system of induction relations involving g-characters of
Kirillov-Reshetikhin modules called T-system (see [Nak5] for the simply-laced cases
and [H4] for the general case). Indeed for ¢ € I, k > 1, a € C* define the U, (Lg)-
module :

(1) ©)
Sria (®{(j7k)|cj,i<0 , 1§k§—cf,,j}W—cj,i+E(n(r_k)/rj)7aq](2k_1)/ci’j -

Theorem 6.7 (The T-system). Let a € C*,k > 1,3 € I. Then we have :

Xa (WD xa Wi o) = Xa(Wil L )Xa (W2 ia) + Xa(S(D)-
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By analogy, the results of the present paper (special property of minimal affiniza-
tions of type A, B,G) should lead to systems of induction relations involving g-
characters of minimal affinizations (multiparameter T-systems). Let us look at an
example. Let g = sls. Then we have the following relation :

1 2 1 2
Xa(LXS X520 xg (LX) X52,0))

27(110

= X (LX X Sh0))Xa (LX) X5D0)) + Xg (LX) xq (LX),

Let us give the idea of the proof for this example : as a g-character is character-
ized by the multiplicity of his dominant monomials [FM1], it suffices to compare
dominant monomial of both side. By using the process described in remark 2.16,
Theorem 4.7 and arguments of [H4]|, we get the following results :

The dominant monomials of x4 (L(Xélq)zXQ(Qq)B) ® L(X§}34X2(72(1)10)) are :
1012142527222, 1, 191925252722211, 21252527222, 1, 191512161102720,

101314110252729, 191211023252729, 1102123252729.

The dominant monomials of x4 (L(Xi_lq)gXQ(iI)w) ® L(X2(_1(1)3X2(72q)8)) are :
1121425272221, 101225252722211, 101212161102720, 1121411025272,

Tol21102325272.

The dominant monomials of x4 (L(Xélq)QXQ(iI)g) ® L(X§}34X2(72q)10)) are :
2123252725211, 1102, q2325272,.

We can conclude as the multiplicity of all these monomials is 1.

6.4. Alternative method for the classification of minimal affinizations. We
explain how to prove certain classification results (included in Theorem 3.5). The
proofs here are written in the context of the paper and could be a general uniform
strategy for other quantum affinizations. Moreover we get some new refined results
on the involved g-characters.

Proposition 6.8. Let L(m) be a minimal affinization of V(X). Then for alli € I,
there is a; € C* such that m—® = X(Sz)/\

Proof: For A\; <1 it is clear. Suppose that \; > 2 and that m~® in not of this
form. Note that A — a; € PT. It follows from Lemma 4.5 with J = {i} and
Proposition 2.9 that

dim((L(m))r—a;) = dim((Li(m ™))y, —2)a, > 2.

Let a € C* and M = m((m)ﬂ(i))’lXﬁ\?’a. L(M) is an affinization of V(A). It fol-
lows from Lemma 4.5 with J = {i} that dim((L(M))r—qa;) = 1 s0 mr_q,(L(M)) <
Mx—a, (L(m)). Moreover as (m)~U=1) = (AM)=U={d) it follows from Lemma
4.5 with J = I — {i} that for p € A — > ., Na; we have dim((L(M)),) =
dim((Ly_ gy (m=0=ED)),) = dim((L(m)),.) and s0 my, (L(M)) = my(L(m)). As
p < Aimplies p=Aor p <A —a;or p€ A= ., Nay, we have [L(M)] < [L(m)],
contradiction. g

In the following for L(m) a minimal affinization and for ¢ € I such that \; # 0,
a; € C* denotes the complex number introduced in this Proposition 6.8.

Let g = slpt1 (n > 2) and A = MiA1+ A\ Ay (A1, A > 1), Forp= a1 +as+---+
ap, we have dim((V(A))a—,) = n. Let m = X/(\?MX)(\:?%. If L(m) is a minimal
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affinization of V'(X) then dim((L(m))x—,) = n. For 0 < h < n denote

—1
Mp =M H i a1q*1‘“‘_1 H Aiﬂnflxn'*'"_”"

i=h+1,---,n

We have different cases :

(1) al/an ¢ {qj:()\lJr)\nJrnfl)7 q)\.,Lf)\lJrnfl7 q)\nf)\lJrnfB’ L ’q)\nf)\lfnJrl}'
From remark 2.16, the n 4+ 1 monomials my for 0 < h < n appear in
Xq(L(m)) and are distinct. So dim((L(m))x—,) > n+1 and L(m) is not a
minimal affinization of V().

(2) a1/a, = g MANFI=2H with 1 £ H < n. Then my = my_;.
From remark 2.16, the n — 1 distinct monomials my, for h ¢ {H — 1, H}
appear in x4(L(m)) with multiplicity 1 and m g appears in x4(L(m)) with
multiplicity 2. So dim((L(m))x—,) > n + 1 and L(m) is not a minimal
affinization of V'(\).

(3) al/an _ qA1+An+n—1.

(4) an/a; = gt FAntn-1,
From Proposition 4.16, the character is the same in cases (3) and (4). So nec-
essarily these two cases give a minimal affinization with x(L(m )) = x(V(N). So
for Ay, A\, > 0, L(m) is a minimal affinization of V(A1A; + A, A,) if and only if

= X)(j)alX(")a with a1 /a, = ¢t or a, /a; = g AL

Now we suppose that g is general and consider J C I such that g is of type A,
2 < r < n. Denote by i,j € J the two extremes nodes of J. We suppose that we
can decompose I = I; U J U I; such that I; U {i} and I; U {j} are connected, and
Vk e I,k € J—{i},Crp =0 and Vk € I;,k' € J — {j},Cr i = 0. Observe that

1; or I; may be empty and if J is of type Ay there is always such a decomposition.

Proposition 6.9. Let L(m) be a minimal affinization of V/(A) such that \;, A; > 1
and for k € J —{i,j}, \x = 0. Then one of the two following condition holds :

a; )\¢+)\j+r71 a’j )\¢+)\j+r71

— =q; or — =g .
Qaj a;

Proof: 'We can suppose in the proof that ¢; = ¢; = ¢. Suppose that a;/a; #

gFPi A F+D - Note that A — 3, ;o € P+ It follows from Lemma 4.5 with J

and the above discussion that dim((L(m))x-s,_, ;) = 7+ 1. Let us define
M = =Gy (V1)
aa;

L(M) is an affinization of V/(A). Let us prove that [L(M)] < [L(m)] (which is
a contradiction). Let w < A If w < A — 3", a it follows from Lemma 4.5
with J that dim((L(M))x-x,_,a,) < dim((L(m))r-x,_, ). As for J' C J,
A= key ok & PT oexcept for J' = Jor J =0, we get my_x>, _ a, (L(M)) <
M-, ., op (L(m)). Otherwise it follows from Lemma 4.5 that dim((L(M)),) =
dim((L(m)),) as (M)~ (LUN=3) = ()= ((LU) =5} and (M)~ (L)) =
TritAm—1, -1 (m= (LN So my, (L(M)) = m,,(L(m)). O

Let g oftypje B, (n>2), A= w1+ w, (A1, An > 1) and p = a1 +as+- - +ap.
Let m = X\ X)(ff) For 0 < h < n denote

A1,a1

—1
mp=m H i aqul+7 1 H Ai,anqzxn+1+n—i-

i=h+1,---,n
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We have (L(m))x—p = @o<p<n(L(m))m, . Let us study the different cases :

(1) a1/an ¢ {gEO+22n+n) g2Aa=ditn g2n—Xi+n=2 . 2\-X-n+2} From
remark 2.16 the n + 1 monomials my, for 0 < h < n appear in x4(L(m))
and are distinct. So dim((L(m))x—,) > n+ 1.

(2) a1/a, = ¢~ MFnH2=2H with 1 # H < n. Then my = my_;. From
remark 2.16, the n — 1 distinct monomials my, for h ¢ {H —1, H} appear in
Xq(L(m)) with multiplicity 1 and my appears in x,(L(m)) with multiplicity
2. So dim((L(m))x—p) > n+ 1.

(3) a1/a, = ¢ +2**+ Then dim((L(m))r—,) = n. Indeed We see as for the
proof of the point (3) of Lemma 5.1 that for m’ € M(L(m)), if v1(m'm~1) >
1 then vy , o (m'm™") > 1. So mg ¢ M(L(m)) and from remark 2.16
mi,--- ,my appear in x,(L(m)) with multiplicity 1.

(4) an/ar = ¢+ As in the case (3), dim((L(m))r—,) = n.

From Proposition 4.16, the character is the same in cases (3) and (4).

Proposition 6.10. For g of type B, with n > 2 and A1, A, > 0, L(m) is a
minimal affinization of V(AMA1 + A\pAyn) if and only if m = Xﬁ)alXiz)an with
al/an — q)\1+2)\n+n or an/al — qA1+2An+n' g

Proof: 1If m/ satisfies (1) or (2) and m satisfies (3) or (4), then dim((L(m))x—,) <
dim((L(m'))x—,) and for X < X if there is j € I such that v;(X" — X) = 0 then

dim((L(m))x) =dim((L(m'))x)
:dim(W)(\}?l)AlAl _Zk,<_7‘ Vg ()\’—X)Ozk-)

X dim(Wf\:?l)AnAnfzbj vk (V= A)ax)-

As we have the same character in situations (3) and (4), they correspond necessarily
to minimal affinizations. O

Now we suppose that g is general and consider J C I such that g is of type B,
2 < r < n. Denote by i,j € J the two extremes nodes of J. We suppose that we
can decompose I = I; U J U I; such that I; U {i} and I; U {j} are connected, and
Vk e I,k € J—{i},Crp =0 and Vk € I;,k' € J — {j},Cr i = 0. Observe that
I; or I; may be empty and if J is of type B> there is always such a decomposition.

Proposition 6.11. Let L(m) be a minimal affinization of V() such that \;, \; > 1
and for k € J —{i,j}, \x = 0. Then one of the two following condition holds :

% _ q%\iJr?)\jJrT or a_j _ q%\i+2Aj+T.

3 3
a; a;

The proof is analog to the proof of the Proposition 6.9.
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