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INTRODUCTION

In this paper we study the monomial crystal M defined by the second author
[32]. We show that each component of M can be embedded into a crystal B(\) of an
extremal weight module V' (A) introduced by Kashiwara [18] (Theorem 2.2). This
result was originally conjectured by Kashiwara, when the second author discussed
the result of [32] with him. We prove this result by showing that the monomial crys-
tal is equivalent to the combinatorial crystal appeared in Kashiwara’s embedding
theorem [17]. (See Proposition 2.6.) We then study the case of extremal weight
modules of level 0. We realize the crystal B(wy) of a level 0 fundamental represen-
tation via the monomial crystal (Theorem 3.2). And we determine all monomials
appearing in the corresponding component of the monomial crystal for all funda-

mental representations except for some fundamental representations for EéQ), E§1),

Eél). Thus we obtain explicit descriptions of the crystals in these examples. For
classical types, we give them in terms of tableaux. For exceptional types, we list
up all monomials. Most of them have been calculated already in the literature
([14, 38, 24, 12, 36, 27, 37, 3|), but we have a few new examples in exceptional
types. And our method works for arbitrary fundamental representations in princi-
ple, though we certainly need to use a computer with huge memory for the triple
node of Eél).

One of motivations of this work comes from the study of g—characters of finite
dimensional modules of the quantum affine algebra, introduced by Knight [25],
Frenkel-Reshetikhin [7], and have been intensively studied for example in [6, 26, 28,
29, 31, 32, 8, 9, 10, 5] and the references therein. In the combinatorial algorithm to
compute g—characters for arbitrary irreducible representations [29, 31], the first step
was to compute (t—analogs of) g—characters for level 0 fundamental representations.
Therefore it would be nice if we could give their explicit forms. They can be
calculated by a computer, but we hope to see a structure by examining their possible
relations to the crystal bases.

In simply-laced type examples given in this paper, we construct explicit bijections
between monomials in g—characters, counted with multiplicities and the crystal
bases. (The existences of abstract bijections are trivial as both have the same
cardinality as dimensions of modules.) In fact, the computation of the crystal base
has been done with help of explicit knowledge of g—characters. This is opposite to
our motivation, and we need a further study to achieve it.
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1. BACKGROUND

In this section we give backgrounds on quantized enveloping algebras, extremal
weight modules.

1.1. Cartan matrix. Let C = (C; ;)1<i j<n be a generalized Cartan matriz, i.e.,
07;7' S Z, 017 = 2, C@j < 0 for ¢ 7é j and C@j = 0 if and only if Cjﬂ; = 0.
We set I = {1,...,n} and I = rank(C). In the following we suppose that C' is
symmetrizable, that is to say that there is a matrix D = diag(r1,...,r,) (r; € N¥)
such that B = DC' is symmetric.

We consider a realization (h,ILIIY) of C (see [13]): b is a 2n — | dimensional
Q-vector space, II = {a1,...,a,} C b* (set of the simple roots) and IIV =
{af,..., )} C b (set of simple coroots) are set so that a;(a)) = C;; for 1 <

by

i,57 < n. Let Ay,...,A, € b* (resp. the AY,...,AY € h) be the fundamental
weights (resp. coweights) : A;(a) = a;(A)) = d; ;.

Let P = {\ € b* | M) €Z for all i € I} be the weight lattice and Pt =
{A€ P | AMay)>0forallie I} the semigroup of dominant weights. Let Q =
@.c; Za; C P (the root lattice) and QT = 3, Na; C Q. For A, € b*, write

A>pif A—peQr.

1.2. Quantized enveloping algebras. In the following we suppose that ¢ € C*
is not a root of unity.

Let ¢; = ¢". Forl € Z,r > 0,m > m' > 0 we introduce the following monomials
in Z[q¢%):

1 -1
q —q
[l]q =

q—q!

|
2], gl = [ralr — 1y (g |7 = — Ml
€2, Pt = bl = V-l |2] = e
Definition 1.1. The quantized enveloping algebra Uy(g) is the C-algebra with gen-
erators ky, (h € b), 2 (i € I) and relations

i
knkn = Kniw, ko =1, knaykon = =M,
knalv - k—r,alv

(ot ay) = b -
o " Qi_qil

2 )

1-Cy ;
> v [T 59] ety =0 wori )
r=0 qi
This algebra was introduced independently by Drinfeld and Jimbo.
We use the notation ki = ktr,ay and for I >0 we set (z5)D = (@) /1),
For J C I we denote by gs the Kac-Moody algebra of Cartan matrix (C; ;)i jes-
Let U, (h) the commutative subalgebra of U, (g) generated by the ky (h € b).
For V' a Uy(h)-module and w € P we denote by V,, the weight space of weight w
defined by

Vo={veV]|kyw= q‘“(h)v for all h € b}.

In particular for v € V,, we have k;v = qf(aiv)v and for ¢ € I we have xzin C Viptay-
We say that V' is U, (b)-diagonalizable if V = @, p V..
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1.3. Extremal weight modules. In this section we recall the definition of ex-
tremal weight modules given by Kashiwara [18, 19].

Definition 1.2. A U,(g)-module V is said to be integrable if V' is U, ()-diagonalizable,
the weight subspace V,, C V is finite dimensional for all w € P, and for u € P,
i € I there is R > 0 such that V,,1,q, = {0} for r > R.

Definition 1.3. For V' an integrable U, (g)-module and A € P, a vector v € V), is
called extremal of weight X if there are vectors {vy hwew such that vyq = v and

zv, = 0if +w(N)(a)) >0 and (xf)i(w(x)(aiv))vw = Us, (w)-

In the same way one can define the notion of extremal elements in a crystal.
Note that if v is extremal of weight A\, then for w € W, v, is extremal of weight
w(N).

Definition 1.4. For A € P, the extremal weight module V (X) of extremal weight A
is the U, (g)-module generated by a vector vy with the defining relations that vy is
extremal of weight .

Example. If ) is dominant, V() is the simple highest weight module of highest
weight A.

Theorem 1.5 ([18]). For A € P, the module V()) is integrable and has a crystal
basis B(A).

Note that uy € B()\) (which represents v)) is extremal of weight A in the crystal
B(A).

2. MONOMIAL CRYSTAL

In this section we recall the definition of the monomial crystal and show that
each connected component can be embedded in the crystal of an extremal weight
module (Theorem 2.2).

In this section we suppose that C' is without odd cycles, i.e., there is a function
s: I — {0,1} (¢ — s;) such that C;; < —1 implies s; + s; = 1. This situation
includes all Cartan matrices of finite type and all Cartan matrices of affine type
except Ag}) 1>1).

2.1. Construction. Consider formal variables Yﬁ, e (i€l,l€Z,\e P)andlet

A be the set of monomials of the form m = e“’(m)HielylEZY;}"”l(m) where u; ;(m) €

Z, w(m) € P such that

(2.1) Zui,l(m) = w(m)(a)).
lez
For m € A and i € I we set u;(m) = Y, u;1(m).
For example, Yﬁei/\i € Aand A;; =e™ i,zlei,mHjﬂYﬁ“ c A
We call | the grade of the variable Y ;.

Remark 2.1. (1) If we fix a monomial m and consider only monomials m’ which
are products of m with various Afl ’s (as we shall do in this paper), w(m') is uniquely
determined by w(m) and wu;;(m'). Indeed let z be a formal variable and consider
the modified quantized Cartan matrix C(z) = (C; ;(2));,; defined by C;;(z) =
[2]., and for i # j, C;;(z) = C; ;. For P(z) € Z[zF], let P(z) = >, P2".
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C(z) is invertible because (det(C(q)))n = 1 # 0. Let C(z) = (Ci;(2))i; be its
inverse. If m'm~! = ew(m)—w(im) Hie],leZ Affl‘l (with v;; € Z) we have v;; =
Yjervez wjp(m'm=1)(2'C;i j(2))r. So we can safely omit e<(™").

(2) The group A appears, in an equivalent form, in [31] for g—characters at roots
of unity, and also in [9] to study the g—characters of integrable representations
of general quantum affinizations. The additional term e* (denoted by kj there)

appears by looking at a part of a “universal R-matrix”.

A monomial m is said to be J-dominant if for all j € J,I € Z we have u;;(m) > 0.
An I-dominant monomials is said to be dominant. Let B is the set of J-dominant
monomials, B is the set of dominant monomials.

Consider the subgroup M C A defined by

M={meA|u,(m)=0ifl=s;+1 mod [2]}.

(For the shortness of notations, we have replaced the condition ! = s; mod [2] of
[32] by I = s; + 1 mod [2]).

Let us define wt: A — P and &;,p;,pi,qi: A — Z U {oo} U{—00} for i € I by
(meA)

wt(m) = w(m),

@i,1( ;Un , wi(m) =max{g;(m)| L €Z} >0,

&1 ( Z;uzl ei(m) = max{e; L(m) | L € Z} > 0,
pi(m) =max{L € Z | &;,r(m) = ei(m)} = max{L € Z | Z;uu = wi(m)},
gi(m) = min{L € Z | @i .(m) = ¢i(m)} = min{L € Z | —gm,l(m) = ei(m)}.

Then we define &;, f;: A — AU{0} for i € I by

. 0 if £(m) =0,
é;(m) = i
mA; p,(my—1  if g5(m) >0,
- 0 if p;(m) =0,
film) = { A- i (m) = 0.
mA; q (myp1 i pi(m) >

By [32, 21] (M, wt, e, ¢4, &, f;) is a crystal (called the monomial crystal).

2.2. Connected components of M and monomial realization of highest
weight crystals. For m € M we denote by M(m) the subcrystal of M generated
by m.

By [32, 21] the crystal M (m) is isomorphic to the crystal B(wt(m)) of the highest
weight module of highest weight wt(m), if m is dominant.

The aim of sections 2.3 and 3 is to “generalize” this result for general m € M.

2.3. Embedding of M(m) into B()\). In this section we prove the following:

Theorem 2.2. For m € M, the crystal M(m) is isomorphic to a connected com-
ponent of the crystal B(X) of an extremal weight module for some A € P.
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Note that it is proved in [4, Theorem 4.15] that for quantum affine algebras, all
the connected components of B(\) are isomorphic to each other modulo shift of
weight by 4.

The proof is a slight modification of Kashiwara’s proof of the above mentioned
result.

Definition 2.3. A shift on I is the data (<, ¢) of a total ordering < on I and of
a map o: I — Z such that

(1) (i) = ¢(j) for i < j,
(2) if C@j < —-landi:< j, then Lp(l) = Lp(]) +1,
(3) for i € I, s; = (i) mod [2].
For ¢: I — Z, one says that a total ordering < on I is adapted to ¢ if (<, ) is
a shift.

Lemma 2.4. Let p: I — Z such that ¢(i) — ¢(j) € {£1} if C;; < —1 and
s;i = (i) mod [2] for i € I. Then there is at least one total ordering on I adapted
to .

Proof. For each r € Z choose a total ordering on {j € I | ¢(j) = r}, and for each
(i,7) € I? such that (i) < ¢(j), put i > j. O

Note that in general there is at least one shift. Put ¢(i) = s;, and Lemma 2.4
gives a shift (p, <).

In the following we fix a shift (<,¢) in I. We put a numbering I = {i1,...,in}
so that i1 <9 < - < ip.

For i € I, let B; be the crystal B; = {b;(1) | | € Z} with wt(b;(I)) = loy; and
(G#)

gi(bi(l)) = =1, @i(bi(l)) =1, €(bi(l)) = bi(l +1), fa(bi(l)) = bi(l — 1),
gj(bi(l)) = @j(bi(1)) = —oo, €;(bi(l)) = f;(bi(1)) = 0.

Let B(oo) be the crystal of U, (g) and let T = {tx} (A € P) be the crystal
defined by wt(£y) = A, ei(ta) = @i(tx) = —oo and &(ty) = fi(tx) = 0.

Let C be the crystal consisting of a single element ¢ with wt(c) = 0, ;(¢) =
pi(c) =0, &(c) = fi(c) = 0.

For m € A we define the crystal K, =C® - QKo QK1 QKo RQTo,  K_1 ®
K 2®---®C where for | € Z, K; = B;, ® Bi, ® --- ® B;, ® T\qy and X(I) =
DoierNill)Ai = i Ui 21405 (M)A and o = wt(m) — Ziej,zezui,l(m)/\i-

We also denote (A(I), ) by A;(1).

Definition 2.5. Let us define ®%,: M(m) — K, as follows: for m’ € M(m) with
m' =TT v TT Alewn
i€l kez i€l ker
we define ¢ (m') = b by
b=c® - @b@b1 @b Rta®b_1Rb_2®---Rc,
where by = by, (2;, (1)) ® - - - ® by, (24, (1)) @ trq).-
The map @, is well-defined as the z;(k) depend only of m’ (see Remark 2.1).

Proposition 2.6. ®%, is a strict embedding of the crystal.
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When m is dominant, this result appeared in [30, 8.5] in an equivalent form.
More precisely, we parametrize Irr 3° there by monomials as explained in [32, §3].
Then the above is exactly [30, 8.5].

Although the proof is exactly the same, we reproduce it here in our current
notation for the sake of the reader.

Proof. The injectivity is obvious. Let m’ € M(m) and b = ®%,(m’). First we have

b) =a+ Z wi(m)A; + Z zi(Da; = wt(m) + wt(m'm™1) = wt(m’).
iel,leZ i€l leZ

Let us prove the following formulas (i € I, L € Z):

(2.2) gi(br—1) ZWt bi)( Z ui,l(m/)’

I>L 1>2L+p(i)
(2.3) pilbe) + > _wt(b)(a)) = Y ug(m).
I<L I<2L+p(7)

The equation (2.2) can be checked as

D> AW+ =l =Dy = Y Cigm)— Y Cigz) =Y x()

I>L I>L,j>i I>L-1,j<i I>L
= —2(L—1) =) Cijz(L—=1)+> (=) Cijz(l) = \(1)
7<i I>L jerl
=¢e;(br-1) Zwt bi)(
I>L

The equation (2.3) can be checked exactly in the same way.
The equation (2.2) implies
g;(b) = max{s7 (br—1) Zwt (b)) (e))} = max{— Z wi (m')} =e;(m’).

LEZ
I>L 1>2L4(i)

Similarly the equation (2.3) implies p;(b) = p;(m’).

Let us prove the compatibility with the operators é;, f~l

If ¢;(m') = €;(b) = 0, then both ¢&;(m’) and ¢&;(b) are 0. Suppose otherwise.
Then €é;(b) is given by replacing z;(L;) by z;(L;) + 1 where L; = max{L € Z |
gi(br) — >0 o wt(bi)(e)) = €i(b)}. Therefore €;(b) = ®¢,(m'A; 21, +p()+1). But
it follows from the equation (2.2) that 2L; + ¢(i) + 2 = p;(m’), and so &;(b) =
QP (m' A p,(mry—1) = ®F,(€i(m')). Similarly fi is compatible. O

Let B =B, ®B;,®---®B;,, and let P (resp. P~) be the subcrystal of C®- - -@B®
B (resp. of BRB®- - -®C) of elements of the form ¢®- - -®@b(0)®b(0)@b;Rb;—1®- - - @by
(resp. by ® - ®bl 196, 9b(0)®b(0)® -+ ®c) where by € B (1 <1’ <) and
b(0) = bi, (0) ® - - ® b;,, (0).

Proof of Theorem 2.2. By the crystal isomorphism T\ ® B; ~ B; ® T}, () given by
tx ®@bi(l) = bi(l + May')) ® tg,(5), our crystal K, is isomorphic to P ® T @ P~
for some X € P.

It is known that P is isomorphic to | |, ;) B(00) ® Ty(p)- (See [20, 7.2.4] for
example.) Similarly P~ is [ |7, ;)—¢ Twi) ® B(—00). Therefore P @ Ty @ P~
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a disjoint union of various B(oo) ® Th ® B(—o00). The crystal of the modified
enveloping algebra U, (g) is equal to Ll \ep B(co) ® Th ® B(—00) and its connected
components can be embedded into some B(A) ([18, Corollary 9.3.4]). Therefore our
assertion follows. O

3. MONOMIAL REALIZATION OF THE LEVEL 0 EXTREMAL FUNDAMENTAL WEIGHT
CRYSTALS

In this section we study in more details extremal weight crystals (Proposition 3.1)
for quantum affine algebras. We prove that the crystal of a level 0 fundamental
extremal weight module can be realized in the monomial crystal (Theorem 3.2).

We omit e“(™) hereafter by Remark 2.1(1).

3.1. Extremal monomials. When m is dominant, the component M(m) is iso-
morphic to B(\) where A is the weight of m. But the situation is different in general,
as not all m € M are extremal, even if the monomial is dominant or antidominant
for each ¢ € I. For example in the case Dfll), m = Ya Y, is not extremal. Indeed
suppose that m is extremal. Then we have /

M, = fa(m) = Y55 Y01 Y55 Y11 Va1 Ya 1.

But (wt(ms,))(eg)) = =1 < 0 and fo(ms,) = YOT33Y1,1Y4,1Y3,1 # 0, and so mg, is
not extremal, we have a contradiction.
However we have the following consequence of Theorem 2.2.

Proposition 3.1. Let (v, <) be a shift. Then for (l1,...,l,) € Z™, the mono-
mial m = [],c; Y;lfp(i) € M is extremal and M(m) is isomorphic to the connected
component of B(wt(m)) generated by sy (m)-

Proof. Consider the morphism ®% . It follows from Theorem 2.2 that it gives an
embedding M(m) C B(X) where A € P. But for this particular m we have &%, (m) =
c®--@b(0) ®b(0) ® tyt(m) ®b(0) ®b(0) ®---® c in Proposition 2.6. So m is sent
t0 Uyt(m) € B(wt(m)) which is extremal. O

3.2. Monomial realization of the level 0 extremal fundamental weight
crystals. We suppose that C' is of affine type. Let us number the set of simple
roots as I = {0,1,...,n}. We choose the extra vertices 0 so that ap = aj =1

(except Agi), ap = 2, ay = 1), and the index number of the vertices are the
notations of [13] (for untwisted cases X(!) we use the enumeration of finite type
of [13] for the sub-Dynkin diagram of type X). This choice is unique up to an
automorphism of the Dynkin diagram. We set Iy = I \ {0}.

We also consider a new type Agiﬁ, which is the same as Agi), but we take the

opposite numbering convention from [13], i.e., the vertex i in Aéiﬁ is the the vertex
n—1iin A;i) In particular, the extra vertex 0 is the vertex n in A;i), and we have
ap = 1, ay = 2. We need to distinguish these as we consider the restriction of
representations to U,(gr,). Note also that this convention was taken in [4].

Let Q¥ = > ,c;Za;. There is a unique ¢ € y,.; N/ such that {h € Q" |
aij(h) =0forallie I} = Zc. We write ¢ = .., a/a). In the same way one
can define 6 = >, ;a;a; € Q. The a; are given in [13], the a) are the a; of the
transposed Cartan matrix.

We have {w € P |w(ay)=0forallie I} =QiNP. Put P, = P/(QéN P).
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Let P° = {X € P | A(c) = 0} be the set of level 0 weights.

Let U,(g)’ be the subalgebra of U,(g) generated by = and k; (h € 3. QaY).
This has P as a weight lattice. We have the corresponding definition of the crystal.
When we want to distinguish crystals of ¢, (g) and U, (g)’, we call the former a P-
crystal, and the latter a P.-crystal.

For i € I, let us define a level 0 fundamental weight w; by A; — aYAg € P°

when g # A(Q)T
wzzAi—Ao (Z;én), wn:2An—A0

when g = Agi,”. The corresponding extremal weight module V (c;) are called a

level O fundamental extremal weight module. Those representations and their crystal
have been intensively studied, see [1, 2, 4, 19, 22, 34, 35].

We identify these with (usual) fundamental weights of the finite dimensional Lie
algebra gy, when (g,7) # (Agiﬁ,n). For (g,i) = (A;nﬁ, n), we identify w,, with
the twice of the n'* fundamental weight. We denote by V7, (cw;) the corresponding
irreducible U, (g, )-module, and by By, (w;) its crystal base, for either case.

As B(w;) is connected (see [19]), it follows from Proposition 3.1 that

Theorem 3.2. Let (<, ) be a shz'ft on I. Fori € IO, let M be the monomial

gen bymga() 0@0) forg;éAzn, :}/i,ga() Ocp(() for g = Aéi;l#n:
and M = Yf(p(n) 0@ o) for g = Agi) , % =mn. Then M is extremal in M and

M(M) ~ B(w;).

This result establishes a monomial realization of the level 0 extremal fundamental
weight crystals B(w;). We will give some examples in Sect. 5.

Not all monomials of weight w; give a crystal isomorphic to B(w;) (see the
example in Sect. 3.1). However there are some other monomials which generate the
same crystal as we will see in the next subsection.

3.3. Other monomial realizations. For i € I, let 8; > 0 be the distance between
¢ and 0, that is to say the minimum p > 0 such that there exists a sequence
{0 =jo,J1,...,Jp =i} of distinct elements of I satisfying C; < —1.

L4l =

Suppose g # Agiﬁ for brevity.
Corollary 3.3. Letic Iy and l,l' € Z such thatl -1 € {—0;,—0;,+2,...,0;} and
I = s9 mod [2]. We have M( ”YO y ) ~ B(w;).

Proof. Tt follows from Theorem 3.2 that it suffices to show that there is a shift
(<, ) such that ¢(i) =1 and ¢(0) = I’. Suppose that I — I’ < 0 (the proof is the
same for [ —1' > 0) and let a = (6; +1—1")/2. Define ¢: I — Z by ¢(j) =1 +0; if
0; <a and p(j) =1+ 2a — 0; if 0; > a. We can conclude with Lemma 2.4. O

For example in all cases we have the following:
(1) if 6; € 2Z then M(Y; Yy " ) B(wi),
(2) if 0; € 2Z 41 then M(Y; oY, " ):B(wi).

Proposition 3.4. Suppose that C is of type DV (n>4) andleti e {2,...,n—2}.
Then M = K70Y01171Y0Ti£rl is extremal and B(M) ~ B(w;).
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Proof. First suppose that i <n — 3. Consider
m=(for ficr ) (M) =Yy Y11V Vi1

Let us define p: I — Z by ¢(0) =i+ 1,0(2) =i,0(1) = p3) =i —1,p(4) =i —
2,...,0(n=2) =i—n+4,¢o(n) = ¢(n—1) = i—n+5. Lemma 2.4 gives a shift (¢, <).
So it follows from Proposition 3.1 that m is extremal, and so M = myg,s, . s, iS
extremal.

If i = n — 2, in the same way we consider

m=(fo-- fic1 fi)(M) = YE)T;_lYLn—SYVan%_QYn—l,1Yn,1-
O

In the following we will see various examples of realizations of the level 0 extremal
fundamental weight crystals.

4. FINITE DIMENSIONAL CRYSTALS — START

Kashiwara has shown that there are a U, (g)’-automorphism z; of the level 0 fun-
damental extremal weight module V (w;) preserving the global crystal base, and the
induced Pj-crystal automorphism, denoted also by z;, on the crystal B(cwy) [19].
The weight of z; in the P-crystal is d¢d where dy = max(1,a)/ag) except dy = 1
for (g,¢) = (Agi),n) The quotient B(wy)/z¢ is the crystal of the finite dimen-
sional irreducible U, (g)’-module W (wy) = V(wy)/(z¢ — 1)V (wwe). We denote it by
B(W (wyg)). We call W(wy) the level 0 fundamental representation.

After Theorem 3.2 it is natural to ask the followings.

(1) Give an explicit description of monomials appearing in M (M).
(2) Give an explicit description of the automorphism zy.

Note that the automorphism z, is defined as a composite of operators €&;, fi’s.
But we require more explicit description.

We do not answer these questions in general, but we give examples in the next
sections. These are motivated by known descriptions of level 0 crystals in terms of
tableaux [14, 24, 37] in part, but closer to those of g—characters [32].

Before giving examples, we define P,j-crystal automorphisms on the monomial
crystal M. For p € Z, o0 € Q6N P let 79, o denote the map 7oy o1 M — M defined
by Tap.a (e HYZ"n") = Mo HYZ"TLJ’F‘?p This clearly preserves the compatibility
condition (2.1) and is a Pg-crystal automorphism. In the following, we omit «
from the notation and denote simply by To,,.

Suppose that M (M) is a monomial crystal isomorphic to B(zwy) such that M is
an extremal vector with é;M = 0 for all ¢ € Iy. If we have a monomial m € M(M)
with wt(m) = wt(M) 4+ Ndyd for N € Z, then we have m = z (M). This follows
from [19, §5.2]. In particular, if M (M) is isomorphic to B(w,) and preserved under
Top, then 7o), is equal to a power of z.

In the following examples, we answer the above questions (1),(2) in the following
manner:

(1) First show that M (M) is invariant under 72, for some p. Then M (M) /72, =~
B(wg)/z} for some N.

(2) We determine all monomials in M(M)/72, and give z, explicitly in these
monomials.
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We thus obtain explicit descriptions of crystals of some finite dimensional rep-
resentations of U,(g)’ : we treat all fundamental representations except some fun-
damental representations for E(Q) Egl), Eél). However it is natural to hope this
procedure works for any fundamental representations with appropriate choices of
the initial monomials m.

Note that the uniqueness of the crystal base for W(wy) is not known so far.
But all the examples where we compare the crystal base with those existing in the
literature, we can always prove that the crystal base is isomorphic.

4.1. Let us illustrate our description in type Aglr)ﬂ withn =2r+1 (r > 0).
Mimicking the definition in [32, 15], we define

p = Yk:11,p+kyk,p+k—1 forl<k<n+1,peZ,
where Y, 11, is understood as Yy .

4.1.1. Let us consider the first level 0 fundamental extremal weight module V (w1 ).
Let M = Yl@%jpl-l—l' We have M (M) ~ B(w) by Corollary 3.3.
Then the crystal graph of M(M) is given in Figure 1. Here O[n + 1] means

1 2 n—1 n
>L],— > [n], =[]
/g P P P

0[n+1]

FIGURE 1. (Type qu,l)) the crystal B(z) of the vector representation

fop = p+n+1, i.e., the suffix is shifted by n + 1. In particular M(M) is
preserved under 7,41, which has weight —§. Therefore we have z; = 7_,,_1 and

M(M)/Tpt1 = B(W (w1)).

4.1.2. Next consider B(wyg) for £ <r + 1. (The description for the remaining case
¢ > r+1 can be obtained from these cases by applying a diagram automorphism.)
Let My = Y&()Yfl. It follows from Corollary 3.3 that M(My) ~ B(w,). We set

M; =Y, 2JY0 n—~0+142j Yg_eﬂyj n—L+1+4j

= (ol --nn v < (L[ ()
= Hun—é—2p+2j+2 H .z+1 2p+2j
p=1

p=j+1

with 0 < j < £. Note that My = Yyn1Yy 14 = Tnt1(Mo). Note also that
M1 = TQ(M()) for £ =r+1.

For an increasing sequence T = (1 < i1 <ig < --- < iy < n—+ 1) of integers (i.e.,
a Young tableaux of shape (¢)) we assign

j ¢
m.4:|| X II for0<j</¢—1.
i P ln—t—2p+2j+2 L L2 lr1-2pt2; =J=
p=1 p=j+1
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Then one can directly check that

(1) My, (M;) consists of mrp,; for various sequences T' (cf. [32, 4.6]),

(2) fo(mT;j) with T'= (2,3,...,4,n+1) is equal to M1,

(3) the automorphism o defined by mr,; — mrp,41 (j, 7 + 1 are understood
modulo /) is a Pg-crystal automorphism.

Here, for J C I and m € M we denote by M j(m) the set of monomials obtained by
applying é;, fj with j € J to m. It is a crystal for the Lie subalgebra g; associated
with J.

>From (2) all M; (and hence my,; by (1)) are in M(My) by induction. Com-
puting the weights, we find that M, = (z,)77(My) as explained above. In par-
ticular, 7,11 = (2¢)7*. In the case £ = r + 1, we have 7, = z[l. Therefore
M(My) /12 =~ B(W (wr4+1)). By the same reason mentioned above, o is equal to z,.
Therefore M(My)/o ~ B(W (wy)).

Let us describe Kashiwara operators é€;, f~l in terms of tableaux. This can be
done by transfering the definition of those operators on monomials to tableaux. For
i # 0 we have é;mqp,; = mps.; or 0. Here T" is obtained from T by replacing i by
¢ —1. If it is not possible (say, when we have both ¢ — 1 and ¢ in T'), then it is zero.
Similarly f; = mqn,; or 0, where T" is given by replacing ¢ by i + 1. We can also
describe the action of ég, fo :

0 ifig Zlorig=n+1,
M(ig, e yign+1)35—1 if i1 =1 and iy #n + 1,

éo(mr;j) = {

= 0 ifigp =1o0rip#n-+1,
Jo(mr,;) = e .
M1y, ig1)ij+1 1L 41 # Land i =n + 1.

Here we extend the definition of mp,; from 0 < j < ¢ —1 to all j € Z so that
MT;j+0 = Tn+1MT;j5-

As a corollary we get a description of B(W (wy)) in terms of tableaux. This
coincides with one in [14]. We also get an isomorphism of y-crystals B(W (wy)) ~
By, (we). This is a well-known result.

Comparing the above descriptions with the tableaux sum expressions of ¢—
characters in [32], we see that there is a bijection between M(My)/o ~ B(W (w;))
and monomials appearing the g—characters of W (wy). In fact, the bijection is sim-
ply given by putting Yy . =1 in mp,.

5. FINITE DIMENSIONAL CRYSTALS — CLASSICAL TYPES

In this section we treat all classical types.

5.1. Type DV, Let B = {1,...,n,7m,...,1}. We give the ordering < on the set
B by

n
1<2<---<n—-1< <n—-1<---<2<1.
n

Remark that there is no order between n and 7.
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For p € Z, mimicking the definition in [32, 15], we define

p = Yop2Vp p = Yo p+2¥1pr2Y2p41,
p - Yij,erz‘Yé,eri—l (3<i<n-—2),

_ -1 ——] —1 —1
n—lp - Yn—2,p+n—1Y"—17P+n—2anp‘i‘n—Q7 n—lp - ”—2727'1'"—1Yn—1,p+nYn,p+n’

-1 —] -1
p - Yn—l,p+n,Y"7P+"—27 p - ”'_17P+"_2Yn,p+n’
-1 — v, -1 ;
p = Yl*LPJrQn*?*lYi,eranlfi (B3<i<n-2),
51 — -1 A -1
p - YE]7P+2”—4Y17P+2"—4Y2,p+2n—3’ p - Y07P+2"—41/1,p+2n,—2'

We define the i-grade gr; (p) as the grade of the variable Y; . appearing in

p. If Y; .. does not appear, it is not defined. As variables appear at most once,
it is well-defined. When the suffix is clear from the context, we may omit it and

simply write gr; ()

5.1.1. First consider the case £ = 1. We take M = YLPYOTp1+2' It follows from
Corollary 3.3 that M (M) ~ B(wi). The crystal graph of M(M) is given in Fig-
ure 2.

1 2 n—2 g n—2 2 1

R S = SH )

0[2n —4]
FIGURE 2. (Type DS)) the crystal B(w) of the vector representation

We have
fo(p) = 1/17[)""2”_41/2),71)14’277,72 = p+2n—4’
fO(p) = YO,_p1+2n72Yl,_p1+2n72yv27p+2n*3 = p+2n,4-

Therefore M (M) is preserved under 75,—4. Computing weights as above, we find
that z; = 74_2, and so we have M(M)/7o,—4 ~ B(W(w;)). We also get an
isomorphism of Iy-crystals B(W (w1)) ~ By, (w1).

5.1.2. Preliminary results for crystals of finite type D. As isillustrated in examples
in type AS), we first need to describe the Iy-crystal structure on the monomials.
This will be given in this subsection. All the results on the Iy-crystal are indepen-
dent of the information on Yj ., so we set Y, as 1 in this subsection. Note also

that results can be modified in an obvious manner so that the suffixes of I:l* can
be shifted simultaneously. We will use the results in these modified forms in later
subsections.

Theorem 5.1. Let 1 </ <n-—2 and

M = 471473 o '174'
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Then My, (M) is isomorphic to Br,(we) and is equal to the set of monomials

mr = e—1e—3 a '14’
indexed by the set Dy of tableaux T = (i1,...,1%¢) satisfying the conditions
(1) iQEB,il 7%7,27% 7%7;5,
(2) there is no pair a, b such that 1 < a < b < £ and iq = k, iy = k and
b—a=n—-—1-k.
Moreover the map T — mr defines a bijection between Dy oo and My, (M).

This result follows from [32, 3.4, 5.5]. It was also proved by Kang-Kim-Shin [15]
in the present form. We briefly recall their argument for a later purpose. They
checked the following statements:

(a) The set of monomials my with T satisfying (1), but not necessarily (2), is
preserved by é;, ﬁ

(b) If a monomial my satisfies é;my = 0 for all i = 1,...,n, then my must be
equal to M.

(¢) For a tableau T satisfying (1), there exists a tableau T” satisfying (1),(2)
and mr = mp.

(d) The tableau T satisfying (1),(2) is uniquely determined from the monomial
mr.

The statement (d) is not explicitly stated in [15], but follows from [15, Prop. 3.2]
or the argument below.

Let us give an example for the procedure (c). Supposen = 7and T = (2,3,4,3,2).

Using the relation pp72(n717k) = pp—Q(n—l—k) several times, we get
4207274 = 42@07274'

Thus 77 = (4,5,6,6,5). In general, we replace the pair pp72(n717k) by

pp—Q(n—l—k) repeatedly from k=1 to n — 2.

As we saw in examples in type AS), we need to study a tableau whose suffixes
may jump. For 1 </ <n—-2,0<r<n—4—1,0<h</let

-1
Mopr = Yno-nYy oo, Ye,~2r

(471473 a '472h+1) x (Z—Qh—Qr—l M2l oh—ar—3" .174727")
h ¢
I[e) o I [2]
—2p+1 0+1—2p—2r
p=1 p=h+1

and consider a monomial

r ( Sleal 23" L dean4 My oh—or 1"l op—or—3 L h—r—2p

appearing in My, (M ). When h = 0 or ¢, these are obtained from My, (M) in
Theorem 5.1 by the simultaneous shift of grades.

We should consider T as a tableau of shape (h,¢ — h) (one column with h boxes
and one column with ¢ — h boxes), where the second column is shifted below by
h + r boxes. But we simply denote it by T' = ((i1,...,n), (in+1,-..,%¢)) or by
T = (i1, ...,1¢) for the sake of spaces.
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>From the proof of Theorem 5.1 in [15], we have

i Fig o iy
ih1 g2 F - e

Let us study the order between i;, and ip41. The following example shows that
i, 7% in+1 may not be satisfied in general: Let n =7, { =3, r=n—{( -2 = 2.

Consider the starting monomial M = 2_ 4_6. It gives in the crystal
M, (M) the monomial m =[5 |[a] [T] = Vo Y34V Vs 1Ys2Y, 5. If we

apply f3, we get the monomial m/ = Y3T61 Y475Y3T01 Y47_1Y372Y4T31 and this monomial

can only be written in the form m’ = 2_4_6.

The condition (2) in Theorem 5.1 also needs to be modified for the pair a, b with
a < h, h+1 < b as the suffix jump. A naive guess is to replace n—1—k by n—r—k—1,
but this change does not work as indicated by the following example: Consider the

case n = 6, £ = 4, r = 1 and the starting monomial m = 3_1_3_5.
. . ,_ ) -1 _ —1y,—1
Then consider the monomial m' = 3717375 =Y13Y, ;Y1 Ys—1. For

b=4anda=1,wehave b—a =n—r—k—1 = 3. Thus this monomial violates the
condition (2) of Theorem 5.1. But if we replace the pair (i1,44) = (1,1) to (2,2) as
before, we get 3717375, which does not satisfies the condition (1) of
Theorem 5.1. In the original situation we can further replace the pair (i, i4) = (2,2)
to (3,3), and then further (iz,i4) = (3,3) to (4,4) to achieve the condition (1). But

we cannot make this replacement as 7175 #* 7175.

We modify the condition (2) as follows.

(D.2) There is no pair a, b such that 1 < a < b < h and i, = k, i, = k and
b—a=n—1-—k.

(D.3) There is no pair a, b such that h+1 < a < b < ¢ and i, = k, i, = k and
b—a=n—1-—k.

(D.4) There is no pair a, b such that a < h , h+1 < b, i, =k, i) = %k and
b—a=mn—max(r,1) — k.

(D.1)

The conditions (D.2,3) can be achieved without changing the corresponding
monomial by the procedure explained above. For (D.4) (when r > 1), we replace
a pair (iq, i) = (k,k) with b —a = n — max(r,1) — k by (k — 1,k — 1). If there
are several such pairs or this procedure yields a new such pair, we replace them
repeatedly starting from k =n — 1, then k = n — 2,..., and finally to k£ = 2. (Note
that this is converse to the order of the procedure for (D.2,3).) Asr <n—{—1,
the condition (D.4) always holds for k = 1.

Our approach to determine all monomials appearing in My, (Mp 5 ) is to relate
them to monomials in My, (Mg r—1). Since we understand the case r = 0, we
know a general case inductively.

In order to accomplish this approach, we first remark that the crystal structure
on the monomials can be transfered to that on the tableaux satisfying (D.1 ~ 4).

Lemma 5.2. There exists a unique crystal structure on the set of tableaux T sat-
isfying (D.1 ~ 4) such that T'— mr is a strict morphism, i.e., it preserves €, ¢k,
wt and commutes with fi, €.

Proof. We transfer €i, ¢, wt on monomials to those on tableaux via T +— mrp.
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Let us define fk on tableaux. (é; can be defined in the same way.) In general,
fka # 0 can be written as m7 for a tableau T” which is obtained by replacing an
entry i, in T' by a new one according to the rule described in Figure 2. To define
fk on tableaux, we need to specify the entry i, to be replaced. There might be
ambiguity when we have a pair (i4,i5) = (k, k + 1) with gr,, () = gr;, () This
happens whenb—a=n—1—kfora,b<horh+1<a,bandb—a=n—-1—k—r
for a < h, h+1 <b. In the first case (or the second case with r = 0) we replace k
by k + 1. In the second case with r # 0 we replace k + 1 by k. Note that we are
forced to take these choices by (D.2 ~ 4). Now the assertion is clear. (]

Let us prove the statement (d) after Theorem 5.1 as we promised. From (a),(c)
we have a surjective map T +— my. Since it commutes with é&; and fi, the injectivity
follows if we check that ;7" = 0 for all ¢ implies 7" = (1,...,¢). But the proof of
the statement (b) in [15], in fact, gives this statement.

Let us next define a map oy p, - from tableaux satisfying (D.1 ~ 4) to those where
we increase 7 by 1, i.e., each Z72r72c+1 is replaced by 472T72671 forc > h+1.
Almost all the cases, 04,5, (T') is just T. But the condition (D.4) is violated if there
is a pair (iq,ip) = (k,k) such that a <h, h+1<bandb—a=n—7r—k—1. We
replace it by (k + 1,k 4 1). If there are several such pairs or this procedure yields
a new such pair, we replace them repeatedly starting from k=1ton —r —1. We
define 77 = 041, (T') as the final result. As we have

672a+1£72r72b+1 = e_2a+1e_2r—2b+1’

the procedure keeps the corresponding monomial unchanged if we do not change r
for the map T — mr.

Let us check that oy p , intertwines fk. By definition, 0’@7h77-f~kT is possibly dif-
ferent from fkog,h,rT if there is a pair (i4,4) with a < h, h + 1 < b such that the
order of k-grades p = gr;, (), q = gry, () are changed by oy p . If both i, and
iy contribute to Y3 . in positive or negative powers, the rule for fkT is changed
accordingly. (See the proof of Lemma 5.2 how fuT is defined.) Thus it is enough
to study the case when one contributes in positive, and the other in negative. For
k =mn — 1, n such a change cannot occur. As grades can only be shifted by 2, for
k < n — 2 we have a possible change only when p + 2 = ¢ for (i4,i) = (k, k), and
p=q for (ia,ip) = (k+ 1,k + 1). These are equivalent to

b—a=n—r—k—1 if (iq,i) = (k, k),
b—a=n—r—k—2 if (ig, i) =(k+ 1, k+1).

Therefore if there is no pair (ie,i,) = (k, k) witha < h, h+1 <band b—a =

n—r —k—1 for any k, then fymr is unchanged when we increase r by 1. But we
have defined oy 5, exactly so that this condition is achieved. Thus we have

oonrfiT = froen T forall k€ Io.
This equality holds even if f,T = 0.
Similarly we define o7 , .(T) as follows. When r = 1, we simply set it T". Assume

r > 1 hereafter. Suppose that there is a pair (is, i) = (k, k) such that a < h,
h+1<bandb—a=mn—r—k+ 1 We replace it by (k — 1,k —1). If there
are several such pairs or this procedure yields a new such pair, we replace them
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repeatedly starting from kK =n —r to 3. We define O'Z’h’T(T) as the final result. As
r<n—f{¢—1,wehavef+k>b—a+k+1=n—1r+22>/{+ 3. Therefore k < 2
cannot happen, so k — 1 € B.

These maps are somewhat similar to one defined in [15, Prop. 3.2].

Now we introduce new conditions:

(D.5) Suppose that ip11 = k € {1,...,n — 1} and iy = ipy1. Then i), = K is
also in {1,...,n — 1}, and the successive part (k’,k’ —1,...,k) appears as
(G y i1y .- ytp) Withn—r—k<b—h<n-—Fk—1.
(D.6) Suppose that iy =k € {I,...,n— 1} and 45, = ipy1. Then i = K’ is
also in {1,...,n — 1}, and the successive part (k',k’ 4+ 1,..., k) appears as
(la/y a1y la) Withn—r—k<h—a<n—k—1
(D.7) If ipg1 = noor m, then ip % ipq1.

Note that (D.1) implies that the successive part in (D.5) occurs in b > h + 1.
This together with the second inequality (and b+ k = b’ + k') implies ¥’ < n — 2.
Thus i, = n — 1,n — 2 cannot happen in (D.5). Similarly ip41 = n—1,n — 2,
cannot happen in (D.6).

Definition 5.3. Let Dy, be the set of tableaux T satisfying (D.1 ~ 7).

Remark 5.4. When r = 0, the conditions (D.1 ~ 7) are equivalent to (1),(2) in
Theorem 5.1.

Proposition 5.5. o, defines a crystal isomorphism from Dy to Depri1. Its
inverse is given by oy, .-

As a corollary we have

Theorem 5.6. The map T — mr induces a crystal isomorphism between Dy p, ,
and M, (M)

Proof. We first prove that the image of Dy j, , is contained in My, (Mp 5 ) by the
induction on 7. This is true for r = 0 by Theorem 5.1. Suppose it is true for r.
First note that o5, maps T = (1,...,¢) to (1,...,¥¢). Take T' € Dy, r+1. By the
induction hypothesis Moy, (1) Can be written as

m”;i,h,r+1(T) = fi1 f'iz e fiNMZ;hﬂ"
for N >0, i, € Iy. We then have
mr = ﬁ1ﬁ2 T f'iNMZ;hJ’Jrl'
This shows mp € My (Mg pri1).
As the crystal graph of My, (M ) is connected by its definition, the map is
surjective.
By the induction on r, it follows that the only tableau T with ;7 = 0 for all

i € Iy is the highest one T' = (1,...,¢). This shows that the strict crystal morphism
T — mr is injective. O

Proof of Proposition 5.5. It is enough to show that oy, is a set theoretical bijec-
tion, as we already observed that it is a strict crystal morphism.

When r = 0, there is no pair (iq, %) = (k, k) to replace by (D.2 ~ 4). Thus o5 0
is just an identity. Also 02! p1 is an identity by definition. On the other hand, the
conditions (D.1 ~ 7) are the same for » = 0 and 1. Therefore the assertion is true
for r = 0. We assume r > 0 hereafter.
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Suppose T satisfies (D.1 ~ 7). We show that oy (T") also satisfies (D.1 ~ 7).
The condition (D.1) is clearly satisfied. The condition (D.4) with r replaced by
r 4 1 is satisfied by the definition of oy p .

We study the cases i, = ip41 and ip, & ip4+1 separately.

Case (1): ip = ipt1-

We assume ip+1 = k € {1,...,n—1}. By (D.5) i), = k¥ € {1,...,n— 1} and
there exists a successive part (k/,...,k) = (ip,...,ip) with h +1 < b, n—r—k <
b—h <n—1—k. The condition (D.2) automatically holds as i, € {1,...,n —1}.

Suppose that i is replaced during the procedure. Then in the middle of the
procedure, we find an entry iy with i3 =k, B>h+1, B—h=n—r—k— 1.
As i’y is obtained by replacing ip, we have i3 < ig. Therefore B > b. But this
contradicts with (D.5) as

n—r—k—1=B—-h>b—h>n—7r—k.

Therefore ij, remains unchanged during the procedure. Therefore the procedure is
performed for pairs (K, K) with K < k, so all (i, in41,--.,ip) are also unchanged.
Thus (D.5) remains true. Suppose (D.3) is violated, i.e., there exists (ia,ip) =
(K,K)withB>A>h+1, B—A=n—1—-K. As K >k, such a pair can appear
only in (ip41,...,%). But this part is unchanged, so (D.3) for r implies that this
cannot happen. Thus (D.3) is also satisfied.

We can similarly check the assertion when ip1 € {1,...,n —1}.

Case (2): in % int1-

Suppose that we apply the above procedure to a tableauT' = (i1, - ,in), (dhy1, -

to get a new tableau 7' = ((j1," -, jn), (Ja+1," - ,je)). We separate the cases ac-
cording to the order among j;, and jp41.

Subcase (2.1): jn = jny1 and ip41 € {1,...,n}.

As ip41 is unchanged, jn, = jr+1 can happen only when i is replaced during
the procedure. Suppose that i, is replaced from &’ to m with m > &’ + 1. Then
the procedure yields a successive part (jp,...,jor) = (M,..., k' +1) with b—h =
n —71 —m. We have

m=jn = jht1 = in+1 R in =k
Thus j; 11 can appear only in the successive part, so (D.5) is satisfied with r replaced
by r + 1.

The condition (D.2) is automatic. Suppose that (D.3) is violated, i.e., there
exists (ja,jp) = (K,K) with B> A >h, B—A=n—-1-K. We have K >
Jh+1 = in41 2 in = k’. Therefore jp can occur only in B < b”. If jp appears
outside of the successive part, then jp = ip and we have a contradiction with (D.3)
for the original tableau. If jp appears in the successive part, we have

n—-1-K=B-A<B—-h=n—-7r—-K.

As r > 1, we have a contradiction.

Similarly we can check the assertion j, = jni+1 and i, € {1,...,m}. When
in € {1,...,n}, iny1 € {1,...,7}, the inequality j, = jn+1 cannot happen. Thus
we checked the assertion when j, = jn41.

Subcase (2.2): jn % jht1-

The conditions (D.5 ~ 7) are satisfied by the assumption. Let (jq,j») = (k +
1,k +1) with b—a =n—r —k — 1 be the pair obtained by the last replacement in
the procedure. We suppose that (D.2) is violated, i.e., we have a pair A < B < h
such that jo = K and jp =K and B—A=n—-1—-K. Asi,fora <c<bis

,ir))
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unchanged by the above procedure, the condition (D.2) for T implies that ja can
appearonlyin A <a. Thenn—1-K=B-A=(a—A)+(B-b)+n—r—k—1,
so K+a—A=b— B+r+k>k+ 1. This inequality contradicts with (D.1) as

k+1=jo>ja+(a—A)>k+1

Thus (D.2) is satisfied. In the same way (D.3) is satisfied.

Next we show that o}, (T') also satisfies (D.1 ~ 7). We may suppose r > 2.
The condition (D.1) is clearly satisfied. The condition (D.4) with r replaced by
r — 1 is satisfied by the definition of o7, ...

Suppose that we apply the above procedure to a tableau T = (i1, - , i), (ipt1, -

to get a new tableau 77 = ((j1,- -, jn); (Gua1, -+ ,je)). Let (ia,ip) = (k, k) with
a<h h+1<b b—a=mn—r—k+1 be the first pair replaced in the procedure.
Suppose that (D.2) is violated, i.e., we have a pair A < B < h such that j4 = K
and jp = K and B— A =n—1— K. As i, for a < ¢ < b is unchanged by the
above procedure, we have A < a. If iy = ja, i.e., i4 is not unchanged, we have
a contradiction with (D.2) for T. Therefore i4 > ja + 1. We have n — 1 — K =
B-A=(@—A)+(B-b)+n—r—k+1l,so K+a—A=b—B+r+k—2>k—1.
This inequality contradicts with (D.1) as

k=ig>ia+(a—A) >ja+1+(a—A) >k

So (D.2) is satisfied by T7". In the same way (D.3) is satisfied by T".

In order to check the remaining conditions, we treat the cases separately accord-
ing the ordering among iy, ip41.

Case (a): in % int1-

This inequality is preserved during the procedure. Therefore we have ji, % jni1,
so (D.5 ~ 7) are preserved.

Case (b): ip = ipt1 and ipp1 =k € {1,...,n—1}.

Take the successive part (', k' —1,...,k) = (ip, 4y 41, - .,0p) With i, = k' as in
(D.5). Suppose that an entry in the successive part is replaced during the procedure,
i.e., we replace a pair (is,ip) = (K,K) with A < h, ¥ < B < b with B— A =
n —r — K + 1. The inequality in (D.5) implies

n—-r—K+1<b—-h+k—-K=B-h<B-A.

So this can happen only when two inequalities are equalities, i.e., n—r—k+1 =0b—h
and A = h. And in such case, we really replace the pair by the definition of o}, -
Subcase (b.1): i, is unchanged. /

As we observed above, the successive part remains unchanged. By (D.5) we have
n—r—k<b—h<n—k-—1. Andthecaseb—h=n—r—k-+1 is excluded as we
have just observed. Therefore the left hand side of the inequality can be improved
ton —r — k4 1. This shows that (D.5) with r replaced by r — 1 is satisfied.

Subcase (b.2): iy is changed.

Suppose that i is changed, say from k' to j, = m with m < k¥’ — 1. Then
iy = k' is replaced by k — 1, iy 41 is replaced by k — 2, and so on. This procedure
continues at least until we replace 4, by k — 1. Thus m < k. This is equivalent to
Jn < Jh+1. Thus we have (D.2 ~ 4).

If 4, % ih+1, We get jp % Jn+1 as the procedure preserves this inequality. Thus
If 45, = ip+1, we have a successive part (K, k" +1,...,k) = (ia/,%a/+1,- - -,%q) With
Tht1 = k. Therefore the procedure continues at least until 4,1 is replaced by k' —1,
ie., m < k'. Therefore j, 7 jn41.
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Case (c): ip = ipp1 and i1 € {1,...,7}.

This case can be proved in the same way as in case (b).

Finally it is clear that o¢ - and 0y 5, .., are mutually inverse. All replaced pairs
(k + 1,k + 1) are returned back to (k, k). And we do not have extra replacements
by (D.4). O

When r = 0, My, (Mpno) is independent of h. Therefore we get a crystal
isomorphism between any pair My, (M) and My, (Mg ) as a composite of
various oy pr - and oy i

For a later purpose we explicitly write down the crystal isomorphism

Tehr: Depr = Mipy(Mepr) — Depg1,r = My (Mo pga,r)-

.. . , , ,
This is the composite o p41,r—100,h+1,r—2"" 00 h4+1,000, 1,100 12" Op h All re-

placed pairs (k—1,k — 1) are returned back to (k, k) except for those i1 = k — 1.
Also we may have extra replacements for iy, = k — 1.

Let T = ((i1,---,n)s (fht1, - --,%¢)). We describe 745 -(T') in the following three
cases separately.

(D.a) ipp1 =k € {1,...,n — 1} and there is an entry i, = k with n —r — k <
b—h<n-1-k.

(D.b) ipy1 =k € {1,...,n — 1} and there is an entry i, = k with n —r — k <
h—a<n—-1-k.

(D.c) Neither (D.a) nor (D.b) is not satisfied.

In the case (D.c) we simply have

Tone(T) = ((01, -+ ying1)s (Fng2s - 5 00))-

Next suppose we are in the case (D.a). As was explained in the paragraph just
after (D.7), the inequalities imply b > h + 1 and k < n — 2. Starting from i;, we
go back 451, ip—2, ... while entries are successive. Let ;s be the ending entry, so
(igrryiprg1, - ., 4p) are successive as (K", k" +1,...,k) and iy # k" — 1. Also by
the same reasoning as above, we have k” < n — 2. We then have

TZ,h,T(T) = ((ilv i, kl/+1)7
(ih+27 e )ib”—lv k”""l)F? e )k+1) ib-l—lv e 7i[)).

Similarly in the case (D.b), we take iy so that (iq/,iq741,...,1a) = (K", k" +
1,...,k) and i4v_1 # k" — 1. We have k < n — 2. We then have

Tf,h,’r’(T) = ((ila' o 7750,”717]{”_17" : 7k_]-;ia+17' o )iha

k/,_l)v (ih+25 e ;7;5))-

5.1.3. Now we study B(ww) for 2 < £ < n—2. Let Moo = YooYy, 1Yy y =

471473 . -17[ Then M (M) ~ B(w,) by Proposition 3.4.
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For 0 < j < ¢, we set

Mjo = (zn_e+2j—52n—e+2j—7"'.2n — 3) (.z 1.4 3 1—e+2j)
= HIlen 0—2a+2j-3 < H IZ'@ 2a+2j+1

a=j+1
onyoz 1Yo £+ if j =0,
_ — — —1 e
= YooY z+1Yo In—l— 1Y1 41 Y1,2n—0-3 ifj=1,
— — -1 .
Yz, 2JY0 2n—0+2j— 5Yo on—t+2j—3Y 04V 2n—t+j—4 Otherwise.

Note that Mz}o = Tgn,4(M()’0).
For a tableau T' = ((i1,...,4;), (4j41,---,%¢)) we define mp,; o by replacing the
t_entry by i,.

Claim. We have M; o € M(My,) for 0 < j <.

In fact, by Theorem 5.6 we have mr.j o with T = (3,...,¢ + 1,2) is contained
in My, (Mjo) as Mjo = m.,... g);j0- Then we get fomr,jo = mzv 41,0 With
T =(1,3,4,...,+1). Again by Theorem 5.6 this is contained in My, (M;11,) as
Mji1,0=m,... ¢);j+1,0- By induction we obtain the claim.

We have Wt(Mjﬂ) = Wy —]5 Thus Mly() = Z[l(MO’()). AS Mz}o = T2n74(M070),

B(Moy,0) is preserved under 72,4 and we have (20)™" = T2p_4. Asin type qu,l), it is

enough to study M (Mo o)/Ton—a. We extend the definition of M, o from 0 < j </¢
to all j € Z so that M;i¢0 = Ton—4M; 0. The same applies to other various other
monomials introduced below though we do not mention it hereafter.

If we apply €g to M; o, we get the monomial given by replacing * by
that is

4—2n+x%"

J 14
Mjo) = H 2n—€—2a+2j—3 x H e—2a+2j+1
a=3

a=max(j+1,3)

nz 1“@ —2n+1 if j =0,
X 2n ‘— 3e 2n+3 ifj=1,

2n7€+2j75fé+2j73 if2<j<t

Let Nj 1 denote ** in the right hand side. We have

Yo,e-3Y5 4 if j =0,
Nj1 = YO,éflYo,zn—e—1yfel+1y1,2n473 ifj =1,
Y0,2nfﬁ+2j77Y0T21n_g+2j_3 if2<j<4.

We define M ; by replacing * by * for ¢ > 3 and * by 472n+* in
Mj70, that is

j—2 )
M, = Hzn,—e—2a+2j—7 X H €—2a+2j—3 X N
a=1

a=max(j—1,1)
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We have
-2
wt(Mj1) = e — jo 4+ oo + Z (g + agy1)
a=1
=w—(J—1)6 —au—1 —20p — 20411 — - —20p 2 — Qp_1 — Qp

=wy_s — (j — 1)d.

We recursively define M;; by replacing IZL by * for a > 3 and *

by 472n+* in Mj —1 until all boxes are either * or *. We have k =

0,...,|¢/2] where |¢/2] is the largest integer which does not exceed ¢/2 (the integer

part of £/2). We define N j, in the same way. We have wt(M, i) = wi—or — (j —k)J.
Let us give Mj r, N; 1 explicitly.

(1) k< [5/2]:

k

Ny = H (2n7€74a+2j717£74a+2j+1)

a=1

o —1
= Yo 2n—t-ak+25-3Y 25 p 423>

j—2k {—2k
Mjk = Nj x H 2nféf4k72a+2j73 X H 472(a7j+2k)+1’
a=1 a=j—2k+1

_ ) -1 -1
= Yré_QkﬂJ—QkY0,2n7£74k+2j75YE),anZJr2j73

X }/jilgk,j+g_2k}/ijk,2n7Z+j72k74
(2) jisodd and k= (j —1)/2:

_ —1
Ny i—1y72 = Yo,2n—0-5Y( 0y 42j—3
l—j+1

M (j-1)/2 = Nj(j-1)/2 % 2n7Z73 X H 472a+3
a=2
=Y L. v} Y LY, Yo i1
= 1o+170,2n—0+2j-311,04+111,2n—€=310—j+1,5+1;
(3) jisevenand k> j/2:

k—j/2

Njk = Njjsa X H (474a+3474a72n+5)
a=1

_ -1 -1
= Y0,€f4k+2j+1Yo,e+1Y072n4*3Y0,2n—e+2j—3’

-2k
Mjs=Nix > [] Z72a74k+2j+1
a=1
—1 —1 .
YO,7€+2j+1Yo,e+1Y072n*€*3Y0,2n—e+2j—3 if k=1¢/2,
-1 —1 . o
YO, +1Y072n*£*3Y072n—€+2j—3le*£+2j+1 ifthk=({-1)/2,

1 -1 -1 .
Yy, f4k+2j71Y0,£+1Y012n*£*3Y0,2n7Z+2j73Yé*2k72j*2k otherwise,
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(4) jisodd and k > (j + 1)/2:

Njk = Nj7(j—1)/2 x 2an73Z72n+3

k—(j+1)/2

X H (€—4a+1€—4a—2n+3)
a=1

-1 -1
= YO,€—4k+2j+1Y()’Qn,nggj,ng’g+1Y'1,2n—€—3;

-2k
Mj e = Njp ¥ H e_za—4k+2j+1
a=1
—1 -1 .
Y07—€+2j+1Y0,2n7€+2j73Y1,£+11/172"—5—3 if k= 6/27
_ —1 -1 .
- Y0,2n7€+2j731/17—e+2j+1Y1,€+1Y172"—€—3 ifk=({—-1)/2
—1 -1 -1 .
Yo o—arr2j-1Y0 on—042j—3Y1 041 Y1,2n—0-3Ye—2k,2j 2k otherwise.

All M; , satisfy é;M , = 0 for all ¢ € Iy. The monomials appearing in My, (M, ) =

B, (twe—ar) can be described as in the previous subsection. Indeed for k # £/2 let us

define a monomial mr.; i associated with a tableau T’ = ((¢1,...,%j—2k), ({j—2k+1, ** ,be—2k) €
Dy_ok j—ok,n—t—2 by

(1) k< [j/2):

j—2k -2k
mryk = Njk 1_[1 2n7474k72a+2j73 ] ‘e lp—2(a—j+2k)+1’
a= a=j—2k+1

(2) jisodd and k= (j —1)/2:

—j+1

mrij,j-1)/2 = Njk X 2n—e—3 H —2a+3’
a=2

(3) jiseven and k > j/2:
0—2k

s =N T 2]
Tk 3.k ‘e lp—2a—ak+2j+1°
a=1

(4) jisodd and k > (j + 1)/2:

-2k

= Ny T -
Tij:k Ik ‘e Jo—2a—ak+2j+1
a=1

(For the case (4) the Yljeﬂ_lYLgn,g,g does not change anything because all other
Ylj; satisfy r < £+1.) For k = (/2 we set Do j_¢n—¢—2 = {0} and define my; ;, by
the same formula as in (3),(4) where the last product is understood as 1. If k > j/2,
we set Dy_op j—ok,n—r—2 = Di_a10,0, i.¢., the set of tableaux whose suffixes do not
jump.

As Mj;o € M(Moyyp), it becomes clear by induction on k that all M, are in
M (Mo ), and so by using Theorem 5.6 all my,; 5 are in M(My o) (the argument
is similar to one for the type Ag)).

As wt(Mj,0) = wy — j6, we have z[l(Mj,o) = Mj41,0 by the reason explained in
the beginning of this section. Then from the definition of M; x we have z, ' (M; ;) =
M1 k. Let us consider 7y_ag, j—ok,n—¢—2, Where we understand it as the identity
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map when k > j/2. It maps Mj to M;y1, and respects the Ip-crystal struc-
ture. Since such a map is unique, we have z[l = Ty_ok,j—2kn—t—2: M, (M) —
My (Mjt1,k)-

We can describe Kashiwara operators €;, f~l in terms of tableaux as in type AS).
For i # 0, it is basically explained in the proof of Lemma 5.2. So let us consider
the case &, fo. We get that é(mr.; ;) is equal to

Mg, ig_ok);j,k+1 if ip = 2 and 421 % g’

Moy, g, 2,1)35—2,k—1 if iz ﬁ 2, g2k % 2 and k>0,
Mg, 1ig,3=11);5-1,0 if iy 22,02 £2,ip £ 2 and k=0,
0 otherwise,

and that fo(mT;M) is equal to

M 201 0 igan)iik—1 AL 61 £ 2, de—ok—1 £ 2 and k >0,
My ipap_n)ijt2.k41  if de—2k—1 = 2 and iz £ 2,
M5 iris iy sieno AT A2 ey 2,00 = T and k =0,

0 otherwise,

where we denote 1 = 1 and 2 = 2, and we extend the definition of mr,;; from
0<j<{l—-1toall jeZsothat mp,jye = Ton—amr;;. We understood that the
condition ‘i = 2’ is not satisfied when k£ = [¢/2] (and hence there is no entry
i2). Similarly ‘i A 2’ is satisfied when k = |¢/2]. The same rules apply to other
conditions. And we will use the same conventions for other classical types.

As we have checked the stability for operators €, fo, all the monomials appearing
in M(Mo,o) are the To,_4-images of the mq,; k.

In particular, we can describe the Ip-crystal structure of B(W (wy)) as

B(W (wo¢)) =~ M(Moo)/20 = My (Moo) UMy, (Mo,1) U=+ LI My, (Mo, |¢/2))

B, (w1) if £ is odd,

~ B L B _ Ll---
1o (@e) 1o (we—2) {BIO (0) if £ is even.

In fact, this last result is well-known.

As an application of the description of what we just obtained, we construct an
explicit bijection between two sets of monomials, one is M (M o)/ z¢, the other is
those appearing in the g—characters of W (wy) counted with multiplicities. Recall
the conditions (1),(2) in Theorem 5.1. In [32] we proved that the g—character of
W (wo,) is given by the sum of monomials corresponding to T = (i1, . . ., i¢) satisfying
(1) alone. We then defined I(T) as the number of pairs as in (2). Now we define
the bijection

{T = (i1,...,i0) | T satisfies (1),(T) = d}
— {T/ = (il, ‘e ,ig_gd) | T/ satisfies (1),(2)}

by letting 7" be the tableaux obtained by removing all the pairs violating (2) in 7T
This bijection cannot be expressed in terms of monomials in a simple way unlike
type A case.
As another application, we get a description of the crystal B(W (zwy)) in terms
of tableaux. Namely we identify it with {mpor | 0 < &k < [£/2]}. Then we
express €oMmr;o,k, meT;ng as myv0,k, M0k by the above formula composed
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with the crystal automorphism 7, , for suitable h, r. This description is similar
to one in [24, 37|, probably the same if we use the isomorphism between our Dy
and Kashiwara-Nakashima’s tableaux [23] in [15]. Note that the uniqueness of the
crystal base of W (w,) was proved in [24].

5.1.4. Spin representations. Finally we consider the case £ = n—1 or n. Following
[32, 15] we define the half size numbered box as

Yip—1 ifi=1,

—1 1 g -
Yip1Y2.0Y0 pi ifi=2,
j _ —1 . .

p = Y7;711’p+i71Yi,p+i—2 if3<i<n-—-2
Yn72,p+n72 ifi=n-—1,
Yn,ernfl ifi = n,

Yo pton—1 ifi=1,
1 if2<i<n-—2,
Yy T -1 -1 e s
v Ynfl,p+n+1yn,p+n+1 ifi=n- ]-a
Yn—l,p-{—n—l if i =n.

Let M = Ye,OYOTr%—Q = HZ:ll n+172a x 17n (¢ =mn) or HZ:ll n+172a x 17n
({=n—1). We have M(M) ~ B(wy) by Corollary 3.3.
Let B (resp. BS,) be the set of tableaux T' = (i1, . .. ,4,) satisfying
(1) ig € B, i1 <ig <+ < ip,
(2) i and 7 do not appear simultaneously,
(3) if ig =m, n — a is even (resp. odd),
(4) ifi, =7, n — ais odd (resp. even).

We define mp by

n

e = TTH, o

T & n+1—2a
a=1

Then B, (M) is {mr | T € BL}, where +is — if  =n — 1 and + if £ = n. Let
T=(3,4,5...,n—1,n,2,1)for{ =nor T = (3,4,5,...,n—1,7,2,1) for { =n—1.
Then mr = YQZ}HYMYOW Applying fo to mr, we get YKAYOT;—H = 14(M). As this
has weight wt(M)—§, it follows that 74(M) = 2, ' (M) as before. As a consequence,
we have zp = 7_4 and B(W (wy)) ~ M(M)/74.

We describe the action of €, fo. We have

~ 714(m(z'3 e E.T)) if ip =2,
E0(mr) — s sin 2,
o(m1) {O otherwise,

: ) mma s i) a1 =2,
fo(ma) {0 otherwise.

So the above are all the monomials in M(M)/74. So we recover a well-known result
B(W (w¢)) ~ Br, (we). The map Yy, — 1 gives a bijection between {mr | T € B}
and the monomials appearing in g—characters of W (w;), where all the multiplicities
are 1 in these cases.
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5.2. Type B,(ll). We can describe monomial crystals of other classical types by a
similar method. We just state the result without proofs.
Let B={1,...,n,0,m,...,1}. We give the ordering < on the set B by

1<2<--<n<0<n<---=<2=<1.
For p € Z, we define
_ —1 _ —1 —1

p — YO,p+21/17P’ p - YO,p+2Y1,p+21/27P+17

—1 .
p = Y;:—l,pHYi,erifl B<i<n-—1),
_ Y—l Y2
- “n—1,p4n"n,p+n—1

—1
p = Yn,,p+n,+1Y"7P+n—1a

_ —2
p — n—Lptndn pintls

—1 .
= 7;*1;P+2n*i}/i7p+2n+l—i (3 <i<n-— 1)7

SR aEE
bS] bS]

_ —1 — _ —1
= Yopton—2Yipron-2Yapron-1s |1}, = Yoprza—2Y1 pion-

5.2.1. First consider the case ¢ = 1. Let M = YLOYOT;. It follows from Corol-
lary 3.3 that M (M) ~ B(w). The crystal graph of M(M) is given in Figure 3.
We find 79,,_2 = z[l and M(M)/Tap—2 = My, (M).

0[2n—2]

0;> o_2> """"""" n;l'oi' IZloi> (;:' """"""" _2'0_1> 0

H

FIGURE 3. (Type qu,l)) the crystal B(w)

5.2.2. Preliminary results for crystals of finite type B. Let 1 </ <n—1,0<r <
n—f and 0 < h < /¢. Consider the monomial

1
Moy =Ynoe-nY), o p_o0,Ye,~2r

(6—16—3 o 'e—2h+1) x (Z72h72r71€72h72r73 o '1—6—2r)
h 14

HZ72p+1 X H €+172p72r.

p=1 p=h+1

For T'= ((i1,- - ,%n), (dn+1,- -+ ,i¢)) such that i, € B, we define the monomial

mr =[] :
EC I VNI V2 T IS VAV VG WV VIV S ) S 3

Let By p,r be the set of tableaux T satisfying the following conditions

(B.1) i, € B, i1 < iy < -+ < 4p but 0 can be repeated, and ip41 < tpta < -+ < iy
but 0 can be repeated. B

(B.2) There is no pair a, b such that 1 < a < b < h and i, = k, 4, = k and
b—a=n-—k.
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(B.3) There is no pair a, b such that h+1 < a < b <l and i, =k, i = k and
b—a=n—k.

(B.4) There is no pair a, b such that a < h , h+1<b, i, = k, iy = k and
b—a=n+1—max(r,1) — k.

(B.5) Suppose that ip41 = k € {1,...,n} and @5, = ip+1. Then iy, = k' is
also in {1,...,n}, and the successive part (F, kK —1,... ,E) appears as
(G sl 41y - - ytp) Withn —r—k+1<b—h<n-—k.

(B.6) Suppose that ip,1 = k € {1,...,m} and iy, = ip41. Then iy = % is
also in {1,...,m}, and the successive part (k’,k’ + 1,...,k) appears as
(la/yla+1s- - la) Withn—r—k+1<h—-a<n-—k.

(B.7) If ip11 = 0, then i, < 0.

Note that the conditions above are the same as the ones in [15] when r = 0.
For T = ((i1,---,%), (iht1,---,10)) € Ben,r we define the tableau 7 ,(T) in
the following three cases separately.

(B.a) iny1 = k € {1,...,n} and there is an entry i, = k with n —r —k+1 <

b—h<n—k
(B.b) ip41 =k € {1,...,n} and there is an entry i, = k withn—r —k+1 <
h—a<n—k.

(B.c) Neither (B.a) nor (B.b) is not satisfied.

In the case (B.a), let b such that (3, iy 11, . . ., 4p) are successive as (k”, k" +1,. ..
and ipv 1 # k' — 1. We have k" <n — 1. We set

TZJL;T(T) = ((ilv o '77:]1’ kll+1)7

(ih+27"' ;ib”flykll""lawv"' ak+]—;ib+17"' 7”))'

Similarly in the case (B.b), we take i4 so that (ig/,1q741,---,%4) = (K", k" +
1,...,k) and iqv_1 # k" — 1. We have k < n — 1. We then set

Tf,h,r(T) = ((ila' © 7750,”717]{//_17" : 7k_1;ia+17' o 5iha

k”_]—)7 (ih+2a e ;if))~

In the case (B.c) we set

T, (T) = ((1, 5 int1)s (B2, 5 00))-

Theorem 5.7. (1) The map T — mr induces a crystal isomorphism between By p, »
and My, (Me,n,r)-
(2) 7oy induces a crystal isomorphism M, (Mg, r) to My (Mg pt1,r).

5.2.3. Now we study B(wy) for 2 < £ < n —1. Let My = }Q,OYofel_lYofel_H =

(1], L2, 4[], For 0 # n—1wehave fofs - frMoo = Yy 1 Vie-1Ys Vi1
and for £ = n — 1 we have fgfg e feMo,o = Yojgrl}ﬁ?g_leijyl. By a method
similar to the proof of Proposition 3.4 we have M (My,) ~ B(wy).

For 0 < j <, 0<k<{/2, let us define the monomial mr,; ; associated with
T = (i1, ij-28), (lj—2p41, - »i0—2k)) € Bo—opj—2k,n—t—1 Dy

Bl



LEVEL 0 MONOMIAL CRYSTALS 27

(1) k< |j/2):
j—2k
-1 ,
Mk =Y0.2n—t-ak+2j-1Y0 2 p 4251 H 2nféf4k72a+2j71

a=1
{—2k

X H e_z(a—j+2k)+1’

a=j—2k+1
(2) jisodd and k= (j — 1)/2:

—j+1

— -1 . .
mr;j,(i—1)/2 _%72"_5_3%,2nfﬁ+2j712n7471 H Z72a+3’

a=2
(3) jiseven and k > j/2:

0—2k
_ . -1 -1 )
mrijk = Y07474k+2j+1yo,e+1Y0,2n7£71Y0,2n—e+2j—1 H g_2a_4k+2j+1’
a=1

(4) jisodd and k > (j + 1)/2:
-2k
1 1 )
MmT;jk = Y076—4k+2j+1Y0,2n7€+2j71Y'1,Z+1Y172"_€_1 H 472a74k+2j+1'
a=1

For ¢ = k/2 we set By j_¢n—¢—1 = {0} and define myg,; s by the same formula as
in (3),(4) where the last product is understood as 1. We extend the definition of
mpk for all j € Z so that mp,j1er = Ton—omaj k.

We describe the action of &g, fo. We get that ég(mq,; k) is equal to

Mg, ig_ok);j,k+1 if i3 = 2 and 421 % g’

(i oo yig—2n,2,1)55—2,k—1 if is ﬁ 2, le—2k % 2 and k > 0,
Mg, 1ig,3=11);5-1,0 if iy 22,0y £2,i¢ £ 2 and k=0,
0 otherwise,

and that fo(mT;j,k) is equal to

M(1,2,i, yig—ap)ij k—1 if 71 ﬁ 2, tp—_2k—1 % 2 and k > 0,
My(iy, o i ap_n)ij+2,k+1 if ip_op_1 =2 and iy 73 2,
Y377 iy oee yig1)i+1,0 if 44 ﬁ 2, d4p_1 ?f 2,i¢>=2and k=0,
0 otherwise.

So all monomials of M(Mg ) are connected to either M;; (0 < j < ¢, 0<k <
|£/2]) or their 79,,_o images in the Ip-crystal, thus

M(Mo,0)/Ton—2 = |_| Mo (M k).
0<j<£,0<k<[£/2]
Moreover for 0 < j <£¢—1,0 <k < |£/2] we have
(ZZ)_l(mT;Lk) =My ok jokm—t—1(T);j+1,k-

We have 72,—2 = (2¢)7%, and all monomials in M(Mp)/T2n—2 are written as
mr,jk- The crystal automorphism z, is given by 7'[_1% = 2hem—t—1
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So we get

B, (w1) if £ is odd,

B(W (wy)) ~ B, (we) U By, (we—2) U -~ L {Bzo (0)  if £is even.

Our crystal structure described here is probably the same as one in [24] if we
use the isomorphism between our By and Kashiwara-Nakashima’s tableaux [23]
in [15]. Note that the uniqueness of the crystal base of W (w,) was proved in [24].

5.2.4. Finally we consider the case { = n. Let M = YTL,OYOTnlfl' It follows from
Corollary 3.3 that M (M) ~ B(wy).
Let
Yip—1 ifi=1,
Y1T1+11/27PYE)T[)1+1 ifi =2,
p = Yizll,erifIYiﬁD-H—Q f3<i<n-1,

1 e
n—1,p+n—1 if i = n,
Yopin if i =0,
Yopront1 ifi=1,
[, =41 if2<i<n-—1,
_9 e
Y, pinie ifi=n

. . . 1 .
Then the monomials appearing in My, (M) are mr = [[/7, too associated
- n —za

with a tableau T' = (i1,...,4,+1) satisfying the conditions

(1) iaEB_, 11 <ig < < UIpyi,
(2) ¢ and ¢ do not appear simultaneously.

We have zy; = 7_4. We describe the action of €&, fo : we have

~ 774(7"(%‘3 e ing §T)) if ip =2,
e m — E) 1in 1<y
o(m1) {0 otherwise,

: ) mma s e y) e =2,
Jolmz) {0 otherwise.

So all monomials in M(M)/74 are written as mp. As an application, we recover a
known result B(W (wy)) = By, (we).

By the condition (2) there is always an entry i, = 0. If we remove this entry, we
get the tableaux description in [23].

5.3. Type CV. Let B = {1,...,n,m,...,1}. We give the ordering < on the set
B by

1<2<--<n<m=<---=<2=<T1.
For p € Z, we define

p = Y;:i,p-l—i}/;prri*l (1<

p = i*LPJrQn*iY;;ii-Qn-i—l—i (1<i<n).

IN
2
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5.3.1. First consider the case { = 1. Let M = YofllYLo. It follows from Corol-

lary 3.3 that M(M) ~ B(wg). The crystal graph of M(M) is given in Figure 4.
We find 7o, = 2, " and M(M) /7, = M, (M).

1 2 n—1 n n—1 2 1

o_> 0_> """""""""" _'0_> 0_> """""""""" _'0_'0

0[2n]

FIGURE 4. (Type Cf(ll)) the crystal B(w)

5.3.2. Preliminary results for crystals of finite type C'. Let 1 <€ <n,0<r <n—/{
and 0 < h < /. Consider the monomial

-1
Mé,h,r = Yh,é—th7g_h_2TY€,—2r

(6—16—3 o 'e—2h+1) x (z72h72r71g,2h,2r,3 o '1—e—2r)
h 1
1, < 11 [2] ~
0—2p+1 0+1—2p—27
p=1 p=h+1

For T' = ((i1,- -+ ,in), (in+1,- - , i¢)) such that i, € B, we define the monomial

mr =[] :
EC I V2N YIS V2 T IS VYIS VG WV S VIV S ) S 3

Let Cy 1 be the set of tableaux T satisfying the following conditions

(Cl) o € B, i1 <13 < < ip, andih+1 %ih+2-<"'<ig. _
(C.2) There is no pair a, b such that 1 < a < b < h and i, = k, i, = k and

b—a=n-—k.
(C.3) There is no pair a, b such that h +1 < a <b <l and i, =k, i =% and
b—a=n-—k.

(C.4) There is no pair a, b such that a < h , h+1 < b, i, = k, i, = k and
b—a=n+1—max(r,1)— k.
(C.5) Suppose that i1 = k € {1,...,n} and i > ipy1. Then ip = k' is
also in {1,...,n}, and the successive part (P, K —1,... ,E) appears as
(G s i1y - 50p) Withn —r —k+1<b—h<n-—k.
(C.6) Suppose that iy, 1 = k € {1,...,m} and iy, = ipy1. Then iy = k' is
also in {1,...,m}, and the successive part (k’,k’ + 1,...,k) appears as
(la/y a1y la) Withn—r—k+1<h—-a<n-—k.
Note that the conditions above are the same as the ones in [15] when r = 0.
Note also that we only have r = 0 when ¢ = n.
For T = ((i1,-.-,%n), (iht1,---,%2)) € Cpp,r we define the tableau 7 ,(T) in
the following three cases separately.

(C.a) ipt1 =k € {1,...,n} and there is an entry 4, = kEwithn—r—k+1<

b—h<n—k.
(C.b) ipy1 = k € {1,...,7} and there is an entry i, = k withn—r —k+1 <
h—a<n-—k.

(C.c) Neither (C.a) nor (C.b) is not satisfied.
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In the case (C.a), let b” such that (i, 4y 41, . . ., ip) are successive as (K", k" +1,..., k)
and ipv_1 # k" — 1. We have &’ < n — 1. We set

TZ,h,T(T) = ((ilv i, k/1+1)7
(ih+27 T ;ib”flv k”""lapv T ak+]—; Z‘bJrlv T 7”))'

Similarly in the case (C.b), we take i, so that (igv,iqra1,...,0q) = (K", k" +
1,...,k) and iqv_1 # k" — 1. We have k < n — 1. We then set

Toenr(T) = ((G1, - ,lar—1, E'—1,--- k—1,iq41, - ,in,
E7=1), (in+2,- - yic))-
In the case (C.c) we set
70 (T) = ((1, -+ S int1)s (Bnt2, - 5 d0))-

Theorem 5.8. (1) The map T — my induces a crystal isomorphism between Cp p, r
and M, (M)
(2) 7oy induces a crystal isomorphism M, (Mg p,r) to My (Mg pt1,r)-

5.3.3. Now we study B(ew;) for 1 < £ < n. Let Mo = Y0¥y ! =[1], [2], 4[],
It follows from Corollary 3.3 that M (M) ~ B(wq).

For 0 < j < /, let us define the monomial mr.; associated with T' = ((¢1, . .., %¢—;), (fe—jt1, - - -
Co—jn—e by
—j ¢
mryj = H72j+€+172a X H 3£+172n72j72a'
a=1 a=0—j+1

We extend the definition of mr.; for all j € Z so that mr,j4¢ = Topmr;.
We describe the action of €y, fo by computation on monomials. We get that
€o(mr;;) is equal to

My iy D41 Af i1 =1 and i #1,
0 otherwise,

and that fo(mr.) is equal to

m(171'17... die—1);i—1 if il 7é 1 and ig = T,
0 otherwise.

We have 13, = 2z, ¢ and all monomials in M(My)/Ton are written as mp,;. The
case { = n is exceptional. We have 7 = 2,1, so M(My)/ma =~ B(W(wy,)). The
P.-crystal automorphism z; is given by 7'[7@_ jm1m—t -

As an application, we have

B(W(wr)) = Br, (w¢)-

A conjectural description of the crystal of B(W (w/)) was proposed in [36]. As

their description is given by relating the crystal to an A;L) y1-crystal, it is not clear,
at least to authors, whether their conjecture is true or not.

,ir)) €
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5.4. Type A;i) (n>1). Let B=1{1,...,n,m,...,1}. We give the ordering < on
the set B by

1<2<--<n<m=<---=<2=<1.

For p € Z, we define
_ -2 -1 _ 2 -1
p - YlvPYO,p-‘,-l’ p - YE),p+2n71Y1,p+2n’
1 _ v -1 .
p = Y;varlfly;l—l,p-H (2 <i<n),

p = i*LPJrQn*iY;Zn{i-Qn—H-l (2<i<n).

5.4.1. First consider the case { = 1. Let M = YLOYOHQ. It follows from Corol-
lary 3.3 that M(M) ~ B(w). Let M’ = &(M) = Y5, 1Yy '. The crystal
graph of M(M) is given in Figure 5. We find 7o, = z[l and M(M) /1o, =
Mlo (M) U Mlo (MI)

FIGURE 5. (Type Agi)) the crystal B(w)

5.4.2. Now we study B(wg) for 1 < £ <n. Let My = Y&OYOTé? = 6—1—3 . -1_5.
It follows from Corollary 3.3 that M (M o) ~ B(wy).
For 0 < j < ¥, 0 <k </ let us define the monomial mr.; associated with
T = (i1, yto—j—r)s (lj—2k41, " »i0—k)) € Co—pyt—j—kn—e DY
1) 0<k<l—j—1:
l—j—k

= 05T 1]
mr;jk (Yo,e—ijO,fﬂr%) ‘e ] 9jipt1-2a—2k
a=1

—k
< ]I
‘e |34 1-2n—2j—2a—2k’

a=l—j—k+1
@2) —j<k<l-1:
-k
Mk = (5/()}1,%Yo,—e%T¢£2nYo,—2n,+3e—2j—2k) H 3Z+172n72j72a72k'
a=1

For k = { we set Cp,—j n—¢ = {0} and define my,; ;, by the same formula as in (1),(2)
where the last product is understood as 1. We extend the definition of mq; ) for
all 7 € Z so that mr,j1ex = TonmT;j k-
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We describe the action of €, fo. We get that éq(mr,;x) is equal to

Mig, - yig_g)sd,k+1

My, ip— i, 1)i5+1,k—1
0

and that fo(mT;Lk) is equal to

M3y, g p—1)55—1,k+1
M(1,i1, Jig—p)id,k—1
0

if iy =1 and ip_p # 1,
if 41 7& 1, ig,k#Tandk>0,

otherwise,

if iy #1 and ip_p = 1,
if 44 75 1, 70k #Tand k>0,
otherwise.

We have 7a,, = (2¢) ¢ and all the monomials in M (M o)/72, are written as mr.; k.
The case ¢ = n is exceptional. We have 75 = 2,1, so M(Mjy) /12 ~ B(W (w,,)). For
{ # n, the crystal automorphism z; is given by Téilk,éfjfkfl,nfé' As an application,
we have

B(W(Wg)) ~ BIO (Wg) L BIO (Wg_l) L---u BIO (wl) L BIO(O).

A conjectural description of the crystal of B(W (w/)) was proposed in [36]. As

their description is given by relating the crystal to an A&) 1-crystal, it is not clear,
at least to authors, whether their conjecture is true or not.

5.5. Type Aéiﬁ (n>1). Let B={1,...,n,0,7m,...,1}. We give the ordering <
on the set B by

1<2<---<n=<0<n~<--<2<1.
For p € Z, we define

p =Y, 21y Yiprio

p = Yn7—117p+nYnQ,p+nfl’
Ep = Yni,z}+n+1ynﬁp+n71’
p = nflvp+nyn_,§+n+1’

= v -1

(1<i<n-—1),

(1<i<n-—1).

5.5.1. First consider the case { = 1. Let M = YojllYLo. It follows from Corol-
lary 3.3 that M(M) ~ B(wg). The crystal graph of M(M) is given in Figure 6.
We find 72, = 2, and M (M) /7o, = My, (M).

R g P g P g e -0,

0[2n]

[

FIGURE 6. (Type Aéiﬁ) the crystal B(c1)
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5.5.2. Now we study B(wy) for 1 < ¢ <n—1. Let My = YZ,OYO}l = #1473 . -14.
It follows from Corollary 3.3 that M (M) ~ B(wg).

For 0 < j </, let us define the monomial mr.; associated with T' = ((¢1, ..., %¢—;), (fe—js1, - - -
Beg—jn—t by
l—j ¢
(e <11 [ .
msj H —2j+e+1—2a 3e+1—2n—2j—2a
a=1 a=0—7+1

We extend the definition of my.; for all j € Z so that my,j4¢ = Tpmr,;. We
describe the action of &y, fo by computation on monomials. We get that é(mr,;)
is equal to

m(i%”'vil{vT);j*f’l if 7;1 =1 and Z'e 7& T’
0 otherwise,

and that fo(mr.;) is equal to

M (1,1, ig—1)35—1 if iy # 1 and 4o =1,
0 otherwise.

We have 7y, = ze_e and all monomials in M(My)/72, are written as mq,;. The
Fe-crystal automorphism z¢ is given by 7, 417 =1t As an application, we have

B(W(wr)) = Br, (w¢)-

A conjectural description of the crystal of B(W (wy)) was proposed in [36]. As

their description is given by relating the crystal to an A;L) 4 1-crystal, it is not clear,
at least to authors, whether their conjecture is true or not.

. . -1

5.5.3. Finally we consider the case { =n. Let M = Yr?,oyo,e = n—ln—3 X -1_n.
It follows from Corollary 3.3 that M(M) ~ B(w,). Let us define the monomial

mr = HZ':l n+172a associated with T' = (iy,- - ,i,) satisfying (1) i, € B and

i1 < iz < .-+ < i, but 0 can be repeated, and (2) there is no pair a, b such that

ia =k, iy = k and b —a = n — k. The above exhausts all monomials in My, (M)

(see [15, Proposition 2.10]). We describe the action of &y, fp on these monomials :

we have

~ ( ) T_Q(m(iz R T)) if il =1 and in 7é T,
eolmr) = o
oA 0 otherwise,

f if i, =T and iy # 1,
Folmr) = 7'2(m(1, 1, n_l)) 11 2 . and iy #
0 otherwise.

So the above exhausts all the monomials in M(M)/m. We have » = z, !, so

Zn"
M(M) /712 ~ B(W(w,)). As an application, we have B(W (w,,)) ~ By, (w,). Note
that c,, is identified with the twice of the n*® fundamental weight of gy, .

5.6. Type Agi?_l (n>3). Let B={1,...,n,7m,...,1}. We give the ordering <
on the set B by
1<2<---<n<n<---<2<1.

77;4)) €
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For p € Z, we define
I!Ip = d;i+2xﬁwp’ IEIP = YB];+2}3]i+233,p+17
p = Yi:ll,p{»i}/;,p-i—i—l (3 <i<n),
p = Yitpron—Yiphon 1 (3<i<n),
p = Y07p+2n—2Y17p+2n—2Yszl+2n—1a p = %,p+2n—2Y1Tp1+2n.
5.6.1. First consider the case £ = 1. Let M = Y170Y0T21~ It follows from Corol-

lary 3.3 that M(M) ~ B(wi). The crystal graph of M (M) is given in Figure 7.
We find 79,0 = 2, " and M(M) /722 = M, (M).

0[2n—2]
1 2 n—1 n n—1 2

IIII()__')IQII()_'> """""""""" __')IHI()'_"'I%IO__> """""""""" __*Iil5:*lilo

FIGURE 7. (Type Agi)_l) the crystal B(w)

5.6.2. Now we study B(ww) for 2 < £ < n—1. Let Moo = YooYy, 1Yy y =

4,14,3 o '1,[ As fofs - fo(Moy) = YOfIJ,lYo,eqY[leéH,h we see as in
Proposition 3.4 that M (My,0) =~ B(wy).
For 0 <j < ¢, 0<k<¥/2, let us define the monomial mr,; 5 associated with
T = (i1, ij—2k), (lj—2ks1, - s ie—2k)) € Cook j—2kn—t—1 by
(1) k< [j/2]:

j—2k
— . -1 ;
Mk =Y02n——ak+2j-1Y0 24251 H 2n—£—4k72a+2j71
a=1
02k
< IT L]
e—z(a—j+2k)+1’
a=j—2k+1
(2) jisodd and k= (j — 1)/2:
0—j+1
_ -1 ] )
mr;j,(i—1)/2 _%72"_5_3}/2),2nfﬁ+2j712n7471 H Z72a+3’
a=2
(3) jisevenand k> j/2:
-2k
_ , -1 -1 )
mr;ik = YO,€74k+2j+1Y07e+1YO,2n7Z71Y072n_e+2j_1 H 472a74k+2j+1’
a=1

(4) jisodd and k> (j +1)/2:
-2k

_ . -1 -1 )
mrijk = Y07€*47€+2]+1Y0,2n—€+2j—1Y1,€+1Y172n*£*1 H 5_2(1_4k+2j+1~

a=1
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For k = (/2 we set Cyj_gn—r—1 = {0} and define my,;, by the same formula as
in (3),(4) where the last product is understood as 1. We extend the definition of
mr,;.x for all j € Z so that mr.j1er = Ton—2mr;j k-

We describe the action of &g, fo. We get that ég(mq,; &) is equal to

Mig, - yig_ok)id,k+1 if iy = 2 and g2k % g’

T4y yig—2n,2,0)55—2,k—1 if 7 73 2, g2 % 2 and k > 0,
m(i27“‘7i[7ﬁ);j—170 if il = 2, 7;2 ﬁ 2, ie 7% 2 and k = 0,
0 otherwise,

and that fo(mT;j,k) is equal to

TY(1,2,01,+ g2k )i, k—1 if iy A2, ig—ok—1 # 2 and k > 0,
Miy, o ipap_a)ijt2kt1 i Ge—op—1 =2 and g £ 2,
m(3*i7;i17”' yie—1);5+1,0 if 4y ﬁ 2, 401 7% 2,i=2and k=0,

0 otherwise.

We have 79, 2 = (2z,)~%, and all monomials in M(Mo)/Ton—2 are written as
mr,jk- The crystal automorphism z, is given by 7'[_1% J—2km—t—1- As an applica-
tion, we have

B[O(’wl) if £ is Odd7

B(W (w¢)) ~ Br,(w¢) U By (we—2) U+ - - U {Blo (0)  if £is even.

A crystal base on W (w,) was constructed in [12]. A key fact used there is that
W (w,) remains irreducible when it is restricted to U, (g) for the finite dimensional
Lie algebra g obtained by removing the vertex n. They showed that the crystal base
for the restriction is preserved also by é,,, f,. By the uniqueness of the crystal base
for an irreducible U, (g)-module we conclude that their crystal base is isomorphic
to the B(W (w¢)). However their description of the Kashiwara operators was given
in terms of g, it is not obvious to compare our description to theirs.

5.6.3. Finally we consider the case { = n. Let My = Yn,0Y0T3,1 = szl IZLLH?QG.
It follows from Corollary 3.3 that M (M) ~ B(wg).

For 0 < k < [n/2], let us define the monomial mp,, associated with T =
(i1, in—2k) € Cn—2k,0,0 by

n—2k

_y-! :
mrik = Yo 1Yo nt1-ak X H n,+1—4k—2a’
a=1

where the case n = 2k is understgod as before.
We describe the action of &y, fo. We get that ég(mr,x) is equal to

Mg, i ok )ikt if iy =2 and ip—2r—1 % 2,
T*4(m(i1,m,in,gk,ii);k—l) if i9 ﬁ 2, tn_ok % 2 and k > 0,
T_Q(m(i%m’imﬁ);o) if il j 2, ig ﬁ 2, in ?f g and k = 0,

0 otherwise,



36 DAVID HERNANDEZ AND HIRAKU NAKAJIMA
and that fo(mr.) is equal to

M(1,2,41, ip—_ok);k—1 if %1 ﬁ 2, tp—2k—1 % 2 and k > 0,
’7'4(m(1'17...71'n72k72);k+1) if infgkfl =2 and i2 ﬁ 2,
TQ(m(B—E,ihm ,ig,l);O) if il ﬁ 2, in—l % 5, in b g and k = 0,

0 otherwise.

We find that zy = 7_5 and the monomials appearing in M(Mj)/72 are written
as mr.;. As an application, we have

B[O(’wl) if £ is Odd7

B(W (w)) ~ Bi, (we) U By (we—2) U+ -+ {BIO (0)  if £ is even.

5.7. Type D,(izl (n>2). Les B=1{1,...,n,0,m,...,1}. We give the ordering <
on the set B by

1<2<---<n=<0<n~<--<2<1.

For p € Z, we define

p = Yl,pYOTpQJrh

p = Yi,erile;%,eri (2<i<n-1),

p =Yt pinYopin-ts

Ep = YnxPJrn*lYni,z}JrnH’

p = nflvp+nyn_,§+n+1’

p = i*Ler?n*iY;;ﬂ-Qn—H-l (2<i<n-1),

— 1 _ 2 -1
p - YE),p+2n—1Y1,p+2n'

5.7.1. First consider the case ¢ = 1. Let M = YLOYO]Q. It follows from Corol-
lary 3.3 that M(M) ~ B(w,). Let M' = é&(M) = Yp_1Y; . The crystal
graph of M(M) is given in Figure 8. We find 7o, = z[l and M(M) /1o, =
MIO (M) U MIO (M/)

n—1 n—1 2 1

1 2 n n 1
Y A G-
0 0 P P P P P

FIGURE 8. (Type D,(izl) the crystal B(w1)
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5.7.2. Now we study B(wy) for 1 < ¢ <n—1. Let My = 3/470Y0j62 = 471#3 .

It follows from Corollary 3.3 that M (Mo,o) ~ B(w).
For 0 < j < ¢, 0 <k </, let us define the monomial my,; associated with
T = (i1, yio—ji)s (lo—jmba1, - 15e—k)) € Bo—pp—j—kn—t by
(1) 0<k<l—j—1:

L—j—k
MmTijk = (Y0T€1—2jY014*2j*2’“) H 72j+£+172a72k
a=1
Lk
x H 3e+1—2n—2j—2a—2k’

a=l—j—k+1
(2)l—j<k<l-1:

l—k
= oy Yo eV '
mrijk = (Yo -0 Y0,~Y0 10, Y0,~204+30-2j-21) H H3Z+172n72j72a72k'
a=1

For k = £ we set By, n—¢ = {0} and define my,; ;, by the same formula as in (1),(2)
where the last product is understood as 1. We extend the definition of mq; ) for
all 7 € Z so that mr,j1ex = TonmT;j k-

We describe the action of &g, fo. We get that ég(mq,; 1) is equal to

Mg e ip )i+ if iy = 1 and ig—y # 1,
My g g, 1)55+1,k—1 if 41 79 1, 70k 79 1 and k£ > 0,
0 otherwise,

and that fo(mT;j,k) is equal to

m(ily...’iz_k_l);jfl’kJrl if il 75 1 and ig_k = T,
M1y, yig—p )i k—1 if 71 7& 1, 20—k 7& 1 and k > 0,
0 otherwise.

We have 75, = (2;)~* and all monomials in M(Mo o)/ Ton are written as mp,; .
The crystal automorphism z, is given by Te__lk, b jmk—1,n—t" As an application, we
have
B(W (we)) ~ Br, (we) U B, (wwe—1) U -+ - U By, (w1) U By, (0).
A conjectural description of the crystal of B(W (w;)) was proposed in [36]. As
their description is given by relating the crystal to an Aéi) yp-crystal, it is not clear,
at least to authors, whether their conjecture is true or not.

5.7.3. Finally we consider the case / = n. Let M = YmoYo}f It follows from
Corollary 3.3 that M (M) ~ B(w,).

Let
1 . .
Y pric1Yipti-2 1 <i<n-—1,
. _ —1 e
p = Ynfl,ern*l if i =n,
Yn,p—i—n if i = 0,
YO,er?n if ¢ = 1,
i, =11 if2<i<n-—1,
Y 2 if i = n.

n,p+n-+2

'174'
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Then the monomials appearing in My, (M) are mp = [['2] n+2_2a associated
with a tableau T' = (i1,...,4,+1) satisfying the conditions

(1) iGGB, 11 -<i2-<"'-<in+1,

(2) ¢ and ¢ do not appear simultaneously.

We describe the action of ég, fo on these monomials. We have

~ 7'—2(771(1'2 ] _H_T)) if iy =1,
enlm — 3 tn ’
o(mr) {0 otherwise,

= ) mmay i) i e =1,
folmz) {0 otherwise.

We have 75 = (2,)~! and the above monomials are those appearing in M(M) /7.
As an application, we have B(W (w,,)) ~ Bz, (wy).

6. FINITE DIMENSIONAL CRYSTALS — EXCEPTIONAL TYPES
)

)

In this section we treat all exceptional cases (except some nodes of type E§1
Eél), and for one node of type EéQ) where we do not get the decomposition in
Ip-crystals at this moment). We enumerate the nodes of the Dynkin diagram as

explained in section 3.2.

6.1. Type ESV. Recall Vi, () denotes the irreducible U, (gs,)-module with the
highest weight A. To save the space, we write 4, instead of Y; , in some places.

6.1.1. Let ¢ be a nonzero vertex with ap = 1, i.e., £ = 1 or 5 for Eél) and £ = 6
for Eél). In these cases it is known that the corresponding level 0 fundamental
representation W (wy) is restricted to the irreducible Uy (gz, )-module Vi, (w¢). Let
us consider M(M) for M = Y&()Yo,_elg where 6, is the distance of 0 and ¢. By
Corollary 3.3 we have M (M) ~ B(wg). Moreover an explicit calculation shows
that YevPYOT;eer = 7,(M) appears in M (M) where p = 6 for Eél) and p = 8 for

Egl). By the weight calculation we have z; = 7_,. Hence M(M)/1, ~ B(W (wy)).
We can check that all monomials are connected to some TIJ)V (M) in the Ip-crystal.
This recovers the above mentioned result that W (cy) is restricted to Vi, (wy).

Let us explain the Eél) case for an illustration. Let M = Y5,Yy /. Then a
calculation shows that the following 27 monomials appear in By, (M): /

50051, 41551051, 30450051, 63233,10, 1, 65123, 14632510, 1, 1465125134, 151630, 1,
15165134, 1435 M5, 1512535145, 1445156, 27145, 1512547 56, 14551, 2713647 56,
15125551, 6735 '56, 27 13655 1, 64 '560s, 6735 "475g *, 65 14755 105, 6745 ", 65 3544 10g,
20319 08, 1102;;'0s, 175 0.

Applying fo to 64 15605, we get 5601_01 = 76(M). Tt is also clear that all monomials
are connected to either M or its 7g-images in the Iy-crystal.

Remark 6.1. (1) For a level 0 fundamental representation W (wy) the correspond-
ing quiver varieties are moduli spaces of vector bundles of rank ay on ALE spaces.
In particular, they are moduli spaces of line bundles for the cases studied here.
Then each component is a single point, and it is a geometric reason why W (wy) is
restricted to the irreducible representation of Uy (gr, ).

(2) This crystal has been studied in [27].
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6.1.2. Let ¢ be the vertex adjacent to the vertex 0, i.e., £ = 6 for Eél), 1 for Eél)
and Eél). We have ay = 2. It is known that W (wy) is restricted to the direct
sum of the adjoint representation Vi, (w,) and the trivial representation Vi, (0) of
Uq(g1,). We can check this, for example, by using the algorithm for the t-analog
of g—characters [29]. All the coefficients of monomials are 1 except one, whose
coefficient is 1 + t2. The exceptional monomial is Y375Y3T71 for Eél), Y3,8Y3T110 for
E§1) and Y5,14Y5116 for Eél), if the [~highest weight monomial is Yy o.

Let M = XQ,OYO?YOT; where p = 5 for Eél), 7 for Eél) and 11 for Eél). We have

Eo: fsfeM =Yi2Ya2Ys3 Vo4,
Er: fsfafiM = Y7,3Y4,3Y§3T41Y0T717

Es:  fsfafsfafiM = Y5 5Ys5Y54 Yo11-

By the same argument as in the proof of Proposition 3.4, we see that M is ex-
tremal. Therefore M(M) ~ B(wg). A direct calculation shows that the mono-
mial corresponding to the lowest weight vector in the adjoint representation is
m = Y[hlv Yo,nv—pYo nv—1 where h" is the dual Coxeter number, i.e., h¥ = 12 for
Eél), 18 for E§1) and 30 for Eél). Applying fo to m, we get Yo, nv ,pYOThlv_H, which
corresponds to the trivial representation.

We have foégm = Y()Thlv,p+2Ye,hv—p+11/'e,hv—21Q;1v,1, where 7 is the vertex ad-
jacent to £ different from 0. A direct calculation shows that

-1 1 o~
YOv(hV—p+3)/2fo(hV*PH)/?Y&(hv+p75)/2Y¢,(hv+p—3)/2 =T_(hv—p+1)/2(fo€em)

is in My, (M). (Note that (h¥ —p+1)/2is 4 for Eél), 6 for Eél) and 10 for Eél).)
Therefore 7(;v_p11)/2(M) is contained in M(M). The weight of 7(,v_,11)/2(M) is
equal to wt(M) — §. Therefore this is z; ' (M) and we have T(hY —p+1)/2 = z; ! and
M(M)/T(hV—p+1)/2 =~ B(W (@)

We can also check that M(M)/7pv_pi1y2 ~ My (M) U {Yo’hv,pYthlv_H}.
Therefore we recover that W (wy) is restricted to Vy, (cwe) @ Vi, (0).

Let us give Eél) case for an illustration. The following monomials appear in
By, (600,105 1):

60071051, 65131051, 2035140051, 132, 140057, 204, 155051, 151400571, 152, 1334, 15505,
25551051, 151334, 153051, 136435 153051, 1325 133551051, 151642435 153051, 15133551057,
1365 53, 136435 "4455 1051, 15765 12453, 6425 "5305 1, 157642435 "4455 1051, 1365 14455 1,
136445 105, 65 125 13553, 151651244455 1, 6425 *4455 1051, 1516424451051, 1365 '3545
3714653, 65 125 1354455 1, 15165 1243545 1, 6425 13545 1051, 132637 1, 45 15357, 37 '4ade5;
65125132451, 1512426371, 646637 1051, 1317251, 5354 1, 4445 155157, 35371, 151172425,
6465 '05 1, 1315", 4455 1551, 3545 Mg *57, 662637 246, 1725 '25 '35, 65 165 "3507, 15 115124,
35dg "5y 1, 662637 145 157, 65 12637 14607, 176625 137 M6, 1 125 135, 662637 155 L, 65 12645 "5707,
1765 125 14607, 176625 '45 157, 1516637 ', 65 '2655 '07, 1765 125 13745 15707, 15165 14607,
176625 155 1, 15 '6645 *57, 1765 '25 13755 107, 15165 *3745 *5707, 1735 15707, 1516654 *,
1565 '3754 107, 152535 15707, 1735 '4s55 107, 1512535 14855 107, 2135707, 1747507,
2104855 107, 152847507, 274 30475 07, 6103707, 61507011

There is 646637 '05 " as claimed. We can also check that all monomials are
connected to either M, 0701731 or their 74-images in the Iy-crystal.
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Remark 6.2. (1) In this example, the corresponding quiver varieties are either a
single point or an ALE space of type E,. The graded quiver varieties, which are
fixed point sets of a C*-action, are single points or a complex projective line. The
latter gives the monomial with coefficient 1 + ¢2.

(2) The crystal structure here is isomorphic to one studied recently in [3]. As
the crystal graph is connected, we conclude that the crystal base constructed in 3]
are isomorphic to B(W (wy)).

6.1.3. Let g = Eél) and ¢ = 2. The t—analog of g—character of W(ws) has 351
monomials among which the following 27 monomials have coefficients 1 + t? and
others have 1:

3335 153, 3335 "4455 1, 33dg 1, 642435 Tdadg t, 65 1244445 1, 156425 T4445 ", 1565 125 1354445
17%64444g ", 17165 1354445 1, 1537 14y, 1712637 144, 153537 g 155, 25 144, 171263537 *45 155,
1535371551, 2513545 55, 1512635371551, 25135571, 662625 135 155, 662625 137 14655 1,

65 12625 155, 65 12625 14657 ", 662625 145 1, 6512625 137451, 263 1, 1725 137351, 1513735
>From this (or by other methods) we can see that W(ws) is restricted to
‘/Io (wQ) D ‘/Io (w5)

Let us consider the monomial crystal M(M) with M = 2,05'05'. >From
fﬁfgng = 11426Z10g1, we see that M is extremal by the argument in the proof
of Proposition 3.4. Therefore M(M) ~ B(wz).

There is a monomial

in My, (M). We have égégéﬁfom = 1;1152205_1051. By the weight calculation, we
find that this is 2, '(M). Let us denote this by M;.
In My, (M;) we can find a monomial

We have €58386 forn’ = 260510f11 = 76(M). This is equal to 252(M).
We have

in M(M). Write this My.;. Then M, (Mo,1) consists of the following 27 monomi-
als:

53077, 4455 1017, 3545 1017, 662637 107, 6512607017, 176625 "0, 1765 *25 1370707,
15166017, 19 1651370707}, 1735 1480707}, 15 *2834 *4507017, 17479 5907017, 27 480707,
1y ' 28470 5907011, 17571 0701, 21 30419 5907071, 1" 2557, 0707, 239 3957110701,
610371 590707}, 610311 410571 0707}, 615 5907011, 675 41057, 07, 610471507017, 6153114715 07,
212315 07, 1132707, 17507

of

13155105, 131 154057 1051, 151153145 1051, 151152035 16205 1, 15115206, 105
152, 16205 ", 1525 1336, 10305 1, 1712, 1266205 1, 1512, 126336, 10305 1, 1535 144030 1,
1712635 1440305 1, 1545 1550305 1, 25 1351374403505 %, 1512645 1550305 1, 1555 10305 1,
25 137451550305 ", 171265510305 1, 25 1375710305 1, 35 14g 14855650305 1, 35 1457 1650304 1,
45145567, 03, 4857 167,03, 41557 59680305 L, 3941057 5967503, 21037, 57 "5903,
111275 57 15903, 17557 15003.
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These have different weights, so there is only one way to make a bijection to the
above polynomials with coefficients 1 + t? preserving weights. It is the bijection
given in order.

Also it should be possible to make the bijection between My, (M) and My, (M)
explicit, though we do not do here, as both are 351 monomials.

Thus we have

M(M) /76 =2 My, (M) UMy, (M) U Mi, (Mo;1) UMy, (Mi;1),

and we have a crystal isomorphism 7 interchanging My, (M) < My, (M;) and
M, (Mo.1) <> My, (Mi;1). These follow from the known results, but should be
possible to check directly from the above computation.

6.1.4. Let g = Eél) and ¢ = 3. It is known that W (ws3) restricts to Vi, (ws) @
Vi, (w6)®% @ Vi, (o1 + ws5) @ Vi, (0) as a Uy (g1, )-module.
Let M = 3005'0,'05". We have

By the same argument as in the proof of Proposition 3.4, we see that M is extremal.
Therefore M(M) ~ B(w3).
We have

in My, (M). Then
€36462838666 fom = 32071051051 = mo(M).

By the weight calculation, this is z; ' (M), so we have 2y = 7_5 and M(M)/7p ~
B(W (wy)).
Let

M, = égéoa(M) = 6,05 '05 "

Then M, (M) is the crystal of the adjoint representation of gz,. By 6.1.2 the lowest
weight vector is 6f3108012 X 020§1 = 6f3102012. Applying T_gfo, we get Moy = 000f21.
Applying fo again, we get M3 = 6,05 10f21. Looking at monomials in 6.1.2, we find
146715406075 in My, (Ms). Applying fo, we get My = 145405 107}, This monomial
generates the Ip-crystal of V(w1 + ws).

Thus

M(M)/TQ = M[O(M) LIM[O(Ml) LIM[O(MQ) IJMIO(Mg) IJMIO(M4).

This follows from Res Wy (w3) ~ Vi, (w3) ® Vi, (w6)®? @ Vi, (w1 +@s) @ Vi, (0), but
it is probably possible to check directly from the above computation.

Remark 6.3. The authors do not find the last two examples in the literature. One
can probably check their perfectness, though we have not done yet.

6.2. Type Gél).
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6.2.1. First we consider £ = 1. Let M = Y1,0Y0T11Y0T31~ As f1(M) = Y1T21Y2‘031Y0T31,
we see as in Proposition 3.4 that M(M) ~ B(w;).

As é18382¢0 1M = 7_5(M), M(M) is preserved under 7_,. It has weight 6, so
zp = T—2 and hence M(m) /1o ~ B(W (wy)).

Let M’ = éy(M) = Y07,1Y0T31. We have My, (M’) = {M'}. The following 14
monomials appear in My, (M):

10071051, 23151058, 222571051, 2125212051, 2521205, 212315, 10151, 2925,
1,22303, 2572519, 2225115103, 2325203, 250314, 030515 "

By direct calculation, we find that these 14 monomials and M’ are all monomials
of M(M)/7m. As an application, we get

B(W (w¢)) = Biy(we) U B, (0).

This crystal was described in [38, 3]. The crystal base is isomorphic to ours by
the same reason as in 6.1.2.

6.2.2. Now we consider the case £ = 2. Let M = Y5 (Y. It follows from Corol-
lary 3.3 that M (M) ~ B(w;). The following 7 monomials appear in M, (M):

M = 200", mo = 1;2;105", ma = 15123, my = 2,271, ms = 2, %13, mg =
152404, m7 = 25 '04.

The crystal graph of M(M) is given in Figure 9. We find 2z, = 7_4 and
M(M)/74 = M, (M).

The authors do not find a description of this crystal structure in the literature
(probably because it is not perfect), but one can easily obtain it from the description
of its Ip-crystal structure in [16].

FIGURE 9. (Type Ggl)) the crystal B(cws)

6.3. Type F4(1).

6.3.1. First let £ = 1 and M = Y1 oYy 'Yy . We have fafiM = Yy /Y5 'V, and
T_4(M), M(M) is preserved under 74, which has weight . Therefore we have
ze = 7—4 and M(m) /14 ~ B(W (wy)).

Let M’ = &(M) = Yy,_1Yy 5. We have My, (M') = {M'}.

The following 52 monomials appear in M, (M):

10071051, 152,051, 2513305 1, 323, 14305 1, 233, 243051, 3045 1051, 1,25 14205,
2337 143451051, 15142, 142514345 134057, 23452051, 1513443451, 142514523205 1,
1435143051, 1512535 143, 15132452, 143435 1451051, 2713643, 1512535 134451, 142535205,
35 14743, 271363445 1, 15122352, 141627705 1, 4 M43, 3513445 147, 25251, 141510705,
34451451 2535135 147, 1627232, 1511512507, 2535 145 1, 0715125132, 1625 13635 147,
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162713645 1, 1513635 14707, 1635 242, 1513645 07, 1635 14745 1, 1512735 24207, 1512735 *4744 107,
lodg 2, 2914207, 25135474 07, 1512745207, 3704707, 24 '3245207, 3837444 07,
2037507, 110277707, 1750701;.
These 52 monomials, M’ and their 74-images are all monomials of M(M). As
an application we have

B(W(w1)) ~ Br,(w1) U Br, (0).

The crystal base is isomorphic to one in [3] by the same reason as in 6.1.2.

has weight 6. Therefore M (M) /12 ~ B(W (wy)).

Let My = e1egM = YOf41YOTGlY17_1. The following 52 monomials appear in
Mlo (MQ):

14051051, 171200005 1051, 25132000, 105, 3135 1420005 1051, 2235243000, 105,
314510005 1051, 1525142000, 1051, 2035 1404, 1000, 1051, 151420005 1, 1325 *494; 13305 1000, 105,
24,2000, 1051, 15133434, 10005 1, 1325 14,232051000, 105 %, 1335 14205 1000, 105,
1524351450005 1, 151324,20005 1, 133335 14510005 105 1, 25 135420005, 15 12435 1334, 10005,
132435205 10005 105", 37146420005 ", 25 135334, 10005 1, 151223520005 1, 131525 105 1000, 105,
454900051, 371334, 1460005 1, 2425 10005 1, 131710005 1, 3345 14510005 ", 2435 137 1460005
15252320005 1, 1511712400051, 243514510005 ", 1512513200, 15253537 1460005 1,
1526—13545 10005, 173537 4600, 15352420005 ", 17354500, 1535 464510005 ",
171263724200, 1712637 M4 100, 1545 20005 *, 25 14200, 25 ' 374745 1 00, 17 12645 200,

39 14600, 25 13245200, 3734 *45 00, 2834 200, 1027900, 177 00010.

Let M3 = élégégégéiégégéléoMg = Y17—5Y0T61Y2)j—14' The fOHOWing 52 monomials
appear in M, (M3):

15051075, 17524051, 273325051, 3_33714 905", 2.237242,05 1, 3_34, 1057,
1-125142,051, 2937142451051, 17714250005 1, 12125 14045131051, 2244205,

1713 14045100051, 1125145232 1051, 12137145051, 1712037 1420005 1, 1713214520005,
113137451051, 25131420005 1, 1712037 13145 10005 1, 1212037205 ", 35 '424 50005,
251313145 100051, 1,223,200 1, 1211125105 1, 451450005 1, 35 13144 *420005 ',

2025 10005 1, 111502051, 3_14¢ "4, 10005 1, 2037135 1490005 1, 11252320005 1, 17 115120020005,
2037 145100051, 15725 132000005 1, 1125 13135 1420005 1, 1125 13145 10005 1, 1513135 142000205,
1:352420005 1, 151314, 1020005 1, 1135 1494, 10005 1, 1512935 242020005 1, 1512235 7404, 1020005,
114;20005 1, 25743090005 1, 2 *33404; 1020005 1, 151224, 2020005 ", 35 *42020005 1,
2,1824,2020005 1, 333514, 1020005, 24352020005 ", 1525 1020005 *, 17 0200.

Let My = éoMs = Yo Yy and Ms = é3édedeleo fifaM = Y2 _,Y;, Vo4 We
have My, (My) = {M4}. We do not give the list of monomials of My, (M) and
M, (Ms) (a total of 1598 monomials).

All monomials of M (M) /1 are connected to either M, My, Ms, My, M5 in the
Ip-crystal (it is possible to check from the above computation; or it also follows
from ResW (w2) = Vi, (w2) @ Vi, (w1)®? & V1, (0) @ Vi, (204) ).

6.3.3. Let us consider £ = 3 and M = %,OYOT;YOT;' We have fifofsM =
Y4,1Y3,2Y1f41Y0f51 and so we see as in Proposition 3.4 that M(M) ~ B(wg). Let
M, = E3626363616283636360 f1fofsM = (Ya,_1Y; '5)Y3 —aYy4 Yy 1y This has weight



44 DAVID HERNANDEZ AND HIRAKU NAKAJIMA

wtM + 9 and hence zo(M) = M;. As
E3628383616265636180 f1fafsM1 = Y3 Yy 4 Yy Ly = T_6(M),
M(m) is preserved under 75 and we have (z;)~2 = 75.
Y4,,1Y4;13Y4,,7Y0T31. In particular, as 2z, is compatible with the operators €;, it fol-
lows from z,(M) = M; that z,(Ms) = My.

The following 26 monomials appear in M, (M3):

4305130471051, 21351051, 102713005 1, 103514105, 1513005104, 10451057,
1521351400501, 1512145105101, 251324105104, 2513245105104, 3, 7414505104,
33,0510, 4145105104, 233, 24305101, 3245 145105101, 142514305101, 233, 145105104,
1514301, 1425344510510, 1513445101, 143505101, 152535 101, 2713601, 35 *4704,

45105.

The following 26 monomials appear in M, (My):

4147347051, 3 647341473051, 253754 147305, 142733 441473051, 143734105,
1753 44147303051, 143733047, 105", 175233734 _10_305 ", 173233733047 10_305 1,
2713 94 103051, 2713 53047103051, 35142 ,0_505 1, 277213 93510 3051, 4147103051,
2135135 14-10_305 ", 3047%0-505 ", 1525131324 _10_505 ", 2135 "4, 105051, 1,13, 1824 _10_3,
192513247 10-3051, 1, 1324710 3, 193, 14714303051, 1,233,147 14305, 251344, 14503,
3g 1454714305, 47471450 5.

The crystal isomorphism z; is given in order.

It should also be possible to make explicit the bijection between My, (M) and
M, (M) (but to do not write it in the paper as there are 273 monomials).

All monomials of M(M)/7s are connected to either M, My, Ms, My in the Iy-
crystal (it is possible to check from the above computation; this follows also from
ResWo(ws) = Vi, (w3) @ Vi, (w4)).

6.3.4. Finally consider { =4 and M = Y4,0Y0T41' It follows from Corollary 3.3 that

under 7g, which is of weight . So z; = 7_¢ and M(M) /76 ~ B(W (wy)).

The following 26 monomials appear in My, (M):

40031, 31451051, 223500, 1, 152, 1350, 1, 13351440, 1, 15135, 13451051, 1512435 14y,
1524451, 25 13544, 25 132451, 37 4446, 35371, dudgt, 2635 246, 354 T4g L, 1725 Mg,
2637 145t 15 4608, 1725 137451, 1513745108, 1735, 1512535 108, 275 390s, 317 41008,
47, 0g.

These are the monomials appearing in M(M)/7s. We thus have B(W (wy)) ~
BIO (wf)

Remark 6.4. The authors do not find the last three examples in the literature.
One can probably check whether they are perfect or not, though we have not done
yet.

6.4. Type EéQ).

6.4.1. First let £ =1 and M = Y30Y; ' V. We have fofi M = Yy ['V5 /Y35 and

T_4(M), M(m) is preserved under 74, which is of weight 6. Thus we have zp = 7_4
and M(m) /1y =~ B(W (wy)).
Let M’ = &M =Yy 1Yy 5. We have My, (M') = {M'}.
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The following 26 monomials appear in M, (M):

10077051, 21150051, 30251051, 433, 125051, 4325114051, 45123051, 43151, 4513425114057
45134151, 351251405 1, 3512215 Y, 271141605, 25271, 1415105 107, 3625 216, 2515 115 107,
47%g116, 363;11g107,145116, 473512715107, 4512715107, 4725107, 4g 3525107,

310 2907, 277 11907, 175 07041.

These 26 monomials, M’ are all monomials of M(M)/74. As an application we

have
B(W(w1)) ~ Bi,(w1) U By, (0).

The crystal structure here is isomorphic to one studied recently in [3]. As the
crystal graph is connected, we conclude that the crystal base constructed in [3] are
isomorphic to B(W (wy)).

E0838982690,03838%80 f1f2 faf1faM = 7_o(M), M(M) is preserved under 75, which
is of weight 0. Therefore we have zp = 7_o and M(M) /1o ~ B(W (wy)).

Let My = €16oM = YL_lYoszOjﬁl. The following 26 monomials appear in
MIO (MQ)Z

1403105, 2017100051051, 31251000, 105, 4235122000, 1051, 422, 113000, 105,
4712500051051, 421510005, 451332, 113000, 1051, 451331510005 1, 35124130005 1051,
351221510005 1, 25 M13150005 1051, 2425 10005 1, 131510005, 3525 2150005 1, 2415 117100,
46371150005, 3525 117100, 45 1150005 1, 4637 12615 100, 45 2617 100, 4625 100, 45 3725 100,
35 12500, 279 1900, 17700010-
appear in My, (Ms):

1.507505", 2_417205 ", 33272051, 493712 905", 4 92511105, 45125057,

4 9170005, 4913125111051, 451311710005, 3712011051, 37231710005 1,
2,111,051, 202510005 1, 12115105 102, 31252110005 1, 2017 115105 1002, 4235 11,0005 %,
3125 11510005 102, 4, 1110005, 4235 1251510005 102, 45 1221510005 102, 492, 1005 102,
4;1332,10005 102, 351240005 102, 251150005 102, 1710002.

Let My = éoMs = Yy, Yy 4. We have My, (My) = {M,}.
pear in My, (Ms):

45051051, 45131051051, 37123051051, 2025 111051051, 312521205105, 2015105
4935113050051, 3125 M1 151051, 4,11205 1051, 493, 11315120051, 311520005 1, 4, 1221515105,
4935 1152230505 1, 492, 11,051, 451332, 11,05 1, 451231520205 1, 42202, 11510205,
3512411gg1,4%4332;1231g1030g1142332%2020§1,254}5110g2,35434221g1020g1,

4, 3%2; 0206 7, 424435 70204 7, 17711, 2572215 150204 7, 3335 0205, 4245 0204 7,
2515117109, 33251251 150205 1, 4435 2230005 1, 4, M5 1330205 1, 3325 115100, 44 135 1230205,
443512425 1150005 1, 443512417109, 4g 12435 11500051, 4425 21200051, 4g 12417102,
44251515100, 45 135252120205 1, 45 13525 1515 109, 441520906, 37 1120205 1, 371261515104,
451351720206, 25 11502, 37122120406, 2625 *15 10206, 3725 20206, 4835 "0206, 475 0206.

We do not list the 273 monomials of M, (M), but we can check that all mono-
mials of M(M)/7, are connected to either M, My, M3, My, My in the Iy-crystal.

¥
As an application we have

B(W (2)) = By, (w2) U Br, (1) U By, (1) U B, (0) U By, (4).
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6.4.3. We consider { = 3and M = Y3 0¥ 2YO 5. We have f1 f2 f3M Yi1Ys Y1y Yo 3
and so we see as in Proposition 3.4 that M (M) ~ B(wy). As é3é264é3é2é1é%é%égéiégé%é‘fééM =
7_6(M), M(M) is preserved under 76, which is of weight —46 = —2d,é. Therefore
we have (20)72 = 1¢. Let My = &3é3éiése3eieseseted fifafsM = Yy Yy 2 Vs _y.
This has weight wt(M) + d¢d, hence we have z(M) = M.
We do not determine the Iyp-crystal components of M(M)/7¢ at this moment.

6.4.4. Finally let us consider £ = 4. Let M =Y} 0Y0742 It follows from Corol-
lary 3.3 that M(M) ~ B(w,). As 6463626263836,62636262M = _g(M), M(M) is
preserved under 74, which is of weight —20 = —dyd. Therefore we have z; = 7_¢
and M(M)/1¢ ~ B(W (wy)).

The following 52 monomials appear in M, (M):

40052, 253,02, 351230, 2, 222;1130;2, 332,7120, 2, 22151051, 443511302,
3327 11315105, 46 11202, 4435 11515124051, 35152, 45124151510, Y, 4435 115222,
4425 115071, 46—135 113041 45122152 4424251151, 3712615051, 4513525 12415 "
4435252, 2;1171304 : 371262415 : 4613§2g2, 4446371, 1511508051, 2512415117,
35371, dadg t, 2415115108, 3525 125 M7, 4635222, 45 145135, 3525 115 105, 4g13;12g,
463712625 117, 46372615 08, 4572625 117, 4625212, 4512615105, 4625 '1715 " 0s,
4513725212, 4§1372g1171§108,461520573§112 391281719 0s, 45 3719208721 170s,
3;1221g20 01102, 392;02087 4103;11087 5 0703.
in My, (M'):

130730, %, 251770, 1, 3 12*10;1,403;1200;1,402*1110; 4512005 ,401*1020; :
4;1312;11104 LAy 311310204 , 35 2211041,3312213 10,05 7241111304 72224 0205,

1352 21302041,221 15 02,4435 1302041,33 2115102, 4511500051, 443512415104,
4 1241— 02, 4425 102, 4 135 5102, 3712602, 25 11702, 151020s.
Let M" = éoM' = YO,,4YOj41. We have M,O (M") = {M”}.
The above exhausts all monomials of M(M)/7¢. As an application we have

B(W(’ZD4)) o~ B[O (YE4) (] B[O(wl) (] B[O (0)

Remark 6.5. The authors do not find the description of the examples £ = 2, 3, 4
in the literature.

6.5. Type D\¥.

6.5.1. First we consider £ = 1. Let M = Y1 oY |'Yy 4. As fiM =Y, VYo, we
see as in Proposition 3.4 that M (M) ~ B(w). The following 7 monomials appear
in Mfo (M)

M = 10071031, mo = 1510521, my = 25112051, my = 121,71, ms = 1,%2303,
me = 25 1403, my = 15 '0305.

Let M’ = 12(6gM) = Y51Y; 5. We have M, (M') = {M'}. The crystal graph
of M(M) is given in Figure 10. We find that 2z = 7_5 and M (M) /75 = My, (M) L
My, (M').

This crystal was described in [11].

6.5.2. Now we consider ¢ = 2. Let M = Y5 0Y0_23 It follows from Corollary 3.3

that M(M) ~ B(wg). As éxéiesesesM = 7_4(M), M(M) is preserved under 4,

which is of weight 36 = d2d. Therefore z; = 7_4 and so M(m)/74 ~ B(W (wy)).
The following 14 monomials appear in M, (M):
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FIGURE 10. (Type Df)) the crystal B(w)

20057, 25113053, 13151052, 2511152051, 15213, 2, 11313051, 222571, 1415105104,
2,213, 151512004, 2, 11315°104, 1315203, 1520324, 25103

Let My =é16gM = YOjQQYL,l. The following 7 monomials appear in M, (Ma):

05%1_1, 0005217120, 0005213251, 0005 111151, 1522500, 25 11300, 150004.

Let M3 = €1e2¢1€69Mo = Y17—3Y0T—12Y0T21- The following 7 monomials appear in
M, (M3):

07305113, 05 117125, 051121251, 0005 11417 F, 172200205 1, 25 11,0205, 15102,

Let My = éoMs = Yo, _4Y;, . We have M, (My) = {M,}.

By direct calculation we can see that all monomials of M(M)/74 are connected
to either M or My or M3 or My in the Ip-crystal. As an application we have

B(W(’WQ)) o~ B[O (YEQ) (] B[O(’wl) (] B[O (wl) (] B[O (0)

The authors do not find the description of this example in the literature.

7. DISCUSSIONS

(1) As we saw in the simply-laced type examples (except the last one in 6.1.4) in
this paper, we can construct explicit bijections between monomial crystals M(m)
and the set C(mg) of monomials in g—characters counted with multiplicities. (Here
my is obtained from m by setting Yp . as 1.) Their origin is combinatorial and we
do not understand their representation theoretical meaning yet. In the example in
6.1.2, the global crystal base element corresponding to the exceptional monomial
does not belong to a single [—weight subspace.

Also we can check that the bijection is compatible with the crystal structure in
the following sense: Let M, (mg) be the component of the monomial crystal for
g1, containing mo. Let p: M(m) — My, (mo) be the composition of the above
mentioned bijection and the map obtained by forgetting multiplicities. Then p is a
morphism of the crystal (but not strict). This is not true in general.

Counterexample: In the g—character of W (ws3) for Eg we have monomials m; =
Y34Y5 4 YaaYs s Vigand mo = Y2, Y5V, V5 4 Y, Y7 4 with coefficients 1+2t% 44
and 1 + t2 4+ t*. We have f4m1 = mg in the monomial crystal. If we had a
crystal morphism which preserves the weight, the 4 vectors corresponding to my
would necessarily satisfy ¢4 > 1, and each of them would be sent by f4 to vectors
corresponding to ms. As there are only 3 of them, we have a contradiction.

(2) In [35] Naito-Sagaki proved that the crystal of Lakshmibai-Seshadri paths of
shape wy is isomorphic to B(wy). This result is better than Theorem 3.2 in the
sense that they determine all paths, not in a recursive way as ours. Therefore it
would be nice if we could give an explicit map from the path crystal to the monomial
crystal.
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