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QUANTUM CHARACTERS FOR QUANTUM AFFINE ALGEBRAS

DAVID HERNANDEZ

1. INTRODUCTION

In the case of semi-simple Lie algebras, the structure of the Grothendieck ring of finite dimensional
representations of the quantum algebra is well understood: it is analogous to the classic case q=1 and
we have a ring homomorphism of characters.

For the general case of Kac-Moody algebras the picture is less clear. In the affine case, E. Frenkel and
N. Reshetikhin introduced an injective ring homomorphism of g-characters. It gives informations about
the decomposition in Jordan subspaces for a class of commutative elements. The homomorphism of g-
characters has a nice symmetry property analogous to the classic action of the Weyl group: the image is
the intersection of the kernels of screening operators.

In the ADE case, H. Nakajima, motivated by the geometry of quiver varieties, introduced t-analogs of
g-characters. The definition is combinatorial but the proof of the existence uses the geometric theory of
quiver varieties which holds only in the simply laced case. In the preprint math.QA /0212257 we propose
an algebraic general new approach to g, t-characters motivated by deformed screening operators. The

t-deformations are naturally deduced from the algebra structure of U, (h): the parameter ¢ is analog to

~

the central charge ¢ € Uy(h). This variant of Nakajima’s theory allows us to treat the non-simply laced
case: in particular the morphism of g, t-characters x4, leads to the construction of a quantization of the
Grothendieck ring and to general Nakajima’s analogs of Kazhdan-Lusztig polynomials.

2. HOMOMORPHISM OF CHARACTERS IN FINITE CASE

Notations:

g: simple Lie algebra of rank n, I = {1,...,n}

h C g: Cartan subalgebra

A C h*: lattice of weights of g

w; € A: fundamental weights

Rep(U(g)): Grothendieck ring of finite dimensional representations (with @ and ®)
We have an injective homomorphism of rings:

X : Rep(U(g)) = Zly;ier
x(V)y= >, dim(W)[Ju™

A=3 miwi €A il
where V) is the weight space of V: ©
Vi ={z € V/Vh € h,hx = A(h)z}
We have a symmetry property related to the Weyl groups W:
Im(x) = Z[y; i = Z[T1, ., To]
The quantum case is analogeous:
Rep(U,(g)) ~ Rep(g) ~ Z[A)W ~ Z[Ty, ..., T,]

where Rep(U,(g)): finite-dimensional representations of type 1.
1
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In the quantum affine case Rep(U,(g)), the picture is less clear.

3. QUANTUM AFFINE ALGEBRA

g: simple Lie algebra of rank n, I = {1,...,n}

(Cij)19',j§n = (%): Cartan matrix of g

g C g: affine Lie algebra, (C; ;)o<i,j<n generalized Cartan matrix of g
ri = 9529 ¢ 7 B, i = r,C; ; symmetric matrix

q € C* not a root of unity, ¢; = q"

Definition 1. The quantum affine algebra Uy, (g) is defined by generators xfm (1<i<m,meZ), kl?t
(1<i<n), him (1 <i<n, meZ*), central elements c% and relations:

kik; = kik;
kihjm = h,- ki
+ .- :I:B1 +
kix T, mkz ’ T m
+ 7_ Flml +
[himamj m’] - i_[mBi]']qc 2 mj m~+m’
+ + +B;j .+ + +B;j .+t .+ + +
Lim4+1%5m — q ’1‘1 m' Tim+1 = T3 mxg m'+1 xj,m’+1xi,m
Jm—emm
[hz m>s hj m’] = 5m —-m/ [mBH] -1
—q
m—m’ + m-m'  _
+ - _ 5“6 ¢’i,m+m’ —C ¢’i,m+m’
[xiam’x.jyml] Y —1
q;i — g;
:I: + + + + —
Z Z [ ] Tty Timn o Toim Tima sty Tisma(ey = 0

wEXk=0..5
where the last relation holds for all i 75 j, s =1 —=Cyj, all sequences of integers ma,...,ms. X, is the
symmetric group on s letters. For i € I and m € Z, qﬁm € U,(9) is determined by the formal power

series i Uy (8)[[u]] (resp. in Uy (8 )[[u_l]])

S gE it =kfep((g—q7") D higau™)

m=0..c0 m’'=1..c0

and ¢}, =0 for m <0, ¢;,, =0 for m > 0.
One has an embedding U,(g) C U,(§) and a Hopf algebra structure on U, (g).

4. FINITE DIMENSIONAL REPRESENTATIONS OF Uy(§)

A finite dimensional representation V of U, (g) is called of type 1 if ¢ acts as Id and V is of type 1 as a
representation of U, (g). We note Rep(U,;(g)) the Grothendieck ring of finite dimensional representations
of type 1.

The operators {qb?fim,i € I,m € Z} commute on V. So we have a pseudo weight space decomposition:
v= @ W
YECIXZ X CIXZ
where for v = (y*,~7), V, is a simultaneous generalized eigenspace:

V, ={z € V/Ipe NVi € {1,..,n},Ym € Z, (¢, — ¥i’)" -z = 0}

The ﬁfm are called pseudo eigen values of V.



QUANTUM CHARACTERS FOR QUANTUM AFFINE ALGEBRAS 3

Theorem 1. (Chari, Pressley 94) Every simple representation V. € Rep(Uy(8)) is a highest weight
representation V', that is to say there is vo € V (highest weight vector) me € C (highest weight) such
that: )
V =Uy(g)-vo , €200 = g
Viel,mée Z,x;fm.vo =0, , qZ)iEm.vo = vffmvo

Moreover we have an I-uplet (P;(u))ier of (Drinfeld-)polynomials such that P;(0) =1 and:
) = Ykt = g B ¢ ey
i et i,tm i -Pz(UqZ)
and (P;)ic1 parametrizes simple modules in Rep(Uy(§)).

Theorem 2. (Frenkel, Reshetikhin 98) The eigenvalues v;(u)* € C[u]] of a representation V €
Rep(Uy(8)) have the form:

i) dea(@i)—deq(rs) Qi(ua; ) Ri(ugs)
W) =g Qi(ug;)Ri(ug; )
where Q;(u), R;(u) € Clu] and Q;(0) = R;(0) = 1.

Note that the polynomials @;, R; are uniquely defined by v. We note ) ,;, R,,; the polynomials associated
to 7.

Example: We suppose g = sl; and so I = {1}. We do explicit computations with the help of Jimbo’s
evaluation homomorphism ev, : Uy (sla) — Uy (sl2).
For Drinfeld-polynomial P(u) = 1 — ua we have the U, (sls)-module M, = Cvg & Cu; :

—1 -1
vp is the highest weight vector: ¢* (u).vg = qlffzzq Vo = qP}(;z«qu) Lup.

vy is a simultaneous eigenvector:

S = gt LU, -1 Qg ) R(ug)

1— uag Q(uq)R(ug—1) "

where
Q(u) = (1 —wua) , R(u) = (1 — uag®)(1 — ua)

5. FRENKEL-RESHETIKHIN’S Q-CHARACTERS

Let Y be the commutative ring Y = Z[Yii]z’el,ae@-

Definition 2. For V € Rep(U,(§)) a representation, the g-character xq(V) of V is:
3 A i,a ,i,a
xq(V) = Z dim(V) H Yia® frie ey
Y ECIXT X CIXT i€l,aeCr

where
Qi) = [T (=20, Ryu(a) = [T (1 - za)pres
acC* acC*
Example: x,(M,) =Y, + Yc;lzl
Theorem 3. (Frenkel, Reshetikhin 98) The map
Xq : Rep(Uy(9)) = Y
is an injective ring homomorphism and the following diagram is commutative:
Rep(Uy(8)) 5 Z[Yiilier aec
lres ¢
RepUy(9)) = Z[yilier
where 3 is the ring homomorphism such that 8(Y;,) =vy; (i € I,a € C*).

)
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Example:

Xa(Magz ® My) = (Yogs + Yy ) (Yag + ¥, 10)

=Y, 3Yaq + Yoy Yajzll + Ya;lY_l1 + 1 = x,(N) + xq(trivial module)

aq—
where N is the simple module with Drinfeld polynomial P(u) = (1 — ag®u)(1 — aqu). In particular with
dim(N) = 3.

Note that M2 ® M, # N @ triv. is not semi-simple. In fact we have an exact sequence:
0— N — My, ® M, — trivial module — 0
Example:
Xo(Mo ® M) = Y2 +2Y,Y, 5 +Y, >
In particular M, ® M, is the simple module with Drinfeld polynomial P(u) = (1 — au)?.

Definition 3. For i € I,a € C* we note V;, the simple module with Drinfeld polynomials P;(u) =
0i,;(1 —ua). Those simple modules are called fundamental representations.

We note X; o = x¢(Via) € V-

Corollary 1. (Frenkel, Reshetikhin 98) The ring Rep(U,(§)) is commutative and isomorphic to
Z[Xi,a]iEI,ae(C* .

We say that m € ) is a dominant monomial if it is of the form m =[] Yz-ffi’“(m) with w; q(m) > 0.
i€l,aeC*
For m a dominant monomial we note M,,, € Rep(U,;(g)) the module @ Wﬁui’“(m). It is called a
i€l,acC*
standard module and his g-character is x4(M,,) = ]I by ;’“(m).
iclaeCr

6. NAKAJIMA’S q,t-CHARACTERS

In the ADE-case Nakajima defined a Z[t*]-linear map :
Xa.t : Rep(Uy(8)) ®z Z[tF] = Ve = LY, t*licr acc
such that (xq.¢)i=1 = Xq but xq,t # Xq- In particular it leads to the construction of :
-a quantization of Rep(U,(g))
-an involution of Rep(U,(g)) ® Z[t*]
-canonical invariant basis of Rep(U,(§)) ® Z[t%]
-analogs of Kazdhan-Lusztig polynomials

Nakajima gave a combinatorial axiomatic definition of g, t-characters, but the existence is non-trivial and
is proved with the geometric theory of quiver varieties which holds only in the AD E-case.

In the preprint math.QA /0212257 we propose a construction of x,: without quiver varieties; in partic-
ular we extend the applications to the non-simply-laced case. In the following we give a sketch of the
construction.

7. ALGEBRAIC CONSTRUCTION OF ¢,t-CHARACTERS IN THE GENERAL CASE

We set Rep = Z[X; j]icr, ez and Rep; = Rep ® Z[t%]
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7.1. Quantization of Y. Let Z, be the C-algebra defined by generators a;[m] (¢ € I,m € Z — {0}),
central elements ¢, (r > 0) and relations (i,j € I,m,r € Z — {0}):

[ai[m], a;[r]] = dm,—r(@™ — a" ™) Bi,;(¢™)cim|

For j € I,m € Z we set:

ZC 55 (@™)aim] € Z,

iel
Consider the C-algebra Z, ;, = Z,[[h]] and:
Yii= exp(zhmyi[m]qlm)exp(zhmyi[—m]q_lm) € Zyn

m>0 m>0
For R € Z((q™')), introduce:

tp = exp(thmR(qm)cm) € Zyn
m>0

We note Y, C Z, 5, the subalgebra generated by the tR,f’i’il (iel,leZ,ReZ((g7Y))).

Definition 4. ), (resp. Zqt) is the quotient of Yy, (resp. Zg ) by the relations tg = tg, .

We note t = t5. In particular in Y, we have tg = tFo and ), is a Z[ti]—algebra. We have defined a
quantization of Y:

Proposition 1. We have an isomorphism of Z[t*]-vector space Yy ~ YV @ Z[t*] and Vi /(t — 1) = V.

Example: In the slo-case, ); is defined by generators t=, 17;:': (I € Z) and relations:
ViV, = t°YY;
where:
s=0ifl—k=1+2r,reZ
s=2(-1)"ifl—-k=2r,r>0
s=2(-1)Hifl—k=2r,r<0
s=0ifl=k
7.2. Deformed screening operators. Frenkel-Reshetikhin-Mukhin have shown Im(x,) = [ Ker(S;)

i€l
where the S; are screening operators. We will use a t-version of this property. Introduce the screening

currents:
a;|lm a;
Si1 = exp th z[q_m m)exp th :

[ —lm) c Zq,t
m>0 qi m>0 gq; qz

Definition 5. The it* t-screening operator is the map Si,t Y — Zq,t defined by:

N 1 N
Sit(A) = mZ[Si,l, Al

leZ

We note & = () Ker(S;,). It is a subalgebra of ).
i€l

Theorem 4. Form a dominant monomial there a unique Fy(m) in a completion of &; such that m is the

unique dominant monomial of E, (m). Moreover it is given by a t-analog of Frenkel-Mukhin algorithm.

The proof of the existence if proved by showing that a t-analog of the algorithm is well-defined. See
examples in the annexe.
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7.3. Definition of ¢,t-characters.

Definition 6. The morphism of q,t-characters is the map xq+ : Reps — )7f° which is Z[ti]—linear and
(uig > 0):

5
xar( ] Xi5") = [F (Vi)

i€l lEZ I€Z

Example:
Theorem 5. We have (xq,t)t=1 = Xq- In particular the map X, is injective. In the ADE-case it is the
morphism of Nakajima.
7.4. Consequences. As X, is injective, the quantization of ) leads to a quantization of Rep and the

involution ¢, — ¢ L of Zq4,n leads to an involution of Repy.

Theorem 6. For m a dominant monomial there is a unique Li(m) € Im(x,) such that:

Li(m) = Ly(m)
Xq,t(Mm) = it(m) + Z Pm’,m(t)f/t(ml)

m'<m,m'dominant

where Py o (t) € t71Z[E7Y.

Conjecture 1. For m a dominant monomial, the image (Li(m))i=1 of Li(m) in Y is Xq(Vin) where Vi,
is the simple modume of Drinfeld-polynomials associated to m.

In the ADE-case the conjecture 1 is a consequence of Nakajima’s geometric theory.
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8. ANNEXE

8.1. We suppose g = G2. The Cartan matrix is C = <_21 9

> and r; = 1, 79 = 3. The tree of the

second fundamental representation is:

Yoo

2,3
)/2T611/1,5Y'1,31/1,1
1,6
Y1T71Yl,3Yl,1

1,4

—1vy—1
YouYi 7Y s Y1

2,7
1,2

Y1T7l Y1T51 Y1_31YZ 122 Y2_110Y1 9Y1,1
YZ4 28 Y22Y210YI9 1_3 Y111Y11
2,7 1,2
2,5
Yo YoioYieY11Vs Yoo ¥y Vi

1,10
2,5

—1y—1
Yo Y111 Y1715
1,8
Y1,11Y Yl V5
1,6

—1y—1
Y1,11Y1,9 Y1 7 Y2 6

2,9

-1
Y5 1o
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2

8.2. We suppose g = Ay. The Cartan matrix is C = ( 1 _21> and r;1 = 1, ro = 1. The tree of

Fy(Y1,0Y) is:

2
Y1,0Y1,2
1,3
2\y—1
(1 +t%)Y, 6 Y15Y1,3Y11
2,4
1,3
1,1
2y —1 —2vy2 2 -1
t2Y 4 Y232, YioYi Y5, (1 +t2)Y10Y12Y55
1,3 2,4
2,4 1,1 1,3
t2Y, Y Y R Y 2V R, Y- (1 +t2)Y1,0Y, 1Y, 1Y
2,5 42,1 1,2 41,4 £2,342,1 1,041,4 12,5 12,3
2,2 2,4 2,4
1,1
2y —1y—1 2\ —1 -1 -1 —2
t Yz,5 Yz,s Y1,2 (1 +t )Y12 Y2,3Y2,5 Y2,1Y1,4 Yl,le,s
1,3 2,4
2,2 1,1
2y, —1y—1 —1y, -2
t Yz,a 1,4 Y1,2 Y2,5 YZ,I
2,4
2,2
—2y,—1
Y2,5 2,3
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