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ABSTRACT. Quantum toroidal algebras (or double affine quantum algebras)
are defined from quantum affine Kac-Moody algebras by using the Drinfeld
quantum affinization process. They are quantum groups analogs of elliptic
Cherednik algebras (elliptic double affine Hecke algebras) to whom they are
related via Schur-Weyl duality. In this review paper, we give a glimpse on
some aspects of their very rich representation theory in the context of general
quantum affinizations. We illustrate with several examples. We also announce
new results and explain possible further developments, in particular on finite
dimensional representations at roots of unity.
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1. INTRODUCTION

Let us consider the following two important ”generalizations” of finite di-
mensional complex simple Lie algebras g which have been intensively studied :
Kac-Moody affine Lie algebras § (infinite dimensional analogs of g) and quantum
groups Uy (g) (quantization of the enveloping algebra U(g)). The combination of
the two gives quantum affine algebras U, (g) which have a very rich representation
theory. In fact U,(g) can be obtained by quantization of the enveloping algebra
U(g), or directly from U,(g) by the Drinfeld quantum affinization process :

Affinization
-

g

— o

Quantization

J{Quantization

Uy (g) Uy (8)

The Drinfeld Quantum Affinization can be applied to any quantum Kac-Moody

algebra. From a quantum group we get a quantum affine algebra [B, D]. In general

we do not get a quantum Kac-Moody algebra, but a new class of algebras called

quantum affinizations. For example from a quantum affine Kac-Moody algebra

one gets a toroidal (or double affine) quantum algebra (it is not a quantum Kac-

Moody algebra, and so it can not be affinized again by this process !). In type
1

Drinfeld Quantum Affinization
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A these algebras Uy (slt2) were first introduced by Ginzburg-Kapranov-Vasserot
[GKV] and then in the general context [Jin, Nakl]. In type A they are in Schur-
Weyl duality with elliptic Cherednik algebras [VV1], and so can be considered as
quantum groups analogs of elliptic Cherednik algebras (elliptic double affine Hecke
algebras).

Their representation theory seems to be very rich and promising, and its study
is just at the beginning. In this review we explain the construction of these algebras,
and we explain some aspects of their representation theory. One of the first success
of the theory is the action on the g-Fock space [VV2, STU] of Uy (sllel,). In this
review we will focus on the representation theory in the general context of quantum
affinizations (in particular on the integrable representations as defined in [Nakl,
M2, He3]). We explain that the Drinfeld ”coproduct” gives a structure of tensor
category (fusion tensor category) by using a renormalization process and review
applications [HeT].

In the case of simply-laced Dynkin diagrams, a powerful geometric approach
to the representation theory of quantum affinizations has been developed by Naka-
jima [Nakl] by using quiver varieties, and for the particular cases of simply-laced
quantum toroidal algebras see [Nak2, VV3]. As the picture is given in details in
[Nak2, Section 6], we refer to it. These constructions, as well as promising new
directions [Scl, Sc2, Nag], are only sketchily reviewed in the present article. For
results on classical toroidal algebras, we refer to the recent review [Ra], references
therein and [CL]. The relation between the two cases is studied in [E, Section 4]
by using the results in [Kass, MRY].

We also announce in this paper new results, in particular we give an example
from a new natural family of finite dimensional representations at roots of unity
of quantum toroidal algebras, which are motivated by the monomial realization of
Kashiwara extremal crystals. We also discuss a relation with quantum affinizations
associated with infinite Dynkin diagrams which implies explicit character formulas
for Kirillov-Reshetikhin modules of U, (sl{2] ).

This review is organized as follows : in Section 2 we review basic definitions
on quantum toroidal algebras, we explain the Schur-Weyl duality with elliptic
Cherednik algebras and give as an application the representation on the ¢-Fock
space. In section 3 we review results which are valid for arbitrary quantum affiniza-
tions, in particular on categories of integrable representations. Section 4 includes
new material, in particular on examples of a new class of representations and re-
lations to ”infinite” quantum affinizations. Other possible developments are also
discussed.

The bibliography is quite long as we tried to give many relevant references for
quantum toroidal algebras and related topics. We apologize for the papers which
could be missing. The subject grew in different directions as several promising
directions emerged and this is probably the last moment to make an attempt to
describe all these different directions in a short journal paper. The author made
several choices, for example by explaining basic examples and focusing in the
second part on the results known for general quantum affinizations.
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2. QUANTUM TOROIDAL ALGEBRAS

In this section we give the general definition of quantum affinizations and in
particular of quantum toroidal algebras. We also start to review some important
properties.

2.1. Generalized Cartan matrix.

Definition 2.1. A generalized Cartan matriz is a matriz C = (C; j)1<i j<n Sat-
isfying Cs; € Z, Cis =2, (1 #j = Ci; <0) and (C;; =0« C;,; =0).

We denote I = {1,...,n} and [ = rank(C). For 4,j € I, we set 6; ; = 0if i # j,
and 0; ; = 1if i = j. In the following C is fixed and supposed to be symmetrizable,
that is to say there is a matrix D = diag(ry, ...,r) (r; € N*) such that B = DC
is symmetric.

q € C* is not a root of unity and is fixed. We set ¢; = ¢"¢ and we set for [ € Z and
0<k<s:
1

l —
—q + s [s]g!
llq=———€Zqg ,s!:s---l,[]zi.
Hq q-— q_1 [ ] [ ]q [ ]q [ ]q k . [S _ k]q'[k]q'
We fix a realization (b, I, IIV) of C (see [Kac]): b is a 2n — [ dimensional Q-vector
space, II = {aq,...,an} C b* (set of the simple roots), ITY = {ay,...,a,/} C b (set
of simple coroots) are defined such that for 1 <4,j <n, aj(e)) = C; ;.

2.2. Quantum affinizations and quantum Kac-Moody algebras. The fol-
lowing algebra is associated to the data ¢ and (b, IT, TTV) :

Definition 2.2. The quantum affinization Uy(§) is the algebra with generators
xfm (i€l,meZ) ky (heh), hj, (j €IrecZ—{0}) central elements c*1/?
and relations :

knkn = knyn , ko=1, [kn,hjm] =0,

Bi ; m o __ .—m
(1) [hi7m7 hj7m'] = 5m7_m/ [m J](I c Cfl ’
m q—q
khx;l’:,rk_h = qio‘j (h)x;‘fr,
1
+ im N
(2) i 73, = £ —mBi jlge™ ™22,
[$+ T =9; -C(T_Tl)/2¢j:r+"" B c_(r_"',)/2¢7:r+rl
i, Vgl T Vg ,

a—q; "
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(3) + + 4Bt ot 4Bt ot

+ +
Lip1T5 — 4 G Tire1 = 4 i L1 = L1y

and for i # j, the Drinfeld-Serre relations :

kS + + + + + _
Z Z (_1) [k;] xiﬂ’wu)"'xiﬂ’w(k)xj7T’xi,T7r(k+1)"'xiﬂ’w(s) =0,

TEXk=0..s i

where s =1 — Cy;, 35 is the symmetric group on s letters, and :

F2) = ¢F ™ = krayep(E(g— ¢ ) Y hizmz®

m>0 m'>1

The subalgebra generated by the kj, xi = x7 o 1s denoted by U 1(9). It is
isomorphic to the quantum Kac-Moody algebra of generahzed Cartan matrix C.
That is why U,(g) is considered as a quantum affinization of U, (g). Note that it

is well-known that U, (g) is a Hopf algebra with the coproduct :
Ah) =af @1+k ' oal  A@]) =27 @ki+10a; , Alk) = ki @ ki,

For J C I, we denote by U, the subalgebra of Uy(g) generated by the x;tm (1€ J,
m € Z), the k.. ov (i € J) and the h;, (i € J, 7 € Z*). /
Examples : /

Suppose that C' is of finite type :

Vl<m<mn, det((ci7j)1§7;7j§m) > 0.

Then U,(g) is a quantum group, U, (g) is an untwisted quantum affine algebra
[B, D].
Suppose that C is of affine type :

Vi<m<n-— 1,det((Ci,j)1§i,j§m) > (0 and det(C) =0.

Then U, (g) is a quantum affine algebra, U, (g) is a quantum toroidal algebra (dou-
ble affine quantum algebra). U, (g) = U/ (g) C Uy(§) is called the horizontal quan-
tum affine subalgebra of U, (g). The vertical quantum affine subalgebra is U (g)
generated by the z; m,l@ h;r for i not equal to the additional node of g (see
[Kac]). When g is untwmted U7 (g) is isomorphic to U,(g). Note that a quantum
toroidal algebra is not isomorphic to a quantum Kac-Moody algebra, and so can
not be affinized again by this process.

Remark 2.3. In the particular case g = §ln+1, an additional parameter d € C*
is added in [GKV] (two parameter deformation). It fits well into the Schur-Weyl
duality discussed bellow : in addition to C' we also consider a matriz M :

2 -1 0 -1 0 -1 0 1
-1 2 -~ 0 0 1 0 -~ 0 0
C: ’M:
0 0 2 -1 0 0 0 -1
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Then Uy,a(8) = Ug,a(sli2l1) is the algebra with the same generators and relations
as Uy (8) except the following d-deformed relations instead of respectively relations
(1), (2), (3) (the other relations are not modified) :

—m

[mBilq ™ —c
moq—q-

(i ms hj,m’]dei’j = Om,—m form >0, m' #0,

1

Jsr Jym+r

+ + M,
i,r-l—lxj,r’ —d

1
riam 2550100 = 2Bl

+ .+ +

M, i; £Bij + £  _ 4By +
d T =@ TR Ty~ X T

i

The horizontal subalgebra generated by the ky, x;—L is isomorphic L{q(sAlnH) (it
does not depend on d). The vertical subalgebra generated by the d_imxfm, kjiﬂ,

d="hi, for 1 <i <mn is isomorphic to qu(glnﬂ) (for this point it is crucial that
g= éln“, and it is not known to the author how to define for general type such a
q, d-deformation so that we have a vertical subalgebra isomorphic to the quantum
affine algebra).

2.3. Weight lattice and finite dimensional representations. Let us denote
by A1, ..., A, € §* (resp. AY, ..., A} € b) the fundamental weights (resp. coweights).
By definition a;(AY) = Ai(a)) = d;;. Denote P = {\ € h*|Vi € I, \()) € Z}
the set of integral weights and P+ = {\ € P|Vi € I,\(«)) > 0} the set of
dominant weights. For example we have a1, ..., a, € Pand A1, ..., A,, € PT. Denote
Q = @,c;Zoi C P the root lattice and QT =3, Na; C Q. For A, 1 € b*, write
A>pif A—peQr.

For a quantum group U, (g) the (type 1) simple finite dimensional represen-
tations are parameterized by PT [Ro, L]. For A € P*, V() is the corresponding
simple representation. For a quantum affine algebralf,(g), the (type 1) simple finite
dimensional representations are parameterized by n-tuples of (Drinfeld) polyno-
mials P = (P1(z),- -, P,(2)) where P;(z) € C[z] and P;(0) =1 [CP1]. For such a
P, V(P) is the corresponding simple representation. These results will be stated
in a more precise way latter in the general context of quantum affinizations.

2.4. Schur-Weyl duality and Cherednik algebras. We suppose that C is
of affine type qu,l) and that ¢ = 1 in this section. We have the quantum group

Uy (sl 11), the quantum affine algebra U, (s, 1), and the quantum toroidal algebra
Uq,a(slier) as defined in Remark 2.3. Let z € C* and € = ¢,

Definition 2.4. The double affine Hecke algebra (DAHA) H;(e,x) is the algebra
with generators aiﬂ, inl, YjjEl (1<i<l-—1,1<j<1) and relations :
(0i+q ") (oi—q) =0, 0i0i410i = 04410:0i41,
005 = 0;0; if [i — j| > 1,
XY =2V Xo , X0V ' X5 'Y = of,
XiX; = X;X; , VY, =YY, for 1 <i,5 <,
Xjoo=0X; , Yo, =0Y;if jF£4,i+1,
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0iXi0i = Xig1, Yi=0Yip105 for 1 <i <1l —1,
where Xog = X1---X].

These algebras were introduced by Cherednik and have remarkable applications
[Chel, Che2]. DAHA (defined here in their elliptic form) and related algebras
(trigonometric, rational forms) are currently intensively studied (see for example
the papers in the special volume of the conference on Cherednik algebras).
The subalgebra generated by the o; is isomorphic to the Hecke algebra H;(e) ~
H;(e~1). The subalgebra generated by the aiﬂ,XijEl (resp. the O'iil, Y;ﬂ) is iso-
morphic to the affine Hecke algebra H;(e) ~ H;(e ™).

Consider V; the (n+1)-dimensional representation of Uy (sl,,+1) corresponding
to the fundamental weight Ay : Vi = @,_,...,, Cv; where (v—1 = v,41 =0) :

i 1.0 + _ _
Kj.vi = g%y, T v = 57;7j117;_1 » Ty U = (51'+17j’Uz'+1.

A completely reducible representation of U, (sl,,+1) is said to be of level I if each of
its irreducible components is isomorphic to some irreducible component of (V;)®!.
Note that any finite dimensional representation of U,(sl,+1) is completely re-
ducible. A simple finite dimensional representation V(> Ail\;) is of level [ if
and only if >, , i\ = 1.

(V1)®! has a natural structure of H;(e) left-module, and for M a right H;(q¢?)-
module, I(M) = M ®3, () (V1)®' has a natural structure of Uy (sl,41)-module.

i=1--n

Theorem 2.5. [Jim] I is a functor from the category of finite dimensional right
Hi(e)-modules to the category of finite dimensional Uq(sly+1)-modules of level 1.
Moreover if | <mn, I is an equivalence of category.

Theorem 2.6. [CP2] There is a functor F from the category of finite dimensional
right ﬂl(e)—modules to the category of finite dimensional L{q(glnﬂ)—modules of level
I, which coincides with I for the Uy(slp+1)-module structure. Moreover if | < mn, F
is an equivalence of category.

Theorem 2.7. [VV1] For a right H;(e, (d=1q)"™1)-module M, the action of the

algebra Uy(sly 1) on F(M) can be extended to an action of Ug,a(sliory).

A reversed functor is also defined in [VV1]. Recently analog results were studied
in [G1, G2] in the trigonometric and rational cases, where affine Yangians and new
algebras (deformed double current algebras) are used in the duality and have the
PBW-property.

Let us look at the duality more precisely in the affine case [CP1, Section 12.3]
: consider the affine Hecke algebra 'Fll(e) with generators oy, z;. In the following all
considered H;(€)-modules are right-modules.
For A = (ay, -+ ,a;) € (C*)! let My = (22,2 — a;.1)H;(€)) \ Hi(e). Every finite
dimensional H;(¢)-module is a quotient of some M4. The natural map H;(e) —
M4 is an isomorphism of H;(e)-module and in particular dim(Ma) = Il. My is
reducible if and only if a; = eay, for some j, k.
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The g-segment of center a and length [ is defined as {a¢' ™! ag®~!,---  ag'~'}.
Let S = {s1, - ,sp} be a collection of g-segments whose sum of length is [ and
elements are given by A. By using an element Cs € H,(¢€) explicitly defined with
Kazhdan-Lusztig polynomials (see [Hu]), one can consider Is = Cs.H;(e) C Ma.
Then Ig is a 'Fll(e)—submodule of M4 with a unique irreducible subquotient Vg
in which Cs has non zero image. Every finite dimensional simple 7:{[(6) module is
isomorphic to one Vg.

Theorem 2.8. [CP2] Letl < n. For S ={s1, -+, 8} a collection of q-segments,
let a,. be the center and 1, the length of s,.. Then F(Vg) =~ V(P) where P = (P;);cr
is defined by :
Pi(u) = H (ua, — 1).
{rll, =i}

(The Cs are not given explicitly above but this Theorem gives a characterization
of the representation Vg).

Hi, 11, (€) is a Hy, (€) @ Hy, (€)-module thanks to the unique algebra morphism

il17l2 : 7:{11 (6) ® 7:{12 (6) - ﬂllJrlz (6)7
iy 01,(0i @ 1) =04 i1y 1, (25 @ 1) = 25, 1, 1, (1@ 03) = Oy G130, (1@ 25) = 25405

For M (resp. M) a 'H;, (€) (resp. Hy,(€)) module, the H;, 11, (€)-module M; ®z My
(Zelevinsky tensor product) is defined by :

My@z My=(My®@ M) Q)  Higis(e)
Hiy (€)@Hiy (€)
We have the following compatibility property with the usual tensor product for
quantum affine algebras :

Proposition 2.9. [CP2] F(M; ®z M) ~ F(M1) @c F(Ma).

Remark : for a € C*, M(,) = V4 is of dimension 1, and for (a1,---,a;) €
(C*)!, we have :
May, - ar) = Viay) ®z - @2 Viay)-

2.5. Representations of quantum toroidal algebras and the ¢-Fock space.
One of the main achievement in the representation theory of quantum toroidal
algebras (see [VV2, STU]) is the existence of an action on the ¢-Fock space defined
in the following way : A is the vector space of basis indexed by |j1, 2, - >€ ZN
such that
jl > j2 > ..
Jk+1 = Jk — 1 for kK >> 0.

For M € Z, let A be the subspace of A generated by the |ji,ja,--- > such
that j, = M — k + 1 for k >> 1. It is remarkable that the space A has two
structures of representation of the quantum affine algebra L{q(glnﬂ), one of level
0 and one of level 1 (see [TU1, JKKMP] and references therein). Then these two
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representations can be glued together as a representation of the whole quantum
toroidal algebra (see [VV2, STU] for the detailed definition of the action, see
also [TU2] for other levels and [TU1, TU2] for complements). The two actions of
the quantum affine algebra correspond to the action respectively of the vertical
and horizontal quantum affine subalgebras. By lack of space we do not give the
precise definition of the representation as it is already described in several papers
mentioned above.

One remarkable point in the construction explained in [VV2] is that the Dunkl-
Cherednik representation of H;(¢?,z) on C[z!, -+ | 21 (see [Chel, Che2]) plays
a crucial role as it is used through Schur-Weyl duality as a building piece of the
g-Fock space representation.

For vertex algebras constructions of representations of quantum toroidal al-
gebras see [FJW, GJ1, GJ2, Sa]. Additional results on the structure of quantum
toroidal algebras are given in [M1, M4, M5]. General results valid for representa-
tions of more general quantum affinizations will be reviewed in the following.

2.6. Geometric approaches. Beyond the case of ADFE quantum affine algebras,
the powerful geometric construction of representations via quiver varieties can be
extended to simply-laced quantum affinizations [Nak1]. For the particular cases of
simply-laced quantum toroidal algebras see [Nak2, VV3]. We refer to the review
paper [Nak2]. One important point is to replace the top degree homology group
in the study of a quiver variety corresponding to an affine Dynkin diagram by
equivariant K-groups. As explained in [Nakl, Nak2], the geometric approach also
includes the root of unity case. In fact quiver varieties are also known to have
direct relations to Cherednik algebras (see [Go]).

More recently in [Nag], an isomorphism between the geometric construction
and the construction via Schur-Weyl duality of the level-(0, 1) ¢-Fock space rep-
resentation of the (d-deformed) quantum toroidal algebra is given. In particular
simultaneous eigenvectors on the ¢-Fock space are constructed by using non sym-
metric Macdonald polynomials and the corresponding eigenvalues are computed.

One of the most interesting feature of the representation theory of quantum
Kac-Moody algebra is the existence of canonical/crystal bases. In [Scl, Sc2] the
construction of canonical bases for quantum affinization of quantum Kac-Moody
algebras is proposed (in the case of stared Dynkin diagrams). Categories of coher-
ent sheaves on a smooth projective curve X, equivariant with respect to a fixed
subgroup G of Aut(X) such that X/G ~ Py, are used. This implies the existence
of a canonical basis in quantum toroidal algebras of type Dfll), Eél), Egl), Eél).

3. INTEGRABLE REPRESENTATIONS AND CATEGORY O

In this section we will focus on results for general quantum affinizations
U, () D U, (g) with trivial central charge ¢*'/2 = 1.
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3.1. Integrable representations. For V' a representation of U,(g) and v € P,
the weight space V,, of V is :

Vi, ={veVlkpv= q”(h)v,Vh € h}.

Definition 3.1. V is said to be in the category O if
Z) V= @uEP VV7
it) V, is finite dimensional for all v,
i) {v|V, #{0}} C Uy p{vlv < Aj} for some A1, -+, Ay € P.

For example for A € P, a representation V' is said to be of highest weight X if there
is v € Vy, such that Vi € I,z .v = 0 and U,(g).v = V. Such a representation is in
the category O. For each A € P there is a unique simple highest weight module
V(A) of highest weight A.

Definition 3.2. V is said to be integrable if :
Z) V= @VEP VV’
it) V, 1is finite dimensional for all v,
iii) VytNa; = {0} for allv € P, N >>0,i€ 1.

Then we have :

Theorem 3.3. [L] The simple integrable representations of Uy(g) in the category
O are the (V(A))xep+-

In the case of quantum groups of finite type we get the finite dimensional repre-
sentations discussed in Section 2.3.

Definition 3.4. A representation of Uy(g) is said to be integrable (resp. in the
category O) if is integrable (resp. in the category O) as a Uy(g)-module.

Remark : for quantum affine algebras, we get two different notion of integrability
(as a quantum affine algebra can be seen as a quantum Kac-Moody algebra or as
a quantum affinization).

We have a triangular decomposition of U, (g). For a quantum affine algebra
it is proved in [B], and in full generality in [He3] (the crucial point is to prove the
compatibility with the Drinfeld-Serre relations):

Theorem 3.5. We have an isomorphism of vector spaces :

Uyg(8) = Uy ()" ®U(h) @ Uy (8) ™,
where Uy (§)% (resp. Uy (b)) is generated by the xfm (resp. the ky, the h; ).

Definition 3.6. A representation V' of Uy(g) is said to be of l-highest weight if
there is v € V' such that

Z) V = uq(@)_-v;

i) Uy (h).v = Cu,

it) for any i € I,m € Z, x;fm.v =0.
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For v € Z/{q(f)) — C an algebra morphism, by Theorem 3.5 we have a cor-
responding Verma module M(7) and a simple representation L(7). For a repre-
sentation V', we also denote by V., the common Jordan block of elements of L{q(f))
with eigenvalues given by + (it is called a pseudo [-weight space). The following
result was proved for g of finite type in [CP1], of type AS) in [M2], of general
simply-laced type in [Nakl]. In the general case, the proof [He3] generalizes the
proof of [CP1] :

Theorem 3.7. The simple integrable representations of Uy(g) in the category O
are the L(7y) such that there is (A, (Pi)i<i<n) € P X (1 + uClu])*™ satisfying
(k) = ™M and for i € I the relation in C[[2]] (resp. in C[[z71]]):

+ _ tdeg(Py) Pi(zq; )
7(¢z (2)) 4; Py(zq;) :
By analogy to quantum affine algebras, the P; are called Drinfeld polynomials.
Usually X is not used in the case of quantum affine algebras as dim(h) = n and so
A is uniquely determined by the v(k,.ov ), that is to say by the deg(F;).
Examples : '
1) for k > 0, a € C*, 1 < i < n, the Kirillov-Reshetikhin module W,gl()l is the
simple representation of weight A; with the n-tuple 7

P;(u) = (1 —wa)(1 —uaqiz)...(l _uaqf(k—l)) for j = i,
’ 1 for j #i.

2) the Vi(a) = Wl(zt)l are called fundamental representations.
3) for X € P satistying (Vj € I, )\(a}/) =0), L) is the simple module of weight
A with the n-uplet satisfying P;(u) =1 for all j € I. It is of dimension 1.

3.2. Fusion tensor category. U,(g) is a Hopf algebra, but U, (§) is not a Hopf
algebra in general. However one can combinatorially define a natural ring struc-
ture [He3] (fusion product) on the Grothendieck group Rep(U,(§)) of integrable
representations in the category O. Indeed consider [He3|] a generalization of the
Frenkel-Reshetikhin g-character morphism [FR2] (see also [Kn, CM, E]) : for V a
representation in Rep(U,(g)) we put :

Xg(V) =Y dim(V;)e(v),

where the sum is over all algebra morphism 7 : U, (g) — C and e(y) is a formal
element. We get an injective group morphism :

Xq : Rep(Uy(8)) — €
where £ is a completion of eay:uq(ﬁ)ﬂc Ce(y) and Rep(Uy(g)) is the Grothendieck

group of integrable representations in the category O.
In the rest of this section we suppose that the quantized Cartan matrix

Cij(2) = [Cijlz + 0i5([2] — [2]2)
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is invertible (here we denote z; = 2"%). It is proved in [He2] that

Vi,jel,(Ci; < —1=—-Cj; <)
is a sufficient condition. This is satisfied for quantum toroidal algebras (in the
case Aﬁ” we have to use the convention ro = r1 = 2). In this situation there is a

characterization of Im(x,) [He3] which generalizes the characterization in the case
of quantum affine algebras [FR2, FM]. Moreover we have a natural product

(37") (kn) = (k) y(Rn) » (v7")(97 (2)) = (05 (2))7' (65 (),

which induces a ring structure on £. In the case of quantum affine algebras, there
is a natural ring structure on Rep(U,;(g)) induced by the tensor product and x,
is a ring morphism [FR2]. In general we do not have a priori a ring structure on

Rep(U,(§)), but :

Theorem 3.8. [He3] x,(Rep(Uy(8))) is a subring of £. The product % induced
on Rep(Uy(§)) by injectivity of x4 is a fusion product, that is to say the constant
structures on the basis of simple representations are positive integers.

A natural question is to ”categorify” %, to construct a tensor category of
representations of U, (§) corresponding to *. In [He7] such a category is proposed
by using the Drinfeld coproduct (in the particular type Agl), another procedure
is discussed in [M3]). In the rest of this section we restrict to the cases where the
Drinfeld coproduct is known to be compatible with Drinfeld-Serre relations, that
is to say when (i # j = C; ;C;,; < 3) (this includes almost all quantum toroidal
algebras; when the condition is not satisfied analog results hold for the algebra
without Drinfeld-Serre relations [He7]). The Drinfeld coproduct is defined in a
completion, and so can not be used in the usual way to construct tensor products
of representations (we get divergence problems). To overcome this problem, we use
a deformation/renormalization process. The strategy is analog to the construction
of crystal bases by Kashiwara. The deformed Drinfeld coproduct is given by the
following formulas on generators of Uy (g)((u)):

Ay(al) =af, @1+ w e @),
1>0

Au(ay,) =" (1@ a,) + ) ul(z;, @ 6f),
1>0
Au(Giem) = D 0 (O s mory @ Giist) > Dullin) = b @ ko,
0<i<m
where u is a formal deformation parameter.

Remark 3.9. Let us make precise the claim that the non deformed Drinfeld co-
product makes sense in a completion. Uy(8) has a grading defined by deg(xfm) =m,
deg(¢ii7im) = +m, deg(kp) = 0. Let Uy (§)®U,(d) be the topological completion of
Uy (8) @U,(8) with Tespect to the degree of the second term, that is to say the Uq(8)-
module of sums of the form Y o<, ar®br where ar,br € Uy(§), br is homogoneous



12 DAVID HERNANDEZ

and deg(br) has limit +00 when R — +oo. Then U, (§)®U,(§) has a natural alge-
bra structure and the specializations at u = 1 of the formulas above for Au(x;),
Ay(y,), Au(¢ii,im)! Ay (kp) make sense in Uy (§)2U,(g). We get a well-defined
algebra morphism A : Uy (§) — Uy (8)&U,(§). Let us check the coassociativity. Let
Mq(ﬁ)®3 be the U, (g)-module of sums of the form ) p,ar @ br @ cg where br, cg
are homogeneous and 2deg(cr) + deg(br) has limit +00 when R — +o00. It has an
algebra structure. From the formulas in [He7, Section 3.1] we see that (Id® A)o A
and (A ® Id) o A make sense as algebra morphisms Uy(g) — Uq(@)®3. Moreover
from the relation (Id® Ay)o Ay, = (A, ® Id)o A,z in [He7, Lemma 3.4], these two

algebra morphisms are equal.

In [He7] a category Mod of U, (§) ®C(u)-modules satisfying a certain quasipoly-
nomiality property is considered, and it is proved that A, defines a tensor category
structure on Mod. The associativity axiom is proved from the following twisted
coassociativity of A, (r,7’' € Z):

(Id ® Aw") o Ayr = (Aur ® Id) o AW.M./,

We do not give in this review the detail of the construction for the whole category
Mod (we refer to [He7]), but we explain what is the most relevant for the considered
applications : let V and V' be two [-highest weight integrable representations of
respective [-highest weight v and v'. A, defines a structure of U,(g) ® C((u))-
module on (V @ V') @ C((u)). In fact (V ® V') @ C(u) is stable for the action of
Uq(g) ® C(u), and the fusion module is by definition :

Vg V= Uy(3) ® Cw).(v © ')/ (u = D(Uy(8) ® Clu))(v ® v').
Theorem 3.10. [He3] V ¢ V' is an I-highest weight Uy (g)-module and
Vg VI = V] [V,
where [.] denotes the image in the Grothendieck group.

Remark : the last result can be interpreted as a cyclicity property as this gives
a module V ¢ V' of [-highest weight. In particular for quantum affine algebras,
V ¢ V' is not the usual tensor product. Indeed for the usual tensor product of
quantum affine algebras, certain tensor products of I-highest weight modules are
I-highest weight (see [Cha2, Theorem 4] and [Kash2, Theorem 9.1]) but not all. For
example for U, (sly), V(a) @V (ag?) is not of I-highest weight, but V (a) %V (ag?) ~
V(ag?) *V(a) ~ V(aq?) ® V(a) are of I-highest weight (for the other choice of the
coproduct, V(a) ® V(ag?) is of I-highest weight).

By analogy to the case of quantum affine algebras, we expect the existence
of maximal [-highest weight integrable representations (Weyl modules). By the
above construction, such modules should admit a fusion product of fundamental
representations as a subquotient. We conjecture that the Weyl modules exist and
are isomorphic to a fusion product of fundamental representations.
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3.3. Examples : T-system for Kirillov-Reshetikhin modules. The Kirillov-
Reshetikhin modules satisfy the T-system :

Theorem 3.11. [He7] We have an exact sequence :

0— Sl(:Zz - Wk(:7()z *f W;S;q,z - Wlﬁm *f W;ii)l,aqz — 0,
where :
SW — L N a2 y
k,a l/,(cyz1 *f (*f(j,l)EA,i K(j,l)7aq;(2l71)/c7”] )7
and :

() _ o) — ; ,
I/k,a - k(Al al) Z(j,l)eA,;K(]’Z)A”
Ai = {(j,l) clx Z|Cj’i <0,1<L [ < —Ci’j},
K(j5,0) = =Cji + E(ri(k —1)/r;),
and E(m) € Z denotes the integral part of m € R.

For quantum affine algebras, an analog result holds with the usual tensor prod-
uct, and was proved in [Nak5, Nak4] for simply-laced cases and in [He5] for non
simply-laced cases. It is the crucial point for the proof of the Kirillov-Reshetikhin
conjecture.

Remark 3.12. The exact sequence of Theorem 3.11 is not splitted as all involved
modules are l-highest weight, and so W,fz()l * Wél()lqg is not decomposable.

Remark 3.13. Viewed in the Grothendieck group, the exact sequence provides a
combinatorial inductive system called T-system. Viewed in £, we get a solution
which is polynomial in the monomials m~ with positive coefficients : this is ana-
log to the Fomin-Zelevinsky Laurent Phenomena positivity properties for analog
systems (Y -systems) [FZ1, FZ2] as noticed in [He9].

In the case of the quantum affine algebra U, (sl,, 41 )-modules (n > 2) we have :

0 — W(Q)

1,aq

— Wl(la) ® wb

1,aq?

— W2(1a) — 0.

For € = ¢2, we get via Schur-Weyl duality the exact sequence of Hs (¢)-modules :
0= Via,ae) = Ma,ae) = Via),(ae) = 0.

Here M4, 4¢) is not semi-simple and C(o — ¢) is a submodule isomorphic to V{4, qe)-

Let us study M(4c q). It has a submodule C.(1 4 ) isomorphic to V{4),(ac) and it

is not semi-simple (the eigenspaces of z1 are not submodules). We have :

0— ‘/(a),(ae) - M(ae,a) - ‘/(a,ae) — 0.

Tt follows from this discussion that W%

Lag? ® W(l) is not semi-simple and that we

1l,a
have a non splitted exact sequence :

0wt —wl  ew) - w —o.

1,aq2 1,aq
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3.4. Additional results. A particular class of simple representations (called spe-
cial modules, notion defined in [Nak5]) is of particular importance as a general-
ization of an algorithm of Frenkel-Mukhin [FM] gives the g-character of these
representations (see the discussion at the end of [Nak2]) :

Definition 3.14. An integrable representation V in the category O is said to
special if it has a unique l-weight satisfying condition of Theorem 3.7 and if its
l-weight space is of dimension 1.

The Kirillov-Reshetikhin modules are special for quantum affine algebras
[Nak5, Nak4, Heb] and in general [He7]. But there are much more special repre-
sentations, as for example a large class of minimal affinizations of quantum affine
algebras [He6] (generalizations of Kirillov-Reshetikhin modules interesting from
the physical point of view, as stressed in [FR1, Remark 4.2] and in the intro-
duction of [Chal]). As an illustration let us look at an example for more general
quantum affinizations. Suppose that g is of type B, (n > 2, p > 2) of Cartan ma-
trix Ci’j = 251"]‘ - 6j,i+1 - 6]‘,1‘71 - (p - 1)51"”5]"71,1 (in fact Bn,l = An, Bnyg = Bn,
Bys=G3). Let A € PT. Fori €1 let \; = \(«)') and for i < n consider analogs
of the Chari-Pressley coefficients classifying the minimal affinizations :

Cz()\) — qTMi+Tri+1>\ri+1+rrifci,i+1*1.
Let us denote by 'y,(;zl the [-highest weight of W,fz()l

Theorem 3.15. [He6] For v of the form v = Hiel'yg\?,ai with (a;)ier € (C*),
L(v) is special if :
Vi<jel,aj/a;= H ().

1<s<j

The small property, stronger than the special property, is related to the geo-
metric smallness in the sense of Borho-MacPherson. To define this property, we
need the combinatorial description of g-characters. By generalizing the result in
[FR2, Nakl], it is proved [He8]| that for general quantum affinization an I-weight
satisfies the property (the main point is that U; is isomorphic to a quantum affine
algebra of type sls):

"Y((bi (Z)) _ qfieg(Qi)fdeg(Ri) Q?(qu_l)Rv(z%)
' Qi(24i)Ri(2q; ")
where Q;(z), R;(z) € C|z] have constant term equal to 1. So we can define the

. _ Hia—Via
monomial m, = [[;c, Y/, where

Qi(z) = Ha@@* (1 — za)"»* and R;(z) = H (1— za)"ie.

acC*

The variables Yﬁll originally appeared from the R-matrix as element of the com-
pleted Cartan subalgebra (see the original paper [FR2], and [He3] for general
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quantum affinizations). e(y) is also denoted by m. For ¢ € I,a € C*, consider the
monomial :

Aia =Y, -1 Viag, || Yol
ba bag; B e k)05 <—1 and ke{C;i41,C;,+3,...,—C; i —1}}  d-aa®

We write v < +' if m,, is the product of m., by some A al We have the following
generalization [Hed] of a result of [FM, Nak1] :

Theorem 3.16. The l-weights 7' of an integrable L(~) satisfy v < v'.

Borho and MacPherson introduced [BM, Section 1.1] remarkable geometric
properties (smallness and semi-smallness) for a proper algebraic map 7 : Z — X
where Z, X are irreducible complex algebraic varieties. This geometric situation
is of particular interest as the Beilinson-Bernstein-Deligne-Gabber decomposition
Theorem is simplified [BM, Section 1.5]. The Springer resolution is a fundamental
example of a semi-small morphism [BM]. Nakajima defined the intensively studied
quiver varieties. They depend on a quiver ) and come with a resolution which
is semi-small for a finite Dynkin diagram (see [Nak2, Section 5.2]). The graded
version of quiver varieties are also of particular importance, for example for their
relations with quantum affine algebras [Nak5]. They also come with resolutions.
A natural problem addressed in [He8] is to study the small property of these
resolutions ([Nak5, Conjecture 10.4]). In fact the geometric small property can be
translated in terms of small module of quantum affine algebras. We suppose that
g is simply-laced.

Definition 3.17. L(vy) is small if and only if for all v' <=, L(v') is special.

The above definition is a purely representation theoretical characterization of the
property which was noticed in [He8] by refining a proof of [Nak5].

Definition 3.18. A node i € {1, -+ ,n} is said to be extremal (resp. special) if
there is a unique j € I (resp. three distinct j,k,l € I) such that C;; < 0 (resp.
Ci; <0,Cir <0 and C;; <0). We denote by d; the minimal d € NU {400} such
that there are distinct i1,--- ,iq € I satisfying Cy; ;... <0 and iq is special.

We get for general simply-laced quantum affinizations :

Theorem 3.19. [He8] For k > 0,i € I,a € C*, W,gl) is small if and only if

a

k <2 or (i is extremal and k < d; + 1).

4. NEW RESULTS AND FURTHER DEVELOPMENTS

In this section we announce new results and explain possible further devel-
opments illustrated with examples.
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4.1. Relation to U, (§loo) and character formulas. We consider the quantum
toroidal algebra Uy (sl1) (n > 2). We identify I with Z/(n + 1)Z. We have exact
sequences of Theorem 3.11 :

0— W(i+1) oy nga_ql) _ W]gl()l oy W(7)

(1) (1)
k,aq k,aq? - Wk+17(l *f Wk—l,aq? — 0.

So the W,SZL = Xq(W,gi()L) satisfy the corresponding T-system :

i i i+1 i—1 i i
WeWiagr = Wiag Wiag + Wi

,aq —1,aq?"

Consider the ring morphism

R:Z[YE icr.aece — Z[YE it acc

defined by R(Y; 4) = Yit1,4. By symmetry we have W,gl)a = R’(W,gog) for any k > 0,
acCr.
For a € C* and i € Z let a = Y[i__ll]_aq,;x/[i]’aqifl where [j] € I is the class of
j € Z. Let T be the set of tableaux (T5 ;)i<o0,1<j<k such that

VZSO,].SjSk, Ti’jGZ,

Vi<0,1<j<k—-1,7T;; <T; 41,

Vi<0,1<j5<k,T;; <Tit1,,

V1<j<k,T;; =1fori<<O.

Theorem 4.1. We have the following explicit formula :

W]g()lq = RZ(Z H aq2(j—i))'

TeT i<0,1<j<k

Remark : in the case of fundamental representations (k = 1) explicit formulas have
been proved in [Nag] as a special case of ¢-Fock space representations.
The details of the direct proof of the Theorem will be written in a separate publica-
tion devoted to the general study of the quantum affinization Kac-Moody algebra
Uy(sls) with infinite Cartan matrix (Cij)ijez where

Cij=20i; = 0ij+1— 0ij—1

by

(the algebra is defined as in Definition 2.2 but ¢ € Z). The corresponding infinite
Dynkin diagram admits a non trivial automorphism 7, : ¢ — i+m for m > 2 which
gives a twisted Dynkin diagram of type A;}Lll. So we can use technics developed
in [He9] to study twisted quantum affine algebras to get the formula of Theorem
4.1.

Although for quantum affine algebras of type A, B, C' and for the double deformed
quantum toroidal algebras of type A (of Remark 2.3) [Nag] the I-weight spaces
of fundamental representations are of dimension 1, this is not true for Uy (slf2/).
For example we have from the Frenkel-Mukhin algorithm the upper part of the
g-character, presented bellow as a graph (see [FR2] for details on the notion of
graph associated with a g-character).
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Yo.1
lo
Y_l YL(JYES q
3Y1,qY2q 3}/2 q2}/éq
ngqlzlx/l,qyl,q Yl q3Y2 2Y }/E) q Y27q4Y3,(1}/3,q3
| | |
YigY] Yo, Yo Ya 2 X Yy 0¥y i g2 Yy 4 Ya.qYo,q0

FIGURE 1. Type Agl) : a part of the graph of x4(Vo(1))

Remark 4.2. Note that as dim((L(Ao))Ag—ao—os—a1—as) = 1, Vo(1) is not simple
as a Z/I;L(sl4)—m0dule (this is not a situation analog to evaluation representations
of quantum affine algebras).

Let us give some additional comments on representations of U, (slso). We can
define Kirillov-Reshetikhin modules W,gll)l (k > 0,a € C*,i € Z) of Uy(sls) by
using Drinfeld polynomials as for Mq(§1n+1). These modules are not finite dimen-

sional, but by using the same proof as for quantum affinizations [He3], they are
integrable. Then, as for quantum affinizations we get :

Theorem 4.3. The W:()l satisfy the T-system for any k > 0,a € C*,i € Z

Xe WX (W,

) = xaW DX WED) 4 3 (W) xa W o).

In fact by putting T; 1+ = X4 (W,Szaqtﬂ ») we get the octahedron recurrence
(see [RR] and more recently [FZ1, KTW, HK] for related works) :
Tikt—1Ts ki1 = Tivt kg L1t + T 1,6 s =1t

In particular the comments of Remark 3.13 hold for this relation.

4.2. Extremal loop modules and finite dimensional representations at
roots of unity. In this section we introduce new class of representations of quan-
tum toroidal algebras, and we give motivations and examples to study them.
First let us recall the definition of extremal weight modules. The Weyl group



18 DAVID HERNANDEZ

W is the subgroup of GL(h) generated by the simple reflection s; defined by
siA) = A =Ny (i € I).

Definition 4.4. [Kashl, Kash2] For V an integrable Uy(g)-module and A € P, a
vector v € Vy is called extremal of weight A if there are vectors {vy }wew such that
vig =v and for any i € I :

zv, =0 if £w(\)(a)) >0 and (xf)i(“’()‘)(aiv))vw = Vs, (w)-

For \ € P, the extremal weight module V(A) of extremal weight X is the Uy(g)-
module generated by a vector vy with the defining relations that vy is extremal of
weight .

If A € P, V()) is the simple module of highest weight X, but in general
V(A) is not in O.

Theorem 4.5. [Kashl] For A € P, the module V() is integrable and has a crystal
basis B(A).

By a monomial we mean a monomial of Z[Yi]z]lgign,le% In [HN] a monomial
realization of extremal crystals is proved, by extending the results in [Nak3, Kash3]
obtained for crystals of finite type. The monomial crystal of a crystal of finite type
is related to the g-character of a finite dimensional representation of a quantum
affine algebra [Nak3]. We propose a relation between level 0 monomial crystal [HN]
and some integrable representations of quantum toroidal algebras (which are not
in O). Let us look at an example in the most simple situation Aél) (Agl) is not

simply-laced, and Agl) has an odd cycle and so is not included in the study of
[HN]). The crystal B(A; — Ag) can be realized as :

0 -1 1 -1 2 -1 3 -1 O -1 1
T }/11110}/6,(1 - Y27(15/17q2 - 1/31112}/27(13 - Y07q3Y37q4 - 1/11114}/2)7(15 o

Proposition 4.6. There is an integrable representation V- of Uy (sly") such that :

-1 -1 -1 -1
Xq(V) = E (Yl,q‘lpyo’q4p+1 + YQ,q4P+1YLq4p+2 + Y3,q41’+2Y2’q4p+3 + YO,q4P+3Y3~,,q4p+4)-
PEZL

Proof: ~ Consider the vector space V = €, c; V,, where
Vo = @ae{1,2,3,4yC0a p-

Let us define the action of Uy(sl{") on V by (r € Z, m > 0, a,b € {0,---,3},
peEZ):
Th Vasbp = 6p1q" Ty, ,

r(4dp+a—1)

x(;wvaer,p - 5b,0q Va+1,p»

G tm-Vatbp = F(60,0 — 0p1)(q — ¢ g™ T Dy,

+ +(6p,0—9
kg Vaybp =4 (b0 b’l)va+b7pv

where we denote vo, = Vap—1, Usp = Vip+1, Vsp = V2,p+1- Let us check that
it defines a representation of U, (sl}°"). For each a € {0,1,2,3}, we have a well
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defined action of U,. So it suffices to check the relation involving adjacent nodes,
(0,1), (1,2), (2,3), (3,4). For example for (2,3), we can see that V,, is stable for
Uy and is isomorphic to the direct sum of (Cv; ) (trivial representation) and
Cvap @ Cus p, @ Cuyp (a fundamental representation for the node 2). O
This representation can be considered as an analog V(YMYOT(}) of extremal module
for quantum toroidal algebra : Y1,1Y0Tq1 is the [-weight of the extremal vector
v1,0. For 0 < ¢ < n, let L{,}”(@) be the subalgebra of U,(g!°") generated by the

xfm,kfl,hj7r for j # 4. Z/{;”i(@) is isomorphic to a quantum affine algebra and
is equal to the vertical subalgebra when ¢ is the additional node of the Dynkin

diagram. In general we propose the following definition :

Definition 4.7. An extremal loop module of Uy (g*°") is an integrable representa-
tion V' such that there is v € V' l-weight vector satisfying

(1) Ug(g*) v =V,

(2) v is extremal for Z/{(;L(@),

(3)Yw e V, V0 <i<n, UD(§).w is finite dimensional.

In another paper such integrable representations will be studied (as well as
the analogy with [CG, V] for quantum affine algebras).

Let us go back to our example. As a U;’(§l4)—module V' is not simple and
is semi-simple equal to a direct sum of simple finite dimensional representations.
As a Ug(§l4)—module it is extremal with a non trivial automorphism satisfying
Vap > Vap+1. But the Uy (sli")-structure of V has very different properties than
its Uy (sly) and U§(§l4)—structures as it is simple without non trivial automorphism
(and so it is not analog to evaluation representations of quantum affine algebras).

Remark 4.8. We can expect that for a large class of such representations the
level is finite, and the representation can be interpreted via Schur-Weyl duality.
In our example the character of Vi, as a Uy(sly)-module is y1 + ygyfl + ygygl +
ys " and so V is of level 1. We get a representation M of Hy(¢%,¢*) (the twisted
polynomials ring with two variable X1,Y1 and relation X1Y1 = q4Y1X1). We have
M = @D,cz, Cmy, where Xymy = my_1 and Yimy, = q*Pmyi1.

Kashiwara [Kash2] proved that certain fundamental finite dimensional rep-
resentations of quantum affine algebras can be realized as a quotient of a level 0
fundamental extremal representation, and so have a crystal basis. The quotient
comes from an automorphism of fundamental level 0 extremal modules. In many
case [HN], this periodicity property can be read on the monomial model as a shift
on the index by some ¢'. This is related to the existence of finite dimensional rep-
resentations of quantum toroidal algebras at roots of unity. Moreover we expect
to get finite level representations and so via Schur-Weyl duality to get finite di-
mensional representations of DAHA at roots of unity (note that in the case of the
g-Fock space, the Schur-Weyl duality is used in the reversed way).
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In the above studied example, for ¢ = i a primitive 4-root of unity, we get a
periodic sequence of monomials :

0 —1 1 -1 2 —1
=YYy = YY) T = Y Y,

3 -1 0 1 1
i = Yo—iYs = YiaYy; =

Let L > 1 and € a 4L-primitive root of unity. Then we also get a periodic sequence

when ¢ is equal to €. Let us consider U, (sl}°") the algebra defined as U, (sl}°") with
e instead of ¢ (we do not include divided powers in the algebra).

Proposition 4.9. There is a 4L-dimensional representation V of U.(sI%°") such
that :

v, § -1 -1 -1 -1
Xe(V) S (Y17€4p YO754P+1 + Y2’64p+1 Y17€4p+2 + Y3’64p+2Y27€4p+3 + Y0’64p+3Y37€4p+4).
1<p<L

Proof: It suffices to specialize at ¢ = € the representation of Proposition 4.6 and
to identify v, p with v, pyr for any p. O

Remark 4.10. In this evample the corresponding representation of Hy (€2, €*) (the
algebra with generators X,Y and relation XY = €'Y X ) is W of dimension L
with basis {w1, - ,wr} where Xw; = e*'w; and Yw; = wiy1 (we denote wr 1 =
w1 ). Note that for {mq,--- ,mr} the basis of W such that w; = El<j<L e*im;,
we have Xm; = m;_1 and Ym; = e4jmj. The eigenvalues of X and of Y are
{1,€, ... =D},

Remark 4.11. In the case L = 1 we have a 4 dimensional representation of
U; (sl with i-character

Xi(V) = YiaYy ' + Yo, ¥y + Vs Yy L 4+ Yo Vs
More explicitly VvV = ®aez/4zCvq and the action is given by (r € Z, m > 0,
aec{0,---,3},d €Z/AZ) :

+

r(a—1
Lagp-Var = 5a’7[a+1]’T(a )

Va’ -1,

— -r(a—1
xaﬂ,.va/ = 6(1.’,[(1]2 ( )'Ua/+1’

OF 4 Var = £2(60 (o] = Oar far1))I T Vg,

kE wg = it 0a a1 =0 a1y,

The structures of U (sly) and UY (sl4)-module of V' are both isomorphic to a simple
4-dimensional fundamental representation. In this simple example the correspond-
ing representation of Hy(—1,1) ~ C[X1,Y1] is of dimension 1 where X1,Y1 act as
the identity.

These representations for general type will be studied systematically in another
paper.
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4.3. Other possible developments. In this last section we explain other pos-
sibly promising directions for further research. A first general observation is that
in the view of the huge number of very interesting results which are known or
under development for Cherednik algebras (as for example in this volume), we can
expect to have analog results, developments and applications for quantum toroidal
algebras. Let us give some examples and more precise directions :

- Many combinatorial results and explicit formulas are known for g-characters
of Kirillov-Reshetikhin modules, in particular for quantum affine algebras of classi-
cal types (see references in [He6]). For quantum toroidal algebras and more general
quantum affinizations, the g-character of fundamental representations are totally
combinatorially characterized by the Frenkel-Mukhin algorithm, and we have the
T-system for Kirillov-Reshetikhin modules. So it should be possible to extract
combinatorially explicit formulas for g-characters (more general than in Theorem
4.1), as well as branching rules to the underlying quantum Kac-Moody algebra.

- The structure of quantum toroidal algebras is still not fully understood
for general type. In particular the role of vertical and horizontal quantum affine
subalgebra and their interactions has to be described.

- It is expected, and proved for many types, that Kirillov-Reshetikhin modules
(with an appropriate choice of the spectral parameter) of quantum affine algebras
have a crystal basis. It would be very interesting to develop an analog theory
of crystal bases for quantum toroidal algebras. As we do not have a Chevalley
presentation for these algebras, this theory should rely on Drinfeld generators.

- Bezrukavnikov and Etingof defined induction and restriction functors for
Cherednik algebras in [BE]. As suggested by P. Etingof, it would be very interesting
to relate it to the fusion product of quantum toroidal algebras in a duality result
analog to Proposition 2.9.

- Geometric approaches to the representation theory of general quantum
affinizations, in the spirit of the results of Nakajima for simply-laced quantum
affinizations, have still to be developed. In particular as for the applications devel-
oped in [Nak2, Nak5], it should be possible to interpret geometrically correspond-
ing analogs of Kazdhan-Lusztig polynomials in order to get informations on the
fusion product *;. Candidates for these polynomials are constructed in [Hel, He2]
where precise conjectures in this direction are given.
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