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1. INTRODUCTION

In the case of semi-simple Lie algebras, the structure of the Grothendieck ring of finite dimensional
representations of the quantum algebra is well understood : it is analogous to the classic case q=1 and
we have a ring homomorphism of characters. For the general case of Kac-Moody algebras the picture
is less clear. In the affine case, E. Frenkel and N. Reshetikhin have recently introduced an injective
ring homomorphism of g-characters. It gives informations about the decomposition in Jordan subspaces
for a class of commutative elements. The homomorphism of g-characters has a nice symmetry property
analogous to the classic action of the Weyl group : the image is the intersection of the kernels of screening
operators. In the ADFE case, H. Nakajima, motivated by the geometry of quiver varieties, introduced ¢-
analogs of g-characters. From representation theory point of view, it gives more informations about Jordan
subspaces. We define t-analogs of screening operators and give a symmetry property of q,t-characters.
Our construction is purely algebraic and is extended to the non-simply laced case : it could help to extend
Nakajima’s theory in this case.

2. HOMOMORPHISM OF CHARACTERS IN FINITE CASE

g : simple Lie algebra of rank n, I = {1,...,n}

h C g : Cartan subalgebra

A C bh* : lattice of weights of g

w; € A : fundamental weights

Rep(U(g)) : Grothendieck ring of finite dimensional representations (with € and Q)

We have an injective homomorphism of rings :

X : Rep(U(g)) = Z[ylier

xV)y= > dim(W)][]y™
A= Z miw; EA iel
i€l

where V), is the weight space of V :

Va={z € V/Vh € h,hx = A(h)z}
We have a symmetry property related to the Weyl groups W :

Im(x) = ZyFW; ~ Z[T, ..., T
The quantum case is analogeous :
Rep(U,(g)) =~ Rep(g) =~ Z[A]Y ~ Z[T}, ..., Ty,]

where Rep(U,(g)) : finite-dimensional representations of type 1.

In quantum affine case Rep(/,(g)), the picture is less clear.
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3. QUANTUM AFFINE ALGEBRA
g : simple Lie algebra of rank n, I = {1,...,n}
(Ciji<ij<n = (%) : Cartan matrix of g
g C g : affine Lie algebra, (C; j)o<i,j<n generalized Cartan matrix of g
ri = ((”2—0‘1) € Z, B; j = r;C; ; symmetric matrix

g € C* not a root of unity, ¢; = g™

Definition 1. The quantum affine algebra U,(g) is the C(q)-algebra generated by E;, F;, K;, K;' (0 <
i < n) with relations :

K,K7'=1=K;'K;
KZEJ = qBijEjKi
K,'Fj = q_BiijKi

K, - Kt
EiFj — FiE; = 6ij——
q; — q;
(-1)* [1 _sCi] BT BB =0 sii#

qi

(_1)3 |:1 — C”:| Fjl_Cij_stFis —0sii 7éj
. qi

An Hopf algebra structure is given by formulas :

Comutiplication :
AE)=E®1+KeE ,A(F)=FoK'+1®F , AK;) = K;® K;

Counit :

Antipode :
S(E) = -K;'E;, $(F;) = —-FK; , S(K;) = K;"*

4. DRINFELD NEW REALIZATION
Theorem 1. (Drinfeld new realization)
U,y (8) is generated by xfm 1<i<n,m€Z),kf(1<i<n), him (1<i<n, mez*), ct3 | with
relations :
kik; = kjk;
kiljm = hjmki
kz-r;lfmkz_l — q:i:Bij xfm

[m]

1
i €] = £ [mBijlecT 2 z;

Jym—4m’
+ + +Bi; £ L+ _ 4B+ o+ + +
Tymt1Ljm — @ T Ty = Y T mi1  Timi+1%m
1 ¢t —c™
[Pi,ms Bjomt] = Om,—m' —[mBijlg -
m , 1
a5 —4q;
m—m/ + m-—m'
+ — _ “C 2 ¢i,m+m’ —-C 2 i,m—+m'
[xi,m7xj,m’] =045

gi—aq; "
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E|S + + + + + _
Z Z (_1) |:k;:| xi,mw(n"'xi,m"(k)xj,m’xi,mn(kﬂ)"'zi,mn(s) =0

meEXk=0..5 qi
qﬁfm € Uy(g) are defined by :
£(g—q 1) R s uE .
= Y St =k ST € Uy (§)[[£u]]

m=0..0c0

Remark: {¢=, i€ I,m € Z}is commutative

i,£m>

Every finite dimensional represention is a sum

V=V,

¥
where V, is a simultaneous generalized eigenspace :

V, ={z € V/Ipe NVi € {1,..,n},Ym € Z,(¢F,, — 5P« = 0}
5. FINITE DIMENSIONAL REPRESENTATION OF U,(g)
Theorem 2. (Chari-Pressley) Every simple V € Rep(Uy(8)) is a highest weight representation V', that

is to say Jug € V (highest weight vector) :
af o =0,V =Uy(d)vo , ¢t = v B V0 = Vim0
Moreover we have an i-uplet (P;(u))icr of (Drinfeld-)polynomials, P;(0) =1, such that :
deg(Pr) Pi(ug; ')
= D it =g S € O]
meN (2 ql
and (P;)ier parametrizes simple modules in Rep(Uy(§)).

Theorem 3. (Frenkel-Reshetikhin) The eigenvalues v;(u)* € Cl[u]] of V € Rep(U,(g)) have the
form :

Loy deg(@i)—deg(R:) Qi(ugi ) Ri(ug:)
") =g Qi(ugi)Ri(ug; )
where Q;(u), Ri(u) € Clu] and Q;(0) = R;(0) =1.

Example: g = slo, I = {1}. Explicit calculations with Jimbo’s evaluation homomorphism ev, :
uq (Sl2) — Z,{q (Slg)
For P(u) = 1 — ua we have M, = Cvg P Cuv; :

vo highest weight vector : ¢* (u).v0 = ¢ luzquvo, Pu)=1-ua

vy simultaneous eigenvector :
11- uag®

¢i(u)-’01 =q TM v1, Qu) = (1 —wua), R(u) = (1 - anz)(l — ua)

6. Q-CHARACTERS

Definition 2. (Frenkel-Reshetikhin’s g-characters)

Zd@m Viy) H H sy H Yl_b}m EZ[Kﬁ]ieLan

i€lr=1. ke, s=1..1y;
where

Q)= [ (1-z2ayi), Ryi(z)= [ (1-2byr)

r=1..ky; r=1..0y;
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Example:
Xo(Ma) = Yo+ Y,
Theorem 4. (Frenkel-Reshetikhin) The map
Xq : Rep(Uy(8)) = Z[K':,{Z]iel,aeC* =Y
is an injective ring homomorphism and the diagram is commutative :
RepUy(®) =% ZIYiieracc
1 res 1B
RepUy(9)) == Zly;Vier
Corollary 1. The ring Rep(Uy(8)) is isomorphic to Z[X; ¢licI,accs -

Example:
Xg(Magz ® My) = (Yaqs + Yazl)(yaq + Ya;ll)
= YagsYaq + Yag Yo lu + Y'Y Lt 4+ 1 = x4 (V) + xy(trivial module)
where N simple module with dim(N) = 3 and P(u) = (1 — ag®u)(1 — aqu).
Note that M,,» ® M, # N @ triv. is not semi-simple. In fact we have an exact sequence :
0= N — My, ® M, — trivial module — 0
Example:
Xo(Mo & M,) = Y7 +2Y, Y, 1 + Y,
M, ® M, simple module with P(u) = (1 — au)?.
7. SYMMETRY PROPERTY OF g-CHARACTERS
Let be Afa €):
Ai’“ = Y'i"“liyi,aqfl( H Yj;l)( H YE_atY;_a}z—l)( Yr;,laqzyﬁalayg,{zq”)
J/Cj,i=—1 1/Cri=—2 m/Cm,i=—3
Definition 3. (Frenkel-Reshetikhin’s screening operators)

Si: V= PY-Sial D V(Siag — Aiiag:-Sisa)

acC* acC*
Si(yri,a) = Yi,a-Si,a
VU,V € Y,5,,(UV)=US;o(V)+ VS, (U)
Theorem 5. (Frenkel-Reshetikhin-Mukhin)
Im(xg) = [Ker(s)
iel
and
Ker(S:) = LY} ] jinec © L[Yip(1+ App becr = Ri

%,bgi

Example:
Xq(Ma) = Ya(l + A;ql)
Xa(N) = Yog Yo (1 + A7 + Aa_,q12A;1)
= YagsYao(1+ A7 + AT LAY
= YagYag(1+ A7) (1 + AL ) — 1
Remark: It is analogeous to the classic symmetry property of x : Im(x) = Z[y;t]}’gj

It gives an algorithm to construct in purely combinatorial way the g-characters.
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8. t-ANALOGS OF ¢-CHARACTERS (ADE CASE)

We assume g is of type ADE. Motivated by the geometry of quiver varieties, Nakajima defines :

homomorphisms of additive group :

Xat : Rep(Uy(8)) = Vi = Z[Wi 0, Visas tEicr,0ec
¢ : Rep(Uy (8)) = Vi = Z[YE, tEicr acc

a new twisted multiplication x on Vs

— t2d(m1 N

mq % Mo m2)m1m2

t-analogs of ]; :
R =C Ve, f%t,i R

Theorem 6. (Nakajima) The maps xq.t,Xq,t are injective, the diagram :

Rep(Uy(8)) 2%

\ LI
Rep(Uy(g)) X3 D
\ 4 I

Rep(Uy(5)) -~ Y

is commutative. We have :

Xq t) ﬂﬁt i = Ry
el

and Xq¢ 15 “almost” a ring homomorphism for the new multiplication *.

Remark: Nakajima gives an altenative conjectural definition, for M standard module (tensor product
of fumdamental representations) :

Zdzm )My = Xqt(M) = Zt%dim(MfY"H/MA:)m
y,T

where a filtration of generalized eigenspace is used :
M+ = {x e V/Vie{l,..,n},Vm e Z, (¢;tm - fﬁfm)r‘z =0}

Example:

Xt (Magz @ My) = YogsYaq + Yaqaya;l + Yaglya—qil +1
Xat(Ma ® Ma) = Y7 + (1 +8°)YaY 0 + Y00 = Y2 (14 (1+ 7)) A, + ALY
Xq,t(Ma Y Ma) = Wf(l + (1 + tz)Vaq + Vaq)

= (Wa(1 + Vag)) * Wa(l+ Vag)) = Xq,t(Ma) * Xg,6(Ma)
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9. t-ANALOGS OF SCREENING OPERATORS (GENERAL CASE)

Goal : Symmetry property for ¢, t-characters.

We define a bimodule structure on € ﬁt.Si,a :
a€eC*

Siam = t2ua(m) G, |
Then
Z y(Vi,aqi Si,aqiz - tQSi,a)

a€eC*
is a subbimodule and we note the quotient 37“

Definition 4. (t-analogs of screening operators)

Seim) =m( D (Lu, o myzo(L+ 2 4 o 4120 M=Dy 1 (872 4+ 200 (M)) S,
acC*

Theorem 7. (H.) The diagram :

Uy
~
.

Vo =5 Vi
I, | R AP
Vi Sty Vi
In; 4 Iy,
y 3y

is commautative and we have :

ﬂKeT‘(Si,t) = ﬁt

iel

More over in the ADE case, S’m is a derivation for x :
VX,Y € Vi, 8i(X #Y) = 814(X) # Y + X # S (V)
Remark: The construction is purely algebraic and is extended to the non-simply laced case. Next
step : to extend Nakajima’s theory...

We hope to understand these operators as quantum differential operators.
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