Entropy and the localization of eigenfunctions.

Nalini Anantharaman
CMLS, Ecole Polytechnique

16 octobre 2007



Introduction.

X a compact riemannian manifold, of dimension d.

Arpy = —Napy
[kllzxy =1

in the limit Ay — +o0.



Introduction.

X a compact riemannian manifold, of dimension d.

Arpy = —Napy
[kllzxy =1

in the limit Ay — +o0.
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Fia.: A few eigenfunctions of the Bunimovich billiard (Heller, 89).
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We study the weak limits of the probability measures on X,
i (x)[2d Vol(x)

Ak — F00.
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Introduction.

For convenience, we use semiclassical notations,

—he Aty = Uy,

1
\/—)\7.

The operator —hz% is the Schrodinger operator associated with
the classical Hamiltonian

hye =

1>

H(x,§) = o

on T*X, which generates the geodesic flow gt : T*X — T*X.
h — 0 is the semiclassical limit.
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|9k (x)|>dVol(x) is a probability measure on X.

To keep the information of the frequency vector of 1, we use a
microlocal lift of these measures to 7T*X. To do so, we use a
quantization procedure

a e C(T*X) — Opy(a) € L(LA(X)).

We study the distributions px(a) = (¢, Opy, (a)¥k),
pk € D'(T*X), which project on X to the measure

[k (x)[PdVol(x).
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|9k (x)|>dVol(x) is a probability measure on X.

To keep the information of the frequency vector of 1, we use a
microlocal lift of these measures to 7T*X. To do so, we use a
quantization procedure

a e C(T*X) — Opy(a) € L(LA(X)).

We study the distributions px(a) = (¢, Opy, (a)¥k),
pk € D'(T*X), which project on X to the measure
[k (x)[?dVol(x).

NB : the definition of 14 depends on the choices made for Opy,,,
but not the collection of its weak limits when kK — +o0.
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o || Opx(a) Op(b) — Opp(ab)l|c = O(h);
o [le™2 Opy(a)e ™2 — Opy(ao gt)||c = O:(h); (Egorov)

Consequences

Let py be microlocal lifts of |1x(x)|?dVol(x).
As k — o0,

@ one can extract from (uy) a converging subsequence in D' ;

@ any limit point y is a probability measure carried by the unit
cotangent bundle,

@ and  is invariant under the geodesic flow gt : gty = p.




The Snirelman theorem.

Let (vx)ken be an orthonormal basis of L2(X), with
—hy Ap = P, ik = Pgsa.
Denote (px) the microlocal lifts of the measures |4 (x)|?dVol(x).

Theorem (Snirelman, Zelditch, Colin de Verdiere)

Assume that the action of the geodesic flow on the energy layer
S5*X is ergodic for the Liouville measure. Then, there exists a
subset S C N of density 1, such that

wr ——  Liouville.
k—00,keS




Quantum unique ergodicity ?

We now assume that X has negative sectional curvature.

—— the geodesic flow has the Anosov property = is uniformly
hyperbolic : non-zero Lyapunov exponents, strong mixing
properties...

Conjecture (Rudnick, Sarnak 94)

On a negatively curved manifold,

the whole sequence pi P Liouville.

—00

( “equidistribution of eigenfunctions”)
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We now assume that X has negative sectional curvature.

—— the geodesic flow has the Anosov property = is uniformly
hyperbolic : non-zero Lyapunov exponents, strong mixing
properties...

Conjecture (Rudnick, Sarnak 94)

On a negatively curved manifold, (or, more generally, for Anosov
Hamiltonian systems ?)

the whole sequence pi P Liouville.

—00

( “equidistribution of eigenfunctions”)




Quantum unique ergodicity ?

Theorem (Arithmetic quantum unique ergodicity, Lindenstrauss 02)

Let X be a congruence (compact) arithmetic surface (curvature
—1). Let (¢Yx)ken be an orthonormal basis of L?(X), formed of
eigenfunctions of the laplacian

Then the whole sequence iy P Liouville.
—00




Quantum unique ergodicity ?

Theorem (Arithmetic quantum unique ergodicity, Lindenstrauss 02)

Let X be a congruence (compact) arithmetic surface (curvature
—1). Let (¢Yx)ken be an orthonormal basis of L?(X), formed of
eigenfunctions of the laplacian and of the Hecke operators.

Then the whole sequence iy P Liouville.
—00

Multiplicity of eigenvalues is a difficult open problem.



2 1
A= ,
11

acts linearly on the torus T?; this diffeomorphism has the Anosov

property. This system can be quantized thanks to the Weyl
formalism : Ap : Hp — Hp.

Counter-example (Faure, Nonnenmacher, De Bievre 03)

For any (3 € [0,1/2], for any periodic orbit v of A, there exists a
sequence (k) of eigenfunctions such that, for any a € C*°(T?),

() = (1, 00" (k) — (1~ 5) / adpdq + / adn.

——+400

We denoted d7y the A-invariant probability measure carried by the
periodic orbit .

Theorem (Faure, Nonnenmacher 04)

(B cannot be greater than % in these counter-examples.




F1G.: An eigenfunction on a negatively curved surface.



Fia.: A few eigenfunctions for the Bunimovich billiard (Heller, 89).



F1aG.: Scars for the Bunimovich billiard (Heller, 89).



F1G.: Scar.

http ://www.ericjhellergallery.com/
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F1G.: Two typical eigenstates for the cardioid billiard (Arnd Bicker).

http ://www.physik.tu-dresden.de/ baecker/
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F1G.: Scar for the cardioid billiard (Arnd Backer).



F1G.: D-shaped optical fiber, typical state.

Valérie Doya, Olivier Legrand, Claire Michel, Fabrice Mortessagne,
Laboratoire de Physique de la Matiere Condensée, Université de
Nice. Christian Miniatura, Laboratoire Ondes et Désordre,
Sophia-Antipolis.



F1G.: D-shaped optical fiber, scar.



Kolmogorov-Sinai entropy.

We now look at the Kolmogorov-Sinai entropy of the limit
measures,

hks : Mé — RT.

o if p is carried by a periodic orbit, then hxs(u) = 0.

o hks(u) < [S29-1 A dpu, with equality only for the Liouville
measure (Ruelle-Pesin inequality).

@ In curvature = —1, hxs(p) < d — 1, with equality only for the
Liouville measure.

@ hks is affine.



Kolmogorov-Sinai entropy.

—hp A =k, bk — 0.
Denote (ux) the microlocal lifts of [y (x)[>dVol(x).

Theorem (A- 05)

Assume that X has negative curvature (or assume only that the
geodesic flow is Anosov). Let u be a limit point of the sequence
(k). Then

hks(p) > 0.

W Is not entirely carried by a union of closed geodesics.

(of the full quantitative thm)
In constant curvature —1, we have dim suppy > d.




Kolmogorov-Sinai entropy.

Theorem (A-Nonnenmacher 06, A-N-Koch)

In constant curvature —1,

d—1
hrs() = S

In variable negative curvature,

hKS / Z >\+ d/«L Amax-

We expect the following :

hs (1 / Z Afdp.
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About the proof.

Definition of entropy. $*X = I_IlePk a measurable partition of
S5*X.

(((Pog N g *Pay...g " VP, )

hn(ﬂ7 ’D) = - Z N(Pao .- -gi(nil)Pan—J IOgM(POéo .- ~g7(n71)Pan—1)

aQ,-.-,&¥p—1

hks(w, P) :== lim h"(l;’ P) = inf h"(l: P)

his(p) := sup his(u, P).

e If, for any sequence ag, ..., s 1,
p(Pog N g 1P, .. .g_("_l)Panfl) < Ce™P", then
hks(p, P) = B.

@ Upper semicontinuity.
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About the proof.

X = I_II’f:lPk as in definition of entropy.
Po=0p(1g)) = x1g, > Pi=1
k

:bk(t) — eith% ﬁ;ke—ith%

Proposition (The main inequality)

(Here in constant curvature = —1).
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Let xp € C(T*X) be a smooth cut-off function, supported in a
fit—%-neighbourhood of 5*X.
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About the proof.

X = I_II’f:lPk as in definition of entropy.
= Op(U) = <1, S PE=
k

:bk(t) — eith% ﬁ;ke—ith%

Let xp € C(T*X) be a smooth cut-off function, supported in a
fit—%-neighbourhood of 5*X.

Proposition (The main inequality)

(Here in constant curvature = —1).

1Pa, (1= 1) .. Pay (1) Pag OP(xa) | (2(x)
< Ch(d-140)/2=(F" ) "(1 + diamP)"

for n < Kllog k| (K arbitrary) and i < Ay, for any sequence
aQ,...,0p_1.



About the proof.

Define
7/)7”1’ = Z H'E)Oénq(n_l)"’boéowhnz log H'boénfl(n_1)"’60407/)?1||2
aQ;---,&p—1
and
hy (Y, 'b) = _Z H"Aaoco--lsan—1(”_1)¢h”2 log HIADOco--'ban—1(”_1)¢hH2-
QQyeeeyOn—1

Using Maassen—Uffink’s entropic uncertainty principle, we prove

%[hﬁ(l/}h, P) + hy (Yn, P)] > (d — 1) — (d —;L +6) | log A

n

for n < Kl|logh| (K arbitrary) and i < fig.



About the proof.

Maassen—Uffink’s entropic uncertainty principle.

Theorem

Let H be a Hilbert space.

Suppose we have two partitions of unity (mk)}_, and (7;)},, that
is, two families of operators on H such that

N M
ZWMT;: =/d, ZTJ-TJ-* = [d.
k=1 =

For any normalized v € H, define
ha() = — 3y I m5b]|2 log |5 |2 and

he(9) = = 3L [l log 711
Let U be an isometry of H.

. def »
Define ¢ -(U) = supj 177 Uil £ty

Then, for any normalized ¢ € 'H, we have

hT(Uw) + hﬂ(w) > -2 |Og CT,W(U) .
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