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Abstract

A dynamic model of the settling process in the secondary settler of a wastewater
treatment plant is given by a nonlinear scalar conservation law for the sludge concen-
tration under the form of a partial differential equation (PDE). Theoretical results on
stationary solutions are found to be related with the limiting flux theory, allowing new
insights into this latter theory especially when the settler is overloaded.
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1 Nomenclature

A(x) = area of the settler at depth x (L2)
c = solids concentration in the settler

(ML−3)
φf = feed flux (ML−2T−1)
Qe = effluent flow (L3 T−1)
Qi = inflow to treatment plant

(from aeration tank) (L3 T−1)
Qf = inflow to settler (L3 T−1)
Qo = output flow (L3 T−1)
Qr = return sludge flow (L3 T−1)
Qw = waste sludge flow (L3 T−1)
v(c) = gravity induced sludge velocity (LT−1)
xf = depth of the feed point (L)
xb = total depth of the settler (L)
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2 Introduction

Increasing concern is developing about secondary settling, in relation with high peak-flow
values, induced by infiltration/inflow into separate wastewater sewers. Indeed, secondary
settlers are the most sensitive parts of the treatment process, regarding that kind of stress.
However, one could be interested in using them at their maximum capacity for a short time,
to avoid massive bypassing during rainy periods and reduce the needed capacity for storage
basins. To forecast and control the behaviour of secondary settlers during transient loading,
two ways have been investigated by many researchers. The first one is the famous “flux
theory”, which has been developed for several decades and provides graphical tools to describe
the settling process. It deals with steady states but may be used for a qualitative approach
of transients. The second approach uses differential equations and computer modeling to
give an insight into the dynamics of a settler facing variable flows. In these papers we try to
link these two kinds of reasoning: we use differential equations both

• to give a more rigorous basis to the flux theory,

• to direct the construction of models, which could be used to control the process.

The paper is organized as follows. After a brief description of the plant, recalls on the
limiting flux theory are given in Section 3. In Section 4, we give a precise description of the
steady states in the settler. Conditions for the existence of a steady state with or without
sludge blanket at the feed point are found to be related to those given by the limiting
solids flux theory for cylindrical settlers. Our results provide a mathematical basis for this
latter theory as well as an extension to general shapes of settlers and velocity functions
(mathematical proofs are found in [Chancelier et al., 1994]).

3 Recalls on the limiting flux theory

We consider a settler whose geometry is described by the only mean of the depth x, directed
downward (see Figure 1 for a conical settler sketch).

Note that x = 0 is the depth of the top of the settler and that the sectional area A(x) of
the settler is assumed to be non increasing. Concerning the volumes flows, we denote by Qo

the output flow at the bottom, that is the sum of recycle flow Qr and waste flow (or sludge
extraction flow) Qw. Thus Qo coincides with the recycle flow Qr when there is no sludge
taken out of the plant.

3.1 Basics

Flux theory has got a long history, which can be traced along some famous papers [Coe and Clevenger, 1916],
[Kynch, 1952], [N. Yoshioka et al., 1957], [Dick, 1970], [Keinath et al., 1977], [Keinath, 1985].
This theory is well known and somewhat complex and this is why we will not make a detailed
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presentation although it will be useful in the sequel to recall some of its features. First, we
will give a summarized version of it, then we will point out some features which are very
often overlooked, especially concerning the underlying assumptions, and third we will outline
some new developments, especially for conical settlers.

A secondary settler with vertical flows is in fact a piling of two processing units:

• in the upper part, a clarifier, which may be called “counter-current”, as sludge particles
go down as water goes up,

• in the lower part, a thickener, which works on the “co-current” mode.

The input from aeration basin is fed at the interface between these two units. This input is a
water flow, with a value Qf = Qe +Qo, conveying activated sludge with a concentration cf ,
hence with flux φf = Qfcf . When the settler is operated in good conditions, all the sludge
fed in the settler is extracted at the bottom, conveyed by output flow Qo (coinciding with
recycle flow Qr when there is no waste sludge taken out of the plant) and gravity settling.
The treated flow Qe is poured out to the receiving water with a concentration near to zero.
The flux theory shows that the more sensitive process is the thickening, which is necessary
to increase the concentration of sludge from a feed value cf to a bottom value cr.

When the settler is cylindrical, a “flux chart” can easily be drawn, to check whether
a particular value (φf , cf ) of feed flow and feed concentration can possibly be processed
through the lower part of the settler and what adjustment may be necessary for Qo. This
chart includes data about the settling velocity of the sludge under consideration. The settling
velocity of somewhat concentrated suspensions depends on their concentration according to
a decreasing function v = f(c). From this velocity a flux φ = Acf(c) can be derived, A
being the area of an horizontal section of the settler. So the flux charts displays the fact
that the downward movement of sludge particles is related with two components: hydraulic
transportation by flow Qo and gravity settling, with a velocity v = f(c).

With c as x-axis, we get the sketch depicted in Figure 2:

1. straight line 1 figures out the flux Φo(c) = Qoc conveyed by output flow Qo,

2. curve 2 figures out the sum of 1 with the gravity settling flux Φg(c) = Acf(c) and gives
the total flux

Φ(c) = Acf(c) +Qoc (1)

that can be processed by the settler along with the value of concentration,

3. straight line 3 figures out the sum of 1 with the flux Φe(c) = Qec conveyed by effluent
flow.

This classical diagram, which describes the operating conditions in the thickening part of a
secondary settler, typically displays:
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• a dilute blanket concentration cd which satisfies

Φ(cd) = Acdf(cd) +Qocd = φf (2)

• a recycle concentration cr such that

Φo(cr) = Qocr = φf (3)

• a limiting flux φl as the (unique) non zero local minimum of curve 2,

• a limiting concentration cl as the (unique) argument for which Φ(cl) = φl.

The actual input flux φf is given by the ordinate of point A, called “operating point” lying
on 3, with an x-value equal to cf :

φf = Qfcf = (Qo +Qe)cf (4)

Let us comment this diagram. When the clarifier works properly, the whole input flux
φf must be conveyed down to the bottom of the settler and then extracted out of it. At
the bottom of the settler, gravity settling can no longer be used as sludge particles come
into contact with each other and with the floor of the settler. So the recycle (or output)
concentration cr can be derived by plotting point B, for which the input flux is conveyed by
recycle flow alone.

And now comes the keystone of the reasoning underlying the flux theory: whatever
concentration profile establishes in the settler, it will display a kind of gradual shift from cf
to cr. So the flux which can be transmitted by any of the intermediate concentrations must
be greater than the incoming flux. Otherwise, that is if segment AB goes over curve 2 on
Figure 2, the settler will be overloaded. The local minimum of curve 2, with x-value cl, gives
the maximum value φl of the input flux which can be processed, hence the terminology of
limiting flux and limiting concentration.

With this definition of the limiting flux, the value for φl depends only on the value of
the output flow Qo and on the settling curve v = f(c). The limiting flux can be increased
by increasing Qo and, for any value of input flux, with point A lying under curve 2, there
is a value for Qo that enables proper processing. Unfortunately, this may be of poor prac-
tical interest, because the needed value for Qo may be so high as to rise hydraulic and/or
economical problems.

3.2 Some more details

The previous analysis done on Figure 2 cannot handle all practical cases and the discussion
has to be carried on.
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3.2.1 Underlying assumptions

The analysis here above is based on implicit underlying assumptions which can be listed as
below:

1. the concentrations are uniform in any horizontal section of the settler,

2. the settling velocity of particles in any given section depends only on the concentration
in that section,

3. the concentration cf in aeration basin is actually present in the input section of the
settler,

4. the shift from cf to cr must be continuous.

Assumptions 1 and 2 are very classical and used even in more sophisticated models, especially
the first assumption. Assumptions 3 and 4 are rather intuitive and proper to the flux theory
(especially 3). In particular, assumption 3 forbids that the concentration at the input directly
jumps at the value c′f (see Figure 6) satisfying

c′f > cf and Φ(c′f ) = Ac′ff(c′f ) +Qoc
′
f = φf

which would allow a good transmission of input flux, whatever its value may be.
We shall discuss and partly contest the validity of assumptions 3 and 4 in paragraph 4.1.

3.2.2 A more comprehensive definition for the limiting flux

The considerations here after are not usually included in the presentations of flux theory but
can be derived by the same kind of reasoning. The situation described here above is only one
among possible cases because curve 2 in Figure 2 does not always display a local minimum
and, when it does, this minimum is not always the maximum value for input flux.

The first case is when function Φg(c) = Acf(c) displays a maximum value and an inflexion
point on its right. As an example, this occurs when v = f(c) can be expressed as v = v0e

−kc.
In this case, illustrated in Figure 3, there is a maximum value for Qo, beyond which curve 2
no longer displays any minimum other than zero. This maximum value is given by the slope
of Φg(c) at its inflexion point. When Qo is greater than this value, any operating point lying
under curve 2 will ensure a proper working of the settler. So, for a given value for cf , the
input flux will be then limited by the quantity Qocf + Acff(cf ), that we denote Φl(cf ).

Another case is interesting, although it does not meet general agreement among inves-
tigators (see [Keinath, 1985] for a different interpretation). In Figure 4, if curve 2 displays
a local minimum for concentration cl and if cf is greater than cl, the settler should not be
overloaded, even if φf > φl, provided point A lies under curve 2. In this case too, for a given
value cf , a limiting flux can be defined as Φl(cf ) = Qocf + Acff(cf ).
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It appears thus that the limiting flux, which in its simplest version depends only on Qo

and v = f(c), must include cf in a more complete definition:

Φl(cf ) = inf
c′≥cf

(Qoc
′ + Ac′f(c′)) (5)

This expression will be given theoretical basis in paragraph 4.1.

3.2.3 Thick blanket and dilute blanket

When the input flux is less than the limiting flux, it can be processed through the thickener,
along with a precise value for concentration. This value cd, called the dilute concentration,
is the x-value in Figure 2 for the intersect A’ between total flux curve 2 and the horizontal
line plotting the input flux (see also the relation (2)). It provides a stable solution for mass-
conservation equations and is always less than the feed concentration. Thus, a so-called
dilute blanket develops between the input section and the vicinity of the bottom of the
clarifier. Near the bottom, a compression blanket with concentration cr allows to recycle
the incoming flux. Should the input flux grow beyond the limiting flux, a thick blanket
would appear and grow over this compression blanket with concentration cl if the limiting
flux Φl(cf ) is achieved for Φ at c > cf and concentration cf otherwise. A new definition for
the limiting concentration will be proposed in paragraph 4.1 as

Cl(cf ) = max{c ≥ cf ,Φ(c) = Φl(cf )} (6)

3.2.4 Thickening failure and clarification failure

The concept of limiting flux focuses on the lower part of the clarifier and allows to check
whether the thickening function is overloaded or not. Indeed, whenever the thickening crite-
rion

φf ≤ Φl(cf ) = inf
c≥cf

(Qoc+ Acf(c)) (7)

is fulfilled, there should be no acute problem with the clarification function. But when the
requirements for thickening are not met, two different situations may occur.

case 1. This case is illustrated in Figure 5 where point A lies under a local maximum
for curve 2, namely

φf < φc = max
c≤cl

(Q0c+ Acf(c)) (8)

Then only the thickening function is overloaded: sludge can enter the lower part of the
clarifier with concentration cd as in (2) but it “piles up” as the limiting flux prevents it
from entering the bottom thick blanket fast enough. So the thick blanket grows up and
eventually reaches the level of input. Then, one can guess that a concentration will appear
in the upper part of the settler which allows for the excess flux to be conveyed upwards. This
concentration can be derived graphically on Figure 5 as follows.
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Point A1 is the intersect between the limiting flux line BA’ and the vertical line for c = cf .
The limiting flux φl gives us the concentration cl in the lower part of the clarifier and the
recycle concentration cr as described in paragraph 3.1. Straight line 4, which is parallel to
3 and goes through point A1, gives the concentration in the upper part of the settler cc and
the concentration ce in the effluent as















φl

cf − ce
= Qf = Qo +Qe

Φ(cc) = Qocc + Accf(cc)
= φl +Qf (cc − cf )

(9)

It must be noticed that ce is rather low, compared to cf . This graphical analysis will be
confirmed in paragraph 4.1.

case 2. This case is illustrated in Figure 6 where point A lies above a local maximum
for curve 2, namely

φf > φc = max
c≤cl

(Q0c+ Acf(c)) (10)

Thus, the input flux cannot enter as a whole in the thickening part of the settler because
no concentration cd for dilute blanket can be derived (as it is on the contrary possible on
Figure 2). So a “first gate” limits downwards flux to some value, which could be named the
clarification limiting flux and the excess will be immediately conveyed upwards. Then the
thickening limiting flux will further restrict the recycle flux and the thick blanket will grow
up, resulting in a “second wave” of sludge heading towards the overflow. One could guess
that the limiting flux for clarification is given by the local maximum for curve 2. But this
point provides an instable solution to mass balance equations. So Laquidara and Keinath
in [Laquidara and Keinath, 1983] suggest that concentration stabilizes at its feed value cf .
Their point of view is supported by experiments but it contradicts the theoretical results in
paragraph 4.1. We shall discuss this in paragraph 4.2.

3.3 Conical settlers

Till now, it has always been assumed that the horizontal sections were equal, that is the
settler has a cylindrical shape. But conical settlers used to be designed and are still working,
especially for small treatment plants.

In that case the area A is not constant and the previously used φ = g(c) graphs should
be turned into φ = g(c, A) 3 dimensional graphs. These can be projected on the φ-c plane,
by using A as a parameter for a bundle of curves (see Figure 7). We do not know in which
horizontal section a limiting flux may appear, because it depends on the unknown value for
each concentration associated with each value for A, that is on the vertical concentration
profile in the settler. So we must look for a “path”, going along all concentration values
between cf and cr and displaying something like a maximum value for a limiting flux.
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We will assume that the operating point is under the curve 2 plotted for the input section
and even under its limiting flux value. But is this condition sufficient or can a lower limiting
flux rise a problem in a lower and narrower section?

We will look for the wished path stepping backwards and starting at point B towards A
(or A’) along an horizontal line figuring out the processed flux. At the beginning, we cross
the curves related to increasing sections and no problems arises. It then happens that we
come to be tangent with a special curve at point C. The output flux is then equal to the
limiting flux defined for that curve. If we want to intersect curves related to larger sections,
we must first “jump” to the other intersection of the same curve with our horizontal line
(point C’). This jump should be allowed as the total flux for that part of the curve is greater
than the flux to process. Then we can go on intersecting curves until we reach point A’. So
we can conclude that a rather thick sludge blanket lies from the bottom up to the section,
for which the limiting flux is equal to the input flux. Then a dilute blanket extends up to
the feed section. The concentrations are decreasing from bottom to the feed section, with a
sharp variation around the “limiting” section. The maximum flux which can be processed is
the limiting flux related to the input section.

It appears that flux theory is rather fruitful and allows simple graphical reasoning. How-
ever it lacks a really rigorous demonstration and investigators may disagree on some specific
points. So the following section aims at giving a mathematically sound basis to reinforce
some of the rather intuitive conclusions presented above.

4 Sludge concentration steady states in the settler

In this section, we focus on the characterization of the steady states of the settler and will
point out the relations with the limiting flux theory recalled in Section 3. The mathematical
approach developed in [Chancelier et al., 1994] deals with the partial differential equation
(PDE)

A(x)
∂c

∂t
+

∂

∂x
ψǫ(t, x, c) = 0 (11)

where the flux function ψǫ(t, x, c) is detailed in Part II. Such a mathematical approach can
also be found in [Diehl et al., 1990] but only for a cylindrical settler under the feed point,
while ours takes the whole settler into account (this is why ψǫ(t, x, c) explicitely depends on
the depth x in the above PDE).

The following mathematical results provide rigour (and clarification of certain notions) to
the limiting flux theory for cylindrical settlers as well as a greater generality in that general
velocity functions as well as general settler shapes are also treated.
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4.1 Mathematical results

A precise mathematical study, to be found in [Chancelier et al., 1994], allows us to set up
the following assertions. Let us be given an operating point (cf , φf ) = (cf , Qfcf ).

1. If we define






Φ(c) = A(xf )cv(c) +Qoc

Φ∗(c) = infc′>c Φ(c′)
(12)

then the quantity φf − Φ∗(cf ) is the argument of a criterion which allows to check
whether the steady state solution of the above PDE keeps the sludge blanket inside the
clarifier or not. More precisely, if φf > Φ∗(cf ) there will be a sludge overflow, otherwise
there will be a sludge blanket, the surface of which is located at the feed section.

2. If φf > Φ∗(cf ), then the lower part of the settler will process a flux equal to Φ∗(cf ).
Only the extra flux φf − Φ∗(cf ) > 0 will be overflowed.

3. If we define






Cl(cf ) = max{c ≥ cf ,Φ(c) = Φ∗(cf )}

Cd(φf ) = max{c,Φ(c) = φf}
(13)

then the concentration just below the feed point (denoted by c(x+

f )) is such that

c(x+

f ) =







Cl(cf ) if φf > Φ∗(cf )

Cd(φf ) if φf < Φ∗(cf )
(14)

4. If φf > Φ∗(cf ), we define Cc(cf , φf ) as the unique solution c of

−A(xf )cv(c) +Qec = φf − Φ∗(cf ) (15)

Then, the concentration just above the feed section (denoted by c(x−f )) is such that

c(x−f ) =







Cc(cf , φf ) if φf > Φ∗(cf )

0 if φf < Φ∗(cf )
(16)

5. If φf > Φ∗(cf ), then
cf ≤ c(x−f ) ≤ c(x+

f ) = Cl(cf ) (17)

What is more, the first inequality is an equality if and only if the (new) limiting flux
Φ∗(cf ) is achieved for c = cf , that is Φ∗(cf ) = Φ(cf ). The second inequality is an
equality if and only if the (new) limiting flux Φ∗(cf ) is achieved for c = cf and the
(new) limiting concentration is cf , that is Cl(cf ) = cf (this latter being the usual case
with all velocity functions encountered in sludge settling).
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6. If we are given Qf , Qo, cf , there exists a unique steady state. The associated concen-
tration profile c(x) is continuous and decreasing up to the feed point and is increasing
below it with possible discontinuities.

7. If the area A(x) is constant over an interval (as is the case for a cylindrical settler),
then the solution, if it exists, is piecewise constant over it. Especially, if Cl(cf ) = cf ,
then the concentration is uniform and equal to cf along the entire depth of a cylindrical
settler

Remark 4.1 Some particular cases, with little practical interest as Φ∗(cf ) = φf , are not
treated here but in [Chancelier et al., 1994].

4.2 Agreement with the limiting solids flux theory

One can check that, in the case where Φ(c) has a unique local minimum,

• Φ∗(cf ) is the extended definition for limiting flux proposed in equation (5) of Section 3,

• Cl(cf ) is the extended notion of limiting concentration as in (6),

• Cd(φf ) is the concentration of the dilute blanket as in (2),

• Cc(cf , φf ) is the concentration in the clarifier part as in (9).

It must be emphasized that the limiting flux is calculated for the feed section. This supports
the rather intuitive study of conical settlers suggested in Section 3.

Because of the previous result in point 5, it should be noted that assumption 3 in para-
graph 3.2.1 is not always satisfied. This basic assumption of the flux theory that the con-
centration cf in aeration basin is actually present in the input section of the settler fails in
certain configurations but leads in practice to adequate conclusions.

By the same mathematical result, the situations described in paragraph 3.2.4 and il-
lustrated in Figures 5 and 6 both lead to a steady state where the concentration in the
settler does not stabilize at its feed value cf . The concentrations above and under the
feed point are different and both greater than cf . However, the differences may be nu-
merically small which would explain the apparent contradiction with the point of view in
[Laquidara and Keinath, 1983], supported by experiments.

The previous result in point 6 should be compared with assumption 4 in paragraph 3.2.1.
The mathematical steady state solution of the PDE here above may indeed have disconti-
nuities below the feed point and, in any case, always has one at the bottom of the settler.
However, these discontinuities do not show themselves as such but rather as sharp variations
in a continuous profile. This is comforted by the mathematical construction of solutions as
the limit of smooth solutions of close equations with a small additional diffusion term (see
Part II).

Remark 4.2 Some aspects of flux theory are not accounted for by our mathematical study:
this is the case for clarification overload, which is not a stationary situation.
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4.3 Sludge concentration steady states in a cylindrical settler

4.3.1 Sludge concentration steady states profiles

Given Qf , Qo, cf , we know that there exists a unique steady state whose concentration
profile can be characterized according to the above discussion. With this, we give a complete
description of all possible concentration steady states in a cylindrical settler.

Figures 9 and 10 represent an under-loaded settler in the sense that the feed flux is less
than the (new) limiting flux. Hence, there is no sludge above the feed point.

The other Figures 11,12 and 13 represent an overloaded settler. In Figures 11 and 12, the
concentration profile is continuous and equal to the feed concentration cf , while in Figure 13
it is discontinuous and everywhere greater than the feed concentration cf .

4.3.2 A generalized clarification-thickening chart

In this paragraph, we give an illustration of the discussion presented here above, which is a
generalized version of the chart designed by [Lev et al., 1986].

Our chart defines a hierarchical typology with 3 levels and is drawn in two steps. Firstly,
Qo and a velocity function v(c) are used to plot a flux chart Φ(c). Then, the position of the
traditional operating point, with coordinates (cf , φf ) will allow us to define different areas
as in Figure 8.

1. In zone 1 there is no sludge overflow (see also Figures 9 and 10).

2. In zone 2 there is a sludge overflow (see also Figures 13, 11 and 12).

(a) In zones 2a, the concentration profile is continuous and an increase of Qo is not
useful. Qo may even be decreased until the operating point is on the boundary
between 2a and 2b.

(b) In zones 2b, the concentration across the feed section is discontinuous and an
increase of Qo may be useful. It is to be noticed than when Qo is set beyond a
threshold value, zone 2 disappears : zone 2a1 merges into zone 1 and 2a2 merges
into 2b1 and 2b2.

(c) In zone 2a1, one can always find a value for Qo large enough to bring the operating
point back in zone 1, thus allowing a proper operation of the settler.

(d) In zone 2a2, this can no longer be achieved, but the overflowed flux can still be
reduced by increasing Qo.
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Figure 7: Theory of flux “tailored” for a conical settler
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Figure 9: Φ∗(cf ) > φf
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Figure 10: Φ∗(cf ) > φf
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Figure 11: Φ(cf ) = Φ∗(cf ) < φf
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Figure 12: Φ(cf ) = Φ∗(cf ) < φf
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Figure 13: Φ∗(cf ) < Φ(cf ) and Φ∗(cf ) < φf
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