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Let G be a locally compact group, which need not be unimodular. Let x—U (x) (xeéG ) be an
irreducible unitary representation of G in a Hilbert space #{U ). Assume that U is square
integrable, i.e., that there exists in /#{U ) at least one nonzero vector g such that
5)(U(x)g.g)|* dx < . We give here a reasonably self-contained analysis of the correspondence
associating to every vector f&#1U ) the function (U (x)gf) on G, discussing its isometry,
characterization of the range, inversion, and simplest interpolation properties. This
correspondence underlies many properties of generalized coherent states.

I. INTRODUCTION

This paper is the first of a series concerned with applica-
tions of various families of “generalized coherent states” to
quantum mechanics, wave propagation, and signal analysis.

Many properties of the classical (canonical) coherent

states'? are closely tied to the Weyl-Heisenberg group. In
particular, the fundamental formula .
1 =J.|z)d22(z| (1.1)

is a way of writing the orthogonality relations®* for the irre-
ducible representation of that group.

Aslaksen and Klauder® have considered the analogous
states for the two-parameter group of shifts and dilations
and found that the “fiducial vector” (“analyzing wavelet” in
our terminology) cannot be arbitrary, in contrast to the
Weyl-Heisenberg case.

The same two-parameter group appeared in Ref. 6 in
the study of decomposition of signals into “wavelets of con-
stant shape”; the restriction on the analyzing wavelet was
there called an “admissibility condition.”

Another (equivalent) representation of the same group,
together with an appropriate choice of the analyzing wave-
let, has given rise to a realization of quantum mechanics on a
Hilbert space of function analytic on a half-plane.”® Other
groups were used to define coherent states: SU(2) for spin
coherent states,” SU(1,1) in Ref. 10, and a general definition
was proposed by Perelomov.!!

In this paper we shall be concerned with “coherent
states” associated with certain representations of arbitrary
(in particular not necessarily unimodular) locally compact
groups.

Let G be a locally compact group, U a continuous irre-
ducible representation of G in a Hilbert space 77 (U), and g a
vector in (U ).

We consider the family of vectors

x) =U(x)g (xeG) (1.2)
in #Z{U). This family depends on the choice of g.
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Since Uisirreducible, the 11near span of the vectors |x >
is dense in U ).

One can then ask the question whether there exists a
(suitably normalized) invariant measure du(x) on G, such
that

flx>du(x)<XI =1, (1.3)

where |x) (x|isdefinedby |x) {(x|f> = (U (x)gf)U (x)g,and 1
is the identity operator in (U ).

The answer, in general, is no; this can be seen by taking
G =R (additive), and by considering the one-dimensional
irreducible representation space C, with U (x) the operator of
multiplication by ™.

However, if the representatlon Uis “square integrable”
in a sense that will be defined below, then there exists a dense
set of vectors in 77U ), which give rise to (1.3). If gis such a
vector (called “admissible”) then the correspondence f—,
with

#x) = (x|f) = (Ux)gf) (xeG, fe(U), (14)
can be shown to be a multiple of an isometry between #7(U)
and L ? (G,du(x)) and so (1.3) holds. The range of this trans-
form is a closed subspace of L *(G,du(x)), and can be charac-
terized by a reproducing kernel. If the group is unimodular,
the set of admissible vectors is the whole space F#(U ), but
this is not the case if the group is not unimodular (e.g., the
affine group).

The purpose of this first paper is to give general results
about transformations defined by (1.4). All the results de-
rived here can be found in the mathematical literature and
are part of the study of orthogonality relations for general-
ized square integrable representations. See, in particular,
Refs. 12 and 13. We write them here in a form that is coven-
ient for the applications we have in mind, using tools familiar
to mathematical physicists (e.g., we give another proof of
orthogonality relations with the help of quadratic forms).

The second paper of the series will be devoted to the
particular case of the “ax + & group, which has given rise
to applications in applied mathematics.®

Further papers will be concerned with discrete versions
of (1.2) and (1.3), with analyticity propertles, special cases,
and applications.
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1. SQUARE INTEGRABLE REPRESENTATIONS;
ADMISSIBLE VECTORS

In this section we present basic notions that will be used
in the construction of transforms defined in Sec. IV.

A. Notations

G will denote a locally compact group, with identity e,
and x, y,... elements of G. It is well known that there exists in
such a group a left-invariant and a right-invariant (Haar)
measure.* The left-invariant measure, with a fixed normali-
zation, will be written dx. So

dyx)=dx (yeG). 2.1)
The right-invariant measure will be denoted by d x:

drlxy) =dp(x) (veG). (2.2)
One has
dex =4 ~Yx)dx, d(xy)=A4 (y)dx, (2.3)

where 4 (x) (the modular function) is a positive-valued char-
acter

dfe)=1, Ax)>0, A(xy)=4(x) ()

If 4 (x)=1, the group G'is said to be unimodular. Notice
a collision of terminologies: the group GL(n,R) of nonsingu-
lar nXn matrices is unimodular, even though it contains
nonunimodular matrices.

The inhomogeneous group IGL(n,R), a semidirect pro-
duct of translations in R* and of GL(n;R), is not unimodular.

When one deals with semidirect products, it is conven-
ient to use the right-invariant measure d x, since it is the
product of the right-invariant measures of the factors (see
Ref. 14, p. 210).

We have

(2.4)

dix ') =4 ~'(x)dx = dgx. (2.5)
If x—@ (x) is any function on the group, define
&:d(x) =D (x~). (2.6)

Notice that & = &,

Then .

(@ is left integrable)<>(@ is right integrable)
and the corresponding integrals are equal, since

fq'b (X)d g x = f & (x~)d(x™Y)

= f¢ (x')dx’.
We shall need the following statement: Let @ (x) be a
complex-valued function on the group G, such that
Dx)=D(x") (xeG) (2.7)

[here & (x) is the complex conjugate of @ (x)]. If, for some p,
with 1<p< + », we have PeL?(G,dx) and if @ satisfies
(2.7), then also PeL? (G,dx).

Here ®eL” (G,dx) means

f|¢(x)|P dx < o0,
the integral being taken over G.
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B. Left and right regular representation

Left regular: If ®eL?*G,dx) and acG, we define
A (a)PeL ? (G,dx) by

A @P)x)=Pa 'x) (xeG). 2.8)

Right regular: If WeL *(G,drx) and aeG, we define
pla)Pel X(G,dg x) by

pla)¥)ix) = ¥(xa) (xeG). (2.9)

The two representations A and p act unitarily—in dif-
ferent spaces in general, namely L *(G,dx) and L }G,dg x).

C. Definition of square integrable representations and
of admissible vectors

Let x—U (x) be a strongly continuous unitary represen-
tation of the locally compact group G in a complex Hilbert
space (U ).

A vector ge#°(U) is said to be admissible if

fl(U(x)g,g)de< + o

In (2.10) the left-invariant measure dx can be replaced
by the right-invariant measure d x, since

(U(xg.g) = (g, U (x)g);

(2.10)

SO

[1w e ax = [ (U607 ax
~ 1w ge as

= [V rigel? dyx.

Definition (2.1): Uwill be called square integrable if (i) U
is irreducible and, (ii) there exists in Z#7(U) at least one non-
zero admissible vector.

Remarks: (a) Any representation unitarily equivalent to
a square-integrable representation is also square-integrable.

(b) If G is compact, any irreducible representation U of
G is square integrable. We shall see below examples of
square-integrable representations of groups that are not
compact.

(c) As an example of an irreducible representation that is
not square-integrable, consider the one-dimensional repre-
sentation x—e“* of R.

(d) If G is unimodular and if U is a square-integrable
representation of G, then every vector in 5#°(U ) is admissible.
(See, e.g., Ref. 3.) We shall see that the situation is different if
G is not unimodular.

HIl. ORTHOGONALITY RELATIONS

A. Historical comments

Orthogonality relations were derived by Schur (begin-
ning of this century) for finite groups, Weyl (in the 1920’s) for
compact groups, and Bargmann and Godement for (square-
integrable representations of) unimodular groups in the
1950’s; nonunimodular groups have been investigated more
recently.'>!?
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Orthogonality relations in the unimodular case are ex-
pressed by the following equality >*

L TR FIU (afsldx = A @8 lfin £

for every g,, €2, /1,./> in 77°(U ), where A depends only on the
square-integrable representation U.

B. Statement of orthogonality relations

We have the following'>'? theorem.

Theorem 3.1: Let U be a square integrable representa-
tion of G, acting on the Hilbert space 77 (U). Then there
exists in /#°(U ) a unique self-adjoint positive operator Csuch
that the following hold.

(i) The set of admissible vectors coincides with the do-
main of C.

(ii) Let g, and g, be any two admissible vectors. Let f;

and f, be any two vectors in (U ). Then

L (Ux)g0 SINU (X8 fo)dx = (Cer CRIf1u f)- - (31)

(iii)If the group G is unimodular, then C is a multiple of
the identity.

The proof in the general case uses an extension of the
Schur lemma and is given in the Appendix.

C. A special case

If g, = g, = f; = f>, then (3.1) gives that for any admis-
sible vector g, one has

(8.8 =1 — [ iggll ax, 3.2
where || - || denotes the norm in #(U).

If g, = g, = g, one has

U *d
| OEEAIw . £z = —”“’“—I’*"”ﬁ’”—i o)
(3.3)

IV. L, TRANSFORM AND A, TRANSFORM

In this section, we define the transforms described in the
Introduction and prove their isometry.

A. Definitions

Let U be a square-integrable representation of G acting
on F7(U), and let g be a nonzero admissible vector [see
(2.10)).

Associate to g the positive number

=T ”2 (U (xg.e)|* dx, (4.1)
which, by Sec. II A, is also
Cg = Iz ”2 (U (x)g.g)|* drx.
Notice that, by the results of Sec. II A one has
Cugs =4 (x0) 7 'c (4.2)

where 4 (x,) is the modular function.
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Forany fe77°(U ) consider the complex-valued functions
L, fand R, fon G, defined by

(Lef)x) = (1/y/¢, (U (xlgf)  (x€G), (4.3)
(Ref)x) = (1/f¢, Mg, U x)f) (x€G). (4.4)
One has

(Rof)x) = (Lgf)x ") (4.5)

The function (L f)(x) will be called the L, transform of
J- It depends on the representation U and on the choice of
the admissible vector g. For reasons which will become clear,
we shall sometimes call g the analyzing wavelet.
Similarly, (R, f)(x) will be called the R, transform of f.
Remark: By (4.2) and (4.3) we have

(Lyx o )X) = 4 (x0)' (L f Yxxo)- (4.6)
By the same argument we have also
(R U(x,)gf )x)=4 (xo)l/z(Rgf Jxg™ 'x). 4.7)

B. Continuity and boundedness

By the continuity of U (x) and continuity of scalar pro-
duct, the functions (L, f)(x)and (R, f)(x) are continuouson G.
By the Schwarz inequality, L, fand R, fare bounded on

G:
L)) <1/ e IFI llgl)s (4.8)
(R )x) <1/ e PN llgll, (4.9)

for every xeG.

C. Intertwining (covariance)

By the definition of L,, we have, for every fe7#(U),
aeG, x€G,

(Lefa™'x) = (Ula™'xlg.f) = (U (x)g, U (a)f),

which can be written as

Al@lL, =L, U(a). (4.10)
Similarly we have
(Rof)xa) = (g, U (x)U (alf),
giving
plaR, =R, Ula). (4.11)

D.Isometry of L, and of A,

We have the following proposition.

Proposition 4.1: (i) The correspondence f—L_f is iso-
metric from 7(U ) into L %(G,dx); that is, for every f,e5#(U ),
5,€72(U), we have

| L e = @12

(ii) The correspondence f—~R, f isisometric from (U )

into L %(G,dg x): for every f,e#(U), /,&7(U), we have

f (Ref1)x) (Refo)x)drx = (f1, f)- (4.13)
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Proof: This proposition is a corollary of Theorem 3.1; by
{3.3), we have

(o) = lisli®

SIU g8l
=clfm(v(x)g,fz)dx

— | O 73 Wiriesa

=f T (L f)xd.

The change of variable x—x ', d (x ') = d (x) gives

/A =Zl-f (U6 f) (U8, M (x ™Y
_1 f GURRI& U xfldx(x)
CB
= f (RS 1)) (R fr)(x)dg (x),

and the proposition is proved.

Remark:Since L, isisometricfrom Z#1U )into L YG,dx),
L, is unitary from #(U) to L, #(U)C L %(G,dx). By (4.10)
we see that L, #°(U ) is invariant under the left regular repre-
sentation. So L, is an intertwining operator between U and
the restriction of the left regular representation of G.

This construction allows us to consider the representa-
tion U as a subrepresentation of the left regular representa-
tion of G. The following section will give a characterization
of the range of L, .

The same remark is also valid for R, .

V.CHARACTERIZATION OF THE RANGESOF A, and L,

Let g be an admissible vector for U. Consider, on G, the
complex-valued function p, (x), defined by

Pylx) = (1/¢, (U (x)g.8) = (1/y/c; J(L,8)(x)
= (1/ /¢, )(Re8)x ™) (5.1)
The function p, satisfies ;-)g (x) =pg(x~") and belongs,
by Sec. II A, to L 3(G;dx)nL %(G,dg x).
Proposition 5.1: (i) Let @ belong to L %(G,dx). Then &
belongs to L, #°(U)C L *G,dx) if and only if the equation

® (x) = fpg(y*'x)cb ()dy

holds for every xeG.
(ii) Let ¥ belong to L *G,dgx). Then ¥ belongs to
R, ZAU)CL 4(G,dg x) if and only if the equation

W(x) = fpg(yx—‘)w)dx(y)

holds for every xeG.

Proof: Notice first that the integrals (5.2) and (5.3) con-
verge for every x, since the integrand is the product of two
square-integrable functions.

(i) Suppose P belongs to L, #(U). This means that
®W) = (L f)y) for some fe#U). By the definition of
P, l(5.1)] and of L, [(4.3)], we have

—1 1 -
jp,(v 10 0¥y = [ Losly~ 010
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(5.2)

(5.3)

2476

1 (72=Ts

. Jc_f Tog )@ (y)dy
! f TR IH 0)dy.
Ve :

From (4.10) we obtain

fp,,(v—‘x)qb )y = —

Ver
= (1 U xig. f)

= (Lyf)x) = P (x)
by isometry and definition of L.

An analogous proof holds for R, .

We must now prove the converse part of the proposi-
tion. To do this we must have an explicit expression of the
inverse of L.

Lemma 5.2: For every ®eL *(G,dx) the expression

1
‘/?:J.Gd) (x)U {x)g dx

defines a vector in (U ).

Proof: The integral (5.4) is weakly convergent. Indeed,
for any ¥’ (U), the function x—{¢, U (x)g) is in L *(G,dx)[it
isuptoaconstant (L, ¥)(x) ]. Since @ (x)eL %G, dx), theinte-
gral

f LTHED® by

g= (5.4)

1

Ve
exists. Furthermore, by the Schwarz inequality in L 4G,dx)
and isometry of L, we have

! f (¥,U (xe)b (x)dx

g

Then, by the Riesz theorem, the integral (1/. \/_c; )
X §¢® (x)U (x)g dx defines a vector in (U ).
Lemma 5.3: If ® satisfies (5.2) then

Lg(\/lz.: f & (x)U(xlg dx)(y) — o).

Proof: The computation of the left-hand side of (5.5)
gives
1

=1 f @ (U (x~ g g
Cg

f (U (x)g) (x)dx = f L0 (x)dx

<||® ”L’(G,dx) ”'/’”a/’(m .

(5.5)

P (x)U g, U (x)g)ax

= f & (x)p,(x ™ 'y)dx = @ (y) by hypothesis.

Lemma 5.3 implies that if @ satisfies (5.2), then @ be-
longs to L, (U ).

The same proof holds for R, .

During the proof of the proposition we have proved the
following.

Proposition 5.4: The inverses of L, and R,, on their
respective domains L, #U) and R, 7#°(U) are given by
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L;'®= \/i—gﬁp (XU (x)g dx, (5.6)
R =1 (U e dex, 57)
C

8
where the integrals are taken in the weak sense.

Remarks: (1) The formulas (5.6) and (5.7) express the fact
that, on the range of an isometric operator, the adjoint coin-
cides with the inverse.

(2) The condition (5.2) can be rephrased by saying that
the space L, #°(U)C L %(G,dx) is a Hilbert space with repro-
ducing kernel'>'¢ (functional Hilbert space in the terminol-
ogy of Ref. 16). The evaluation functional in L, #/U) is

DD (x) = (e,,P). 3G,dx) (5-8)
with
e.(y) =P, (v '%) = py(x ). (5.9)

Similarly, (5.3) says that R, #(U)CL %G,dg x)is a Hil-
bert space with reproducing kernel in which the evaluation
functional is

V¥ (x) = (h,, ¥ )L2G.dpn» (5.10)
with

B ) =P x ") = pe ey ™). (5.11)
(3) In terms of the dyadic notation used in the Introduc-
tion [(1.2)], the isometry property (4.12) can be written as

f d—x|x > <x| =1,

Cg

where the integral is taken in the weak sense.
Indeed, from (5.12) we get

[l <oz gy, )
Ve oo Ve
which is (4.12).
The reproducing property (5.2) can be also deduced
from (5.12), since (5.12) implies
f <ylx> <x|f> dx — <ylf>
% e Ve
which is (5.2).
The same remark holds for R, .

(5.12)

VI. COVARIANT INTERPOLATION

A. Interpolation for the left transform
Proposition: Let x,...,x,, be n points in G. For 1<i,j<n
consider the number
M, = (U(x;)8U(x.)g) = (Ulx;, 'x,)8:8)
= ¢ P (% 'x;). (6.1)
Let M be the nXn positive definite Hermitian matrix
with entries M;. Assume that

det M #0. (6.2)
For 1<j<n, define a function @;(x) on G, by
,(x) = (U 'xlg.8) = ¢,p, 5 %) (6.3)

Let £,,....5, be any n complex numbers.
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Define on G the function @ (x) = @ (X15..sX 3 § 150056 %)

as
det M
0 D) P, (x)
;l Mll Mln
Xdet |, .
gn Mnl Mnn

Then we have the following.

(i) @ (x) belongs to the range of L,

PelL, 7 U).

(ii) @ (x) satisfies

Px;)=¢;
i.e., is a solution of the interpolation problem.

(iii) @ (x) is of minimal norm, in the following sense: If
@°er js any other function on G satisfying (i) and (ii), then

e l>le |,
the norm being taken in L %(G;dx).

(iv) The interpolation procedure is invariant under left

multiplication in G, in the following sense: Let a be any ele-
ment of G. Then

(i =1,..,n),

Max,,....ax,) =M (x,,....x,) (6.4)
and

D (X150 0s 0% 3 15 eesl 30X) = P (X 150X 36 1500 3 X D5

(6.5)

so that the left-displaced interpolation problem

P fax;) = ¢; (6.6)
is solved by the function

D,(x) = Pla" 'x) (6.7)

B. Interpolation for the right transform

Proposition: Let x,,...,x,, be n points in G and {,...,.§, 1
complex numbers. Consider the nX»n Hermitian matrix
N=N(x;....X, ),

Nij = gpg(xixj— 1) = (U(xj- l)g’U(xi_ l)g)

Assume that N is invertible, and define on G the func-
tion ¥ (x) = ¥ (X150 3 150 m 3X)

as
_ 1
W=~ Gan
0 ¥,(x) v, (x)
X det ;, N , (6.8)
Sn

where ¥,(x) = (U (xx;” ')g.8) (/= 1,...,n).

Then, (i) ¥belongs to R, (U ) C L *(G,dg x); (ii) ¥ takes
the prescribed values &,...,5, at the prescribed points
X eersXns

W(xj) = gj (= 1,..,n); (6.9)

(iii) ¥ is of minimal norm, subject to (i) and (ii); and (iv)
for any ae@, the function
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¥,(x) = ¥(xa™") (6.10)
takes the values £,,...,£, at the points x,a,...,x,,a,
Y x;a)=¢; (j=1,..,n) (6.11)

An alternative way of writing the interpolating func-
tions & (x) and ¥ (x) is

)= 3 S a5 (6.12)
V)= 3 3Lyl ) (6.13

where M —!is the matrix inverse of M, and N ~!is the matrix
inverse of NV.

The interpolations are typical of Hilbert spaces with re-
producing kernels and the proof can be adapted from
Meschkowsky."®

APPENDIX: PROOF OF THEOREM 3.1

In the proof of Theorem 3.1, we shall use the following
extension of Schur’s lemma.

Proposition A.1: Suppose that (i) G is a group; (ii) Uis a
unitary irreducible representation of G in a Hilbert space 57
(iii) 7 is a unitary (not necessarily irreducible) representation
of Gin a Hilbert space #”; (iv) T'is a closed operator from #°
to " with domain & C 7 dense in 7% and stable under U;
and (v) TU (x) = #{x)T on & for every x in G; then Tis a
multiple of an isometry, and & = #.

Proof: Let us denote by (-,-) and (-,-)' the scalar products
in % and 5", and by || - || and || - ||’ the associated norms.

Consider on & the scalar product

&Sf)r = &S) + (T, TfY
and the associated norm
lell7 = llgll* + 1| 7zl

Then &, equipped with the scalar product ()7, is a
Hilbert space which we call & ;..

Since
U7l _ _ A7ell” ,
el (I 7ell’? + llgll®
T is bounded from &  to 5.

Moreover U (x) is unitary in &
1U (el = U xkgll* + (I TU (x)g]|'}?
= |lgll* + (Il={x) T2l

= llgll* + (1 7&l|'’* = llgll7»

foreveryxin Gand gin &, and U (x) | » is surjective, since
for every geZ, g = U{x)U{x"!)g, and & is stable under
Ux—1).

By the usual Schur’s lemma'” we have that T'is a multi-
ple of an isometry from & ; to #”, that is

(172l = 2 ligli7»
for every g in &, which gives

(17l =4 llgll* + A (1 T2l

From this equality we see that 4 5 1 and that

(17l = [2 /(1 = A)]|lgll?,
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so T is a multiple of an isometry from & to ##” and conse-
quently extends to a multiple of an isometry from 5 to 7.
Since T was assumed closed, one has & = 7, and the pro-
position is proved.

If we take 7" = 7 and 7w = U, the same argument
together with the classical lemma of Schur shows that Tisa
multiple of the identity.

In order to prove Theorem 3.1, we first compute the
integral (3.1).

For g admissible, consider the following operator T,
from #(U) to L *G,dx): the domain Z of T, is the set of
vectors fin (U ) such that

JI(U(x)g.f)PdK + oo;

for fin Z, T, fis defined by

(Tf)x) = (U (%8, f).
For fin & and y in G we have

[ [

- [(wkP dx< + o,

by the left invariance of dx. So U (y) f belongs to Z for every
yin G, i.e., Z is stable under U and

T,Up)=L(»T, onZ.

We see that & contains the linear span of the set of
vectors U (x)g, x€G. This linear span is dense in #(U) by
irreducibility of U, so & is dense in #(U).

We prove now that T, is closed: Take a sequence {f;, ],
with £, €2 for every n, converging to fin # (U}, and such
that T, f, converges in L %G,dx) to gcL *(G,dx). Then T f,
converges to @ weakly in L?(G,dx) and the sequence of
L *G,dx) norms [|T,f, || is bounded.

By the continuity of the scalar product in Z#(U), the
sequence of numbers (U (x)g, f, ) converges to (U (x)g, f) for
every xeG. Then we have (see Ref. 18, p. 207) that

(Uxlg, f) = plx)

SO

f (U (g, )2 dx = Jl«p ()dx < + oo,

which implies that f belongs to & and T,f=¢. So T, is
closed.

By the extended Schur’s lemma (A.1), T, is a multiple
of an isometry: so & = #7U) and T, is bounded.

Now take g, and g, admissible; then T, and T, are
bounded and T'? T, is a bounded operator in #{U ). Since

LxT, =T,Ulx) (i=12),
for every x in G, we have

UXT2T, =TT, Ux),

87 8
for every x in G.
So, by Schur’slemma, 7'} T, is a multiple of the identi-
ty:
TT, =Cy, 1

8182
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This means that, for every f}, f, in 7,

f TR 7V Xl fo)dx = (T, fuT, fohercan

= (T8 T,, Ll
Cos. 112 (A1)
Let us now consider the number C, , defined by
= J (Ux)g/NU (x)g>fldx (A2)

o I
Here, C, .. is, by (A1), independent of f #0.

Let us denote by .« the set of admissible vectors.

The correspondence g¢: & X.&—C defined by
q(81:82) = Cyq, for g,,8, in & is by (A2) a positive, symmet-
ric quadratic form with form domain /. Moreover ¢ is
closed: indeed consider on &/ the norm || - ||, defined by

gl = ligll* + glg.g)-

Takea || - [[,-Cauchy sequence of vectors g, in «. This
implies that (i) {g, } is a Cauchy sequence with respect to the
#(U) norm, [so {g, } converges to g in #(U}), and (ii) that

lim ¢g,

n,m— oo

—8m+8n —8m) =0
which implies that the sequence of functions g, of L %(G,dx)
defined by ¢@,(x) =(U(x)g,f) is a Cauchy sequence in
L *G,dx) and so converges strongly to geL *G,dx). Conse-
quently @, converges weakly to ¢ and the sequence of norms
l@. || is bounded.

Moreover the sequence (U (x)g,, .,f) converges for each x

inG to(U (x)g,f). Then (see Ref. 18, p.207), (U (x)g, f) = @ (x)
which means that, for every f in 47,
SHU g )P dx < + . In particular

S(Ux)g,8)|* dx < + « and so g is admissible. Furthermore
lim |lg, — g7 = lim [lg, —g]* + lim (g, — 8.8, —2)

=0+ lim g, — @ ”i’(G,dx) _
e ILFII?
which shows that g, convergesin || - ||, norm to g«

So « is complete and then, g is closed. Being as g is a
densely defined closed symmetric positive form, by the sec-
ond representation theorem,?® there exists a unique positive
operator C with domain .« such that

9(81:82) = Cpp, = (Cg1,CRy).

14
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This proves parts (i) and (ii) of Theorem 3.1.
Suppose now G is unimodular; then we can see that

AU Gk, Ubigs) = Wf T, DU (wylgn S
|V||J(U( 8o F(U (xlga, /) (xy™)
= q(g1:82)-
This implies

(Up)~'CU i, U )~ 'CU lg,) = (Cg1,Cga),
and then U(y)~!CU(y) = Con Z.

By the remark at the end of the proof of Proposition
A1, it follows that C is a multiple of the identity since C is
closed, & dense in (U ) and stable under U.

This proves point (iii) of Theorem 3.1.

In particular, if G is unimodular, then &/ = (U ); that
is, if one vector is admissible, then all vectors are admissible.
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