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SANDRO GRAFFI AND THIERRY PAUL

ABSTRACT. The operator —ihw-V on L? (Tl), quantizing the linear flow of diophantine frequencies
w = (wi,...,w) over T', I > 1, is perturbed by the quantization of a function V,(£,z) =
Vw.gz) : RIxT - R, 2 = V(z,z) : R x T" - R real-holomorphic. The corresponding
quantum normal form (QNF) is proved to converge uniformly in & € [0,1]. This yields non-trivial
examples of quantum integrable systems, an exact quantization formula for the spectrum, and a
convergence criterion for the Birkhoff normal form, valid for perturbations holomorphic away from
the origin. The main technical aspect concerns the quantum homological equation. Its solution
is constructed, and uniformly estimated, by solving the Moyal equation for the operator symbols.
The KAM iteration can thus be implemented on the symbols, and its uniform convergence proved,
for |e] < £*; €* > 0 is estimated in terms only of the diophantine constants of w. This entails the
QNF convergence.
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2 SANDRO GRAFFI AND THIERRY PAUL

1. INTRODUCTION

1.1. Quantization formulae. The establishment of a quantization formula (QF) for the eigen-
values of the Schrédinger operators is a classical mathematical problem of quantum mechanics (see
e.g.[FM]). To review the notion of QF, consider first a semiclassical pseudodifferential operator
H (for this notion, see e.g.[Ro]) acting on L?(R!), I > 1, of order m, self-adjoint with pure-point
spectrum, with (Weyl) symbol oy (&, 1) € C®(R! x RLR).

Definition 1.1. We say that H admits an M -smooth exact QF, M > 2, if there exists a function
we (A h) = u(A, h) € CM(RE x [0,1);R) such that:
(1) u(A,h) admits an asymptotic expansion up to order M in h uniformly on compacts with
respect to A € R!;
(2) Vh €]0,1], there is a sequence ny, := (ng,,...,ng,) C Z! such that all eigenvalues \i,(h) of

H admit the representation:
Ai(B) = p(ngh, h). (1.1)

Remark 1.2. (Link with the Maslov index) Consider any function f: R! — R! with the property
(f(A),Vu(A,0)) = 0pu(A,0). Then we can rewrite the asymptotic expansion of u at second order
as :

p(ngh, ) = p(ngh + hf (ngh)) + O(h?). (1.2)

When f(mh) = v, v € Q!, the Maslov index [Ma] is recovered. Moreover, when
IAk(h) = p(nih, )| = O(KM), h—0, M>2 (1.3)

then we speak of approximate QF of order M.

Example 1.3. (Bohr-Sommerfeld-Einstein formula). Let o fulfill the conditions of the Liouville-
Arnold theorem (see e.g.[Arl], §50). Denote A = (Ay,...,4;) € R' the action variables, and
E(A1,...,A)) the symbol op expressed as a function of the action variables. Then the Bohr-
Sommerfeld-Einstein formula (BSE) QF is

Aun = E((ny + v/)h, ..., (0 + v/4)h) + O(12) (1.4)

)

where v = v(l) € NU {0} is the Maslov index [Ma]. When H is the Schrodinger operator,
and oy the corresponding classical Hamiltonian, (1.4) yields the approximate eigenvalues, i.e.
the approximate quantum energy levels. In the particular case of a quadratic, positive definite

Hamiltonian, which can always be reduced to the harmonic oscillator with frequencies w; >
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0,...,w; > 0, the BSE is an exact quantization formula in the sense of Definition 1.1 with v = 2,

namely:

l
(A R) = B(AL+1/2, .., Ar+ 1/2) = wi(Ag + h/2)
k=1

To our knowledge, if [ > 1 the only known examples of exact QF in the sense of Definition
1.1 correspond to classical systems integrable by separation of variables, such that each separated
system admits in turn an exact QF, as in the case of the Coulomb potential (for exact QFs for
general one-dimensional Schrédinger operators see [Vo]). For general integrable systems, only the
approximate BSE formula is valid. Non-integrable systems admit a formal approximate QF, the
so-called Einstein-Brillouin-Keller (EBK), recalled below, provided they possess a normal form to
all orders.

In this paper we consider a perturbation of a linear Hamiltonian on T*T! = R! x T!, and
prove that the corresponding quantized operator can be unitarily conjugated to a function of the
differentiation operators via the construction of a quantum normal form which converges uniformly
with respect to h € [0, 1]. This yields immediately an exact, co-smooth QF. The uniformity with
respect to 7 yields also an explicit family of classical Hamiltonians admitting a convergent normal

form, thus making the system integrable.

1.2. Statement of the results. Consider the Hamiltonian family #. : Rl x T! — R, (£, ) —
He (&, z), indexed by e € R, defined as follows:

He (€, ) = Lo,(&) +eV(x,6); L&) :=(w,6), weR, VelC®R xT,R). (1.5)

Here ¢ € R, 2 € T! are canonical coordinates on the phase space R! x T, the 2l—cylinder. £, (€)
generates the linear Hamiltonian flow & — &, z; — x; + w;t on R! x T!. For [ > 1 the dependence
of V on £ makes non-trivial the integrability of the flow of H. when € # 0, provided the frequencies
w:= (w1,...,w;) are independent over Q and fulfill a diophantine condition such as (1.26) below.
Under this assumption it is well known that H. admits a normal form at any order (for this
notion, see e.g. [Ar2], [SM]). Namely, ¥V N € N a canonical bijection C. x : R' x T! <» Rl x T! close

to the identity can be constructed in such a way that:

N

(He 0 Con)(§,7) = Lo() + D Br(&w)e® + eV Ry (€, 2) (1.6)
k=1
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This makes the flow of H.(£, x) integrable up to an error of order eV*1. Here C. y is the flow at

time 1 generated by the Hamiltonian
N

WN (& z) = (&) + Y Wh(§, 2)e". (1.7)

k=1
The functions Wy (€, 2) : Rl x T! — R are recursively computed by canonical perturbation theory
via the standard Lie transform method of Deprit[De| and Hori[Ho] (see also e.g [Cal).
To describe the quantum counterpart, let H, = L, + €V be the operator in L?(T!) of symbol

H., with domain D(H.) = H'(T') and action specified as follows:
l
VYu € D(H.), H.u= Lyu+Vu, Lyu= Zkaku, Dy := —ih0y, u. (1.8)
k=1
V is the Weyl quantization of V (formula (1.27) below).
Since uniform quantum normal forms (see e.g. [Sj],[BGP],[Pol], [Po2]) are not so well known

as the classical ones, let us recall here their definition. The construction is reviewed in Appendix.

Definition 1.4 (Quantum normal form (QNF)). We say that a family of operators H. e-close
(in the norm resolvent topology) to Hy = L, admits a uniform quantum normal form (QNF) at

any order if

(i) There exists a sequence of continuous self-adjoint operators Wy (k) in L*(T!), k = 1,... and
a sequence of functions By (&1, ...,&,h) € CP°(R! x [0,1];R), such that, defining ¥V N € N

the family of unitary operators:

N
Une(h) = e™ne®n Wy (n) = Wi(h)ek (1.9)
k=1
we have:
N
Une(WHUR o (h) = Ly + Y Bi(D1, ..., Dy, h)e® + N Ry (). (1.10)
k=1

(ii) The continuous operators Wy, Bi(D,h), Ry+1 admit smooth symbols Wi, B, Rn+1(€),

which reduce to the classical normal form construction (1.6) and (1.7) as h — 0:
Bi(&0) = Bi(§); Wi(&,2,0) = Wi(§,2), Rn+16(2,£0) = Ryy1.(2,§) (1.11)

(1.10) entails that H. commutes with Hy up to an error of order e¥*1; hence the following

approximate QF formula holds for the eigenvalues of H.:
N
Ane(h) = h(n,w) + 3 Br(nh,...,mh, h)e" + O(eNT). (1.12)
k=1
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Definition 1.5. (Smoothly and uniformly convergent quantum normal forms) We say that the
QNF is smoothlly (with respect to (¢,x) € Rl x T) and uniformly (with respect to h) convergent,
if there is €* > 0 such that, for |g| < €* and any o, B,y € N!, one has

oo
sup \D?Dng(§,m;h)5k] < 400 (1.13)
k=1 RIXT!X[0,1]
oo
sup |DgBk(§, nek| < +oo. (1.14)
k=1 RZX[O,H

(1.13,1.14) entail that, if |¢| < *, we can define the symbols

Woo(&,238,h) := (&, 2) + > Wi(&, a5 h)e¥ € CM(R! x T x [0,7] x [0,1];C),  (1.15)

k=1
Boo(&,h) = Lo(§) + Y Br(&h)eF € CM(R! x [0,6%] x [0, 1;.0) (1.16)
k=1
such that, Vo, 3,7 € N

sup  |DEDEW (€, 332, ) — (£,)] < +oo, (1.17)

RlxTEx[0,1]
sup |[D7"Bxo (&6, h)] < 400 (1.18)

Rl x[0,1]

The uniform convergence of the QNF has the following straightforward consequences:

(A1) By the Calderon-Vaillancourt theorem (see §3 below) the Weyl quantizations Wy (g, h),
Boo(g,1) of Weo(€, 256, 1), Boo(e, h) are continuous operator in L2(T'). Then:
eWoeEn/hpy o= WeoleW)/h = B (Dy, ..., Dyse, h).
oo
Boo(D1,..., Die,h) i= Ly + Y _ Bi(D,..., Di; h)e.
k=1
Hence the construction also provides a class of non trivial-examples of non-separable,
fully quantum integrable systems in | degrees of freedom (i.e., functions of I commuting

operators).

(A2) The eigenvalues of H. are given by the exact quantization formula:
An(hy€) = Boo(nh, hy€), nez, eec® :={ceR|le <’} (1.19)

(A3) The classical normal form is convergent, uniformly on compacts with respect to & € R,

and therefore if € € ®* the Hamiltonian H(§,x) is integrable.
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Let us now state explicit conditions on V ensuring the uniform convergence of the QNF.

Given F(t,x) € C®(R x T;R), consider its Fourier expansion

Flt.a) = 30 Fy)eitr.

q€e7!

and define F,, € C*°(R! x T";R) in the following way:

fw(f,x) = _/T(ﬁw(g),x) = Z Fw,q(g)eﬂq’@:

q€EZ!

= = 1 T —1 Ew f —

Faal€) = (Fyo £)(6) = s | Fulw)e e dp =
- |z (p)e P S dp,  pw = (pwr, ..., pwi)
(27T)l/2 " q ) : s .

Here, as above, £, (&) = (w, &).

Given p > 0, introduce the weighted norms:
Pl i= [ 1F, @) dp

I1Fu(z Ol = e Fogll,

qezt

We can now formulate the main result of this paper. Assume:

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(H1) There exist v > 0,7 > [ such that the frequencies w fulfill the diophantine condition

{w, )|t <~lg|”, qeZ, qg#0.

(H2) V,, is the Weyl quantization of V,, (&, x) (see Sect.3 below), that is:

Vol (@) = | S V(p)e @ a2 (a4 pw)dp,  f € LA(TY.
R

qez!

Here V, (€, ) = V((w, ), x) for some smooth function V(t;z) : R x T! — R.

(H3) There is p > 2 such that ||V, ||, < +oo.

(1.26)

(1.27)

Clearly under these conditions the operator family H. := L, + €V,,, D(H.) = HY(T'), ¢ € R, is

self-adjoint in L?(T* ) and has pure point spectrum. We can then state the main results.

Theorem 1.6. (Uniform convergence)

Assume the validity of conditions (H1-H3). Let the diophantine constants v, T be such that:

1
N7 (T + 2)4(T+2) < 3

(1.28)
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Then H. admits a smoothly, uniformly convergent quantum normal form Be (&, €,h), in the

sense of Definition 1.5. The radius of convergence is not smaller than:

* e 1
(1) = 927 (24(2H7)|[)),

. (1.29)
lp
Furthermore B (t, €, h) is holomorphic with respect to t in {t € C||3t| < p/2}.

Our second result concerns the regularity of B (€; €, i) with respect to h. This property will
depend on the radius of convergence as shown in the following Theorem. Although this point is
not discussed here, we believe that Bo ., (&; €, k) has Gevrey regularity with respect to the Planck

constant.

Theorem 1.7. (Regularity with respect to h).
Forr=20,1,... let the diophantine constants v, T be such that:

1
AT (r 4 7 4 2)AHFTHD) < 5 (1.30)

and let:

D(r,r):={e € Clle| <e*(,r)}, (1.31)

e (ry7) : ! 2w < 2 )QT & (r) (1.32)

= 24(2+r+T7) (r + 2)27’”Vpr - 24y

Then, under the validity of conditions (H1-HS3), there exists C, = Cy(¢*) > 0 such that, for
e € D(r,r):

;}}%{% 107 Booo (56, 1) ||y < Cry 7=0,1,... (1.33)

In particular: Buo w(&5¢,.) € CT([0,1]) uniformly w.r.t. £ € R! and || < e*(7,7).

Remark

Since (see §2 below) functions F(t, ¢, k) such that sup [|F(-,¢,h)||, are holomorphic w. r. t. ¢ in
hel0,1]
{t € C||St| < p}, (1.33) taken for r = 0 yields a quantitative restatement of Theorem 1.6.

In view of Definition 1.1, the following statement is a straightforward consequence of the above

Theorems:

Corollary 1.8 (Quantization formula). H. admits an exact, co-smooth quantization formula in
the sense of Definition 1.1. That is, V1 € N, Ve| < e*(1, k) given by (1.32), the eigenvalues of

H. are expressed by the formula:

A(n, b, e) = Boo w(nh, e, h) = L,(nh) + i Bs(L,(nh), h)e® (1.34)
s=1
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where Boo (€, €, 1) belongs to C™(R! x [0,&*(-,7)] x [0,1]), and admits an asymptotic expansion at

order v in h, uniformly on compacts with respect to (&,€) € RL x [0,e*(-,7)].

Remarks

(i) (1.33) and (1.34) entail also that the Einstein-Brillouin-Keller (EBK) quantization for-

mula:
APBR(R) := Lo(nh) + 3 Bs(Lo(nh))e® = Bogw(nh,e), n €2zl (1.35)
s=1

reproduces here Spec(H.) up to order h.

(ii) Apart the classical Cherry theorem yielding convergence of the Birkhoff normal form for
smooth perturbations of the harmonic flow with complex frequencies when [ = 2 (see e.g.
[SM], §30; the uniform convergence of the QNF under these conditions is proved in [GV]),
no simple convergence criterion seems to be known for the QNF nor for the classical NF as
well. (See e.g.[PM], [Zu], [St] for reviews on convergence of normal forms). Assumptions
(1) and (2) of Theorem 1.6 entail Assertion (A2) above. Hence they represent, to our
knowledge, a first explicit convergence criterion for the NF.

(iii) In comparison to earlier results on QNF and quantization formulas [Sj], [BGP], [Pol],
[Po2], we remark that the present ones are ezact and purely quantum: i.e. it they are valid
for h fixed, and not only asymptotically as & — 0 modulo an error term of order A* or

e C/n

Remark that £, (€) is also the form taken by harmonic-oscillator Hamiltonian in R?,

l
Po(n,ysw) =Y ws(ml +92),  (ns,ys) ER®, s=1,...,1
s=1
if expressed in terms of the action variables £ > 0, s = 1,...,[, where

§s 1= 77? + yg = ZsZs, Zs 1= Ys T iNs.

Assuming (1.26) and the property

l
Br(&) = (Fr o Lu() = Fu(d_wezeZs), k=0,1,... (1.36)
s=1

Riissmann [Ru] (see also [Ga]) proved convergence of the Birkhoff NF if the perturbation V,
expressed as a function of (z,%), is in addition holomorphic at the origin in C?. No explicit
condition on V seems to be known ensuring both (1.36) and the holomorphy. In this case instead
we prove that the assumption V(§,z) = V(L (), z) entails (1.36), uniformly in & € [0, 1]; namely,
we construct Fg(t;h) : R x [0,1] — R such that:

Bs(&;h) = Fs(Lw(§)sh) = Fus(&h), s=0,1,... (1.37)
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The conditions of Theorem 1.6 cannot however be transported to Riissmann’s case: the map

n = —V&sinw;,

1=1,....1
yi = /& cos x;, Y

T )= ny) = {
namely, the inverse transformation into action-angle variable, is defined only on Rﬂr x T! and does
not preserve the analyticity at the origin. On the other hand, 7 is an analytic, canonical map

between Rﬂr x T! and R \ {0,0}. Assuming for the sake of simplicity Vo = 0 the image of H.

under 7 is:
(He o T)(n,y) = zl: we(nZ +y2) +e(V o T)(n,y) :=Po(n,y) +P1(n,y) (1.38)
where a
Pi(n,y) = (Vo T)(n,y) = Pir(n,y) + Pri(n.y), (n.y) € R\ {0,0}. (1.39)

! : ks
1 s — 1Ys
'PLR(T], y) = B} Z(%Vk oHo)(n,y) H (\Zﬁ)
s=1 s s

kez!

l . ks
1 Ns — 1Ys
Pri(n.y) = B > (SVeoHo) ) [ [ (\/W)
s=1 S s

kez!

If V fulfills Assumption (H3) of Theorem 1.6, both these series converge uniformly in any compact
of R?" away from the origin and P; is holomorphic on R? \ {0,0}. Therefore Theorem 1.6 imme-
diately entails a convergence criterion for the Birkhoff normal form generated by perturbations

holomorphic away from the origin. We state it under the form of a corollary:

Corollary 1.9. (A convergence criterion for the Birkhoff normal form) Under the assumptions of
Theorem 1.6 on w and V, consider on R*\ {0,0} the holomorphic Hamiltonian family P-(n,y) =
Po(n,y)+eP1(n,y), € € R, where Py and Py are defined by (1.38,1.39). Then the Birkhoff normal
form of H. is uniformly convergent on any compact of R%\ {0,0} if |e| < e*(v, 7).

1.3. Strategy of the paper. The proof of Theorem 1.6 rests on an implementation in the quan-
tum context of Riissmann’s argument|[Ru] yielding convergence of the KAM iteration when the
complex variables (z,Z) belong to an open neighbourhood of the origin in C*. Conditions (1.26,
1.37) prevent the occurrence of accidental degeneracies among eigenvalues at any step of the quan-
tum KAM iteration, in the same way as they prevent the formation of resonances at the same

step in the classical case. However, the global nature of quantum mechanics prevents phase-space
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localization; therefore, and this is the main difference, at each step the coefficients of the homo-
logical equation for the operator symbols not only have an additional dependence on A but also
have to be controlled up to infinity. These difficulties are overcome by exploiting the closeness to
the identity of the whole procedure, introducing adapted spaces of symbols i(Section 2), which
account also for the properties of differentiability with respect to the Planck constant. The link
between quantum and classical settings is provided by a sharp (i.e. without A*° approximation)
Egorov Theorem established in section 4. Estimates for the solution of the quantum homological
equation and their recursive properties are obtained in sections 5.1 (Theorem 5.3) and 5.2 (The-
orem 5.5) respectively. Recursive estimates are established in Section 6 (Theorem 6.5) and the
proof of our main result is completed in section 7. The link with the usual construction of the

quantum normal form described in Appendix.

2. NORMS AND FIRST ESTIMATES

Let m,l =1,2,.... For (£, 2,h) — F(&,z;h) € C°(R™ x T! x [0,1];C) and (&,h) — G(&;h) €
C>®(R™ x [0,1]; C), consider, for p € R™ and g € Z™ the following Fourier transforms

Definition 2.1 (Fourier transforms).

Gi1) = g [ Gl 09 (2.1
F(&, q;h) = (%;mm /T F(&wme o) (2.2)
Note that
F(&aih) =Y F(& g h)e"a" (2.3)
qezt
Flp,q;h) = m/2/ F(&,q;h)e P8 dy (2.4)

It is convenient to rewrite the Fourier representations (2.3, 2.4) under the form a single Lebesgue-

Stieltjes integral. Consider the product measure on R™ x R!:

dX(t) := dpdv(s), t:=(p,s) € R™ x R (2.5)

m l
dp = H dpg; dv(s) = H Z 0(sh—qn), qn € Z,h =1,...,1 (2.6)
k=1

h=1qp<sp
Then:

7(5793;?1):/ lf(pﬁ;71)6“1”’@“'(5’3”> dA(p, s) (2.7)
R™ X R
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Definition 2.2 (Norms I). For p >0, 0 > 0, we introduce the weighted norms

T G - alp|
Gl = max Gl Rmeamdp>—hrg[g§] [ 1GG ) ertldp. (2.8)
P hfg[gf]ZH +1p1*) = G 1 o eotviapy; 1G1L0 = 1615 (2.9)

. 1 i\ 7
Remark 2.3. By noticing that |p| < |p’ — p| + |[p/| and that, for > 0, rle 0% < = <j> . we

immediately get the inequalities

\FGI5 < |71 - 1617, (2.10)

/2y 7t IO
(1= APV FT <= 5 \FIL, k>0 (2.11)

(&
Set now for k € NU {0}:
pe(t) == (L4 [t2)% = (1+ |p|? + |s]?)5. (2.12)
and note that

it — 1) < 22 () (?). (2.13)

because |z — 2/|> < 2(|z|? + |2'|?).

Definition 2.4 (Norms II). Consider F(§,x;h) € C* (Rm x T x [0, 1];C), with Fourier expansion

F(&ah) = F&qh (2.14)
q€7!
(1) Set:
H]—" pk = Max Z/ |tk—~ (D, 5)0) .7-"(p s; h)|e?UsHPD gx(p, 5). (2.15)
re(0,1] m Rl

(2) Let O, be the set of functions ® : R x T! x [0,1] = C such that ®(&, x;h) = F(Ly(E),z; h)
for some F: R x T x [0,1] — C. Define, for ® € O,:

1] p,se = hnl[?i]Z/ |t~ (P, q) O F (p, 5 1) e? P ax(p, 5). (2.16)

(3) Finally we denote Op" (F) the Weyl quantization of F recalled in Section 3 and

Jip) = {FIIFI}, < oo}, (2.17)
T = {0pV(F)|FeTlp) (2.18)
Jiep) = {F €04 || Fllpp < o0}, (2.19)
Jo(p) = {0p"(F)|F € Tilp)}. (2.20)
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Finally we denote: LL(R™) := L'(R™, eIPldp).
Remark 2.5. Note that, if F(&, z,h) is independent of z, i.e. .7-"(§, q,h) =

7Y, =17 117

pk — ’]: ‘p,k
while in general

1Fllpse < I Fllprpr whenever k > &', p < p's

Remark 2.6. (Regularity properties)
Let F € J(p), k > 0. Then:

(1) There exists K (c, p, k) such that

. T
hlg[%ﬁ] [ F (&, 25 1)l o em septy < KH}-HP,]@ aeN

and analogous statement for the norm || - ||, x-

F(&,h)dq,0, then:

(2) Let p >0, k > 0. Then F(&, z;h) € CH([0,1]; C¥({|3¢] < p} x {|Sz| < p}) and

sup F(&asn)| < |17
{I1S¢]<p} x{|Sz|<p}

Analogous statements for F € Ji(p).

We will show in section 3 that:

10" (F)llgz2y < |1 Fllpse Yk, p>0.

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

In what follows we will often use the notation F also to denote the function F(L,(£)), and,

correspondingly, || F||,x to denote || Fl,x, because the indication of the belonging to J or JT,

respectively, is already sufficient to mark the distinction of the two cases.

Remark 2.7. Without loss of generality we may assume:

lw] == |wi|+ ...+ |w| <1

(2.26)

Indeed, the general case |w| = a|w'], |w'| < 1, @ > 0 arbitrary reduces to the former one just by

the rescaling ¢ — ae.
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3. WEYL QUANTIZATION, MATRIX ELEMENTS, COMMUTATOR ESTIMATES

3.1. Weyl quantization: action and matrix elements. We sum up here the canonical (Weyl)
quantization procedure for functions (classical observables) defined on the phase space R x T!. In
the present case it seems more convenient to consider the representation (unique up to unitary
equivalences) of the natural Heisenberg group on R! x T!. Of course this procedure yields the
same quantization as the standard one via the Brézin-Weil-Zak transform (see e.g. [Fol, §1.10)
and has already been employed in [CdV], [Pol],[Po2]).

Let H;(R' x R! x R) be the Heisenberg group over R**! (see e.g.[Fo], Chapt.1). Since the dual
space of R! x T! under the Fourier transformation is R' x Z!, the relevant Heisenberg group here

is the subgroup of H;(R! x R! x R), denoted by H;(R! x Z! x R), defined as follows:

Definition 3.1 (Heisenberg group). Let u := (p,q),p € R',q € Z!, and let t € R. Then H;(R! x
7' x R) is the subgroup of Hy(R' x R' x R) topologically equivalent to R' x Z! x R with group law

1
(u,1) - (v,8) = (utv,t+ s+ 50w, v)) (3.1)
Here Q(u,v) is the canonical 2—form on R x Z!:

Qu,v) := (u1,v2) — (v1, u2) (3.2)

H;(R! x Z! x R) is the Lie group generated via the exponential map from the Heisenberg Lie
algebra HL;(Z! x R! x R) defined as the vector space R! x Z! x R with Lie bracket

[(u,t) - (v,5)] = (0,0,2(u,v)) (3.3)

The unitary representations of H;(R! x Z' x R) in L?(T') are defined as follows
(Un(p, 4, 1) f) () := e HH@mTRRDL2 f (g 4 pp) (3.4)
Vh+#0,V(p,qt) € Hy, ¥ f € L?(T!). These representations fulfill the Weyl commutation relations
Un(u)* = Up(=u),  Un(u)Us(v) = MU (4 + v) (3.5)

For any fixed h > 0 U, defines the Schrodinger representation of the Weyl commutation relations,
which also in this case is unique up to unitary equivalences (see e.g. [Fol, §1.10).

Consider now a family of smooth phase-space functions indexed by %, A(, z, h) : R'xT! [0, 1] —
C, written under its Fourier representation

Aot = [ 3 Apane @Dy — [ A s @I drps)  (30)
R
q

o REXRE
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Definition 3.2 (Weyl quantization). The (Weyl) quantization of A(&,x; k) is the operator A(h)
definde as

(AN = [ 3 A U0 ) dr (3.7)
q

ezt

:/Rl y Alp, s: )Un(p, $)f(z) dX\(p,s) f € L*(TH

Remark 3.3. Formula (3.7) can be also be written as

(A(n)f)(@) =Y where A(q,h)f, (A(q,h)f)(x) = /l Alp,q: )Un(p,q) f(x)dp ~ (3.8)
qez! R
From this we compute the action of A(h) on the canonical basis in L?(T!):

em(z) = (2m) 72 m) peTh mezl.

We have:

Lemma 3.4.
Ah)em(z) = > D2 A(n(m + ¢/2), ¢, h) (3.9)

qez!
Proof. By (3.8), it is enough to prove that the action of A(q,h) is
Alg, Wem(x) = D5 A(R(m + ¢/2), g, h) (3.10)
Applying Definition 3.2 we can indeed write:

R!

= (2m) /2 lim 0T / A(p; g, h)enPm+a/2) gy — H{m+D2) A(p(m + q/2),q, h).

R!

We note for further reference an obvious consequence of (3.10):

(Ag, h)em, Alq, h)en) 2y = 0, m# n; - (A(r,h)em, A(g, h)en) 2(ry = 0, 7 # q. (3.11)

As in the case of the usual Weyl quantization, formula (3.7) makes sense for tempered distributions
A(&,z;h) [Fo]. Indeed we prove in this context, for the sake of completeness, a simpler, but less

general, version of the standard Calderon-Vaillancourt criterion:

Proposition 3.5. Let A(h) by defined by (3.7). Then
ol+1 - (3l-1)/2

< I+92 I+1
+ I'(557)

D OFAE @3 h)l| oo (gt srt)- (3.12)

|a| <2k

[AA) L2 2
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where

%—i—l, [ even

k=
Bl 41, lodd.

Proof. Consider the Fourier expansion
u(x) = Umem(z), we L3(T).
Since:

1A(g, B)imenm|® = |A(R(m + 4/2), ¢, B)|* - |G|
by Lemma 3.4 and (3.11) we get:

lAmul? < Y AR Emenl® = D> JAMBm +/2), ¢, ) - [

(g;m)€eztx 7! (g,m)€ztx7!
< > s AE @R fam* =D sup [A(S, . ) 2 Jul?
qezt CER! mezl g€z
2
< [ sup A ¢, )] flul?
qul ER!

Therefore:

JA(R)|| g2z <> sup [A(E, g, h)].

qezt ger!

Integration by parts entails that, for k£ € N, and V g € C*(T'):

i(q,x 1 i(q,x k
1 (0%
< 1+| ‘gk(QW Sup > |09g()].
la| <2k
Let us now take:
l
=+1, leven
S 2k —1+1=
b= {2Z 1o e (3.13
141, lodd I

Then 2k — [+ 1 > 2, and hence:
1 (-1)/2 oo -1
Z T 2/ dus d;f = 27 141 / - 5% -
q€z! 1+ q] r 1+ [|ull (=) Jo 1+p
/ 1 /oo ul/2k’—1 J
= U
1+ p2k P =3, 1+u
<

1 JL/2h-1 /°° 1/2k—2 _ 1
k</ ) ) = @ nek—

Now:
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This allows us to conclude:

o 1

> suplAE g n)| < @m)' Y 08AE @ h)| oo iry - NP
gzt & la|<2k ez q

@B-1/2 1

R s I LA Rl
= I+1 /NSy L Lo (REXTY) -
F(T) [+2 || <2k
with k& given by (3.13). This proves the assertion. O

Remark 3.6. Thanks to Lemma 3.4 we immediately see that, when A(, x,h) = F(L, (), x; h),

A= | > F(p,a;m)Un(pw, ) f dp (3.14)

R qezt

= [ 3 Flp,qs el @ a2 p(o 4 ppw)dp  f € LA(TY

R qez!

where, again, pw := (pw1, . .., pw;). Explicitly, (3.10) and (3.9) become:

AD)em(x) =Y MDD F(n(w, (m+ q/2)), q,h) (3.15)
qez!
A(g, hem(z) = D2 F(hiw, (m + q/2)), ¢, k) (3.16)

Remark 3.7. If A does not depend on z, then ﬂ(f,q,h) = 0,q # 0, and (3.9) reduces to the

standard (pseudo) differential action

(A(Ryu)(x) = Y Almih, h)ipme ™ = > " A(=ihV Bty e’ ™) (3.17)

mez! mezt
because —ihVe,, = mhe,,. On the other hand, if A does not depend on £ (3.9) reduces to the

standard multiplicative action

(A(Ryu)(z) =Y A(g, n)e ™ ™ T t™® = A(z, hju() (3.18)

q€e7! mez!

Corollary 3.8. Let A(h) : L*(T!) — L?(T') be defined by (3.7) (Definition 3.2) and A(q,h) by
(3.8). Then:

(1) Vp > 0,Yk > 0 we have:
IA(R) | pomre < (AN, (3.19)
and, if A€, x,h) = A(L,(€), 3 h)

AP 22 < [Allp,g- (3.20)
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(2)
(emss, A(q, D)em) = 0g. s A((m + q/2))h, q, h) (3.21)
(emais, A(R)em) = A((m + s/2)h,s,h) = (27)" 2 / A((m + s/2)h, z, h)e %) dg: (3.22)
’H‘m

and, if A&, x,h) = F(Ly(€), z;h)
(emts A(g h)em) = 0q s F((w, (m + q/2))h, ¢, h) = 84 s F (Lo(m + 5/2)h,q,h)  (3.23)
(emis, A(R)em) = F((w, (mh+ sh/2)), s, h) = F(Ly,(mh+ sh/2), s, h) (3.24)
Equivalently:
(em, A(B)en) = F({w, (m + n))h/2,m —n, h) (3.25)
(3) A(R) is an operator of order —co, namely there exists C(k, s) > 0 such that

AR Ul gy < ks s)|ull ey (kys) ER, k> (3.26)

Proof. (1) Formulae (3.19) and (3.20) are straighforward consequences of Formula (2.23).

(2) (3.9) and (3.10) immediately yield (3.21) and (3.22). Moreover, (3.23) immediately yields
(3.24). In turn, (3.23) follows at once by (3.10).

(3) The condition A € J(p) entails:

sup A& g, h)[e” < e max || A(p; g, 1)l = 0, |g] — oc. (3.27)
(&;h)ER!x[0,1] hel0,1]
Therefore:
IA®ulfe < >0 W+l A(m + a/2)h, ¢, ) - [d]?
(g;m)ezt xz!
< > sup(+ |g)FLA(m + q/2)h g, 0P Y (1 + [m]?) [
qul am mezl
= C(k,9)[|lullF-
C(k,s) = Y sup(1+|q*)*|A((m + q/2)h, q, 1)
q€E7! am
where 0 < C'(k, s) < +oo by (3.27) above. The Corollary is proved. O

3.2. Compositions, Moyal brackets. We first list the main properties which are straightfor-
ward consequences of the definition, as in the case of the standard Weyl quantization in R?. First

introduce the abbreviations

t:=(p,s); t'=(,s); wt:=(pw,s) (3.28)
Qu(t' —t,t) = {((p) — p)w,s’) — ((s' = 5),pw) = (Pw,s) — (s, pw). (3.29)
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Given F(h),G(h) € Ji(p), define their twisted convolutions:

(F(RFG(R))(p, q; h) = F(t' = t; )G (t'; n)ellre =t/ A gy (')

RXR!

(F8G)(z, &, h) := /R y (]?(h);;é(ﬁ))(t’ h)ei<s,aﬁ>+p£w(§) d\(t)

Clp,q;h) = % F(t' = t, )Gt k) sin[hQy (' — t,¢')/2] dA(t)

RXR!

Clr&it) = [ Clpsib)eEOHin) rgr
RXRE
Once more by the same argument valid for the Weyl quantization in R%:

Proposition 3.9. The following composition formulas hold:

F)G(h) = /R (FOGR) (MU 1) (0.

F(n),GM)] _ / Clt 1)U (wt) dA()

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

Remark 3.10. The symbol of the product F'(h)G(h) is then (FiG)(L,(§),x, h) and the symbol of
the commutator [F'(h), G(k)]/ih is C(Ly(€), x; k), which is by definition the Moyal bracket of the

symbols F,G. From (3.32) we get the asymptotic expansion:

s 3521 A
) b h ) )
C(p, q;w; Z @D P ae)
7=0
Di(p,q;w) == F(t —t, )Gt 1)[Qu(t —t,¢') dA(t))
RxR!

whence the asymptotic expansion for the Moyal bracket

{F, G m(Lo(§) 23 h) = {F, G}HLu(E), 2, h) +

> |T\h|T+JI '
(-1)
D OO F(Lu(9) @) W00 G(Lu(©), @ )] -
|r+5|=0
X (1)l ‘ ‘
2 %[%waﬂg(ﬁw@%ﬂcﬂ WOLOLF(Lu(€), 2, 1)
Ir+31=0

Remark that:
{7, G m(Lu(§), z;h) = {F,GHLu(E),z) + O(h)

(3.36)

(3.37)

(3.38)

(3.39)
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In particular, since L, (€) is linear, we have V F(&;2;5) € C®(R! x T! x [0, 1]):

{}—7 Ew(g)}M(ﬁw(f)v'xvh) = {]:7 Ew(&)}(ﬁw(£)>xa h) (3'40)

The observables F (&, x;h) € J(p) enjoy the crucial property of stability under compositions of
their dependence on L,,(&) (formulae (3.31) and (3.33) above). As in [BGP], we want to estimate
the relevant quantum observables uniformly with respect to h, i.e. through the weighted norm
(2.16).

3.3. Uniform estimates. The following proposition is the heart of the estimates needed for the
convergence of the KAM iteration. The proof will be given in the next (sub)section. Even though
we could limit ourselves to symbols in J(p), we consider for the sake of generality and further

reference also the general case of symbols belonging to JT(p).

Proposition 3.11. Let F, G € J,I(p), k=0,1,...,d =dy +ds. Let F,G be the corresponding
symbols, and 0 < d+ dy < p. Then:

(1" FG ¢ J,I(p) and fulfills the estimate

IF G52 < |IFEGII] 4 < (k+ D45 FIL - IGI1T (3.41)
(2" [FmG] € Jl(p— d) and fulfills the estimate
52, = 1Ol = 1 (3.4
(3" FG e Jl(p), and
IFGIL e < G+ DRI, - 1911, (3.43)
Moreover if F, G € Ji(p), k=0,1,..., and F,G € Ti(p), then:
(1) FG € Ji(p) and fulfills the estimate
IFGl2) < 1 F8Glpn < (k+ DA% Fllpk - 1G]l (3.44)
(2) [F;’hG] € Ji(p —d) and fulfills the estimate
B < HFOhlscins < s Vs Glas 9

(3) FG € Jk(p) and
1FGllpk < (k+ 14" F

Pk ||g|

. (3.46)

Remark 3.12. The operators F(#) with the uniform norm |F|/,x,k = 0,1,... form a Banach

subalgebra (without unit) of the algebra of the continuous operators in L2(T').
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Before turning to the proof we state and prove two further useful results.

Corollary 3.13. Let F,G € Ji(p), and let 0 < d < p, r € N. Then:

1 k+
EEEDIalan < (EE) 1Rl (3.47)
N e————
r times
Proof. We follow the argument of [BGP|, Lemma 3.5. If d + d; = da, (3.42) entails:
Ck
I{F, Gl p—do i < Pdod, IF Nk NGl ok Cri= (k+1)4F

1
Set now d = . —dy which yields dy = % Then:
T

Chr
{F, G atllp—dak < — 2 1F o gll,— sl Fllok 1G], r=1g, 5 (3.48)
2d 2 ( )
Therefore:
Crr
IKFAF G dmllp—ao ke < 5 1 F ok - I{F Ghmall ) r=1 g, e
(ed2)

1
ds in place of

To estimate |[{F,G}al|,_r-1,, , We repeat the argument yielding (3.48) with -

da. We get:

r—1 r—2 1
do = do + —d2
r r

r
and therefore

Cy
ILF Gl ety g < WH}_ ok 1G] — =24, &
Cyr r
: (edg)? (r - 1) 17l HgHP—TIQdM
whence
(Cyr)?
HF AT Ghharllomiai < 1712 161,
Iterating r times we get:
1 (Cyr)Tr?
AN EAF - AF Gharbar, - bl p-aak < W' ok 1G]l p k- (3.49)
Me— ———
r times
By the Stirling formula:
r2rl 1 1 1 1

(222 = (e \or (B) ~ (@)

Since Cj, = (k + 1)4*, (3.49) yields (3.47) up to the abuse of notation dy = d. O
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Corollary 3.14. Let F(&x;h) € Tk(p), p > 0, k = 0,1,.... Then {F,L,}m € Ti(p — d)
V0 < d< p and the following estimates hold:
. 1
IS Lo]/ibllp-an = IHF, Lodatllp-dr < 1 F 1ok (3.50)
[ LS [F Lol -1/ @R) p—ae = IF -+ AT Lotar - baall p—ak (3.51)
—_——
r times
1 [ (k+1)4F\"
< _ N T s
<= (B5) 1

Proof. By (3.40):

{F, Lot = {F Lo} = —(w, Vo) F(&a:h) = Y (w, ) @7 / Folpi n)e?=© dp
R

A

and therefore:

HF, Lodmtllo-an < IHF, Lotlpman < Y 1w, )P Fy 0 <

A

_ 1
sup (w, q)le” M Y 7 M| Fllpp < —I1F ok

l
qEZL qul

because |w| < 1 by Remark 2.6. This proves (3.50). (3.51) is a direct consequence of Corollary
3.13. 0

3.4. Proof of Proposition 3.11.
3.4.1. Three lemmata. The proof will use the three following Lemmata.

Lemma 3.15. Let p,p' € R, 5,5’ € R\. Define t := (p,s),t' .= (p,s). Let Qu(-) and p;(-) be
defined by (3.29) and (2.12), respectively. Then:

| (8 )7 < 27y ()5 (1), (3.52)
The proof is straightforward, because |, (¢, )| < 2|¢||t/| and |w| < 1.

Lemma 3.16.

m m+1
’ d smhm/Q' < || (3.53)

dr™ h - omtl’

Proof. Write:

am 1 dm 1 (=)™

. * z B x
dhmhsmhx/22dhm2/0 cosht/2dt = 1 /0 tmcos(m)(ht/2)dt§2m+1/0 t"™ dt.
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whence

‘ dm sinhm/2’ R

x B m+41 m+41
dim | T omtl / tmdt’ N : < e
0

2mH1(;m 4 1) = 2m+l

0

Lemma 3.17. Let (F,G) € j,j, 0<d+d <p, t=(ps),t =9, It = |p| +|s|,
[t'| .= |p| + |§'|. Then:
1F Gl aay < e IFIIGE (3.54)
e dl(d—i-dl) P P

Proof. We have by definition

Gl < 5 [, NG [ 1RG0 1)) [sinn(e — ) A /b )

< / | elomddligy) / FE)]-1G( = 8)] - [(¢ = D] - ] dAE)

R2!

= /R2l e(Pdd1)|t|d)\(t)/ ]f(u + t/2)g(u — t/2)| . ‘u _ t/Q‘ . |u + t/2| d)\(u)

R2l

- / =) =41 | F(2)G (y)] - o] - [y dA(2)dA(y) <
RQZX]RQZ

1 1
- plal g\ / =Dyl g\ () < ——— I FITIGIT
s L F@e e [ e @) < gy PN
1
because sup |ale ™ = —,§ > 0. O
a€R ed
3.4.2. Assertion (17). By definition
17 () Z / R =t mG (e, me™ P gy (£)ef AN )dA(H)
R2l xR2!
whence
IIf(h)ﬁg(h)Hpk =

MQ

<j> O) ILF( = t, )G, M| (' — £, ) iy (£)eP AN E )N (1) =
R2l xR2!

Il
=)

:0]
k

By Lemma 3.15 and the inequality (¢’ —t) < 28210 (') e () we get, with t = (p,s) : t/ = (p/, &)

=7

MQ

( ><> / 07T F (W — RGP sy ()P aN(E)dA (1)

Il
=)

07 =0
|0 (t" = £, ) g (8) < 27 (8 — )5 (8 iy (2)
< 2 puit’ — )y (¢ Yy ()22 g (8 — )1 (1)

<2 — Ok (8)
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Denote now v —j —i =k —+/, i = k —+” and remark that j </, i <~ — j. Then:
i+(k—v)/2 k
I+ b=/ [ty (= )iy (1) < 2% p1y (t/)ﬂﬂ/” (t)

Since <7> <‘7> < 4% and the sum over k has (k + 1) terms we get:
Jj) \u

|7 (R)2G (R )Hpk—

Z / 08 F(# — 1|05 Gt )l (¢ — )y (£)eP AN()dA(E)
’y ’y” 0 RQl ]RQZ

Now we can repeat the argument of Lemma 3.17 to conclude:
IFWEGMWIE . < b+ DA*IF)E - 1611
which is (3.41). Assertion (3"), formula (3.43) is the particular case of (3.41) obtained for €, = 0,

and Assertion (3), formula (3.46), is in turn particular case of (3.43) .

3.4.3. Assertion(2'). By definition:

{F(R), G e} —Z/ R F(t — 6, WG (', h) sin Bt — £,1') /1] o, (1) N(H)AN(D).

2l><]R2l
Lemma 3.16 entails:
|87 sin bt — t, 1) /B| < |Q — ¢, )T

and therefore:

H{f( ) G0}l <

(D / 00 IF (W =t G It — £ )P s (1)U AN () AN(E) =
i R2! x R2!

>

Let us now absorb a factor |Q,(#' — t,t')]” in exactly the same way as above, and recall that

|, —t,t")| < |t —t)t'|. We end up with the inequality:

[{F(n), G(n )}Mllpk <

2

M< ZIM<

3 J( ><> /Rzszzz 0T F (W — £, 3G, h)||Qu (8 — t, ) P ey ()P AN ) dA(2)

=0

Il
o

0j

(k+1)4" Z / O F (& =t |05 G W) = [ |y (= ) ()P U AN )N (L)
3 =0 TR

Repeating once again the argument of Lemma 3.17 we finally get:

OG0l < et T 1617
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which is (3.42). Once more, Assertion (2) is a particular case of (3.42) and Assertion (1) a

particular case of (3.41). This completes the proof of Proposition 3.11.

4. A SHARPER VERSION OF THE SEMICLASSICAL EGOROV THEOREM

Let us state and prove in this section a particular variant of the semiclassical Egorov theorem
(see e.g.[Ro]) which establishes the relation between the unitary transformation /" and the
canonical transformation ¢j,, generated by the flow of the symbol W(E, z;h)[n=0 := Wo(&, )
(principal symbol) of W at time 1. The present version is sharper in the sense that the usual one

allows for a O(k*°) error term.

Theorem 4.1. Let p > 0,k =0,1,... and let A, W € J,I(p) with symbols A, W. Then:

e W

Sei=¢€"n (L, + A)eii% =L,+B

where:
(1) VO <d < p, Be Ji(p—d);
(2)

-1
i < = L= [el(k + DA Wl e fed?] Al +1/de]

(3) Moreover the symbol B of B is such that:
Ly,+B=(L,+ A) o5, +O(h)

where @3, is the Hamiltonian flow of Wy := Wln=o at time €.
(4) Assertions (1), (2), (3) hold true when (A, B,W) € Jix(p) with ||A||;k, ||B||T7k, HWHLk
replaced by || Allpk; [1Bllpk, W]

pyk-

Proof. The proof is the same in both cases, since it it is based only on Proposition 3.11. Therefore
we limit ourselves to the J(p) case.

By Corollary 3.8, Assertion (3), under the present assumptions H'(T'), the domain of the self-
adjoint operator F(L,) + A, is left invariant by the unitary operator ¢'5" . Therefore on H' (T

we can write the commutator expansion

SsszJrZ:l}(:jiZ WW, WL ] S

m times m times
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whence the corresponding expansions for the symbols (from now on we’ll skip the ......... nota-

tion)
S, Ehe) = Lo(€) + > %{w, W, AW, Latar -
m=1

< om
m=1

because {W, L} = {W, L,} by the linearity of L,. Now apply Corollaries 3.13 and 3.14. We
get, denoting once again Cj, = (k + 1)4*:

(D T (0 DO (PPN | e VAR ARSI A0 Y O

hm
m=1 m=1
SR L $ (Wl
< ST o o, i, TW el < <al (e
m=1 m=1
= (ie)™ 2 em
1> S e WAL e <13 S OV OV, OV, A e
m=1 ’ m— :
> €Ck w k m
< Al Y ()
m=1
Now define:
= (ie)" = (i)
B .= W] oo WAL L. 4.
3 W07 WLl 30 G W W WA (455)
Then we can write:
el Crl Wl o,k -1
1Bllp-ax < == 58 (1= lelCulW i /ed?] ™ (1Al + 1/de]
]k + DAV =
= S P (1 el (e DA Wl fed?] (1Al +1/de]

This proves assertions (1) and (2).
By Remark 2.9, we have:
S2(, & M)ln=0 = Loy + Be (€, 2 )0 =

o0

k
S N W VL A ) = (L + A)
k=0

where Ly, F = {W, F} denote the Lie derivative with respect to the Hamiltonian flow generated
by Wy. Now, by Taylor’s theorem

65£W0 (ﬁw + A) — (ﬁw + -/4) o (Z)%/V() (.’L‘, 5)

and this concludes the proof of the Theorem. O
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Remark 4.2. Let W be a solution of the homological equation (5.1). Then the explicit expression
of Wy clearly is:

_ 1 Vo(€) itg.a)
W= P 2 lwa)

and

0 (F(Ly,) + eA) = F(Ly) + eNoo(Ly) + O(e?).

Thus W, coincides with the expression obtained by first order canonical perturbation theory.

5. HOMOLOGICAL EQUATION: SOLUTION AND ESTIMATE

Let us briefly recall the well known KAM iteration in the quantum context.
The first step consists in looking for an L?(T!)-unitary map Uy, = eeWo/h W, = W, such
that

SO,& = UO,E(Lw + 5VO)U§75 = ‘Fl,&(LUJ) + 52‘/1,57 Vo=V, fl,a(Lw) =L, + ENO(LW)‘

Expanding to first order near ¢ = 0 we get that the two unknowns Wy and Ny must solve the

equation
L, W
[‘*"70] +V =N,
th
V1, is the second order remainder of the expansion. Iterating the procedure:
ot
UZE — plf Wg/h;

¢ " 12
Sf,a = Uf.s(fé,s([fw) + g W,e)Uz,g == fZ—f—l,e(Lw) + g +1W+1(5)7
[fé,s(Lw)v Wé,e]

il +w,£ = Né,s

With abuse of notation, we denote by Fy o (Ly, k), Nio(Ly, h), Vee(Ly, h) the corresponding sym-
bols.

The KAM iteration procedure requires therefore the solution in Ji(p) of the operator homological
equation in the two unknowns W and M (here we have dropped the dependence on ¢ and ¢, and
changed the notation from N to M to avoid confusion with what follows):

(L), W]

= +V = M(Ly,) (5.1)

with the requirement M (L) € Ji(p); the solution has to be expressed in terms of the correspond-

ing Weyl symbols (L, W, V, M) € Ji(p) in order to obtain estimates uniform with respect to h.
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Moreover, the remainder has to be estimated in terms of the estimates for W, M.

Equation (5.1), written for the symbols, becomes

{‘F(‘C’w(é)’ h)7 W(l‘, &; h)}M + V(.T, Lw(é); h) = M(Lw(g)’ h) (5'2)

5.1. The homological equation. We will construct and estimate the solution of (5.1), actually

solving (5.2) and estimating its solution, under the following assumptions on F:
Condition (1) (u,k) — F(u;h) € C*°(R x [0, 1];R);

Condition (2)

h
inf  9,F(u;h) >0; lim Flu bl C>0
(u,7)ERxX[0,1] oo [u]
uniformly with respect to h € [0, 1].
Condition (3) Set:
n

K h) = 5.3

Then there is 0 < A(F) < 400 such that
sup IKx(u,n,h)| < A. (5.4)

u€ER,NER,AE[0,1]

The first result deals with the identification of the operators W and M through the determination

of their matrix elements and corresponding symbols W and M.

Proposition 5.1. Let V € J(p), p > 0, and let W and M be the minimal closed operators in
L?(T™) generated by the infinite matrices

ih{€m,Vemtq)
F((w,m)n, ) — F((w, (m + q))h, h)’

(€ms Wemiq) = q#0, (em,Wep)=0 (5.5)

<€m7 M6m> = <€m, V€m>, <€m, Meerq) =0, ¢#0 (5'6)
on the eigenvector basis e,, : m € Z' of L,,. Then:

(1) W and M are continuous and solve the homological equation (5.1);
(2) The symbols W(x,&; k) and M(&, k) have the expression:

M(ER) = V(La(€):h); W(Lu(€),2:h) = Y W(Lu(), g h)e’s: (5.7)

q€7t,q7#0

=~ ey iV (Les(€); 43 1) o~ oy
W(L,(E),q;h) == FILAO ) — FLuC L) q#0; W(Ly(§);h)=0. (5.8)




28 SANDRO GRAFFI AND THIERRY PAUL

Here the series in (5.7) is ||-||, convergent; ﬁ(ﬁw(ﬁ); h) is the 0-th coefficient in the Fourier
expansion of V(Ly(§),x,h):
V(,Cw(f), €, h) = Z g(ﬁw(§)7 q; h)€i<q75’7>.
q

ezl

Proof. Writing the homological equation in the eigenvector basis e, : m € Z' we get

[F (L), W]

. en) + (em, Ven) = (em, M(Ly)en)dmn (5.9)

<ema

which immediately yields (5.5,5.6) setting n = m+¢. As far the continuity is concerned, we have:

th 1 n
= = h.
F (i 1)~ (o Gk ) 0 F i )~ F ity )
and therefore, by (5.4) and the diophantine condition:
[(ems Wem+q)| < Vlgl" Al{em, Vemsq)|-
The assertion now follows by Corollary 3.8, which also entails the || - ||, convergence of the series

(5.7) because V € J,. Finally, again by Corollary 3.8, formulae (3.23), (3.24), we can write
(ems Wemiq) = W(lw, (m +q/2)h, ¢, 1);  (em, Mem) = M({w,m)h, i) = V(Ly,(mh),0, k)
and this concludes the proof of the Proposition. O

The basic example of F is the following one. Let:
. Fo(u,e5h) = u~+ Py(u, e, h), £=0,1,2,... (5.10)
. ®ye, h) == eNp(us e, h) + 2Ny (use,h) + ... + egNy(u, €, h), gj 1= 2. (5.11)
where we assume holomorphy of € — Ns(u, e, k) in the unit disk and the existence of py > p; >
... > pg > 0 such that:
N,
(V) max N ps < 00,
Denote, for ¢ € R:

Oy 1(u+ (e h) — Ppq(u;e, h)
¢

ge(u,C;e,h) := (5.12)

Let furthermore:
0<dy<...<dp<po, 0<po:=p; (5.13)

Ps41 =ps —ds >0, s=0,...,£—1

-1
o= di<p (5.14)
s=0
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and set, for j =1,2,...

-1
s| INslp,
Op (N, e) == Z E||€d|p“k, 0(N,e) == 0po(N,¢). (5.15)

s=0
By Remark 2.4 we have

-1
sl [Nl
0o k(N,e) = Z’|”edupk

s=0

(5.16)

Lemma 5.2. In the above assumptions:
(1) For any R > 0 the function { — ge(u,C,e,h) is holomorphic in {C | |¢| < R||¥C¢| < p},

uniformly on compacts with respect to (u,e,h) € R x R x [0,1];

(2) For anyn € NU{0}:

sup g (u, G, W)™ |p, < [Be(N€)]" (5.17)
(3) Let:
‘rsr‘liuzﬂg(/\/ €) <1, L>0. (5.18)
Then:
1 1
Kr(u,C e h)|, < - — 5.19
CE?R?EER| F(u,( e )|Pz (] 1- 95(/\/,6) ( )
(4)
zup 107 g(u, ¢ &,h)]p, <00 (N,e) (5.20)
€R
sup 1029(u, ¢, &, 1), < 5(N s €) (5.21)
up |09(u, G2, 1), < 00 (N €). (5.22)
€

Proof. The holomorphy is obvious given the holomorphy of Ns(u;e, k). To prove the estimate
(5.17), denoting N(p, e, 1) the Fourier transform of N (€, e, k) we write

/—1
ge(u, ¢, e,h) = 22 es //\Afe(p,aﬁ)(ei@ —1)e™P dp = (5.23)
s=0 R

. A—1
2 N .
ZZZ €5 /./\fg(p,a, h)eZp(“+C/2) sin¢p/2dp
s=0 R
which entails:

sup |ge(u, ¢, €, h)]p, —sup/ Ge(p, C, &, )PPl dp

CER
max E ’8|/’N Eﬁ |€'ES |p\d < — %1‘6”]\/"03 9(/\/’51) 0<d. <
[01] S b, p D > S l g S Ps-

s=0
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Hence Assertion (3) of Proposition 3.11, considered for k = 0, immediately yields (5.17). Finally,
if gy is defined by (5.12), then:

1 1
C 1+ gf(uv C7€7 h)

and the estimate (5.19) follows from (5.17) which makes possible the expansion into the geome-

’C].‘(U, C:Ea h) =

trical series
o0

1—|—gguc,5h Z )" ge(u, &, )" (5.24)

convergent in the 0y(N,e) norm. To see (5.20), remark that (5.23) yields:

/-1
. 9 N o
0990(u, ¢ e, h) = EZ € /Nz(pve, h) (ip)? e+ 12 sin (p/2 dp.
s=0 R

Therefore:
-1

2P 000Gl < s0p s 23 [l Wt i o 21/l
€R
<oup max 25" Je [ 1Rl sin 21l dp

¢er hel0,1] p— R

/—1
< 'su A max/ IN(p, e, h)ersIPl g
< supJp ;I o max | PPN (e, njer dp
-1

1 |/\/S‘p J
<= Wslpsi < g, .
— e SZ:; |65’ ds — &J(st)

(5.21) is proved by exactly the same argument. Finally, to show (5.22) we write:

-1

sup | ge(u, C, €, h)|p, < sup max 22 |Es\/]8%/\f p,e, h)| - | sinCp/2|/¢|er P dp
CER CER hEOl —
-1
< 6]J\/ h)|elPs =4Il gpy < 9,(N,
s S el [ 1014 b < 0N )
This proves the Lemma. O

By Condition (1) the operator family i — F(Ly;e,h), defined by the spectral theorem, is
self-adjoint in L?(T'); by Condition (2) D(F(L,)) = H(T!). Since L, is a first order operator
with symbol L, the symbol of F(L,;¢, h) is F(Ly(€), e, ). We can now state the main result of
this section. Let Fy(z,e,h) be as in Lemma 5.2, which entails the validity of Conditions (1),

(2), (3).
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Theorem 5.3. Let V; € Ji(pe), £ =0,1..., Vi =V for some pg > ppr1 >0, k =0,1,.... Let
Vo(Ly(€), x58,h) € Ti(p) be its symbol. Then for any 0,(N,e) < 1 the homological equation (5.1),

rewritten as
[fg(Lw), WZ]
ih

{f€(£W(§)787 h),Wg(l‘,é-;{f, h)}M + Vf(x7 Lw(g);€7h) = M(ﬁw(§>7€7 h) (526)

+ Vi = Ny(Ly, €) (5.25)

admits a unique solution (Wy, Ny) of Weyl symbols Wy(L,(€), x;e,h), No(Lw(§),e,h) such that
(1) W =Wy € Jr(pe), with:

”WZ”PZJA»I@' = HWHPHMC < A(& k?‘g)vasz,k (5'27)
7T 2k+l(k + 1)2(k+1)k,k
Ak, e) = 1 kil 2
k) =Gy | (oo b = 0oV, e ok (529

(2) Ne=Vi; therefore N € Ji(pe) and [|Nlpn < [Vellpe.i-

Proof. The proof of (2) is obvious and follows from the definition of the norms |- ||, and ||-||,x. The
self-adjointess property W = W* is implied by the construction itself, which makes W symmetric
and bounded.

Consider Wy as defined by (5.7). Under the present assumptions, by Lemma 5.2 we have:

1 ihV(Loo(€); g5 €, 1)
(W, q) 1+ ge(Lo(§); (w, )h,e,h)

WiLu(€), q5,h) == q#0; Wil 0;h) = 0.

By the || - || ,,-convergence of the series (5.24) we can write
V(L) gi2 1) = 3 (=2)" O W (L (), a5, 1), (5:29)
n=0
Wen(Lu(€), ase.h) = <wlq> Ve(Lo(€); a: €, 1) ge (L (€): (w, ) e, )] (5.30)
R Wen(Lo(8), ;1) = (5.31)
’y -~ .
3 (j) O Vel Lal©): 432 W) D ge(Lo(): . q) 2. W]
j=0

where Dj denotes the total derivative with respect to h. We need the following preliminary result.

Lemma 5.4. Let ((h) := (w, q)h. Then:
(1)
[D3ge(La(€), S (1), &, 1)y, < (5 +1)(2]) 05N ) (5.32)
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| D796 (£ (€); C(h), &, W], < 207 (0(N,€))" 7 [2(5 + 1)lal}003(N €)% (5.33)

Proof. The expression of total derivative Dyg is:

0 0
Dhg(7 <w7 Q>h> €, h) = (<wa Q> FC + %) g@(a Ca €, h)|(:<w,q>h (534)
By Leibnitz’s formula we then have:
j J i "900"ge
Diges o te) =3 (1) (rapi =54 50 (5.35)
i=0

Apply now (3.46) with £ = 0, (5.20) and (5.22). We get:

&g 0'gy
OCi—t Ont

< (5 +1)270,5(N,e)?

pe

whence, since |w| < 1:

< (G +1)(2)]ql 0p; (N, 2)? (5.36)
Pe

Dig,
Dhi

This proves Assertion (1). To prove Assertion (2), let us first note that

Dgy Dig,
Dr D )

lmwwuom%@mamwzam(w, (5.37)

where P, j(z1,...,;) is a homogeneous polynomial of degree n with n/ terms. Explicitly:

Dge Dlg, o 1 Dirg
Pyl go, =25, ... =28 = n=j ot
oo B ) =2 I

k=1
J1+--+ig=J

Now (5.32), (5.36) and Proposition 3.11 (3) entail:
J

| Dge(La(©); (w Y, W)™ < wlglp? TT 200k + 1) (2la)* 0e3, (N €)?

k=1
J1te =g

<207 (,(N, €))7 [2(5 + 1)]al)? 60, (N, €)%
This concludes the proof of the Lemma. O

To conclude the proof of the theorem, we must estimate the [ - ||,,,, » norm of the derivatives
IIWi (Lo (€), z;€, k). Obviously:

oo
W& e )l ppirk < Y IWen(&s i, 8) oy e (5.38)
n=0
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For n = 0:

k
IWeo(& x5, 1)l ppyrp < ’YZ/ ZIGQWe,O(p,S; S| - (pw, 5) ePe1 (PN g (p, 5)
S=0 JRXR

k T
= T
< 72/ 102 Voo (P, 51 )Is|” pt—ry (o, 5) Pt (PN dx (p, 5) < Voany Vellpes
S=0 /RXR! (edy)
where the inequality follows again by the standard majorization
epeit (115 gpellpl+ish g=de(pl+1s) gy fl|medelsl) < 4T
sER! N (edf)T

on account of the small denominator estimate (1.26). For n > 0 we can write, on account of

(2.5,2.6):
k —_~
IWen (&, 25 ppsr ke = Z/ l Y Wen (D, 53 )|8] ey (o, 5) et PIFID g (p 5) <
=0 RXR

oy i (1) [, Qe ante

7=0j=

T

where
— [ 107 Vatos 550 (D1 0 ), o s 5) e
R

Here * denotes convolution with respect only to the p variable, and g,”"(p,(,-) denotes the
n—th convolution of g, with itself, i.e. the p-Fourier transform of g;. Now, by Assertion (3) of

Proposition (3.11) and the above Lemma:

/ (s, Yer sl du(s) =
= [ 1Pt sio v 1D 0 o s (2, 9) 2P )
< [ | 100 Putsi < D2 0 o5 Ml ) 7 g e o)
< 24GP0N. " [ 107Dy o 5) Pl o),
with

A(j) = 2n(j + 1), ; (N, €)*.
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This yields, with d; defined by (5.13):

T

T k o
IWen (& ) ppt1k < V(Gdg)T Z/R y |0IWin(p, s; Vptk—~ (P, s) ePe(Ipl+ls)) d\(p,s) <
y=0"EX

T k k N .
S YT (k + 1)<72—A(k)> Qz(N,E)n_j Z/ |0;V£(p, s; )| . lu/k__’y(pw’ S) ePé‘p||S|jepg|8| d)\(p, S)
(edg) ~=0 RXR!
17 (k4 1)(2A(K)* kF s k / / — o
ST dy (o9 Z:o | [ 10RVe: 55 )i (o, )P A (p, 5)

7 (k4 1)kF
= Ted)™ ™ (ed))F

2(2n)" (9e(N, €)™ (k + 1675 Vel i
Therefore, by (5.38):

0
HW[(&LL‘;E, h)Hngrl,k < Z Wf,n(g;x;gah)upe+1,k <
n=0

77 [ 2k+1(/€ + 1)k+1kk ok 0 f ]
<N— 1 0 I
= ’7(€dz)7— HVprbk + (eég)k ech Z n ( K(Na 5))

T [ 2k+1(k+1)k+1kk i o .
Ve Vel |1+ =gy fea ' 22 n" (BN <))

IN

77 2k+1(k + 1)2(k+1)]€k k1

= edgy ot |1 Ceg L — o,V ey ] |

because j < k, and

00 00 -
anajnSZ(n—kl)...(n_’_k)x”:%an—&-k
n=1 n=1

n=1
gkt LA Y NI k+1—j 9ok+1(F 14 1)1
- L kY Loy e 2kt DY
dzk 1 —x = J (1—x) (1 — )b+l
By the Stirling formula this estimate concludes the proof of the Theorem. O

5.2. Towards KAM iteration. Let us now prove the estimate which represents the starting

point of the KAM iteration:

Theorem 5.5. Let F; and Vy be as in Theorem 5.3, and let Wy be the solution of the homological
equation (5.1) as constructed and estimated in Theorem 5.3. Let (5.18) hold and let furthermore

d 27t

_ _ l

€| <2, Fpi= <> . (5.39)
Wellpes
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Then we have:
=W Fy(Ly) + eVe)e S We/h = (Fy + £4Ng) (L) + €7 Vir1 e (5.40)
where, V0 < 2dy < pp and k =0,1,...:

Vell?, & (5.41)
1 —lel(k + 1)ARA(L k) [Vl pp i/ (ede)? '

HVf-‘rLEsz—deak < C(f, k, 5)

(k + 1)4k
(edp)?

Here A(¢,k,¢) is defined by (5.28).

(k+ 1)4k

Cl,k,e) = (edy)?

Al E,e) |2+ |ed A k) |[Vell oy k (5.42)

Remark 5.6. We will verify in the next section (Remark 6.31 below) that (5.39) is actually fulfilled
for |e| < 1/|V|,.

Proof. To prove the theorem we need an auxiliary result, namely:

Lemma 5.7. For { = 0,1,... let py > 0,p9 := p, A € Jp(p), Wo € Jr(pe), K = 0,1,.... Let
W, =Wy, and define:

Ac(n) = er=eWelh gemieeW/n, (5.43)
Then, for |eo| < [ed?/((k + V)45 Wll,p,, 1))>  and VO < dy < pg, k= 0,1,...:

Al 1
= leel (5 + D)AF[W |y, 1/ ()

HAE(h)HPz*duk < 1 (5'44)

Proof. Since the operators W, and A are bounded, there is €9 > 0 such that the commutator

expansion for A.(h):

/\

0=y b

m=0

W We o Wi Al ]

mml

St

is norm convergent for |e| < g¢ if h €]0, 1] is fixed. The corresponding expansion for the symbols

is

Ay =y €O WAt o

m=0

Now we can apply once again Corollary 3.13. We get:

(k+ DA I Wellp e\
Pl ) A, (5.45)

1
EH{WE,{W& v W A Sl pe—dek < ( o

Therefore:
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[e.e]
1AWl pp—are < [MAllper Y lee™[(k + 1A [Wlly,.,, 1/ (ed)]™
m=0
_ Al
1 — leo|(k + 1)4K[W| ., o/ (ed])
and this concludes the proof. O

Wy solves the homological equation (5.1). Then by Theorem 5.3 W, = W/ € Ji(p, — dy),
k=0,1,...; in turn, by Assertion (3) of Corollary 3.8 the unitary operator ¢***"V¢/" leaves H(T')
invariant. Therefore the unitary image of H. under greeWin

in L?(T)

is the real-holomorphic operator family

g0 S, o= W (Fy(Ly) 4 eVe)e = W/h D(S(e)) = HY(T) (5.46)
Computing its Taylor expansion at €, = 0 with second order remainder we obtain:

Se,u = Fo(Ly)u + eeNo(Ly)u + €2Viy1 cu,  u € HY(TY) (5.47)

L[ ; INe, Wol  [(We, Vil W, (We, VAl _iew,
Vigt1e, = = — t)eitWe/n t wWe/h gt (5.48
l+1,eq 2/0 (é‘g )6 ( ih + ih + (Zh)2 e ( )

To see this, first remark that Sy = F(L,). Next, we compute, as equalities between continuous
operators in L2(T!):
St, = e“WIN([FolLu), Wil [ih + Vi + e[V, W] fik)e =W/ =
e WIN (N + g[Ve, Wil Jin)e™=eWelh, S) = N,
iegWy/h . . N2 —ig, Wi /R
Sl = e tWe/n([Ny, Wil /il + [Vo, Wl [ih + ed[We, [We, Ve]] / (ih)?)e e We/ ™,

and this proves (5.47) by the second order Taylor’s formula with remainder:

¢
S, = S(0) 4 €6S) + ;/ (e¢ —1)S"(t),dt
0

The above formulae obviously yield

Vi < leg|? S”(t 5.49
[Vidrell < leel ngllggfgelﬂ @l (5.49)

Set now:
R€+1’€[ = [Ng, Wg]/ih—i— [Vg, Wg]/zh + Eg[Wg, [W@, Vg]]/(lﬁ)2 (5.50)

Ryi1,¢, is a continuous operator in L?, corresponding to the symbol

Riti,e,(Lo(&), x5 h) = {Ne, Wekar + Ve, Wetar + eefWe, We, Vet b (5.51)
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Let us estimate the three terms individually. By Theorems 5.3 and 3.11 we can write, with
A4, k,¢e) given by (5.28):

. k+ 1)4F
Vo Wil il < N Wit < ((6@))2||wg||pg+l,k|wvg||w
(k +1)4* 2
<~ A
= (edg)Q (¢, k7€)HV6Hp[,k
. kE+1)4*k
| [Ve, Wel /b pp—ap i < [{Ves Wet mrll pp—do i < ((ed£))2”V£||pe,kHWz||pe+1,k <
(k +1)4* 2
<~ A
> (edZ)Q (67 k?‘s)vaHpg,k

(k + 1)242F 2

W, We, VeIl / (i0)? | pp—dge < [KWe, AW Ve ardaallp—are < T IWellpp Vel o 1

(edy)
(k?-i- 1)24214: 9 3
W‘A(&kﬂg) HVere,k
We can now apply Lemma 5.7, which yields:
i . ‘ k+1)4F _
lle ng[/h[N[? Wile EZWZ/h/Zthg—dZ—dg,k < ( (ede))z =4, k)
i B , k+1)4% _
e Ve Ve, Wale = Welh i g, —an gy < ((ede))z:“v k)
i B ’ E+1 242]6_‘
et We MW, (W, Ville ™ /(i) py—ay—ay b < ((edj)z;:l(& k)
where
Vell2, &
=0, k) == AL, k, e) - oL 5.52
(k)= Al ke 7= lee(k + AR,y o/ (edf) 552
) 2 VI, .
=1(0,k) = AL, k,€) (5.53)

1= lee(k + DA W]y 1/ (edf)

Therefore, summing the three inequalities we get

HWH,Esz—dz—dévk <

(k+1)4" IVell2, k+1)4k
d )2 Ak O T T 212" ‘55’( d )2
(edy) leel(k + 1)4% [ Wellpgyr 1/ (ed7) (edy)

A(£7k7€>HV€HPe:k

If we choose dj, = dy this is (5.41) on account of Theorem 5.3. This concludes the proof of Theorem
5.5. O
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6. RECURSIVE ESTIMATES

Consider the ¢-th step of the KAM iteration. Summing up the results of the preceding Section

we can write:
° S€,5 — eiséW[/h L 6i€2W1/hei€Wo/h(F(Lw) + Ev)efisWO/he—ie:ZWl/h o e—iséWZ/h

= 6i€eWZ/h(‘F€,a(Lw) + 625‘/&6)6—1'5@W1/h = ff—&—l,a(Lw) + 5€+1W+1,aa
/-1
b -FZ,E(Lw) = f(Lw) + Z5ka(Lw)a [-FZ(Lw)v Wﬁ]/ih'f' Vﬁ,e = Né(LwaS)
k=1
1= W /n —itWo/n
.W-‘rLE = 2/ (E[ - t)@ ¢ Rg+1’t€ e dt
0
® Ryy1c = [No, Wil /h+ Wy, Vil b+ ed[We, [We, Ve /12

We now proceed to obtain recursive estimates for the above quantities in the || - ||,,» norm.
Consider (5.41) and denote:

(k +1)4F [2(k + 1)2)k+1gk
Ul k)= —-—L—; Il k) := 6.1
(th) = S TR g (61)
GZ k(Na €)k+1
Pk = ’ 6.2
( I 78) [1—0£(N75)]k+1 ( )
where 0y 1, (NV, ¢) is defined by (5.16). (6.1) and (6.2) yield
ALk, 8) = 7y [+ T4 K)P(C K, )], (6.3)
(edg)T
Set furthermore:
W, EVAWL, Kk, )2 Ul kAW, k
E(E,k,&‘) — ( ) ) ( 3 76)[ + |64| ( ) ) ( 3 ag)Hvﬂ,é‘Hpg,k] (64)
1 — [ee|W(l, k)AL k)| Veellpp.k
Then we have:
Lemma 6.1. Let:
’€g|\If(€, k)A(ﬁ, k, E)HVZ,EHpe,k < 1. (65)
Then:
HVH—LEHpu_l,k < E(£7 k?‘g)HVé,E ,%g,k (6'6)

Remark 6.2. The validity of the assumption (6.5) is to be verified in Proposition 6.3 below.

Proof. By (5.42), (6.1) and (6.3) we can write:

C(l,k,e) < U0 R)A(L k. 2)) [2 + |2 (L, k)AL, k&) | Veel pyk] (6.7)
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and therefore, by (5.41):
Vell?, 1

\% _ <C,k
Westelloezan = COb O G @ AR DIV

\P(f’ k)A(f, k) 5) [2 + |55’lp(£7 k‘)A(& ka E)HVZ,EHPLIC]
B 1- ‘gd\II(& k)A(ﬁ, kag)”W,ssz,k
= E(Za /ﬂ,E)HVszbk.

Vell7, &

This yields (6.6) and proves the Lemma.

Now recall that the sequence {p;} is decreasing. Therefore:

INGellpek < INGellosk = Wicllpjk < IWViellpjer G=0,...,£—1.
At this point we can specify the sequence dy, ¢ = 1,2, ..., setting:
dp = (é—fl)Q’ (=0,1,2,...
Remark that (6.9) yields
o0 2
d—;;de:p—7;>g.

as well as the following estimate

[2(1{: + 1)2]k:+lkk(£+ 1)2k:

ekp

We are now in position to discuss the convergence of the recurrence (6.6).

Proposition 6.3. Let:

p>2
1
<R = memn G 2
7T (k 4 7 4 2)4 D) < %
Then the following estimate holds:
Veellpek < (e8<2+k+7>\|v p,k)ﬂ, 0=1,2,....

Proof. We proceed by induction. The assertion is true for £ = 0. Now assume inductively:

€l Viellps e < (K + 2)~ 2+,

39

(6.10)

(6.14)

(6.15)

for 0 < j < ¢. Out of this we prove the validity of (6.14) and of (6.5); to complete the induction

it will be enough to show that (6.14) implies the validity of (6.15) for j = ¢ + 1.
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A preliminary result is the estimate of |eo| Wy L AL, k, &) ||Vl pp.k:
Lemma 6.4. Let (6.15) hold. Then:

lee| o | AL, ks )|V ke < (6.16)

l\D\H

Proof. Let us first estimate 6y(N,¢) as defined by (5.15) assuming the validity of (6.15) . We

obtain:
{— 1 /-1
0N, e) < Oy 1(Ne) Z les |V po/ds = P > (s+1)P(k+2)7 7D =
s=0 s=0
1 a2 < L 1 d? - (k+2)7% 1 1
T(s+l) .~ % k+2 —27 “(k+2 -
4p dr? Z:% 4p d72[( +2) 1—(k+2)727 — p( +2)7 p
because 7 > —1 > 1. Now p > 1 entails that
1 p
_ 6.17
1-— 9@ < p— 1 ( )
Hence we get, by (6.2) and (5.16), the further (¢,e)—independent estimate:
k+1 k+1
P 2 k-1 1
P < —mF—— 2 < |\ . 1
(05,2 = P (0270 < () (6.18)
whence, by (6.3):
T+ 1 2T _
A(ﬁ,k‘,é‘) < 77—<(6p)7)[1 + [2(k‘ + 1)2]k+1 [(k‘ + 2)2} (k+1) kk(€+ 1)2k]
(4 1)
<4y : 6.19
(ep)™ (619)

Upon application of the inductive assumption and (6.19) we get:

4Rk +1

|wwMAww¢mwm$siﬁﬂ>w+nﬂwmw¢£wwmx

4k+1(]€—|- 1)
< AT 7
=0T T epyrte

AR (k + 1)
< L S
=T ep)

(€ + 12D LR V) 1

(6 + 1)2(k+7+2)kk(k, + 2)72(f+1)7

whence
4Rk 41 _
e s A DVl <977 Rl 7P 4 2) 28 (620)
k+714+2
because

Sup(£+1)2(T+k+2)(k+2) 200+1)T (/6 7)2(k+7+2)(k+2) 25(k,7).
£>0
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Hence:
el Wo kAL, Koy ) [Vl g < (6.22)

provided (6.11) and (6.13) hold. As a matter of fact:

N

41k + 1)
(6p)7+2

<A77 + DI (k4 7 4 22T < 7T (k7 4 2) 1)

el Wer A k)| V] ppe <A77 kE ki (k, 7) 2R+ (] 4 9)=2r (k)

because ep > 1, 4(k + 1) < (k+ 7+ 2)? since 7 > 2, and x(k,7) < (k + 7+ 2). Hence (6.22) is
implied by the inequality

T (k 4 7 + 2)3kFTH2) < % (6.23)
which is (6.13). The Lemma is proved. O
Proof of Proposition 6.3. By (6.4):
E(l,k,e) < 5y, AL k,e) < 20977 (£ + 1)+ kg,
once more because ep > 1. (6.6) in turn entails:
Vesiellpprip < ‘I)e,k||Vz,e||,2,[,k7 By g = 20777 (€ + 120G,
This last inequality immediately yields
Verrelloesr i < UV HO Y (6.24)
Now:
Dy = 20977 (£ +1) <T+k>kk(’“(;j)) < vk, 7)(0 + 1)2F+7+2)
v(k,7) := 207774 (k 4 1)kF
Now the following inequality is easily checked:
vk, ) = 20977 (k 4+ 1)4*EF < 2977 (k + 7 4 2)4F+7+2) (6.25)

because 7 > 2, and therefore, by (6.13), (6.11) we get: v(k,7) < 1. As a consequence we have
Oy (€ + 1)2FF7H2) (6.26)

Moreover, since @, < P, j < £, we get, by (6.25):

H Pk <[] D < (04 1)2(RFTERAERY
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Now using £(£ 4+ 1)logl +1 < 4 x 21 V/ € N, we get:

(E—f— 1)2(k+‘r+2)é(f+1) < [68(k+7'+2)]2£+1‘
The following estimate is thus established
¢
[T @275 < [S0+m+22 (6.27)
m=0
If we now define:

p = eSEHTH2) (6.28)

then (6.24) and (6.27) yield:

l 2 20+1
Westelloesn < 12 Vecllper] < UVl (6.29)
and therefore
1 2 2Z+1
cortlVertllonnn < [IVlper i ee] < 1Vl ] (6.30)

(6.29) is exactly (6.14). Let us now prove out of (6.29,6.30) that the condition (6.15) preserves
its validity also for j = ¢+ 1. We have indeed, by the inductive assumption (6.15) and (6.29):

12 _ !
st Vet el < [Vlos22e]” < 6+ 2722V

£
< (k272 [ V]pa]* < (k+2)727)

provided
1 B 1
3V llpk(k +2)2 2402V, 4 (k + 2)

le] < o =g (T, k) (6.31)

where the last expression follows from (6.28). This proves (6.15) for j = ¢+ 1, and concludes the
proof of the Proposition. O

Theorem 6.5. [Final estimates of Wy, Ny, Vi]
Let V fulfill Assumption (H2-H/), and let (6.13) be verified. Then the following estimates hold,
Ve € N:

T £
et Weellppar o < (€127 (uelV]],)* (6.32)

14
et Neellonk < eellVeellor < VI en* - (6.33)

22+1

eerllVerrelloee v < VIl ] (6.34)
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Proof. Since V does not depend on h, obviously ||V
account of (6.19), (6.17), (6.13), (6.29), (6.30):

ok = ||Vl Then formula (5.27) yields, on

5€HW€,a”pg+1,k <A77+ 1)2(k+7)kk”va 6Hpe,k <

1
<25 (120 (e V]],)*

This proves (6.32). Moreover, since Ny = V., again by (6.29), (6.30):

— 24
el WNeellppke = €ellVeellpek < Vo En]™ -
The remaining assertion follows once more from (6.30). This concludes the proof of the Theorem.
O
Remark 6.6. (6.32) yields:
> HWZ,EdHP£+1,k < 4,77_7—52[ (ﬁ + 1)2(k+7+1)||v‘|§z
4
This inequality in turn entails:
[Weellpsr )
e ()< (e DRV Y o
. 1
so that (5.39) is actually fulfilled for |e| < e
p
Corollary 6.7. In the above assumptions set:
n .
Une(h) = [J "=, n=0,1,.... (6.35)
s=0
Then:
(1) Unc(h) is a unitary operator in L2(T'), with
n .
Un,a(h)* Unﬁ(h)fl _ H e tesWs,e
s=0
(2) Let:
Spe(h) := Upne(h)(Ly +eV)Upne(h)! (6.36)
Then:
Sn = Dnﬁ(h) + €n+1Vn+17g (637)

n
Dmé(h) = Lw+ZESNs,e (6.38)
s=1
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The corresponding symbols are:

Sn(§,z;h) = Dn,E(Ew(f)a h) + 5n+1Vn+1,s(£w(§), w3 h) (6.39)
Dre(Lo(€), 1) = Lu(€) + Y esNo e (Lu(6), ). (6.40)
s=1
Here the operators Wy ., Nge, Viy1, and their symbols W ¢, Ni e, Vit1,e fulfill the above
estimates.
(3) Let €* be defined as in (6.12). Remark that €*(-, k) > €*(-,k+ 1), k =0,1,.... Then, if
le| < e(k,-):

lim ,Dn,s(‘cw(g)? h) = ,Doo,s(‘cw(g)ﬂ h) (6‘41)

n—o0

where in the convergence takes place in the C*([0,1]; C¥(p/2)) topology, namely
nh_)nolo [Dn,e(Lu(£): 1) = Dooe(Lw(£): 1)l pj2,6 = 0. (6.42)

Proof. Since Assertions (1) and (2) are straightforward, we limit ourselves to the simple verifica-

tion of Assertion (3). If |¢| < *(7,k) then ||V, xue < A < 1. Recalling that || - ||, r < || - ||k
whenever p < p; and that py < p/2, V{ € N, (6.34) yields:
5n+1||Vn+1,€||p/2,k < 5n+1||vn+1,€||pn+17k <
IV panel® ™ =0, n— oo, k fixed.
In the same way, by (6.33):
HNn,a”p/Z,k < HNn,é‘Hpn,k = an,e”pn,k < HVn,a”pn,,k <
IVl kel = [IVIlouel™ =0, n — oo, k fixed.
This concludes the proof of the Corollary. g

7. CONVERGENCE OF THE ITERATION AND OF THE NORMAL FORM.

Let us first prove the uniform convergence of the unitary transformation sequence as n — oc.
Recall that e*(7,k) > e*(7,k+ 1), k =0,1,..., and recall the abbreviation || - ||, := || - ||,- Let
e*(1) be defined by (1.29). Then:

Lemma 7.1. Let h be fized, and |e| < €*(7). Consider the sequence {U, c(h)} of unitary operators
in L2(TY) defined by (6.35). Then there is a unitary operator Uy o (h) in L?(T') such that

i [V e(h) = Usere(B)| 252 = 0
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Proof. We have, for p=1,2,...:

Wntp ; Wni1
h

Untpe —Une = An+p7aei€”% e eisz, Apipe = (eisnﬂf’nT N —1I)
||Un+p,6 - Un,EHL?aL? < 2||An+p,€||L2aL2
Now we apply the mean value theorem and obtain
eia‘f% =14+ Bre Bre:= isg% /5Z et e dey,
0
whence, by (6.32) in which we make k£ = 0:
WIBeell < eeWeellpe = eelWeellpro < 4977 (€ +1)*7 < Af (7.1)

for some A < 1. Now:

An+p,€ = [(1 + /Bn—l—p,egn—f—p)(l + /8n+p—1,65n+p—1) (1 + 6n+1 €5n+1 - 1 Z 5n+] e€n+j

1<j<p
+ Z /8n+j1755n+j1/8n+j2,55n+j2 + Z Bn-i—jl,E‘En—i-jl6n+j2,£€n+j2ﬁn+j3,a‘€n+j3
1<j1<j2<p 1<51<j2<j3<p
-+ 571—&-1,6 T ﬁn—f—p,agn—i-l Endp
Therefore, by (7.1):
ANt Antit gnti2 Antit gnti2 gAn+is
Buipellie e < 3 yoamam, oy hg
1<j<p 1<j1<j2<p 1<j1<g2<y3<p
Ar A AT AN A (A NP
< — IR
<Gt (7)o ()
A" 1 | - A
Shl_Ay oA forn> g(l(A))
A=D1 - i %8
Therfeore

Apipe -0, n—o00, Vph>0.

Hence {Uy, < () }nen is a Cauchy sequence in the operator norm, uniformly with respect to |e| < &,

and the Lemma is proved. ]

We are now in position to prove existence and analyticity of the limit of the KAM iteration,

whence the uniform convergence of the QNF.

Proof of Theorems 1.6 and 1.7
The operator family H, is self-adjoint in L?(T"?) with pure point spectrum Ve € R because V is
a continuous operator. By Corollary 6.7, the operator sequence {D,, () }nen admits for |e] < &f

the uniform norm limit

Doo,h(Lw;h L + Z € ms Lwyh>
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of symbol D 1 (Lw(§)). The series is norm-convergent by (6.33). By Lemma (7.1), Do 1 (Lw, h)
is unitarily equivalent to H.. The operator family € — Dy (h) is holomorphic for || < &,
uniformly with respect to & € [0,1]. As a consequence, Dy -(h) admits the norm-convergent
expansion:
o
Dooe(Lissh) = Ly + > Bo(Lu, h)e®, e < *(7)
s=1
which is the convergent quantum normal form.
On the other hand, (6.42) entails that the symbol Dy (L, (£), h) is a J(p/2)-valued holomor-

phic function of €, |e| < £*(7), continuous with respect to & € [0,1]. Therefore it admits the

expansion
oo
Dooe(Lu(€), 1) = Lu(€) + D BalLu(€), 1", |e] <*(7) (7.2)
s=1
convergent in the |[| - [|,/o-norm, with radius of convergence €*(7). Hence, in the notation of

Theorem 1.6, Do o (Ly(€),h) = Boo(Li(§), h). By construction, Bs(Ly,(€),h) is the symbol of
By(Ly, h). Booe(Lw(£), h) is the symbol yielding the quantum normal form via Weyl’s quantiza-
tion. Likewise, the symbol Wy (&, z, h) is a J (p/2)-valued holomorphic function of €, |g| < £*(7),

continuous with respect to h € [0, 1], and admits the expansion:

o0
Wooe (€2, 8) = (€, 2) + Y Wi(&,2,h)e®, e <& (7.3)
s=1
convergent in the || - |[,/2-norm, once more with radius of convergence £*(7). Since Since [|Bs|[1 <

||BSHP/27 HWsHl < HWsHp/Z Vp > 0. By construction, Boo,a(fy$7h) = Boo,a(t7xah)‘t:llw(£)' Theo-
rem 1.6 is proved.
Remark furthermore that the principal symbol of Be (Ly,(£), h) is just the convergent Birkhoff

normal form:

Booe = Lu(€) + ) Bo(Lu()e®,  |e] < &¥(r)
s=1

Theorem (1.7) is a direct consequence of (6.42) on account of the fact that

T

2 nelon 107 Boc (2, 1)l /2 < [1Bsollpy2,x

Remark indeed that by (6.42) the series (7.2) converges in the || - || /2, norm if [g| < &*(7,7).
Therefore Bs(t,h) € C"([0,1]; C*({t € C||3t| < p/2}) and the formula (1.34) follows from (7.2)

upon Weyl quantization. This concludes the proof of the Theorem.
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APPENDIX A. THE QUANTUM NORMAL FORM

The quantum normal form in the framework of semiclassical analysis has been introduced by

Sjostrand [Sj]. We follow here the presentation of [BGP].

1. The formal construction Given the operator family ¢ — H. = L, 4+ €V, look for a unitary

transformation U(w, e, h) = 'V /" : L2(T) 5 L2(TY), W (e) = W*(e), such that:

S(e) :=UH.U ' = L(w) +eB; + 2By + ... + "R (e) (A1)
where [By, Lo] =0, p=1,...,k — 1. Recall the formal commutator expansion:
(W, Hy_1]

S(e) = W E/h e itW(E)/h — ZtlHl Hy:=H, H,:= J1>1 (A.2)

inl
and look for W (e) under the form of a power series: W(g) = Wy + €2Ws + .... Then (A.2)

becomes:

k—1
=Y e*Pi+eFRM (A.3)
s=0
where
W, H
Py=L,, P,:= [ - 0]4—VS, s>1, 1=V (A.4)
1 Wiy, Wiy, ..., [Wj,, Hol . Wiy Wiy, Wi, V]
Vs: - Ji J2° Jro J1o Jos ) IJro
rl Z B (Zh) Z ! Z (ih)"
r=2 J1+-.-+ir=s J1t-+ir=s—1
g1 J1>1

Wity Wiss -y Wy, L] - . ] <1 Wit Wiy ooy [Wi, V]
Z > L DD L
' Jj1+...+ir=k (Zh) r=k—1 T! J1+-tir=k—1 (Zh)
J1>1 q>1

Since V; depends on Wy,...,W,_1, (Al) and (A3) yield the recursive homological equations:
[W37 PO]

th
To solve for S, W, B, we can equivalently look for their symbols. The equations (A.2), (A.3),

+V,=B,, [Lo,Bs]=0 (A.5)

(A.4) become, once written for the symbols:

{w, Hi—1}mr

ZHZ, Ho =L, +eV, H = 121 (A.6)
=0
k
_ ZSSPS + €k+1R(k+l) (A?)
5=0

where

Po = Ly Py = {Ws,Po}M—i-Vs, s=1,..., Vi=Vg=YV (A.S)
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s
1
Vs ::Zﬁ Z {le,{WjQ,...,{er,Ew}M...}M+

r=2 " ji+..+tir=s
>1

+Z Z Wi, Wigs oo s W Vi, s>1

! 1+ tir=s—1
g =1

Z S Wi Wi AW Lobar b+

' 31+ Ajr=k
g1>1
=1
E ] E Wi, Wiy oo s W5 Vi
r=k—1 = ji+..+ir=k—1
J1=>1

In turn, the recursive homological equations become:

{W87 Ew}M +Vs = Bs> {‘va BS}M =0 (Ag)

2. Solution of the homological equation and estimates of the solution

The key remark is that {A, L.}y = {A, L,} for any smooth symbol A(; z; k) because L, is

linear in £. The homological equation (A.9) becomes therefore
{Ws, L} + Vs = Bs, {Ly,Bs} =0 (A.10)

We then have:

Proposition A.1. Let Vy(&,x;h) € J(ps). Then the equation

{Ws, Lo} + Vs = Bs, {L,,Bs} =0 (A.11)
admits V0 < ds < ps the solutions Bs(L,(&;)h) € T(ps), W € T(p —ds) given by:
Buen) = Vi Wileaih) = L3V £5i= Y Yealel&) i, (A.12)
oyt i(w, q)
FEL
Moreover:
1B, < Wil Wl < (T ) Wil (A13)

Proof. Bs and W, defined by (A.12) clearly solve the homological equation (A.11). The estimate
for B; is obvious, and the estimate for W, follows once more by the small denominator inequality
(1.26). O

By definition of || - ||, norm:

IBsllg2—r2 < IBsllp < Vsllps;  1Bsllz—c2 < 1IBsllp < [[Vsllp, (A.14)
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Hence all terms of the quantum normal form and the remainder can be recursively estimated in
terms of ||V||, by Corollary 3.11. Setting now, for s > 1:

P
=p—s8ds, dy < ——; =
Ps p — Sas s s+ 1 £0 p

E
ps =81 —=, E:=|V|,.
’ d;03 ’

we actually have, applying without modification the argument of [BGP], Proposition 3.2:

Proposition A.2. Let us < 1/2,s=1,...,k. Set:

8. 27577

K= p2+7'

Then the following estimates hold for the quantum normal form:

k k k
S UBullypae® < 3 IBellpje® < 30 RS0
s=1 s=1 s=1

1Rirllpa < I Risallya < (BE)* (k4 1) F2EFDRH
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