Strong Semiclassical Approximation of Wigner Functions for the
Hartree Dynamics
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Abstract

We consider the Wigner equation corresponding to a nonlinear Schrédinger evolution of the Hartree type
in the semiclassical limit A — 0.

Under appropriate assumptions on the initial data and the interaction potential, we show that the Wigner
function is close in L? to its weak limit, the solution of the corresponding Vlasov equation. The strong ap-
proximation allows the construction of semiclassical operator-valued observables, approximating their quantum
counterparts in Hilbert-Schmidt topology.

The proof makes use of a pointwise-positivity manipulation, which seems necessary in working with the L2
norm and the precise form of the nonlinearity. We employ the Husimi function as a pivot between the classical
probability density and the Wigner function, which — as it is well known — is not pointwise positive in general.
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1. INTRODUCTION

1.1. Formulations of the problem. The time evolution of a density matrix A%(¢) in a self-
consistent field of Hartree type is described by the initial value problem

(€0, A% (t) = [H*, A°(1)],
{AwnzAa -

where [-.-] denotes the commutator, € := & is the Planck constant and A is the initial datum.
The dimension of the system is chosen equal to three.

We will be interested in initial data of the mixed state form; see the statement of Theorem
2.1 for details. We are going to look at the dynamics (1.1) in the regime ¢ < 1, the so-called
semiclassical regime, where we expect the dynamics to “approach” the one of the corresponding
classical system. The Hamiltonian H¢ for a particle of mass m is given by

2

H=-""A+V (1.2)

2m
and V is a self-consistent potential determined by
Vie,t) = | ¢z —a")pi(a')da, (1.3)
R3

where ¢(x) is the two-body interaction and p5(x) = p°(z,x,t) is the position density given
in terms of the integral kernel p®(z,y,t) of the density matrix A®(t) (see below). The pair
interaction potential ¢ is assumed to be spherically symmetric, a natural assumption from the
physical point of view.

It will be shown that the Wigner function corresponding to the operator A® (see below)
converges in L? to the probability distribution g = g(z,k,t) that solves the corresponding
classical Vlasov equation:

Og +k-0.9="T79, (1.4)

where

(T§9) (z, k,t) = (0,0 % p) - Opg(, k. t) = (/R

3

dy@dm—wﬁ@o-@Mamw,
(1.5)

and p] = p{(z) is the spatial probability density associated with g(z, k,t), namely:

pi(x) = /R3 dk g(x, k,t). (1.6)

Moreover, a semi-classical approximation of A® will be constructed; the precise statement of
the result is given in Section 2.1.
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Problem (1.1) has several equivalent formulations, each of them yielding a corresponding
initial value problem. For example, by looking at the integral kernel p°(x,y,t) defined by

(A5(1) G) (x) = / 5 (. .8)G ) dy, (for any G € L*(R?)  (17)

it is easy to check that it satisfies equation (3.2) — sometimes called von Neumann equation.
Another description is in terms of the Wigner function f¢(x, k,t) which is related to the density
matrix A°(t) through the following ( Weyl) transformation:

(A(t) G (x) = / P eV G y)dkdy, (for any G € [2(R)  (1.8)

(see equations (1.12), (3.6) for the relation between the Wigner function and the Weyl symbol).
The Wigner function satisfies equation (3.9) — sometimes called Wigner equation. A very
straightforward connection between the three descriptions is that

) (3 3 (3
1A s = (17 (o )l 2o sy = (2m€) 2 {|f7|| L2 (s ), (1.9)

where ||| ;¢ is the Hilbert-Schmidt norm. This in particular allows to translate easily L?
estimates between the different formulations, and to transfer approximations from the function
level to the operator level.

It must be noted that a natural assumption for the initial datum in the Density Matrix
Formalism is that the operator is positive semi-definite and trace-class (with trace equal to
one), i.e. it has a singular value decomposition of the form

A5 =" At (| (1.10)

With [|[tm||r2@s)y = 1, Ay = 0, > Ay = 1. It is well known that the trace is preserved in
time. This is an important physical fact, as the trace is the quantum counterpart of the total
probability of a classical density in a statistical formulation. The trace is given by tr(A®) =
[ p*(x,z)dx = [ f¢(x, k)dzdk (see also Lemma 3.1 and the discussion below).

1.2. Physical context. Eq.n (1.1) describes the situation in which we have a large number of
particles in a mean-field regime (see for instance [31, 18, 14], for the case of smooth potentials,
and [4, 12, 5, 11, 19, 28] for more singular interactions). In this paper we want to study the
semiclassical behavior (for € — 0) of the solution of equation (1.1).

The Wigner function is a well known tool in the study of the semiclassical limit of quantum
dynamics (see definitions (3.4) and (3.5) below). Indeed, there are many works using the Wigner
function to study the semiclassical limit of a number of problems (linear, non-linear, stochastic,
systems etc) see e.g. [21, 22, 20, 13, 27, 29, 30| for a very small selection, and the references
therein. One of the main advantages, is that the (formal, at this level) limit, as ¢ — 0, of the
Wigner equation is typically some familiar equation of classical statistical mechanics. In that
sense, the “correspondence principle” between classical and quantum mechanics is quantified in
a straightforward, easy to present way. Indeed, for the problem we deal with here, for example,
guessing the result from formal calculations is pretty straightforward.



In most of the existing literature, the notion of convergence is in weak topology (see e.g.
the works mentioned above for precise statements). Indeed, the weak-* semiclassical limit for
this problem is worked out e.g. in [20]. In fact (outside coherent states techniques), until very
recently, virtually all the results were in weak topology. There is a natural analytical question
of understanding when and why convergence in some natural strong topology fails; moreover,
if one has possible numerical applications in mind, it would be desirable to know e.g. whether
(possibly large in L? or pointwise sense) oscillations develop or not. Quantifying constructively
the rate of convergence in terms of the data of the problem is also another natural question.

Another big family of methods that yield strong topology semiclassical asymptotics (in
linear as well as nonlinear problems) is based on coherent states (e.g. [9, 15, 16, 18, 25, 6, 3]).
However, this is not really pertinent here, as coherent and mixed states (the kind of data we
treat here) in nonlinear problems behave quite differently.

In the quantum-classical correspondence, the idea is that the Wigner function converges,
in the semiclassical limit, to a classical phase-space probability measure. However, the Wigner
function itself is not pointwise positive in general. Working around this fact will be among the
main points of the proofs. Indeed, it has often been remarked that the extensive arsenal of
positivity techniques, developed in the context of classical phase-space equations, would be a
good ingredient to transfer to their quantum counterparts. This becomes even more important
in non-linear problems. In this paper we employ such pointwise-positivity techniques to the
(nonlinear) Wigner equation, for the first time to the best of our knowledge. The key idea is
to work with the Husimi function, a variation of the Wigner function, which does translate
the operator positivity into pointwise positivity on the phase-space. The equation for the
Husimi function itself has been derived only recently in closed form, and it is of infinite order
in general [1]; it helps us in guessing the precise manipulations that are needed here. However,
once formulated, the estimates we need can be proven without using the infinite-order Husimi
equation itself. It should also be noted that the Husimi function is used only in the proof;
it does not appear in the statement of the result, which is formulated in terms of the Wigner
function. We believe that such use of positivity techniques in nonlinear Wigner equations could
provide a fruitful approach in other problems as well.

1.3. Notation. We specify that here and henceforth we use the following conventions for the
Fourier transform in R%:

Gk) = Fo 4[G(@)] = /R e Gla)da (1.11)

The Weyl Quantization is defined as follows: for any F' € L*(R? x R?) and G € L*(R3),

r+y
2

(O (FYG)(2z) = / F ( ,kz) ei(x_y)gG(y)dkdy. (1.12)
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We denote by H”(R?) the Sobolev space W*2(R?) of functions in L?(R?) whose derivatives
up to the order v are also in L?(R%), i.e., for any function G on R?

NG| rey = Z 107G ()] L2 ) (1.13)

|a|=0

We denote by CF(R?) the space of continuous and uniformly bounded functions whose
derivatives, up to the order k, are also continuous and uniformly bounded.

1.4. Organization of the paper. The plan of the paper is the following. Section 2 is devoted
to the statement of our main result together with some remarks concerning it and fixing the
notations. In Section 3 we recall the main features of the Hartree dynamics rephrased in the
Wigner formalism. In Section 4 we introduce the definition and various properties of the Husimi
Transform (HT). Then, in Section 5 we recall the main features of the Vlasov evolution, namely,
the classical dynamics we recover in the limit ¢ — 0. Finally, in Section 6 we prove the main
result of this paper.

2. THE MAIN RESULT

2.1. Statement of the result. All over the paper we make the following assumptions for the
interaction potential that we suppose to be spherically symmetric:

1) ¢ € HY(R?) (2.1)
ZOL/dS@QNWW<+mL n=01,...,4 (2.2)

R3
Theorem 2.1. Under the above assumptions on ¢, let A*(t) be the solution of the Hartree

problem (1.1), and f¢(t) the Wigner function associated with it. Denote f¢(0) = f§, and let us
suppose that:

e 3C,C" > 0 such that

1Fillsqaonasy < Cs [ Fila k) b2 dadk < € and [ fi(w,k)dadk =1 (2.3)
e 3 My >0, ac (0,1 (independent of ), such that
/ | fe | dadk = O(%), (2.4)
k1> 252
| \fikdedk = 0, (25)
[k|> 232
Moreover

3 15
15 llarsy = O(eF M/, (2.6)



Let {g§}. be any family of probability distributions bounded in H*(R® x R?) (uniformly in
g), supported on the set {(z,k) € R* x R®: |k| < My}, such that

||f(()€ - g8||L2(R3XR3) = O(Ea)7 (27)

(for example g5 = XMOJ%/ fXMOJ?dedk where fg is the Husimi Transform of f§ as in (4.1) and
XM, 8 a smooth function identically equal to 1 for |k| < My/2 and vanishing for |k| > My, see
Proposition 2.1 below).

Then, if we denote by g°(t) the solution of the Vlasov equation (1.4) with initial datum
g°(0) = g5 , there exist positive constants Cy, Cy,Cy (else we need to say independent of €, t),
such that

e e eC2t 24
1F5(t) = 9" (D)l o (gaxpsy < Coe™ =™ e, (2.8)
In particular it follows that the density matriz A®(t) can be approzimated by the semiclassical
operator B(t) whose Wigner function is g°(t). More specifically
1A=(t) — B*(1)|| s
1A=(0) || s

Cot

< Cpelre™ ' cr, (2.9)

In the statement of the theorem we do not require the existence of a semiclassical limit
f& — g0, we strictly need only assumptions on the quantum data f§. These assumptions
guarantee the existence of semi-classical initial data gj fulfilling the hypotheses of Theorem
2.1, as established by Proposition 2.1 below. On the other hand, if one supposes a priori the
existence of such a family, the statement of Theorem 2.1 holds, without assuming conditions
(2.4), (2.5) and (2.6) .

Proposition 2.1. Let xy, = Xxum,(|k]) be a monotone C* function satisfying xnp, = 1 if
k| < % and X, = 0 if |k| > My, and let f§ be the the Husimi Transform of f§ as in (4.1).
Suppose g; be defined by

€ XMofg

g5 = —Modo 2.10
" o fedadh (210

then
(1) [ g5dedk =1 and g5 >0

(2) llgsllas = O(1)
(3) suppgg C {|k| < Mo}

(4) [1/5 — gbllr2 = O().



The proof of Proposition 2.10 is given in the Appendix.

Remarks:

e For a sharper expression on the behaviour in time of the error see (the end of) the proof
in Section 6. In this form, the constants Cy, C; depend on the H 3—n9rm of the initial
data f§ and ¢§, the initial total energy of f§, suitable moments of ¢ (as in equation
(2.2)), and ||¢||z1. All these quantities are bounded uniformly in € by assumption. The
constant C5 depends on those quantities mentioned above that involve only ¢.

e The investigation of the semiclassical limit of the Wigner Transform by looking at the
L? asymptotics arises quite naturally because such a norm is invariant under the time
evolution. However, while for the linear case everything goes on easily (provided that
the potential is sufficiently smooth; see e.g. [21, 29, 2]), for the nonlinear case one has
to face an extra difficulty, which is the motivation of the present paper. In fact the
L2-norm of the difference between the Wigner Transform and its classical counterpart
is estimated in terms of the L'-norm of the same difference. Therefore, to conclude, we
need a control of large momenta. This could be achieved by the energy conservation, but
for an effective use of it we would need the positivity of the Wigner Transform, which
is not the case. This difficulty has been overcome by using the Husimi Transform.

e For the sake of concreteness we work in dimension three, but our results hold as well in
any dimensions. We also expect the result to hold without any important differences if
a regular enough external potential is added.

2.2. Remarks on the Initial Data and Regularity Assumptions.

Remark 2.1. The assumptions we made on ¢ and gg guarantee the existence and uniqueness
for the Viasov equation (1.4) in the space of probability measures.

Remark 2.2. An explicit example for which the assumptions of Theorem 2.1 are verified,
s a superposition of coherent states, namely, for an e—independent probability density gy €
H3(R? x R3) and supported on {(z,k) € R® x R3: |k| < My},

fo(x, k) = /dx'dk'ég(x — ') (k — K )go(x', '), (2.11)

where §.(x — x')0-(k — k') is the Wigner transform of a coherent state centered in (z',k"). (see
for instance [27]). We observe that in this case the exponent o in (2.7) is equal to 1.
In this case, any of the families {gg}. in Theorem 2.1 will converge to gy in L*(R? x R3).

Remark 2.3. Consider the case of a superposition of coherent states discussed in Remark 2.2.
For a pure coherent state centered in (', k") and described by a density matriz Ay and a
Wigner function f;, ,.(x, k), we have

1

Ai/ ’ HS:17 f;/ MIL2(R3XR3) — —— 45795
450 Iy = s
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In contrast, when we deal with a mizture of coherent states (as in (2.11)), we have || f§||12 < C
(C' independent of €). As a consequence (see (1.9)), the corresponding density matriz A® has
vanishing Hilbert-Schmidt norm. This is the reason why we consider the relative error in (2.9)
(the situation we take into account is the mized state one).

3. THE HARTREE DYNAMICS IN THE WIGNER PICTURE

The semiclassical Hartree equation (with unit mass, m = 1) for a pure state is

A
it = —%ue + (6 |u]?) . (3.1)
For a mixed state, we have to pass to the von Neumann equation for the kernel p°(z,y,t),
gt = [~500+ (0x0) (@) — (=58, + (65 )] 77 (3.2
where we put:
pi(2) = p*(2, 2, 1), (3.3)

namely p$(z) is the spatial probability density associated with the quantum state described by
p*(@,y, ).
The Wigner Transform of the wavefunction u®(x,t) is defined by,

Weu'|(z, k,t) == <%) /eiykﬂe(x + 8%, t)u(z — Eg,t)dy. (3.4)

R3

More generally for a mixed state described by a density matriz, namely a positive trace class
operator A®(t) with kernel p*(x,y,t), the Wigner function f¢ is

1\’ [,
fo(z, kyt) = — eV pf (1 + 5y, xr — 5g, t)dy. (3.5)
2 2 2
R3
The Wigner function is intimately related to the Weyl symbol, but one should be cautious with
the scaling in the Planck constant:

(A5(1) G) (x) = / s

. Y k)@ G (y)dkdy = OpV ¥ (3 f9)G(x)  for G € LA(RP).

(3.6)

The spatial probability density can be easily expressed in terms of the Wigner function as
well, namely
p5(2) = p(z,2,t) = | [z, k,t)dk, V z€cR® (3.7)
R3
Defining

Vi, t) = | ¢z —2")pi(a)da' = [ ¢(xz—2a") | fo(a! k,t)dk do, (3.8)

R3 R3
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the self-consistent Hartree potential, the Wigner function evolves according to the Wigner
equation,

Oife+ k-0, f° =T7 fe, (3.9)
where, for any w € L?(R? x R?)
i

fw X =
(Tfw) (2.4) = G

1/2 R )
/ (Mt/(B&K&ﬂeﬁ”@“mMMLk+sMim (3.10)
~1/2 R3

and 17(3 ,t) is the Fourier transform (with respect to the space variable) of the potential V (z, t)
defined in (3.8). It will be useful to observe that (3.8) implies

~ -~

V(5,t) = ¢(5) pi (). (3.11)

It is well known (and easy to check), that the dynamics (3.9) preserves the integral of the
Wigner function f¢ on the phase space R? x R? i.e. the trace (see [7] and Lemma 3.1 below).
This corresponds to the conservation of the L?-norm of the wave function u¢, in case of a pure
state, or to the conservation of the trace in case of a density matrix. For this reason we will
have

/ fo(z, k,t)dk dz = /ps(:z:,x,t)dx =1, forany t>0. (3.12)
R3 JR3

Lemma 3.1 (L' regularity). Consider the initial value problem for equation (3.9) with initial

datum 5. Under our assumptions on ¢ (more precisely, it is sufficient that gg e L'(R?)),
the trace is preserved by the time evolution. Moreover, if f§ € L'(R3> x R?), f¢(t) stays in
LY (R3 x R3) for allt € R.

Proof
The trace associated with a Wigner function f(t), namely, I(f(t)) = tr (Opweyl(53f5(t))), is
easily seen to be

mﬂm://f@%w%@:/ﬁ@m (3.13)

where the dz integral is understood to be absolutely convergent. The result for the preservation
of the trace itself can be found in [7] (under the assumption ¢ € L, which obviously holds
in this context). So far the dk integral does not have to be absolutely convergent, but only
Cauchy-PV.

Now, since p; € L'(R?) for any ¢ (and in particular |[pf[| 11 (gs) = lp5]l 11 gsy = 1), it follows

that p; € L(R?) for any ¢ (indeed ||;§HLOO(R3) < 1), and therefore

VL wsy < 1105 poe sy [|@]]21ms) < ||@]]Lrrs)-
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Now we can rewrite the Wigner equation (3.9) as
' ~ o fela k42t — e k— £t
] /V(S)stmf ( 2 ) f ( 2 )
(2m)3 €

One readily observes that the L'-norm (with respect to z and k) of the rhs of (3.14) is bounded
by

(O +k-0,)f =

ds.  (3.14)

2 n IS5
mHébHLl(RP’) |1 £l 2 (3 w3y (3.15)

Since the free propagator (associated with the lhs of (3.14)) preserves the L'-norm, the result

follows by applying the Gronwall lemma. Observe that the constant grows like et (i.e. di-
verging behaviour as € — 0) but this does not play any role here and we get all we need in
justifying that the phase-space integral of f¢ is absolutely convergent.

O

In the present context we need extra regularity properties in the framework of the Wigner
formalism. Actually we can establish the following

Lemma 3.2 (Sobolev regularity). Assume the potential ¢ to satisfy the condition
[ asias)isim <+,

for some m > 0. Then, for any T > 0, there is a constant C' such that

(T s sy < |LFE(O)] ] prm (o sy (3.16)
In particular for m =0 (i.e. looking at the L*-norm), we have
(D) 2o sy = [[7(0)]] 22 (o xres) (3.17)

Proof: By using the same observation as before, i.e. that |‘A/(S)| < ||b§||Loo|$(S)| < |$(S)|,
it follows that equation (3.9) can be treated in the same way as a problem with a smooth,
time-dependent potential. The proof for the corresponding time-independent linear problem

29, 2] can be adapted to that end in a straightforward manner — this can be seen in more detail
e.g. in [26].

4. HusiMmi TRANSFORM AND HUSIMI DYNAMICS

Given a Wigner function f¢ associated to a physical state (pure or mixed), we define the
Husimi transform (HT) as

e _1

Frlok) = Fop W[l (2] =

1 _@=aH? (k)2

g — e T e ! kj/ /d ! 4.1
e (! K (4.1)
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We sometimes denote by ® the smoothing map
f () =1

The remarkable feature of the HT relies on the fact that fe > 0 (see also the discussion
in the Introduction). Indeed, in case of a pure state described by a wave function u, it can be
verified by direct computation that

Te 1 _(e=a)? (k-kN)? e Y 1170
file k) =-—= e = = Weul(2', K)da'dk" =
(775)3 R3xR3
2
] r—z")2
= dz’ u(z’ L gk (z=2) e*( o > 0. 4.2
()
More generally,
T 1 € ik’(a;—z’) _@=a)? ik’(a:—w’) _(e=a)?
f(x,k):( 3 (A%e- e 2 e e 2 )2, (4.3)
TE)?2 ¥

where A® is the density matrix associated with the Wigner function f¢.

Applying the map ® to the Wigner equation (3.9), one finds [1]

af° + (k Oy + gax - ak) FF=T!F, (4.4)
where
~ { 1/2 = ; €
T/w = 3/ d/\/ dSV(S,t) e (S - 0y) w(x +i=S, k +eAS). (4.5)
(2m) —-1/2 R3 2
The key observation is that, up to a small error, equation (4.4) can be recasted as
Of + k- 0. =TI + E(), (4.6)
where
E(t) = Eq(t) + Ea(t) (4.7)
and c _ - . -~
By = =50, 0cf, Ex= TIfF—T! e =T/ f) - T f°. (4.8)
It is straightforward to observe that, according to (3.10) (and (3.11)), we have
_ ; 1/2 = )
(Tgf@) (2, k) = = / dA / dS V(S,t) €5 (S-8,) @z, k + NS, t), (4.9)
(2m) —-1/2 R3
where
= _es? ~ A ~ N ~F
V(S,t) =e 5 V(S,t) = 6(5) p,(S) = () 7l (9), (4.10)

and the last equality follows easily by direct computation by setting:

ol(z) = /dk ) (4.11)
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This observation will lead to the proof of Lemma 6.1.

The point here is that, up to a small error, the (non-negative) Husimi function satisfies the
same nonlinear equation with self-consistent potential as the Wigner transform does. Indeed
this observation was one of the main findings of [1, 2], namely that (at least formally) to the
leading order the Husimi equations are like the Wigner equations, but the potential has been
replaced by a mollified version of itself. That is used here, since the dk marginal of the Husimi
function is the mollification of the marginal of the Wigner function. Thus we preserve the
structure of the quantum phase-space equation, while we change our function with one that
remains non-negative. ~

It must be noted that, once we formulate Ey = ®(T7 f) — T/ £, we do not really need the
infinite order machinery to proceed (to the proof of Lemma 6.1 in this case).

5. VLASOV EVOLUTION

The Vlasov equation describes the situation in which we have a large number of classical
particles in a mean-field regime (see for instance [8, 23, 32|, for the case of smooth potentials,
and [17], for more singular interactions).

Denoting by @, (z, k) the flow associated with the system:

i=k
. e 5.1
k:_axgb*pg ) ( )

one can easily verify that the solution ¢°(¢) of (1.4) with initial datum g§ (see the claim of the
Theorem 2.1 ) is obtained by propagating the initial datum through the characteristic curves
of the flow ®! (x, k), namely.

g (@, ki t) = g5 (9 (2, k) - (5.2)
Therefore in proving existence and uniqueness of the solution of (1.4) one has to deal with a
system of ODEs with a self-consistent field (see (5.1)) and the smoothness of the potential ¢ is
sufficient to apply a fixed point argument (see [8, 10, 24]) .

Also for the Vlasov equation we need some regularity properties of the solution and we
will make use of the following

Lemma 5.1 (Vlasov regularity). Assume the potential ¢ € C"'(R3) for some m > 1. Then
there is a constant C such that

197 (0| rm (3 xrs) < 11951 rm s wmsy e (5.3)

The same proof holding for the Wigner case does apply here.

6. PROOF OF THEOREM 2.1

In the course of the proof we will denote by C' any positive constant, possibly depending
on ¢, f; or g;, but neither on ¢ nor on .
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It is not difficult to show that under suitable smoothness assumptions the Wigner and
Husimi functions are close in L2 In particular, by direct computation the following inequality
can be proven

Moreover we can also show that F practically solves the nonlinear Wigner equation up to
a small error in L? (see (4.6)). This will be used in the main body of the proof below.
Indeed, we recast equation (4.6) as

OufF + k- 0,f° — T fF = E(b), (6.2)

(see Section 4) and observe that (6.2) can be seen as a Wigner equation with a time-dependent
source term. The error E(t) is ensured to be small by the following:

< Celle, (6.1)
L2(R3xR3)

IHOESNO

(see also Lemma A.1 in [2]).

Lemma 6.1. Assume f§ to satisfy all the assumptions of Theorem 2.1, and E(t) be defined by
equations (4.6)-(4.8). Then

IE@ 2o xrsy < Cele. (6.3)
Proof
We first bound £ (see (4.7) and (4.8)). We have
€ ~€ € €
B0 aqaasy = 5 [ - 0T ey < 5 1 sy < O (6.4)

where we estimated, uniformly in e, the H?-norm of ]A{E with the H?-norm of f¢ and we used
property (3.16) for f©.
Moreover, since we have

Ey =T/ =T/ f7, (6.5)
then, by (4.9) and (4.5) we get

7 1/2 = 1S o £ rs
Egzw/l/zd)\ /RSdSV(S,t)eS (S - ) [f (z+i=S,k+erS) = @:,masﬂ (6.6)

and we remind that Ey = Es(z, k,t). Thus, by taking the Fourier transform F, j_.,, we find:

- ) 1/2 -~ rs - = £ Q2 [
Exp.a) = - @\ / AS G(S) () €55 - (iq) [ (p — S,q) [ 55735 1], (6.7)
(2m)? —-1/2 R3
namely
— ) 1/2 ~ . - €.,2 €2 € Q2 &
Bxp.0) = ooy [N [ dSG(S)A(8)e90S (i) Flp = S.pe e i [L— 0 (o
(2m)? —-1/2 R3
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By applying the Taylor formula, for some £ € (0,¢) we get

[1—eT8ei] = (57— p. §)ei el (6.9)
and hence
)e*w?ew? [1 . e*%SQe%pS] ) < 2(52 F1plIS]) < e(S2 + |p — S|9)). (6.10)
Finally we obtain
2
Balp.q)f < C g ( [ asias)is|(s+ o slish 1 F -5, q>|) S (6

where we used (6.10) and the uniform L* control on p! .
Then, by applying the Cauchy-Schwarz inequality

B(p, )l < C=2 g ( / dS|$<S>||S|2) ( [ asias)ls? + o= slsyAF G -5, q>|2) .
(6.12)

Therefore

[Balencns < = ([ asia)IS®) ([ aSIBNSI ) 157 aneasy < €'
(6.13)
where we made use of property (3.16) for f¢ and the assumptions we did on ¢ (see (2.2)).

Then, by (6.4) and (6.13) we obtain that (6.3) holds true and the proof of Lemma 6.1 is
concluded.
U

Before moving on, let us make a remark on notation: as it has been explained previously
(see e.g. the statement of Theorem 2.1, or the discussion in Section 2.2) the classical initial
data g may or not depend on e. However all the characteristics of interest here (Sobolev
norms, support etc) are bounded uniformly in €. Consistently with that, and for simplicity in
the notation, we will drop the superscript e, and refer to the initial data gy and the classical
solution g(t) in the sequel.

For convenience of the reader, we recall that, according to the statement of Theorem 2.1,
go satisfies the property:

suppgo C {(z,k) € R* x R . |k| < My}, (6.14)

for a certain constant Mj not depending on ¢.
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By virtue of (6.1), in order to prove Theorem 2.1 (more precisely, formula (2.8) ) it suffices
to bound in L? the remainder h(z, k) = f(x, k,t) — g(x, k,t); indeed we will show that

el |z sy = |1 F5(E) — g(8)]| r2(roxrsy < CeCe e, (6.15)
Then, (2.8) will follow straightforward by joining (6.1) and (6.15).

Proof of equation (6.15) By (1.4) and (4.6) the evolution of h; is given by

. — 7/ f_mf f_ g
{ Ouhy + k- Duhy = TIhy + (TE TD g+ (TO T0> g+ E(t). (6.16)
ho(l', k:) = fS(ZE, k:) - gO($a k)
Let Qf be the (L? preserving) Wigner-Liouville flow associated with the equation:
&ght + k’ . 8xht = Tgfht. (617)
Then, from (6.16) we have:
t t
hy = Q'hy +/ ds Q*(E(s)) +/ ds Q7% (r1(s) +1r2(s))), (6.18)
0 0
where (see (3.10) and (1.5))
nis) = (17 =1) gla.k,s) =
. 1/2 N N '
S 3 / dA / dS ¢(S)pl(S) e (S -0y) [g(w, bk +eX S, s) — g(x, k, 8)],
(2m) —-1/2 R3
(6.19)
and

i) = (1] = 18) alisvoo) = ( [ av 0n0te—0) [oT0) - 920)] ) - o).
(6.20)
Next, from (6.18), we have:

t
Vall s cmsy < ol pogao sy + / 05 [1(5) | poqao ) +

t
+ [ s (I gy + o)) . 620
0

and, by Lemma 6.1

t
||ht||L2(]R3><R3) < ||h0||L2(R3><R3) + C(€Ct + 1) € +/ ds <||T1(S)||L2(]R3><]R3) + ||T2(S)||L2(R3><R3)) :
0
(6.22)
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Moreover by (2.7) and estimate (6.1), we easily get:

1holl 2 rs sy = Hfg a go‘ L) = ‘ fo =% LaEsxws) 176 = goll 2 ey = O
(6.23)
Then, we finally get:
t
’|htHL2(R3st) < C(em + 1)e” +/0 ds <||7"1<5)||L2(R3xR3) + ||T2(S)||L2(R3><R3)> : (6.24)

Next we evaluate the L?%-norm of r(s).

We observe that, by virtue of the positivity of fe, the L*>°-norm of ﬁ{ is uniformly bounded.

In fact, we have:
= dx dk f¢ k.t =1 6.25
LY(R3) /RS /11&3 (% ’ )‘ ’ ( )

where the last equality is easily obtained by direct computation (see (4.1) and (3.12) ). Then,
by applying the Taylor formula in (6.19), we can estimate the L*-norm of r1(s) as follows:

s ey < C2 ([ ASBSIISE ) 196 sosn < O (620

where, in the last inequality, we used property (5.3) for g(s) and assumption (2.2) for ¢.
Then, by (6.24) we get

< |lof|
Loo(R3) Hpt

t
el oo gy < C (e +1)e* + C(e" + 1)e? +/ ds [|r2(s)l| 12 gs xrs) - (6.27)
0

Now, let us look at the L2-norm of ry(s).
By (6.20) we have

2
|‘7’2(5)”L2(R3xR3) <

S/Rgdw/mdk,@kg@k,s)‘? (/Rgdy \@gb(.?c—y)’/mdw‘ff(%wvs)—9(%@0»3)))2.
(6.28)

We split the integral

/ dw
RS

into the two domains |w| < M and |w| > M, where M is chosen in the following way.
If X(t), K(t) is the classical flow generated by the force field

_ /dy&p(b(x —y)((y, 1),

ﬁ(yaw) - gs(y7w)‘ (629)
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where ( is any spatial probability density, then
K ()] < [K(0)| + [|0:¢] =t

Therefore, by virtue of assumption (6.14) on the initial datum gy, there exists a positive constant
M for which (for ¢ < T arbitrary but fixed)

g(x, k,t) =0 if |k| > M. (6.30)
Clearly M = M (t) depends on time and it is straightforward to check that:
M(t) = Mo + [|0:0| 1 , (6.31)

where M is the same as in (6.14).
Hence, by (6.28), we have:

2
"T2(S)‘|L2(R3XR3) <

< [ ar [ akiangta.h o ( [ peot-vl [ au
R3 R3 R3 ‘w‘SM

+/ dm/ dk |Opg(z, k, 5)|? (/ dy |0.6(z —y)| dw
R3 R3 R3 |w|>M

2 —_—
v2 [ ax [ kit b ([ v o) [ au
X (/ dy lamqﬁ(x—y)\ dw fNa(yawas) —g(y,w,s)D <
R3 |w|>M

2/ dx/ dk |0g(x, k, s)|? (/ dy Iamcb(x—yﬂ/ dw
RS R3 R3 |lw|<M

+2/ dx/ dk |Org(x, k, 3)\2 (/ dy [0.0(x — y)| dw
R3 R3 R3 |w|>M

We first bound the first term on the right hand side of (6.32). We find

fe(y7w78) - g(y,w,s)D +

fe(y7w78> - g(vavs)‘) +

F(y.w,s) —g(y,w,S)D X

.}%(yv w, S) - g(y7 w, 8)

)2 i
Fely,w,s) — gy, w, S)D2 :
(6.32)

2
([ ost=nl [ aw|Fwws) - gmws)]) -
R3 lw|<M

— (/RB dy/IRB dw [0:0(z — y)| Xjwi<m(w)

Fs)—g)|

L2(R3xR3)

fs(yv w, S) - g(y7 w, 8)

) <

4
< M 10:022 1hsllLegses) - (6:33)

4
< S 0.0 [




18

Therefore, we obtain

2

2/ dx/ dk lé?kg(.r,k,s)|2 (/ dy |0.6(x — )| dw ‘f‘f(y,w,s) — g(y,w,s)‘) <
R3 R3 R3 |lw|l<M

< Ce M? ||hSHi?(R3><]R3) = Ce*(C +5)° ||hSH%2(R3><]R3) ) (6.34)

by virtue of Lemma 5.1, (6.31) and assumption (2.1) on ¢.
Now let us look at

2 [ e [ koot ko ([ 00—l [ aw| ~ots)])

(6.35)
By (6.30) we have

N 2
2/dx dk |Okg(z, k,s)]Q (/ dy |0.0(z —y)| dw ‘f"‘(y,w,s) — g(y,w, s)’) =
R3 |

) <

Foums)|) +

w|>M

FE(y,w, s)

2/dx dk |Opg(z, k, 5)|? (/ dy [0:¢(x — y) dw
R3 |

w|>M

< 4/daz dk |Opg(z, k, 5)|° (/ dy [0.6(z — y)| dw
R3 |

w|>e~w

fe(y, w, S) - §E<y7 w, S)

+4/dx dk |Okg(z, k,s)|2 </ dy [0.0(z —y)| dw
R3

2
M<|w|<e—w ) 7
(6.36)

where w > 0 will be fixed later (see (6.49))). Here g°(y, w, s) denotes the solution of the classical
Liouville equation generated by the force field

- [ .0~ T w.0)
namely
0 +k- 8,55 =TI7, (6.37)

and the initial datum is the same of the Vlasov evolution, namely, §°(y, w,0) = go(y, w). Note
that g° enters freely in the game because it satisfies the support property (6.30).

Let us estimate the term:

4/dx dk |Opg(z, k. 5))? (/ dy |0:0(z —y)| dw
R3 |

w|>e™w

fg(y,w,s)D2. (6.38)
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Note that here the positivity of ]f"v’f is crucial because it allows us to use the energy conservation.

Indeed
B 2
ey, w,s) ) <

4/ dz dk |0,g(z, k, s)|? (/ dy [0:¢(x —y)| dw
R3 R3 ‘

w|>e—w

2
< allo) e Wosoll ([ av [ e 9) <
R3 w|>e—w
w? ~ 2
< Ce™ (/ dy/ dw—f%y,w,s)) < Cet. (6.39)
R3 R3 2

To show the last inequality, we denote by v(w, s) = [ dy f*(y, w, s) the distribution of momenta
(which is obviously positive and with integral in dw equal to one) and by 7 (w, s) the smoothed
version of y(w, s). Then, denoting by ®’ the smoothing acting only on the momentum variable,
we set 7 = ®'(y) (clearly, the action is exactly as in (4.1) for ®). As we observed for the spatial
distribution pf (see (4.10)), even in this case it is straightforward to see that the smoothing
commutes with the partial integration on the phase-space, namely

ws) = V) ws) = ([ dy Flyw,9) = [y @) wws) = [ duFww.s)

Therefore, we can write the term [, dy [ dw % f(y, w, s) in (6.39) as

2 2
/dy/ dww—fa(y,w,é’):/ dw = F(w, 5).
]R3 R3 2 RS 2

Moreover, we have

2 2
/ dw w—ﬁ(w,s) = /dw 2 ey (w, s), (6.40)
s 2 2

eA

because the action of the smoothing operator is exactly the same of the heat flow e (see

(4.1)). Now we use the well-known (and easy to check) property

2 2 2
/dw %esA’y(w,S) < /dw (% + 08) Y(w, s) = /dwwj’Y(W‘S) +Ce,

to conclude that:

w? ~ w? w?
/ dy/ dw — f*(y,w, s) g/dw—’y(w,s)—i-(l’s:/ dy/ dw — f*(y,w, s) + Ce.
(6.41)
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Now, by the energy conservation:

w? .
/R?)dy/wdw—f(y,w,s)g
f
/]Rgdy/]R3dwf5y,ws (—+—¢*g())+0
/dy/ dw fE(y, w ( ¢*’;f( >>+C§C, (6.42)

where, in the first inequality, we used that the potential ¢ is bounded from below ( as a
consequence of assumption (2.2)) and the last bound follows from our assumptions .
Thus, by (6.41) and (6.42) we get (6.39) (the L* control on 0,¢ is guaranteed by (2.2)
and the H! control on g is guaranteed by (5.3)).
Next we estimate the term on the last line of (6.36), namely:
2
) <
(6.43)

f5<y7 w, S) - gs(ya w, 8)

4/dx dk |0y (z, k, s)|? (/ dy Iam(fv—y)I/ dw
R3 M<|w|<e—

~ 2
S 06086_3w fa . ga

L2(R3xR3)

To control the L2norm of f*(s) — g°(s) we set pS = f*(s) — g°(s). Then, by (4.6) and
(6.37), the equation for p5 is:

{ Oups + k- upf = T ps + (Tof - Tf) g(s) + E(s). (6.44)

P, k) = fi(z. k) = gol, k).
We proceed as before using that the flow generated by —k-0, +1T, j is isometric in L2. Therefore

il < il + [ Bl + [ (T -T)) 7 @lear (649

The first two terms on the right hand side of (6.45) have been estimated previously (see (6.23)
and Lemma 6.1) and they give rise to

Ipellz < Ce*  and / | E()| 2 < C(e€* + 1)e. (6.46)
0

Moreover, the last term in (6.45) can be estimated exactly as the term 7(s) (see (6.19) and
(6.26)) because the Liouville dynamics for g° controls the H*-norm (that is finite and uniformly
bounded in ¢ at time 7 = 0 since g°(0) = go). Therefore we find:

/ [ (Tj— Tj) G ()| g2 dr < O (€% + 1) (6.47)
0

Thus, finally we get:
Ipall < C(e“° + 1)e”. (6.48)
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Therefore, by setting

o
we find
_ 2
1 [ ar aklog(o, ko) ( [y 10.06 -l | dw|FE(y,w,s) - 7 (g, w, s>1) <
R3 M<|w|<e=w
< C(e9 + 1)t (6.50)

with —3w + a > 0.
In the end, by collecting (6.34), (6.39) and (6.50), we obtain that:
[ra(3) sy < C (€97 (C 4 ) InullZagospsy + 2 + (774 D) (650)

that gives an optimal bound for w = £, namely:

S S 204
172(8) || p2ms sy < € (60 (C+s)°? [1P2s] L2 (s sy + (€9 +1)er ) ; (6.52)

and

t t
[ 5 1oy < € (€0 1084 [ e (€4 99 e )
0 0
(6.53)

By (6.27) and (6.53), we can finally control the L?-norm of h;, obtaining:

“htHL2(R3xR3) <C ((em + 1)+ (P14 t)E%a + /Ot ds (C'+ 5>3/2 e’ HhS’|L2(R3><R3)) :
(6.54)
The, by applying the Gronwall lemma, we find that
el 2qganis) < C(e7! + 1+ £) efelods (Cra2ece, (6.55)

and hence (6.15) holds true.
Finally, by virtue of (6.1) and (6.55), we deduce (2.8) and hence the proof of Theorem 2.1

is concluded.
OJ

Remark 6.1. We observe that, for example, in the case in which the initial datum is given by
(2.11), the rate of convergence is estimated by 7.



22

APPENDIX A. EXISTENCE OF SEMICLASSICAL INITIAL DATA: PROOF OF PROPOSITION 2.1

Let g5 be defined by (2.10). Set N = N(e) := ([ fe(z, k) xar (|| dwdk) .
Property (1) follows by the positivity of the Husimi function and (3) follows by construction.
Since

90! 3 xr3) < CNI|f5 ] 13 (m3 xw3), (A.1)

where C' depends on the L> norm of x,, and its derivatives, (2) follows as soon as we show
that N = N(¢) = O(1) (see below).

So it is only left to check (4).

Observe that

15 — g%z = 1§ — N s xanllre <
<= Nxa) Fellee + 1N xan (F5 — F)]le < (A.2)

< 1= NG e + NI = xan) S5l |22 + NG = [l

Obviously, the estimate for the second term of the last line of (A.2) comes from assumption

(2.4), and for the third term from the fact that ||f5 — f¢||;2 = O(e||f¢]| =) as shown in lemma
A.1 of [2]. To see that the first term is O(e®), i.e. that |1 — N| = O(¢%), one has to observe

2
that (denote for brevity §°(k) = : 1)% e*‘le)
1= 51 =] (foxam — f5)dwdk] < [I(1 = xar,) fill20 <
< [ Sk K K)dedkdk = [ &k — K)f5(2, K)de'dk' dk+
|k|> 232 k| > Mo

M,
K| > =

+ [ F (k=K KA dkdk < [ 8 (k)ydk [ |fe(a K)|daldk'+  (A3)
|k| > % keR3 ‘k’|>%
W] < 52

+ sup (05 (k = K] ([ f5l[ = O()
k| > %
'] < 5
where we made use of assumptions (2.5) and (2.6) in the final step.

Now obviously,

|1- %] <Ce* = |[N-1<CeN| =

= |[N-1]<Ce*(1+|N—-1]) = |[N-1|< lfg; = 0(g").
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