ARE SYSTEMS IN ENTANGLED STATES EMERGENT
SYSTEMS?
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ABSTRACT. Several authors argued that systems in entangled states are
examples of emergent systems. In this paper, we challenge this point of
view. We propose a criterion to distinguish composed systems and non-
composed systems, and show that systems in entangled states don’t verify
this criterion. Because they are not composed, they cannot be examples
of emergent systems.
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1. INTRODUCTION

Quantum systems are often presented as examples of emergent situations,
through their behaviour with respect to the property of decomposition into
sub-systems. See for example [1], [9], [7], [2], [5], [6] and [4].

One encounters frequently, in the literature concerning emergence and
quantum mechanics, the fact that the properties of the whole are emergent,
in the sense that they cannot be reduced to the properties of the parts. The
key ingredient here is the concept of entanglement. The fact that entangled
states cannot be factorized would be a trace of emergence: it is impossi-
ble to attribute any property to the parts, so it is impossible to deduce the
properties of the whole form the ones of the parts.

The aim of this article is first to address the question of knowing if a for-
malization of the key concepts involved in emergence and reduction can be
achieved strictly inside the quantum paradigm. This task is immediately
shown to be not obvious by noticing that emergence and reduction, as con-
cepts involving decomposition into parts, are inherited from a classical way
of thinking. Indeed they deeply involve the underlying classical concept of
space, a notion which is, strictly speaking, not present in the quantum par-
adigm.

One of the key idea of the paper will be to propose a definition, strickly
inside the quantum paradigm, of decomposition into subsystems which will
allow a clear dichotomy between simple and composed states of a given sys-
tem. This definition is based on physical measurements. Our criterion is, in
a sense, a rephrasing inside the quantum paradigm of the natural and clas-
sical property of independence between subsystems: a state is decomposable
if one can make partial and independent quantum measurements involving
statistical features.

This criterion leads to our first main result : being composed by n sub-
systems is not a property of a system, but a property of its state (exactly as
being entangled is not a property of a system, but a property of its state).
We also prove, with mathematical rigour, that systems in entangled states
are not composed. This is our second main result.

To the question ” Are systems in entangled states emergent systems ?” our
answer is " No, they are not”. Systems in entangled states don’t verify our
criterion and so are not composed of sub-systems. As a consequence they
cannot be considered as examples of emergence, nor as examples of reduc-
tion. They are simply not concerned by the debate between emergence and
reduction.
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The paper is organized as follows: in section 2 we present the notion
of emergence and its supposed relevance in quantum mechanics. Section 3
presents the way classical and quantum spaces enters deeply our discussion.
In section 4 we describe how entangled states are supposed to be emergent.
From the technical definition of decomposability and related results presented
in section 5 and linked with their underlying classical equivalent in section
6, we show in 7 that systems that are in entangled states are not examples
of emergent systems.

2. EMERGENCE AND QUANTUM MECHANICS

2.1. Emergence in general. Emergence is a notion which has been in-
troduced as an intermediate notion between reduction and vitalism. The
historical debate between reduction and vitalism concerned the living bod-
ies and the following question : can we conceive the living bodies as a pure
combination of non-living parts, without anything special? Or: do we have
to recognize that living bodies contain something special, something that
the non-living bodies don’t have? Reductionism chooses the first part of the
alternative, vitalism the second one.

This historical debate concerns the relation between a whole and its parts.
For reductionists, the behaviour of the whole is deducible from the behaviour
of the parts: there is nothing in the whole that is not in the parts. Reduc-
tionism is thus the doctrine according to which the behaviour of a compound
system is explainable in terms of the behaviour of its parts. In a very approx-
imate manner, we can say that, for reductionists, the whole is nothing more
than the sum of its parts. On the contrary, vitalism asserts that the whole
is more than the sum of the parts, because living bodies are not only made
of physical substance but also of something called ”vital principle”, ”vital
force”, or sometimes "entelechy”, which is absolutely necessary to under-
stand the behaviour of the living body but which is not physical. According
to the vitalist, the ”vital principle” belongs to the entire body, and not to
any of its parts.

Although vitalism is not a priori impossible (it isn’t self-contradictory),
it suffers from a bad reputation : it has been accused of obscurantism, of
being anti-scientific, because the ”vital principle” is an hidden principle and
doesn’t appear directly to our senses (we can only see its effects but not the
principle itself). The ”vital principle” seems to be an unjustified hypothesis
and an obstruction to scientific work.

Is reductionism the unique doctrine that can be accepted to understand
the composed systems? The answer is no since the doctrine of emergentism
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has been constituted. Emergentism conflicts reductionism in the sense that
the behaviour of an emergent whole is supposed to be not reducible to the
behaviour of the parts. According to emergentism, there is something new
in the behaviour of an emergent whole that is not in its parts and that is
not a priori deducible from the parts. For example, the behaviour of a living
body is not deducible from the behaviour of purely physical matter. But
emergentism conflicts also vitalism because it supposes that a living body is
entirely made of physical matter and refutes that it has a ”vital principle”
which would be made of a non-physical substance.

The common intuition that emergentism tries to grasp is that some com-
posed systems present something new that was not in the isolated parts.
When these last ones are combined, something new emerges. More precisely
emergentism supposes that the behaviour of certain wholes cannot be de-
duced from the behaviour of its parts taken in isolation and the general law
of association. It supposes on the contrary that the behaviour of an emergent
whole is new compared to those of its parts and to those of other composed
systems that haven’t the same parts or that haven’t the same structure.
For example the behaviour of a living body is supposed to have a kind of
autonomy in comparison with the behaviour of its physical parts.

A lot of models of emergence have been proposed by many authors. For
a complete review, one can see [8]. In order to clarify these models, it is
common to distinguish a strong and a weak form of emergence. The weak
form of emergence corresponds to the case where the behaviour of a whole
appears to be emergent to us, while in fact it could be reduced to those of
the parts. The weak emergence is only due to a waste of knowledge and
is often called ”epistemological emergence”. The strong emergence is called
”ontological emergence”. A whole is emergent in the ontological sense when
its behaviour cannot be reducible (to those of the parts) in principle and not
only according to our present knowledge. The strong form of emergence is
obviously the most interesting form of emergence and will be the one we’ll
deal with in this paper.

It is not easy to determine a precise definition of emergence: the common
intuition seems not to be sufficient to lead us to a model that everyone can
except. We will not discuss it here because we simply need to remark that
all the models of emergentism or reductionism concern composed systems
and only them: this last point is common to all the models of emergence
and reductionism for the simple reason that the debate between these two
doctrines concerns the relations between a whole and its parts. If a system
doesn’t have any parts, that is to say if a system is not composed, there is



ARE SYSTEMS IN ENTANGLED STATES EMERGENT SYSTEMS? 5

no sense to wonder whether if this system is emergent or not. That why we
won’t discuss all these models and won’t ask which is the best.

In order to fix the terms of our discussion, we will restrict to the following
simple model of emergence (see [8] for more details):

The behaviour of a system can be said emergent if and only if:

o (a) this system is a composed system, with the structure [Ay, ..., An; R|
(which means : the system is composed of n entities A; and these
entities are in the relation R).

e (b) there is a law (called Py ) that says that: for all x, when x has the
structure [Ay, ..., Ap; R] then x has the behaviour C'.

e (¢)Pp, cannot be deduced from the laws concerning the isolated enti-
ties Ay, ..., A,, nor from the laws concerning combined systems that
contain some of (but not all) these entities Ay, ..., A,.

Out of this model it is easy to build a model of reduction: we only have to
change point (c) in order that P, can be deduced from the laws concerning
the isolated entities Ay, ..., A,, or from the laws concerning composed systems
that contains some of (but not all) these entities A, ..., 4.

Let us say it again: in this article we don’t want to discuss points (b) and
(c). We only need to remark that point (a) is necessary to all the models of
emergence or of reduction.

2.2. Link with Quantum Mechanics. Why is quantum mechanics in-
volved in this debate? Our answer is that quantum mechanics seems to solve
the two kinds of difficulties that emergentism meets. The first kind of prob-
lems only concerns the purely conceptual aspect of emergentism. This part
of the discussion can be summed up in this question: ”is emergentism, when
correctly defined, an acceptable metaphysical doctrine?” Or: ”is it a priori
possible for a system to be emergent and in what sense?” We’ll call this ques-
tion ”Q1”. The principal criticisms to emergentism came from Jaegwon Kim
(see in particular:[3]) and gave rise to a big literature.

The second kind of problems is less general and concerns the existing sys-
tems. The question (called ”Q2") is the following: does it really exist at least
one system that is emergent? This question can then be asked in the differ-
ent domains of scientific investigation: biology (do the living bodies emerge
from their physical basis?), philosophy of mind (do the mental properties
emerge from the physical properties?), sociology (does a social fact emerge
from individual facts?), economy (does the behaviour of the market emerge
from the behaviour of an isolated economical agent?), etc.
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The hope of the advocates of emergentism is that Quantum Mechanics al-
lows us to demonstrate rigorously that some quantum systems are emergent.
The stake in this point is big: if it is possible to find in Quantum Mechan-
ics some systems that are emergent and if it is possible to demonstrate this
result, then we will answer the two questions Q1 and Q2 by ’yes’. It would
allow us to prove that emergentism is not only an acceptable metaphysical
doctrine (Q1), but also that it describes some part of our experience (Q2).
The mathematical formalism of Quantum Mechanics and the particular prop-
erty of entanglement would justify emergentism in all its aspects and in a way
that would not be questionable. If we can prove that systems in entangled
states are emergent, then we prove emergence! This is why the advocates of
emergentism paid so much attention on Quantum Mechanics.

3. A CRASH COURSE IN QUANTUM MECHANICS

One point will be important for our demonstration and must be empha-
sized: it is the role of space-state in measurement. This point is rarely
mentioned while it can cause confusion. A measurement in Quantum Me-
chanics, as in Physics in general, supposes the interaction between two phys-
ical systems : the systems S that we want to measure and the measurement
apparatus. We must be able to describe this interaction in the physical space.
The physical space represents some new degrees of freedom of any system
and as every degree of freedom, we have to use an Hilbert space to describe
them. If we want to describe the physical space in a three-dimension space,
we’ll use the Hilbert space of the square integrable functions (that is noted
L?(R3)).

Let us suppose for example that a system S is a %—spin particle. We need
two Hilbert spaces: one for the spin and one for the space-state. It comes
from it that the global Hilbert space will be: H = C? @ L*(R?). Thus
the general form of the state vector will be any vector of H. For example
if the particle is localized in a region of the physical space and is in an
entangled state for the values of spin, the state vector will be of this form:
|U) = \%H—H + |-)] ® a(X), where a(X) is a function of R? that is equal to
zero everywhere excepted in the region where the particle is localized.

If we want now to describe the operators that can be used for a measure-
ment, we have to specify also the space-state of the operator. In other terms
the operators that we have to use must be defined in the Hilbert space H.
For example if o is an operator of C2, the operator that we have to write is:
Y. =01 ® f(X), where 5(X) describes the space-state of the apparatus.

It is now simple to describe basic situations.

e When the apparatus is off, 5(X) = 0.
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e If the supports of the two functions a(X) and B(X) are disjoint,
no measurement can be done. It simply means that there isn’t any
interaction between S and the apparatus.

o If 5(X) = 1 in the region when «a(X) isn’'t equal to zero, we have
a(X).f(X) = a(X). Then:

1

2W) = [o(—=l+) + 2] @ a(X).

Sl

2

[[4+) + |—) represents the action of the op-
don’t mention the space-state of S and of

In this expression the term o.(

erator on the system S when w
the apparatus.

S

2

¢}

How can we now describe the situation with two identical systems 7 Let
us suppose for example that we want to describe the system S composed by
two particles of spin % noted S7 and S5 . Let us suppose also that each of
them is represented by a state vector [11) and |¢)5). The global Hilbert space
that describes the spin-state of the composed system S is C? ® C2. If the
two particles are initially independent from each other, the state vector in
C2®C? will be |1;) ®|1h,). But we have to describe also the space-state of the
particles. The Hilbert space will thus be: C2@C?*® L*(R3)® L*(R?). If f1(X)
and fo(X) are two functions that describe the space-state of (respectively)
S1 and Sy, the state vector of S will be:

1) = [11) @ |12) @ f1(X) ® fo(X)

To work in a situation a little bit more general, we’ll suppose now that the
spin-state of S can be in an entangled state. For reason of simplicity we’ll
also suppose that the two space-functions f; and f, are not entangled. The
state vector of S will thus be:

V) = |u) ® f1(X) ® fo(X)

Let us suppose that we want to measure the spin of the particles with a
Stern-Gerlach device. In the Hilbert space H the corresponding operator will
be:

Y=0® Ide: @ x(X) ® Idgs + Idc2 ® 0 @ Idgs @ x(X)
where

e 0 is the operator to the Stern-Gerlach device in the Hilbert space C2.
e Xx(X) is the function that represent the space-state of the Stern-
Gerlach device in L?(R?)
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If (fi.x)(X) # 0 and (f2.x)(X) # 0, the Stern-Gerlach device will have an
effect on the two particles and will measure their spin. More precisely the
effect of the operator ¥ on the state vector |¥) is :

X)) = [(o®e2)[w)] @[ f1(X)]@[Lrs. fo(X)]+[(Ic2 @) [t)| @[ Trs. [1(X) ]S [x- f2(X)]

Is it possible to measure only one particle? The only possibility consists
in having the second term equal to zero. In order to do that, we have to
suppose that the support of the two spatial functions fo(X) and x(X) are
disjoint, and by consequence that fo(X).x(X) = 0. If we suppose also that
the spatial function x(X) is equal to 1 everywhere the function f;(X) is not
equal to zero, and by consequence that fi(X).x(X) = f1(X), we have :

o [(Ter ® 0)[u)] @ [T Fi(X)] © [ fo( X)) = 0
¢ [(c&1e2) )] @ [x-[1(X)]® [[gs. f2(X)] = [(0@]e2) )] @ f1(X) @ fa(X)
And finally :

X|W) = [(0 @ Ie2)[w)] @ f1(X) @ f2(X)

If we want to measure the spin of a particle that is entangled with an
identical one, this is the only way to do it.

4. ENTANGLEMENT CONSIDERED AS A CASE OF EMERGENCE

A lot of authors have argued that systems in entangled states are emergent
systems and their argumentations are always based on the same ideas. We
can call this kind of argumentation 'the traditional argumentation’ because
this argumentation has now become very common and broadly accepted.
This traditional argumentation compares the situation of a factorized vector
and an entangled vector. Let us suppose that we have two distinct parti-
cles independent from each other and that they can be represented by two
state vectors |¢) and |®) which belong to two Hilbert spaces (resp.) H; et
H,. According to Quantum Mechanics the global system S lives in a Hilbert
space H = H; ® H, and its state vector is |X) = |¢) @ |®) . This vector is a
tensor product and so it has a factorized form. According to the traditional
argumentation we have here a simple example of resultant system: the state
of the global system S is reducible to the state of its two parts because its
state vector can be written as a product of two state vectors.

What happens now if system S is in an entangled state? For example let
us suppose that the two particles have come closer and have interacted in
such a way that the state is now entangled. Its state vector |¥) cannot be
factorized anymore and it is now a superposition of factorized vectors. For



ARE SYSTEMS IN ENTANGLED STATES EMERGENT SYSTEMS? 9

example it can be of this form: |X) = \/Li(|—|—> ®|—=) 4+ |-) ® |+)). Here it is
impossible to give any state to the (supposed) parts of system S, that is to
say: it is impossible to give any state to the particles that produced system
S. So it is also impossible to reduce the state of the whole to the states of its
(supposed) parts. According to the traditional argumentation this is a case
of emergence. For example Andreas Hiittemann explains in [1] that:

Quantum entanglement is a counterexample to synchronic micro-
explanation [...]. The compound [system consisting of two
non-identical particles| is in a determinate state, but this can-
not be explained in terms of the determinate states of its con-
stituents. This is because there are states [...] that do not al-
low the attribution of pure states to the parts of the compound.
What we see is that synchronic micro-explanation systemati-
cally fails. Thus, we have an example of emergence [...]. This
is a case of emergence because it is, in principle, impossible
to explain the behaviour of the compound (in this case: the
state) in terms of the behaviour (states) of the parts.

A lot of authors has supported this argumentation. As we said in intro-
duction, one can also refer to [9], [7], [2], [5],[6], [4].

5. A NOTION OF DECOMPOSITION INTO SUBSYSTEMS INSIDE THE
QUANTUM PARADIGM

As we said emergence and reduction are notions that concern composed
systems: they are supposed to tell us what kind of relations exist between a
whole and its parts. Thus there is no sense to wonder whether a system is
emergent or not if we cannot identify any parts inside this system, that is to
say if this system is simple and not composed. A system that is not composed
is neither emergent nor resultant: it just can not enter this discussion.

But what is less obvious is to determine if the entanglement systems are
really composed systems or if they are actually simple systems. The tradi-
tional argumentation assumes that systems in entangled states are composed
since it concludes that they are emergent but usually it isn’t said explicitly
why we have to consider them as composed systems.

So we need a criterion to clearly distinguish between simple systems and
composed systems. But we would like a criterion that would be independent
(or as independent as it is possible) from metaphysical assumptions or onto-
logical choices. For example with a corpuscular ontology a unique corpuscle
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is a simple system, and a composed system contains at least two corpus-
cles. The ontology fixes the criterion of composed system. But what we are
looking for in this paper is a criterion that could potentially be accepted by
everyone and that avoids metaphysical choices (or too heavy metaphysical
choices). To achieve this aim, our solution consist in basing our criterion on
the practice of the physicist. If we can find the justifications of our crite-
rion inside the pratice of the physicist, then our criterion will not have been
chosen because of some metaphysical reasons or general principles choosen
outside physics. Of course this is also a philosophical choice.This is a prag-
matist way of thinking: the philosophical principles or concepts are based on
practice and a lot of attention is devoted to the practical consequence of the
philosophical thesis.

What can such a criterion be?

The first part of our answer will be that a system is composed provided
there exists acts of knowledge that can be decomposed part by part. By act
of knowledge we mean any measurement that can be done on it. By decom-
posable act of knowledge we mean any measurement than can be carried out
on any part of the system and assigns a given value to each of them. In other
words, it must be possible to measure one part and not the others, that it
to say it is possible to make partial measurements, therefore to distinguish
different parts or sub-systems which correspond to the different partial mea-
surements that can be done. If the system cannot be measured part by part,
there is no practical interest in considering this system as a composed sys-
tem: the property of being composed is then purely theoretical. To resume,
this first condition can be expressed as follow : it must be possible to make
partial measurements on the system, one partial measurement for each part
of the system. At this stage it is natural to say that a non-emergent system
is such that any act of knowledge is somehow decomposable.

But this condition is not the only one. Indeed let us suppose that we
have a system S composed of two parts S1 and S2 and that we make a
first partial measurement (M1) on the part S1 and then a second partial
measurement (M2) on the other part S2. Let us suppose now that the
partial measurements are not independent from each others, that is to say
that the results of M2 depend on the result of a earlier partial measurement
M1. Then it means that the behavior of one part is intrinsically dependent
on the behavior of some other parts. For the practice of the physicist there is
no interest in considering that, in this situation, the system S would truly be
composed: it would be logically possible but it wouldn’t have any impact on
the practice. In other words it seems to us that there is no practical reasons
for which we would consider such a system as composed. That’s why we
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put a second condition for our criterion: the measurements have to provide
independent results. The fact that we made a first measurement on one part
and obtained a given result must have no consequence on the results by any
further partial measurement.

So we can give a first formulation of our criterion (a more accurate formu-
lation will be given later):

A system S is composed of n parts S; if and only if

o Condition 1: for any part S; it is possible to realize a partial mea-
surement M; that concerns only S;;

e Condition 2: all the partial measurements are independent from each
other, that is to say that the results of any partial measurement M;
don’t depend on the fact that other partial measurement M; (with
Jj # 1) would have eventually been made and don’t depend on the
results of M.

Are the two conditions sufficient? We think that they are sufficient because
systems that verify these two conditions allow the physicist to decompose the
acts of knowledge that we can operate on it. Physicists can study each part
of the system as we want, independently from what has been done before
(independently from any partial measurement that would have been made
before).

It must be also emphasized that at this point our criterion doesn’t depend
on Quantum Mechanics. It doesn’t use any concept that belongs to Quantum
Mechanics, it isn’t formulated inside the quantum paradigm, and it isn’t
justified by some reasons belonging to the Quantum Mechanics. That means
that our criterion is more general that Quantum Mechanics and can be used
in other contexts.

We will discuss the relevance of this criterion in the classical framework in
Section . But since we want to use this criterion inside the quantum para-
digm we need to give a formulation inside this paradigm.

5.1. The criterion. In order to simplify the formulation, we will restrict
ourselves to the 2 x 2 dimension. That means that we will focus on systems
composed of only two parts which can be described by 2-dimensional Hilbert
spaces.

Let o1 (resp. o03) be an hermitian operator acting on the 2-dimension
Hilbert space Hy (resp. Hs). To oy (resp. o2) we associate the operator ¥;
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(resp Xy) on H = H; ® Hj defined by
(1) 21 :O'1®IH2 (resp. 22 :[H1®0'2)
Definition 5.1. We define:

e a Yj-measurement (resp. a Yp-measurement) is a measurement that
corresponds to the hermitian operator ¥; (resp. )

e P(X; = \) (resp. P(Xs = X)) is the probability that the result of
the ¥j-measurement (resp. the ¥;-measurement) is A (resp. \).

o Py (X1 =) (resp. Py,—a(32 = X)) the probability that the re-
sult of the ¥;-measurement (resp. the ¥s-measurement) if A (resp.
X') after a Yo-measurement (resp. a >j-measurement) has been per-
formed and given the result X' (resp. \).

We can now state our

Criterion of decomposition

The system S that is described by a state vector in H is a system composed
of the 2 sub-systems S7 and Sy which are supposed to live respectively in the
Hilbert spaces Hy and Hy if and only if:

e Condition 1: it is possible to make a Yi-measurement of S and a
Ya-measurement of S.
e Condition 2: ¥(X1, %), Y(A\, )
PX1=X)=Pg,_y(E1=1})
P(Eg=X)= Py, (Za=\)

Let us now give an explanation of the technical aspects of this criterion.
The Condition 1 concerns the physical possibility of partial measurements.
What we said is that a composed system can be studied part by part, that
is to say that it is possible to realize physically a separated measurement,
a measurement that concerns only S;(i = 1...n) and not the other parts
S;(j # i) of S. The problem here is that the state vector of the system S
belongs to H : any measurement that we could make must be described in
the same Hilbert space. The solution is to use an operator defined in H but
that will have effect only on the sub-space H;. The general form of this kind
of operator is: ¥, = [ R L ® - ® 0; ® -~ ® I,, (where o; is a hermitian
operator in H;). This kind of operator concerns only H; and has no effect on
any other sub-system H; (for j # ¢ they correspond to the identity-operator).

The object of Condition 2 is the results of the separated measurements. As
we say those results must be independent from each other. In Quantum Me-
chanics the prediction can only be probabilistic. So the independence of the
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results must concern the probabilities of results for any separated measure-
ments: the function of probabilities of results for any partial measurement
must be the same whether or not an other partial measurement has been
done before. The independence of results of the measurements is so guaran-
teed by the independence of the probabilities of the measurements. That’s
why Condition 2 asserts that the probabilities of results for any measurement
¥; must be the same whether or not a ¥ ;-measurement (j # 4) has been done.

Now the question is: are systems in entangled states composed systems?
To answer this question we only need to see if systems in entangled states
verify the two conditions.

5.2. The mathematical results. The result of our work consists in two
mathematical results whose demonstrations are given in appendices A and
B respectively.

The first one concerns the Condition 1: Result 1.

In the situations where Hy = Hs, the partial measurements are not pos-
sible if the system doesn’t have a space function that is a tensor product of
two disjoint space functions. Let us suppose for example that two identical
systems interacts and that the state of the global system becomes entangled.
Then if the system is spatially localized in only one region, it is impossible to
make partial measurements. Such a system is not a composed system.

We think that this result is interesting because it shows that quantum par-
adigm is able to describe how it is possible to make partial measurements. If
we want to use our criterion inside Quantum Mechanics we need to formu-
late everything inside its paradigm, so it is important to describe exactly the
mathematical and physical conditions to verify Condition 1. Furthermore,
this condition about the space function of the system is often forgiven while
it is necessary to make the partial measurements.

The second mathematical result is the following:

Theorem 5.2. We have
|W) satisfies Condition 2

V) = |u) @ |v) with |u) € Hy and |v) € Hs.
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It is obvious that all the tensor product of two vectors of the Hilbert spaces
H, et Hy verifies Condition 2. But the reverse relation is less obvious. For
details one can see the demonstration in appendix B.

This relation means that a system S that is in an entangled state cannot
satisfy condition 2. Thus according to our criterion such a system is not a
composed system. We’ll comment this result in the two next sections.

5.3. Generalization. Let us give in this section the generalization of our
previous results in the cases of multicomponents decompositions and Hilbert
spaces of higher dimensions.
The criterion becomes the following.
Let o; be hermitian operators acting on the Hilbert spaces H;. To o; we
associate the operator ¥; on H = Hy ® Hy ® - -- ® H,, defined by

(2) =1y ®@Ip,®  Q0;,® - QIy,

Definition 5.3. We define:

e a Y;-measurement is a measurement that corresponds to the hermit-
ian operator X;

e P(X; = )) is the probability that the result of the ;-measurement is
A

e P /(¥ =) the probability that the result of the ¥;-measurement
is A after a Yj;-measurement has been performed and has given the
result \.

We can now state our

Criterion of decomposition

The system S that is described by a state vector in H is a system composed
of the n sub-systems Sy, Sa, ..., S, which are supposed to live respectively in
the Hilbert spaces Hy, Ho, ... H, if and only if:

e Condition 1: it is possible to make ¥;-measurements of S.
o Condition 2: ¥(X2;,%;)(j # 1), V(\, X'), we have:

P(EZ - )\) - PE].:,\/(ZZ' = )\)

The mathematical results follow the same way in this situation, see Ap-
pendix C and D for the proofs.
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6. LINK WITH ” CLASSICAL” PARTITION

In this section we will emphasize some important differences between the
situation in Quantum Mechanics according to our criterion and the situation
in classical physics or in daily life.

The criterion we propose here is based on the idea that a system is com-
posed if and only if it can be studied part by part, by partial measurements
that must be independent. This idea corresponds to the intuition that a
clock, by example, is a composed system because we can observe and study
the behaviour of different parts: a spring, the hour hand, the minute hand,
a wheel, etc. The behaviour of the clock can be divided into many parts
that can be studied independently. We don’t want to say that the behaviour
itself of each part is independent (which would be wrong). We just want to
say that it is possible to study part by part and begin with any part of the
clock without any consequence on the measurements we’ll make on the other
parts. So the definition of our criterion seems to correspond to our common
intuition about what a composed system is.

But its consequences are rather different from what is commonly thought.
First space doesn’t play its classical role anymore. In classical Physics, phys-
ical matter is conceived in a strong link with space in the sense that two
different pieces of matter are supposed to occupy two different regions of
space. Physical matter is thus said to be impenetrable. This property has a
long story in the history of philosophy: Aristotle, the Stoicians, the epicure-
ans, but also Galileo and Newton claimed that being impenetrable is one the
properties of matter. According to all of them, two systems must be in two
regions of space. Furthermore, this property can lead us to think that, on the
contrary, if a system occupies two separated regions of space, then it must
be considered as a system composed from two different systems. In other
word, a simple system is either here or there, but not in the two places at the
same time. Space can then play an important role to count the number of
systems. Fach separated region of spaces can be associated with one system.
Then the number of such regions of space is also the number of parts that
the system contains. According to us, this is the first reason why systems
in entangled states are usually considered as composed systems. But this
reason is not good because the role that space plays in Quantum Mechan-
ics is very different from the one it plays in classical Physics. In Quantum
Mechanics, space is treated as the other degrees of freedom, that is to say
as spin or as polarization. That’s why the space function of a system can be
entangled with the spin or can be distributed in two separated continuous
functions. In Quantum Mechanics it is wrong to think that a system can be
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associated with only one region of space and that one region of space can be
associated with only one system. Space doesn’t have the specific status it
has in classical Physics.

The second reason why systems in entangled states are usually considered
as composed systems is that it can be produced by two systems that are
originally independent. For example we can take two different and indepen-
dent electrons and then create entanglement by making them interact. Then
we are tempted to consider that after interaction there are still two systems
because they were two systems before. This is right for usual objects: the
engine and the wheels of a car can interact, they are still different systems.

In our point of view this is no more the case in Quantum Mechanics. It is
a consequence of our criterion that two systems can become only one system.
Any interaction that leads to entanglement is like a fusion of the two systems
that don’t exist anymore during entanglement. This situation correspond to
what can happen in biology: for example two cells can fusion and leads to
a new cell. In sociology also two systems (for example two social groups)
can fusion into one single system (one new social group) and disappear. One
other aspect must be emphasized in Quantum Mechanics: a measurement on
an entanglement system leads necessarily to a state vector that can be fac-
torized. In other words, because of the measurement the parts that initially
composed the system and that disappeared can now exist again. This is also
the case in sociology for example because two groups can disappear and then
be formed again.

Let us call the 'composability’ of a system the fact that it is or not a com-
posed system. Now we can compare the composability in classical domain
and in Quantum Mechanics. One feature of the classical composability is
that it doesn’t depend on time. If a system is a composed system, it will
remain a composed system. The classical composability is then a property
of the system (or of its nature, which cannot change) and not of this state
(which depends on time). In Quantum Mechanics the composability can
change in time: for example a system can be initially in a factorized state
and then become entangled. The quantum composability is then a character-
istics of the state and not of the nature of the system like for classical system.

But the link between quantum composability and classical composability
is not like the link between quantum quantity and classical quantity (for
example between the position in Quantum Mechanics and the position in
classical Physics). In classical physics the state of a system is described by
physical quantities as its mass, its volume, etc. These physical quantities
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are the properties of the system. Each property corresponds to one value of
a physical quantity. So the state of a classical system is determined by the
values of all its properties. To be a simple system or a composed system is
also a property: a system is either a simple system or a composed system.
Let us call this property the ’'classical composability’.

In Quantum Mechanics the physical quantities are the observable. In gen-
eral if we measure one observable, we can obtain many results because the
system can be in a state that corresponds to a superposition of the different
values we can obtain. In other words, a 'quantum property’ is characterized
by the plurality of values at the same time and by the principle of superpo-
sition. Is quantum composability a quantum quantity? Like the spin and
other quantum quantities, the quantum composability can take two values
for the same system because its state can change in time. But the two values
that can take the quantum composability cannot be superposed. Then the
answer is no: quantum composability is not a quantum quantity like the spin
or the polarization.

7. BACK TO EMERGENCE AND REDUCTION

The conclusion of our analysis is that a system in an entangled state is
not an emergent system. Any system in entangled state doesn’t verify the
first hypothesis of any model of emergence, that is to say that the system is
a composed system (this hypothesis corresponds to point (a) of our model
of emergentism). Thus emergentism cannot argue that systems in entan-
gled states are examples of emergent systems, or that Quantum Mechanics
provides a demonstration that emergent systems exist.

But we don’t want to say that the behaviour of systems in entangled
states could be explained by the behaviour of their parts and thus could be
reduced to the latest: we say that systems in entangled states don’t have any
parts. In other terms this means that the debate between emergentism and
reductionism doesn’t concern systems in entangled states. So our conclusion
cannot be used in favor of reductionism and against emergentism: it cannot
be used by any of the two doctrines.

We would like to insist on that point: this study doesn’t take any position
against emergence in general. The fact that systems in entangled states
are not emergent systems doesn’t mean that there is no emergent system
in nature. Our point is just that systems in entangled states do not fit the
conceptual frame of this debate. In others terms: the criterion we propose
here does not lead to any answer to Q1 and Q2 (see 2.2).

We would like to make one remark to conclude. Our criterion leads to the
result that a system that is produced by two initially independent subsystems
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can become a non-composed system. As we said in the previous section, it
is as if these two subsystems have fused and disappeared as systems: they
don’t exist anymore. This result could remind us of the model proposed by
Paul Humphreys in [2]. In this model, emergence is conceived as a process of
fusion. At the beginning they are some instances of property of a first level
(called the i-level). But at the end, they fusion and give birth to instances of
properties of a higher level (the i4-1-level). The instances of properties of the
i-level don’t exist anymore: the instances of properties of the i+1-level are
the only ones to exist at that time. For that reason it has become impossible
to reduce the instances of the properties of i+1-level to the instances of
properties of i-level. As he says,

when emergence occurs, the lower level property instances go
out of existence by producing the higher level emergent in-
stances

In that sense this operation of fusion can be viewed as a case of emergence.
Then the author gives the example of systems in entangled states. For him,
this kind of systems corresponds to the model of fusion he described: systems
in entangled states are emergent systems according to his model of emergence
by fusion. As he says:

The composite system can be in a pure state when the compo-
nent systems are not, and the state of one component cannot
be completely specified without reference to the state of the
other component. Furthermore, the state of the compound
system determines the states of the constituents, but not vice
versa [...]. I believe that the interactions which give rise to
these entangled states lend themselves to the fusion treatment
described in the earlier part of this paper, because the essen-
tially relational interactions between the 'constituents’ (which
can no longer be separately individuated within the entangled
pair) have exactly the features required for fusion.

In the model of fusion proposed by Humphreys, the instances of properties
fusion but not the entities that support these properties. The entities of
i-level still exist even if the properties of i-level don’t exist anymore. This
aspect of his model is not surprising because there is no sense to talk about
emergence if they are not parts of the global system or if this system doesn’t
have parts anymore. Humphreys explicitly says that it is possible that an
object of i+1-level occurs in the fusion operation but it is not necessary. But
even in this case he doesn’t say that the i-level entities disappear. That’s
why in the preceding citation he talks about the component of a system in
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entangled state and supposes then that they still exist. He just remarks that
the component of an entangled pair cannot be separately individuated. But
this remark doesn’t lead him to the conclusion that they don’t exist anymore
(and then that there is no emergence at all). So the difference between
Humphreys and us is that he supposes that the parts still exist whereas we
think that they don’t exist anymore. That why we claim that systems in
entangled states are not emergent systems.

APPENDIX A. PROOF OF RESULT 1

How is it possible in Quantum Mechanics to physically realize the operator
Yi=Lh®L® --®o;®---® 1,7 For example let’s suppose that the system
S is produced by two particles of spin % The Hilbert space that describes
the spin-spaces is C? @ C2. Let’s suppose now that we want to measure the
spin of only one particle with a Stern-Gerlach device. The problem is that in
this situation there is no reason why the Stern-Gerlach device measures only
one particle and not the other. More precisely this kind of measurement will

be formalized by this operator:
Y=01®Ih+ 1 R0

Here the operator will act on the two particles.

How is it possible to transform ¥ = 01 ® I+ I; ® 05 in ¥ = 01 ® Idy which
is the kind of operator we want to realize? The way to do this consists in
using spatial functions: we’ll describe not only the spin state of the particles
but also their space-state. In order to do that we must introduce the Hilbert
sub-space L?(IR?) which is the space of the square integrable functions. Sup-
pose we can write H = C? ® C? @ L*(R?) ® L*(R3). It is then possible to
realize the kind of operator we want to do. Let’s write y(X) the function
describing in L?(R?) the space-state of the measuring device (for example the
space-state of the Stern-Gerlach device). If we worked with only one particle
of spin 1 the Hilbert space would be H = C* ® L*(R?) and the hermitian
operator of the Stern-Gerlach device would be o = 0 ® x.

But we work in the global Hilbert space H = C? ® C? ® L*(R3) @ L*(R3).
So the hermitian operator will be :
OéIO'@[(CQ®X®[R3+[Cz®0®lR3®X

Suppose now that the state vector of the system S is :

W) = |u) @ [i(X) © f2(X),
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where |¥) corresponds to the spin-state of S (|]¥) belongs to the Hilbert
space C? @ C?) and f1(X) ® fo(X) correspond to the space-states of the
particles (f1(X) ® fo(X) belongs to the Hilbert space L*(R?) @ L?(R3)

The effect of the operator « on the state vector |¥) is :

a|V) = [(0®@1c2)|u)]|@[x-f1(X)]®Lrs. fo(X)]+[(Ie2®0) [1) | @[ Lrs . f1(X)] D[ x- f2(X)]
The problem will be solved if the second term is equal to zero. The way

to do that consists in supposing that

e the support of the two spatial functions fo(X) and x(X) are disjoint,
and by consequence that fo(X).x(X) = 0;

e the spatial function y(X) is equal to 1 everywhere the function f;(X)
is not equal to zero, and by consequence that f1(X).x(X) = f1(X).

With this assumption we have :

* [(Ic2 ® 0)[u)] @ [Igs. f1(X)] @ [x.fo(X)] = 0
o [(0@Ic2)[w)]@x.- [1(X)]@[Irs. [o(X)] = [(0@Lc2) )] @ [i(X) @ fo(X)

And finally :
a|¥) = [(0 @ Ic2)|u)] @ f1(X) @ f2(X)

Now it is very simple to find the eigenvectors of the operator « . In general,
if ¥ = 0 ® p then Spect(X) = Spect(o).Spect(p) and the eigenvectors of ¥
are all the tensor products of a eigenvector of ¢ with an eigenvector of p.

So here we have Spect(o.Ic2) = Spect(o) and the eigenvectors of 0.2 are
all the vectors of the form: |u,) ® |v) (it is easy to see that : if |uy) is an
eigenvector of o associated with the eigenvalue A, and if |v) is a vector of
the Hilbert space C? , then: [c®Ic2][|uy)®@|v)] = [0@|up)|@|v) = Auy)@]|v)).

If now we note |U,)y, s, the vectors of this form:
UN fup = [ua) @ [0) @ f1(X) @ fo(X),
we have :
alUn) p g, = [0@1c2@x@1ps] [[un) ©|0) @ [1(X)@ fo(X)] = [o@]un)]@fi(X)@f2(X)],
And finally:

2Ux) 11, = MUN 1 125

which means that all the vectors |Uy) s, are eigenvectors of .
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APPENDIX B. PROOF OF THEOREM 5.2

B.1. Main result. As we said, we’ll work in a 4-dimension Hilbert space
H. Let us take a system S that is described by a state vector |¥) and sup-
pose that we want to analyze it in two sub-systems S; et Sy that live in two
2-dimensional Hilbert spaces Hy and Hs (with H = H; ® Hy). We won’t
suppose the system S is in an entanglement state. On the contrary we’ll
show that :

The state vector |W) of a system S verifies Condition 2 < |V) is a tensor
product of two vectors of the Hilbert spaces Hy and H.

Let’s suppose that o; and o9 are two hermitian operators belonging (resp.)
to Hy and Hy. We'll note |+); and |+)y their eigenvectors. Each pair of
eigenvectors is an orthonormal basis. So we can write :

(3) W) =crrl+H) e |+ =) +eq [ —H)+e [ =)

The condition for |¥) to be a tensor product is:

(4) CH4C—— = C4—Cy

We suppose that |V) verifies Condition 2. The general relation P(3;) =
P, (%) with (j # i) must be right for any operator 3; and ¥;. So it must
be right in particular for the two operators o; and o;, and we can write
P(Eg) = P21(22>, with 21 =01 [2 and 22 = [1 X 9

From the expression 30 we have
P(Zy = +) = |ext [ + ey
P(Sy = =) = les_|? + e

What are the probabilities of a >o-measurement if we made a >;-measurement
before it? The result of the >;-measurement can be either ”+” or ”-".
e If the result is "+, the state vector is:

1
) = e ) @ fers4) e |

e Otherwise the state vector is:

1
w) = LI
Ve P+ o]

=) @ et [+) + e —|-)]
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Then we make the Ys-measurement. We have:

e [
Pome =) = [ e P

ch:,(EQ _ +) _ |C—-|-|2
e 42+ e ?
According to the Condition 2, we must have:

P(3y=+4)=Pg,— (s =+) = Pg,—_ (X5 = +), that is to say:

e _ le_4 |2
Cr P +les-? ey P+ fe—?

o+ _ le——|? _ 2 2
et P+ e 2 JeiPHe——]2 e "+ fe—-]

From these relations we have

=l + ey |?

(5) e Ple* = e [Pfe—t

Here we have supposed that Condition 2 is true. Let us remind that
Condition 2 is :
(6) / / !
V(X1,%52),Y(A, Ay), P(X1 = A\) = PZQ:A’<21 =)A),P(Es=X)=Pg,(Z2=X)

But up to this point we haven’t used all the implications of Condition 2.
In fact we choose one couple of operators ¥; and X, that verify the relation

(7) v()‘l? )‘,2)7 P(Zl = )‘) = PEQ:)\'(El = >‘>7P(22 = X) = P21=>\1 (22 = X)

But if Condition 2 is true, the relation 35 is supposed to be true with every
hermitian operators oy and oy (and X1 = 03 ® I and ¥y = [} ® 09 ).

Now we’ll change the operator o; and take the operator o(#) that is ob-
tained by a rotation of o; by an angle equal to 6. We will now use the fact
that 35 is true for 01(0) and o9 (and £;(0) = 01(0) ® Iy and 3y = I ® 09 ).

The eigenvectors |£)y of 01(0) are:
( [+)0 ) B < cosf  sinf ) ( +) >
=)o /  \ —siné cosf |—)
So we have:

(W) = i (O)] +o +) + e (O)] +o =) + ()] o +) + ()] =0 —)
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Now the relation 5 is transformed into the following relation :

(8) [ess (D) Je——(O)]* = lese(O)*.| -+ (0) "

We also have
|+) \ [ cosf —sinf |+)e
=) )\ sinf cos@ |—)o
Then :

|+) = cosf]+)g — sinf|—)y
|—) =sin@|+)g + cosO|—)g

Because of 30, we have:

W) = (cosB.ciy+sinf.c_y)| +¢ +) + (cosf.cy— +sinf.c__)| +¢9 —)+

(cosB.c_y —sinf.ciy)| —g+) + (cosb.c._ —sinf.c__)| —g —)

(9)
So:
Cyy 0 = COS 9.C++ —+ sin 0.0_+

c__(#) =cosf.c._ —sinf.cy_

We can thus write :
(10)
| cosf.co+sinf.c_|*.|cosf.c._—sinf.c,_|* =|cosf.c._+sinf.c._|*.|cosf.c_y—sinf.c,|?

All the number ¢;; are complex. Let us write:
Cp = pueiw
with g = (++), (=), (=+), (=—)
We want now to rewrite 41 with these new parameters. We have:

|cosf.c,+sinf.c_,|* = (cosfp, e+t +sinfp_ e¥+).(cosOp e ¥t +sinfp_ e “#+)
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So

| cosf.citsinf.c i[> = cos0°p  +sin6*p>  +2cosOsinOpp_i cos(pi—p_y)

We have other equalities of the same kind:
| cosf.c_+sinf.c__|> = cos 0°p% _+sin6*p> _+2cosOsinbp,_p__ cos(pi_—p__)

|cosf.c_,—sinf.c, |* = cos 92p2_++sm 0%p> . —2cosOsinbp_,pyy cos(py—p i)

| cos.c._—sinf.c._|* = cos 8°p> _+sin6°p’_—2cosfsinbp__p,_ cos(o__—p,_)

Now we can write
[cos 0%p% 4 sin6°p? | + 2cosOsinbp,p_i cos(pi — p_y)].
[cos 0%p 2 _ +sin6?pi_ —2cosfOsinfp__p,_ cos(go _—ps )] =
[cos 92p+, + sin #? 2 _+2cosfsinfp, _p__cos(py_ —p__)].
(

[cos 0%p* | + sir102,0+Jr —2cosfsinfp_p,cos(p_y — @iy

The relation 5 gives us: piip—— = pi_p_;. In order to simplify the
formulation, we’ll define the parameter k:
o= Pt P
pP—+  P—-

Then we have:
[cos 02 k*+ sin 0% + 2 cos O sin Ok cos(p 4 — @_4)].
[cos 0% + sin §*k* — 2 cos O sin Ok cos(p__ — )] =
[cos 02k? + sin 0% + 2 cos @ sin Ok cos(p_ — @__)].
[cos 02 + sin 0*k* — 2 cos @ sin Ok cos(p_, — @ y)]

After developing and simplifying we have:
(k* 4+ 1)(cos fsin ) cos(¢p__ — @) = (k* + 1)(cosOsin §) cos(p_4 — 04 4)

And so:
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e Either § = 0[]

e Either cos(¢__ — ¢, ) = cos(p_+ — viy)
The result is:

e Fither

(11) (P44 — p-4) = (1 — - )[27]
e Fither
(12) (s — 1) = = (P4 — o) [27]

At this point we have p,  p__ = p,_p,_ and the relations 11 and 12. The
relation 11 corresponds to the relation on phases when the state is a tensor
product (that is to say:11 is a consequence of 30). We’'ll show now that the
relation 12 is impossible.

In order to do that we use o(w) which is equal to Noy N~! with N equal
to :
cosw 1sinw
1sinw cosw

The eigenvectors |+,,) of o9(w) are:

+)w )\ [ cosw isinw |+)
|-)o )\ isinw cosw |—)
We have two relations similar to 30 and 5:
(13) V) = cop(w)| 4o +) +ep (W) +o =) +eos (W) —w +) - (W) =0 =)

And:

(14) s (W) le——(@)[* = les— (W) [ - ()

We also have:
|+) \ [ cosw —isinw [+)w
|-y )\ —isinw cosw |—)w

|+) = cosw|+)w — isinw|—),
|—) = —isinw|+), + cosw|—),

Then:
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From 30, we can write:

(W) =(cosweyq — isinwe_y)| 4+, +) + (coswe— —isinwe__)| +, —)+

(coswe_y —isinweyy )| —, +) + (coswe_— —isinwe, )| —, —)
So:
iy (w) =cosweyy —isinwe_
¢i—(w) = coswey - —isinwe
c_y(w) =coswe_y —isinwey
c__(w) =coswe__ —isinwe,
From these we can write:
(15)
coswey . —isinwe_y |2 coswe__—isinwe, _|* = |coswey - —isinwe__ || coswe_—isinwe, 4 |?
- + - +

We also have:
| coswe—isinwe_ |* =
= cos? cup?Hr + sin? wp2_+ + 2coswsinwpy 1 p_y cos(piy — (ot — g))
= cos’wp’, +sin®wp®, +2coswsinwpip_y cos(piq — ot + g)

= cos’ wp’ | +sin®wp? | —2coswsinwpyyp_y sin(psy — p_y)
(16)

We can also write :
| coswe__—isinwe,_|? = cos® wp?® _+sin? wpi_—2 coswsinwp__p,_sin(p__—p, )
| coswey _—isinwe__|? = cos? wpi_+sin2 wp® _—2coswsinwpy _p__sin(p_—p__)

| coswe_ 4 —isinwe, |* = cos? wp2_++sin2 wpi+—2 coswsinwp, 1 p_y sin(p_—pi4)
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From these relations we can write
[cos® wp?, +sin*wp? . — 2coswsinwp,ipp sin(pir — o4 )]
[cos? wp? _ + sin*wp? _ — 2coswsinwp__p,_sin(p__ — )] =
[cos? wp? _ +sin*wp?® _ — 2coswsinwps_p__sin(p.— —@__)].

[cos® wp? . +sin*wp? . — 2coswsinwpiip_isin(p_ — 044 )]

With the parameters k, we obtain:
[cos? wk? + sin* w — 2 coswsinwk sin(p, | —@_4)].
[cos? w + sin® wk? — 2coswsinwksin(p__ — ¢, )] =
[cos® w + sin® wk? — 2 coswsin wk sin(p, — — ¢__)].

[cos® wk? + sin®w — 2 coswsinwksin(¢_y — 4 4)]

After developing and simplifying we have:
(k* + 1) (coswsinw) sin(p, — ¢_y) = (k* + 1)(coswsinw) sin(p4_ — o__)

which is equivalent to
e Either w = 0[F]
e Either sin(¢py —¢_4) =sin(p__ — ¢, )
From this we get these two relations:
e Fither

(17) (s — 1) = (- — ) [27]
e Fither

(18) (Pt —p—4) =7 — (P4— — p__)[27]
It’s easy now to see that

e 11 is equal to 17
e the relation 12 is not compatible neither with 17 nor 18. So the
relation 12 is impossible.

Finally we get this conclusion : all the numbers C;; that satisfy the Con-
dition 2 satisfy also the factorizing condition 30. We can conclude that all
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the state vector that satisfy the Condition 2 are in factorized state, that is
to say that they are of the form:

W) = [u) @ |v)
with |u) and |v) two vectors of (resp.) H; and Hs.

It is obvious that all the tensor product of two vectors of the Hilbert spaces
H, and H, verifies B.1.

Now we can conclude : |¥) satisfies Condition 2 < |¥) is a tensor product
of the form |¥) = |u) ® |v) with |u) and |v) two vectors of (resp.) H; et Ho.

B.2. Corollary. Condition 2 is :
(19)
V(X1,32), V(AL X)), P(E1 = A) = Py _y(E1=A), P2 =) = P oy (B2 = \)

Let us now consider the relation:
(20)
(X1, 32), V(A1 Ay), P(X1 = \) = PEQ:)\'(El =)A),P(Xs=X)=Pg,(Z2=X)

The previous demonstration shows us that if relation 20 is verified by three
different couples of operators that are well chosen, then 20 is verified by all
couples of operators, that is to say: then Condition 2 is verified.

APPENDIX C. GENERALIZATIONS

In Appendix A and B we’ve worked on 2 x 2 dimension. So we have not
yet given the demonstration of the mathematical results for the general case
(that is to say : with N sub-subsystems in Hilbert spaces of any dimension).
The generalization of the result concerning Condition 1 can be done without
any difficulty. Thus, in the next paragraphs, we will be interested only in
Condition 2 and suppose that Condition 1 is verified by systems that we try
to know if they verify also Condition 2.

C.1. Generalization to higher dimensions. Let us suppose that a sys-
tem S (defined in H) can be divided into 2 sub-systems ) and Sy (defined
(resp.) in Hy and H,, with H = Hy ® Hs). In appendix B we supposed that
H, and H, are 2-dimensional space. But we want to generalize to dimension
n. For that, we will show the idea of the demonstration for dimension 3 and
then suppose that the generalization to dimension n would be evident.

The criterion in dimension 3 x 3 is the same as in section 5.1 (when we
worked in dimension 2 X 2).
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Criterion of decomposition in dimension 3 X 3 :

The system S that is described by a state vector in H is a system composed
of the 2 sub-systems S7 and Sy which are supposed to live respectively in the
3-dimensional Hilbert spaces Hy and Hy if and only if:

e Condition 1: it is possible to make a Yi-measurement of S and a

Ya-measurement of S.
e Condition 2: ¥(X1,Xs), V(A A

PEi=X)=PF;,_y(ZE1=)})
P(Ey=X\)=Pg (2= X

The result we want to prove is:

!

The system S that is described by a state vector in a 9-dimension Hilbert
space H is a system composed of the two sub-systems Si and Sy which are
supposed to live respectively in the 3-dimension Hilbert spaces Hy and Hs
such that H = Hy Q@ Hy

)
|U) is a tensor product of the form |V) = |u) @ |v) with |u) and |v) two
vectors of (resp.) Hy and Ho.

The demonstration here (in dimension 3 x 3) will be the same that the one
in Appendix B (in dimension 2 x 2). That’s why we start as in Appendix B,
by supposing that o1 and oy are two hermitian operators belonging (resp.)
to Hy and Hy. We note |+), |0), and |—) their eigenvectors. Each triplet of
eigenvectors is an orthonormal basis. All vector |¥) in H can be written this
way:

(21) (W) =Cii[++) + Chol +0) + Coe| + =)+
Co1]0+) 4 Cool00) + Co_|0—)+
Coi]=+)+Co| =0) +C__[— =)
and:

(22) ) = Z Climlim)

With this notation, in dimension 3x 3, the condition for |¥) to be factorized
is:

(23) V’l, VJ(Z 7é j),Vm, Vn(m 7£ n), C@',m-cj,n = Ci,n-Cj,m
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With this notation, Condition 2 can be written in the following way:

(24) PG =+)=P ooy (B1=4) = Po,co(E1 =+) = Pope (E1 = 4)
(25)  P(31=0) = Pg,ey (31 = 0) = Pr,0(E51 = 0) = Py,— (£, = 0)
(26) P(E1=—)=Poms (1 =) = Pomo(B1 = =) = Py (51 = —)
(27) PEe=+)=Py 1 (Ba=+4) =Py o(B2a=+) = Py —_ (B2 = +)
(28) P(3X2=0)=Pg,—1(22=0) = P5,0(X2=0) = Py, (35 =0)
(29) P(Ey=—)=Po—4(Bo=—) =Py o0(Xe=—) = Py,= (82 = —)

So our demonstration will be achieved if and only if we show this relation
|W) verifies Condition 2 < FEquation 23 is true

The relation ”|¥) verifies Condition 2 < Equation 23 is true” is easy. So
we will now suppose that |¥) verifies Condition 2 and will try to show that
Equation 23 is true.

In appendix B, we had:
[0) = e +4) + x|+ =) Heog| =) +e | =)
and the condition on the ¢;; for |[¥) to be a tensor product was:

C44C— = C4—Cy
So the difference consists in the fact that
e in Appendix B we had 4 coefficients ¢;; and one relation cyc__ =
Cy_C_y
e in Appendix C.1 we have 9 coefficients C;; and 9 relations C; ,,,.C; ,, =
Cin-Cim(i # j,m #n)
Our strategy consists in showing that
e the treatment we applied in App. B to the four coefficients ¢;; and
the relation c;c._ =cy_c_
e can be done here to the 9 combinations of 4 coefficients C;(i # j, m #
n) and the relation C; ,,,.Cj,, = C;.Cjp,
We will show it in details for these 4 coefficients: C'yy C_, C_,, C__ and
then show that we can do the same for the other coefficients.

What are the probabilities of a ¥o-measurement if we made a ¥;-measurement
before it? The result of the ¥;-measurement can be either ”+” or 70” or 7-”.
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e If the result is 7+, the state vector is:

1
|\II> - 2 2 2
VIO + [Crol? + O]

e If the result is 707 the state vector is:

1
V) = 10) ® [Coy|+) + Cool0) + Co—|—)]
V1Cos? +1Co0l? + |Co_? "

e If the result is ”-”, the state vector is:

1
|\I;> - 2 2 2
VIC P +]C o2 +[C ]

And then:

[+) @ [Chi4) + Cpol0) + C1 [ =)

=) @ [C_y[+) + Co[0) + C__| )]

P

|Chi P 4 |Cho? + [C -2
In order to get more simplicity, we note: |C(|*+ |Cyo|*+|Cy_|*> = Dy, and
we have:

Pr— (3 =+)

1Cy i |?
P21=+(22 = _'_) = l—;——:
We also have:
C 2
P21:0(22 — +> | 0+’

 [Coy 2 + [Coo? + 1Co-|?
With |Coy|? 4+ |Coo|* + |Co_|* = Do, we have:

C 2
P (% = +) = 2L
And finally:
_ [ _lop
|C_+ ]2+ |C_o|> + |C__|? Ds

It is easy to see that we also have:

P21:—<22 == +)

C 2
P21+(Z2=0):%
|Cool?
Py (X =0) =
v=0(X2 = 0) Dy
|C_o|
Po (Y, =0) =
v=— (X2 = 0) Dy
and oo p
Po— (32 = )*| |
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|Co_|?
Py (X9 =—) =
b1l = -) = [
C__|?
Po_ (X =—-)=
Y= ( 2 ) D3

From equation 27 we have:
Corl? _ [Cosl _ [P

30
(30) D, Dy Ds

From equation 28 we have:
Crol® _ Cool® _ [Col?
D, D, Dy

(31)

From equation 29 we have
Col? _1CoP _C--P
Dy D, Ds

(32)

From 30 and 31, we get:
|Cht|-[Cool = |Col-|Cox|
|C ] |Co] = |Chol O]
|Cot|{C—o| = |Cloo|-|C—]
From 30 and 32, we get:
|Cr | [Co-| = |C5-]-|Coy |

(33) |Chi||C-—] = |Ch—].|C—4]
|Cor|.|C——| = [Co—|.|C—4]

From 31 and 32, we get:
(34) |Col.|Co-| = [C4—|.[Cool
|Col |C——| = [C—[.|C=o|
|Cool.|C-~] = |Co-.|C—o]

To sumerize, we can write:
Vi, Vj(i # j), Ym, Vn(m # n), |Cim|.|Cinl = |Cinl.|Clm|
This relation must be compared to relation 23:
Vi,Vi(i # j),Ym,Vn(m # n), C; n.Cjn = Cin.Cim

This problem is exactly the same as the one encountered in Appendix B
and can be solved with the same strategy. Condition 2 is :

V(S1,52), V(A X), P(E1 = A) = Py, _y(S1=A), P(Z2 = X) = Py, \(S = \)
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But up to this point we haven’t used all the implications of Condition 2.
In fact we choose one couple of operators 3; and Y5 that verify the relation

(35) V()\,/\/), PX1=)A) =Py, _y(X1=X),P(X2 = X) = Py,_2(32 = X)

But if Condition 2 is true, the relation 35 is supposed to be true with every
hermitian operators o1 and o5 (and X1 = 01 ® I and 3y = [} ® 09 ).

So we can now change operator o; and take the operator () that is
obtained by a linear transformation. We define the eigenvectors of oy(6),
with this relation:

[4+)0 cosf 0 sinf +)
o | = o 1 o 0
|—)e —sinf 0 cosé |—)

We will now use the fact that 35 is true for ¢1(6) and o9 (and ¥,(0) =
01(0) ® I and ¥y = I} ® 05 ). If we make exactly the same reasoning, with
the couple of operators (X(0), X2), we have:

Vi, V(i # j),¥m,¥n(m # n), |C(0)im].|C(0) ] = |C(0)in]-|C(6) jm]
with:

(36) 0) = Z Cim (0)]im)e

But we have:

|+) cosf® 0 —sinf |+)6
0y J={ 0 1 0 10}
|—) sinf 0 cos@ |—)e

Then :

|+) = cosf]+)g — sinf|—)y

0) = [0)e

|—) =sin@|+)g + cosO|—)g
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Because of 22, we have:

|U) = (cos0.Cy 1 +sin0.C_, )| +¢ +)+
(cos0.Co + sin 6.C_o)| 49 0)+
(cos0.Cy— +sinf.C__)| +¢ —)+

Co+|0p+)+

Coo|0g0)+

Co—|0p—)+
(cos0.C_; —sin0.Cy )| —p +)+
(cos6.C_y —sin0.Co)| —9 0)+

(cos0.C__ —sinf.Cy_)| —p —)

From 36, we can now write:

(37) C1(0) = (cos0.Cyy +sin6.C_y)
Cio(f) = (cos0.Co+sin0.C_g)
(38) Ci_(0) = (cos0.Cy_ +sinf.C__)
Co+(0) = Cos
Coo(0) = Coo
Co—(0) = Co—
(39) C_,(0) = (cos0.C_; —sinf.Cy )
C_o(0) = (cos0.C_y — sin6.C'1y)
(40) C__(0) = (cos0.C__ —sinf.C__)

Here we have to compare with Appendix B. In Appendix B, we had:
(41)

|cosf.co+sinf.c_,|*.|cosf.c._—sinf.c,_|* =|cosf.c._+sinf.c._|*.|cosO.c_y—sinf.ci |
and

42 ¢y (0) =cosb.ciy +sinf.c_y

43 0) = cosf.c,_ +sinf.c__

[
Q
o
n
=
P
I

|
)]
2]
=
=
o
T
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Here we have the same relations:
41 corresponds to 33
42 corresponds to 37
43 corresponds to 38
44 corresponds to 39
45 corresponds to 40
So for Cy, Cy_, C_,, C__, we are exactly in the same situation as with
Cyy, Cy_, c_y, c__in appendix B.

What for the other coefficients: Cy., Cy_, Co, C_g, and Cyy? For reason
of symetry, it must be possible to treat them as we did for the 4 preceding
coefficients. More precisely we can change permute ”-” and ”0” and make
the same reasoning with:

40 cosf sinf 0 +)
0)p | = | —sinf cosf 0O 0)
ol 0 U =)

With this permutation, we get the analogous of relations 41, 42, 43, 44 and
45 for the 4 coefficients C'y . Cro, Cpy, and Cyp.
We get them for Cyy, Cy_, C_o, C__ with

+)o 10 0 +)
0)p | =1 0 cosf sind 0)
|—)e 0 —sind cosf [—)

The result is: for all the Cj;, we are exactly in the same situation as in
Appendix B for the ¢;;.

So we can now conclude:

The system S that is described by a state vector in a 9-dimension Hilbert
space H is a system composed of the two sub-systems Sy and Sy which are
supposed to live respectively in the 3-dimension Hilbert spaces Hy and Ho
such that H = Hy ® Hy

)

|W) is a tensor product of the form |V) = |u) ® |v) with |u) and |v) two
vectors of (resp.) Hy and Hs.
We showed:

e how we can pass from dimension 3 x 3 to dimension 2 x 2
e and then that the mathematical result in dimension 2 x 2 is also true
in dimension 3 X 3
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It appears also that the same method can be employed to pass from di-
mension N X N to dimension (N — 1) x (N — 1). By recurrence, we have
demonstrated our theorem for any dimension N x N.

C.2. Generalization to N sub-systems. In appendix B we worked on
2 x 2 dimension and we searched the condition for dividing the system S
into 2 sub-systems, each sub-system living in a 2-dimensional space. Now we
would like to give a proof for a system that is composed of N sub-system.

First we will work on 2 x 2 x 2 dimension. It will then be easy to generalize
in 2 dimension. In 2® dimension, the criterion is:

The system S that is described by a state vector in H is a system composed
of the 8 sub-systems S, Sa, and S3 which are supposed to live respectively in
the 2-dimensional Hilbert spaces Hy, Ho, and Hs if and only if:

e Condition 1: it is possible to make a X1-measurement of S, a a-
measurement of S, and a Y3-measurement of S.
o Condition 2: ¥(X1, %2, %3), V(A A, A7)

P(zl = )\) = PZQ:)\/(El = )\) = PZ3:>\N<21 = >\)
P(ZQ - )\/) - lez)\(ZQ == )\/) = PZ3:)\N(EQ = )\,)
P33 = )‘”) = Py (E5 = )\”) = PEQ:X(EB = X/)

The result we want to prove is:

The system S that is described by a state vector |¥) in H is a system com-

posed of 3 sub-systems Sy, So, and Ss which are supposed to live respectively
i the Hilbert spaces Hy, Hy, and Hs

)
|W) is a tensor product of the form |¥) = |u) ® |v) @ |w) with |u), |v), and
|w) three vectors of (resp.) Hy, Hy, and Hj.

We suppose that |¥) satisfies Condition 2 in 23 dimension. Then we can
define

e two Hilbert spaces Gy = H; and G = Hy ® Hj,

e two hermitian operators r; = 07 and ry = 09 ® Ig,,

e the corresponding hermitian operators Ry = r1®I, and Ry = I, @19
Then we have

o R =0,® Iy, ® Iy,

[ RQ :[Hl ®O’2®IH3
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and finally
o Ry =3,
o Ry =120

But we also know (from Condition 2 in 23 dimension) that if A, ', are two

possible results for (resp.) a Xj-measurement and a Yp-measurement, then
we have P(X1 = \) = Py,—x (X1 = A) and P(3s = X) = Py, o0 (3 = X)

We can thus write
(46)
A(Ry, Ra), V(A X),P(Rl =) = Pr,x(Ry =)\),P(Ry = )\’) = Pg,-a(Ry = X)

We have to compare relation 46 to Condition 2 in 22 dimension that is:
(47)
V(Ry, R2),Y(\, X)), P(Ry = \) = Pp,—x(Ry = \), P(Ry = ) = Pr,—x(Ry = X))

In order to demonstrate that |¥) verifies 47, we only need to find two oth-
ers couples of operators that verify 46 (as seen in Appendix B, corollary B.2 ).

In order to find a first other couple of operators that verifies 46, we will
change the operator r; and take the operator ri(f). As in Appendix B, we
just have to take an operator o1(f) in H; that is obtained by a rotation of
o1 by an angle equal to 6.

The eigenvectors |£)y of 01(6) are:

|[+)o \ [ cosf sinf |+)
=)o )\ —sinf cosf |—)
Now we can define
e the hermitian operator r1(0) = 01(0) (ry = 09 ® Iy, has not changed),
e the corresponding hermitian operator Ry(#) = r(0) ® Ig, (Ry =
I, ® ry has not changed)
Then we have
[} R1<9) = O'1<0) ® [Hg ® IHg
o and still Ry = Iy, ® ry @ Ig,
and finally
o Ry(0) = £1(0)
e and still Ry = X
But we know (from condition 2 in 2*2 dimension) that if u, 4/, are two pos-

sible results for (resp.) a ¥1(0)-measurement and a ¥y-measurement, then we
have P(£1(0) = p1) = Pry—0(51(0) = p) and P(33 = i) = Pe,9)=u(X2 = 1)
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We can thus write
(48)
(R1(0), Ra), Y (p, 1), P(R1(0) = p) = Pry=y (R1(0) = 1), P(Ry = i) = Pry(0)=p(R2 = ')

This result means that 46 is verified by an other couple of operators. In
order to demonstrate that |¥) verifies 47 we only need to find one more couple
of operators that verifies 46. That’s why we will now change the operator
ro and take the operator ro(w). In order to do that we just have to take an
operator oy(w) in Hy that is obtained by a rotation of o3 by an angle equal
to w. Then we can define

e the hermitian operator ry(w) = o9(w)® 1y, (11 = o1 has not changed),
e the corresponding hermitian operator Rs(w) = Ig, ® ra(w) (Ry =
r1 ® Ig, has not changed)
Then we have
o still Rl =01 ®[H2 ®IH3
e but now Ry = Iy, ® ro(w) ® Iy,
and finally
o still Rl = 21
e and Ry = s (w)

So we can write:

(49)
Ry, Ry(0)),V(v, V'), P(Ry = v) = Pry9)=v(R1 = v), P(Ry(0) = V') = Pr,—,(Ra(0) =)

From 46, 48, and 49, we can now say that |¥) verifies Condition 2.
Thus the result is:

The system S that is described by a state vector |W) in H is composed of
3 sub-systems Sy, So, and Sy living (resp.) in three 2-dimensional Hilbert
spaces Hy, Hy and Hsy with H = Hy ® Hy ® H3
3

S is composed of 2 sub-systems Py, Py living (resp.) in two Hilbert spaces
G1 :H1 andG2:H2®H3

But we can use the result of Appendix B
|U), a vector of H, satisfies Condition 2 (in 2* dimension) < |¥) is a

tensor product of the form |U) = |u) ® |u') with |u) and |u’) two vectors of
(resp.) Gy and Gy with H = G ® Gs.
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If we apply this result to |¥) we have

The system S that is described by a state vector |V) in H is composed of
3 sub-systems Sy, Sa, and Ss living (resp.) in three 2-dimensional Hilbert
spaces Hy, Hy and Hsz with H = Hy ® Hy ® Hj

U
|W) is a tensor product of the form |V) = |u) ® |u') with |u) and |u’) two
vectors of (resp.) Hy and Hy ® Hj.

It’s easy to see that the reciprocal is true. So we finally have:

The system S that is described by a state vector |V) in H is composed of
3 sub-systems Sy, So, and S living (resp.) in three 2-dimensional Hilbert
spaces Hy, Hy and Hz with H = Hy ® Hy ® Hj

0

|W) is a tensor product of the form |V) = |u) ® |u') with |u) and |u’) two
vectors of (resp.) Hy and Hy ® Hj.

For reason of symetry it is easy to see that we can also write:

The system S that is described by a state vector |¥) in H is composed of
3 sub-systems Sy, So, and Sy living (resp.) in three 2-dimensional Hilbert
spaces Hy, Hy and Hsz with H = Hy ® Hy ® H3

)
|W) is a tensor product of the form |¥) = |v) ® |v') with |v) and |[v') two
vectors of (resp.) Hy and Hy @ Hs.

0

|W) is a tensor product of the form |V) = |w) ® |w') with |w) and |w') two
vectors of (resp.) Hs and Hy ® Ho.

From these we can deduce

The system S that is described by a state vector |¥) in H is composed of 3
sub-systems Sy, Sa, and Sz living (resp.) in three Hilbert spaces Hy, Hy and
H3 wzthH:H1®H2®H3

)
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|W) is a tensor product of the form |¥) = |u) ® |m) ® |i) with |u), |m) and
|i) three vectors of (resp.) Hy, Hy and Hs.
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