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Guide through the notes

These lectures on supersymmetry and extra dimensions are aimed at finishing undergraduate and beginning
postgraduate students with a background in quantum field theory and group theory. Basic knowledge in
general relativity might be advantageous for the discussion of extra dimensions.

This course was taught as a 2441 lecture course in Part IIT of the Mathematical Tripos in recent years. The
first six chapters give an introduction to supersymmetry in four spacetime dimensions, they fill about two
thirds of the lecture notes and are in principle self-contained. The remaining two chapters are devoted to extra
spacetime dimensions which are in the end combined with the concept of supersymmetry. Understanding the
interplay between supersymmetry and extra dimensions is essential for modern research areas in theoretical
and mathematical physics such as superstring theory.

Videos from the course lectured in 2006 can be found online at:
http://www.sms.cam.ac.uk/collection/659537

There are a lot of other books, lecture notes and reviews on supersymmetry, supergravity and extra dimen-

sions, some of which are listed in the bibliography [I].
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Chapter 1

Physical Motivation for

supersymmetry and extra dimensions

Let us start with a simple question in high energy physics: What do we know so far about the universe we

live in?

1.1 Basic Theory: QFT

Microscopically we have quantum mechanics and special relativity as our two basic theories.

The framework to make these two theories consistent with each other is quantum field theory (QFT). In this
theory the fundamental entities are quantum fields. Their excitations correspond to the physically observable
elementary particles which are the basic constituents of matter as well as the mediators of all the known
interactions. Therefore, fields have particle-like character. Particles can be classified in two general classes:
bosons (spin s =n € Z) and fermions (s = n—&—% € Z+ %) Bosons and fermions have very different physical
behaviour. The main difference is that fermions can be shown to satisfy the PAULI ”exclusion principle” ,
which states that two identical fermions cannot occupy the same quantum state, and therefore explaining

the vast diversity of atoms.

All elementary matter particles: the leptons (including electrons and neutrinos) and quarks (that make
protons, neutrons and all other hadrons) are fermions. Bosons on the other hand include the photon (particle
of light and mediator of electromagnetic interaction), and the mediators of all the other interactions. They
are not constrained by the Pauli principle and therefore have very different physical properties as can be
appreciated in a laser for instance. As we will see, supersymmetry is a symmetry that unifies bosons and

fermions despite all their differences.
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1.2 Basic Principle: Symmetry

If QFT is the basic framework to study elementary processes, the basic tool to learn about these processes
is the concept of symmetry.

A symmetry is a transformation that can be made to a physical system leaving the physical observables un-
changed. Throughout the history of science symmetry has played a very important role to better understand

nature. Let us try to classify the different classes of symmetries and their physical implications.

1.2.1 Classes of symmetries

There are several ways to classify symmetries. Symmetries can be discrete or continuous. They can also be

global or local. For elementary particles, we can define two general classes of symmetries:

e Spacetime symmetries: These symmetries correspond to transformations on a field theory acting ex-

plicitly on the spacetime coordinates,
o = 2t (2Y) w,v=0,1,23.

Examples are rotations, translations and, more generally, Lorentz- and Poincaré transformations defin-
ing the global symmetries of special relativity as well as general coordinate transformations that are

the local symmetries that define general relativity.

e Internal symmetries: These are symmetries that correspond to transformations of the different fields
in a field theory,
PUz) = M, db(x) .

Roman indices a,b label the corresponding fields. If M®, is constant then the symmetry is a global

symmetry; in case of spacetime dependent M®;(x) the symmetry is called a local symmetry.

1.2.2 Importance of symmetries

Symmetries are important for various reasons:

o Labelling and classifying particles: Symmetries label and classify particles according to the different
conserved quantum numbers identified by the spacetime and internal symmetries (mass, spin, charge,
colour, etc.). This is a consequence of Noether’s theorem that states that each continuous symmetry
implies a conserved quantity. In this regard symmetries actually “define” an elementary particle ac-
cording to the behaviour of the corresponding field with respect to the corresponding symmetry. This
property was used to classify particles not only as fermions and bosons but also to group them in mul-
tiplets with respect to approximate internal symmetries as in the eightfold way that was at the origin

of the quark model of strong interactions.

e Symmetries determine the interactions among particles by means of the gauge principle. By promoting

a global symmetry to a local symmetry gauge fields (bosons) and interactions have to be introduced
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accordingly defining the interactions among particles with gauge fields as mediators of interactions. As

an illustration, consider the Lagrangian
L = 800" — V($,¢")

which is invariant under rotation in the complex plane

¢ = exp(ia) ¢,
as long as « is a constant (global symmetry). If @ = a(z), the kinetic term is no longer invariant:

Oud — exp(ia) (9,0 + i(9,2)9) .
However, the covariant derivative D,,, defined as
D¢ = Oud + iAo,
transforms like ¢ itself, if the gauge - potential A, transforms to A, — 0 o
D, +— exp(ia) (O,¢ + i(Opa)p + i(A, —Oua)d) = exp(ia)D,o ,
so rewrite the Lagrangian to ensure gauge - invariance:
L = DuopD'¢* — V(d,¢7).

The scalar field ¢ couples to the gauge - field A, via A,¢A"¢, similarly, the Dirac Lagrangian

L = UA*D,V

has an interaction term @AM\II. This interaction provides the three point vertex that describes inter-

actions of electrons and photons and illustrate how photons mediate the electromagnetic interactions.

e Symmetries can hide or be spontaneously broken: Consider the potential V (¢, ¢*) in the scalar field

Lagrangian above.

If V(¢,9*) = V(|¢|?), then it is symmetric for ¢ — exp(ia)¢. If the potential is of the type
Vo= alg” +ble',  ab>0,

then the minimum is at (¢) = 0 (here (¢) = (0|¢|0) denotes the vacuum expectation value (vev) of the
field ¢). The vacuum state is then also symmetric under the symmetry since the origin is invariant.

However if the potential is of the form
2
vV o= (a — b|¢\2) . ab>0,

the symmetry of V' is lost in the ground state (@) # 0. The existence of hidden symmetries is important

for at least two reasons:
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V)

Re(d)

. 2
Figure 1.1: The Mexican hat potential for V = (a - b |¢\2) with a,b > 0.

(i) This is a natural way to introduce an energy scale in the system, determined by the nonvanishing
vev. In particular, we will see that for the standard model M, ~ 10 GeV, defines the basic
scale of mass for the particles of the standard model, the electroweak gauge bosons and the matter

fields, through their Yukawa couplings, obtain their mass from this effect.

(ii) The existence of hidden symmetries implies that the fundamental symmetries of nature may be
huge despite the fact that we observe a limited amount of symmetry. This is because the only
manifest symmetries we can observe are the symmetries of the vacuum we live in and not those
of the full underlying theory. This opens-up an essentially unlimited resource to consider physical
theories with an indefinite number of symmetries even though they are not explicitly realised in
nature. The standard model is the typical example and supersymmetry and theories of extra

dimensions are further examples.

1.3 Basic example: The Standard Model

The concrete example is the particular QFT known as The Standard Model which describes all known particles

and interactions in 4 dimensional spacetime.

e Matter particles: Quarks and leptons. They come in three identical families differing only by their mass.
Only the first family participate in making the atoms and all composite matter we observe. Quarks
and leptons are fermions of spin % and therefore satisfy Pauli’s exclusion principle. Leptons include
the electron e™, muon p and 7 as well as the three neutrinos. Quarks come in three colours and are

the building blocks of strongly interacting particles such as the proton and neutron in the atoms.

e Interaction particles: The three non-gravitational interactions (strong, weak and electromagnetic) are

described by a gauge theory based on an internal symmetry:

Gsm = SU(?))C ® SU(2)L®U(1)
—_——— —_—

strong electroweak
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Here SU(3)¢ refers to quantum chromodynamics part of the standard model describing the strong
interactions, the subindex C refers to colour. Also SU(2);, ® U(1) refers to the electroweak part of the
standard model, describing the electromagnetic and weak interactions. The subindex L in SU(2), refers
to the fact that the Standard Model does not preserve parity and differentiates between left-handed
and right-handed particles. In the Standard Model only left-handed particles transform non-trivially
under SU(2)r. The gauge particles have all spin s = 1k and mediate each of the three forces: photons
() for U(1) electromagnetism, gluons for SU(3)¢c of strong interactions, and the massive W+ and Z

for the weak interactions.

e The Higgs particle: This is the spin s = 0 particle that has a potential of the “Mexican hat” shape (see
figure ) and is responsible for the breaking of the Standard Model gauge symmetry:

(¢)z1_03>GeV

SU(2), ® U(1) Upnm(1)

For the gauge particles this is the Higgs effect, that explains how the W* and Z particles get a mass
and therefore the weak interactions are short range. This is also the source of masses for all quarks and

leptons.

e Gravity: Gravity can also be understood as a gauge theory in the sense that the global spacetime
symmetries of special relativity, defined by the Poincaré group, when made local give rise to the gen-
eral coordinate transformations of general relativity. However the corresponding gauge particle, the
graviton, corresponds to a massless particle of spin s = 2h and there is not a QFT that describes
these particles to arbitrarily small distances. Therefore, contrary to gauge theories which are consistent

quantum mechanical theories, the Standard Model only describes gravity at the classical level.

1.4 Problems of the Standard Model

The Standard Model is one of the cornerstones of all science and one of the great triumphs of the XX century.
It has been carefully experimentally verified in many ways, especially during the past 20 years, but there are

many questions it cannot answer:

e Quantum Gravity: The Standard Model describes three of the four fundamental interactions at the
quantum level and therefore microscopically. However, gravity is only treated classically and any
quantum discussion of gravity has to be considered as an effective field theory valid at scales smaller
than the Planck scale (M, = % ~ 109GeV). At this scale quantum effects of gravity have to be
included and then Einstein theory has the problem of being non-renormalizable and therefore it cannot

provide proper answers to observables beyond this scale.

e Why Gsy = SU(3) ® SU(2) ® U(1)? Why there are four interactions and three families of fermions?
Why 3 + 1 spacetime - dimensions? Why there are some 20 parameters (masses and couplings between
particles) in the Standard Model for which their values are only determined to fit experiment without

any theoretical understanding of these values?
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e Confinement: Why quarks can only exist confined in hadrons such as protons and neutrons? The fact
that the strong interactions are asymptotically free (meaning that the value of the coupling increases
with decreasing energy) indicates that this is due to the fact that at the relatively low energies we can
explore the strong interactions are so strong that do not allow quarks to separate. This is an issue about
our ignorance to treat strong coupling field theories which are not well understood because standard

(FEYNMAN diagrams) perturbation theory cannot be used.

e The hierarchy problem: Why there are totally different energy scales

Gh Mew
Moy =~ 10°GeV, My = ~ 10"%GeV =

- 1071
63 Mpl

This problem has two parts. First why these fundamental scales are so different which may not look
that serious. The second part refers to a naturalness issue. A fine tuning of many orders of magnitude
has to be performed order by order in perturbation theory in order to avoid the electroweak scale My,

to take the value of the ”cutoff” scale which can be taken to be M.

o The strong CP problem: There is a coupling in the Standard Model of the form 9F’“’F~'W where 6 is a
parameter, F'*” refers to the field strength of quantum chromodynamics (QCD) and F;”, = €uupaF'P°
This term breaks the symmetry C'P (charge conjugation followed by parity). The problem refers to
the fact that the parameter § is unnaturally small § < 1078, A parameter can be made naturally
small by the T"HOOFT "naturalness criterion” in which a parameter is naturally small if setting it to
zero implies there is a symmetry protecting its value. For this problem, there is a concrete proposal
due to PECCEI and QUINN in which, adding a new particle, the azion a, with coupling aF“"FW, then
the corresponding Lagrangian will be symmetric under a — a + ¢ which is the PQ symmetry. This
solves the strong CP problem because non-perturbative QCD effects introduce a potential for a with

minimum at ¢ = 0 which would correspond to 6 = 0.

e The cosmological constant problem: Observations about the accelerated expansion of the universe indi-
cate that the cosmological constant interpreted as the energy of the vacuum is near zero, A ~ 107" M},

My

~ 10—15
Mey

This is probably the biggest puzzle in theoretical physics. The problem, similar to the hierarchy
problem, is the issue of naturalness. There are many contributions within the Standard Model to the
value of the vacuum energy and they all have to cancel to 60-120 orders of magnitude (since the relevant
quantity is Mj-fa, in order to keep the cosmological constant small after quantum corrections for vacuum

fluctuations are taken into account.

All of this indicates that the Standard Model is not the fundamental theory of the universe but only an
effective theory describing the fundamental one at low energies. We need to find an extension that could
solve some or all of the problems mentioned above in order to generalize the Standard Model.

In order to go beyond the Standard Model we can follow several avenues.
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e Experiments: This is the traditional way of making progress in science. We need experiments to explore
energies above the currently attainable scales and discover new particles and underlying principles that
generalize the Standard Model. This avenue is presently important due to the current explorations of
the Large Hadron Collider (LHC) at CERN, Geneva. This experiment is exploring physics above the
weak scale with a center of mass energy of up to 14 TeV and may discover the last remaining particle
of the Standard Model, the Higgs particle, as well as new physics beyond the Standard Model. Until
the present day in September 2010, the Standard Model has been tested even more accurately with
collisions at about 7 TeV center of mass energy, and new physics can be potentially found in the next
months already due to increasing luminosity. But still, exploring energies closer to the Planck scale

M, ~ 10 GeV is out of the reach for many years to come.

e Add new particles and/or interactions. This ad hoc technique is not well guided but it is possible to

follow if by doing this we are addressing some of the questions mentioned before.

e More general symmetries. As we understand by now the power of symmetries in the foundation of
the Standard Model, it is then natural to use this as a guide and try to generalize it by adding more

symmetries. These can be of the two types mentioned before:

(i) More general internal symmetries leads to consider grand unified theories (GUTs) in which the
symmetries of the Standard Model are themselves the result of the breaking of yet a larger sym-
metry group:

~10'7Ge ~102Ge
Gour MFELEY gen MEEEY sU3) ® U(1)

This proposal is very elegant because it unifies, in one single symmetry, the three gauge interactions
of the Standard Model. It leaves unanswered most of the open questions above, except for the
fact that it reduces the number of independent parameters due to the fact that there is only
one gauge coupling at large energies. This is expected to “run” at low energies and give rise to
the three different couplings of the Standard Model (one corresponding to each group factor).
Unfortunately, with our present precision understanding of the gauge couplings and spectrum of
the Standard Model, the running of the three gauge couplings does not unify at a single coupling

at higher energies but they cross each other at different energies.

(ii) More general spacetime symmetries 1: Extra spacetime dimensions. If we add more dimensions
to spacetime, therefore the Poincaré symmetries of the Standard Model and more generally the
general coordinate transformations of general relativity, get substantially enhanced. This is the
well known Kaluza Klein theory in which our observation of a 4 dimensional universe is only due
to the fact that we have limitations about “seeing” other dimensions of spacetime that may be

hidden to our experiments.

In recent years this has been extended to the brane world scenario in which our 4 dimensional
universe is only a brane or surface inside a larger dimensional universe. These ideas approach
very few of the problems of the Standard Model. They may lead to a different perspective of the

hierarchy problem and also about the possibility to unify internal and spacetime symmetries.
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(iii) More general spacetime symmetries 2: supersymmetry. If we do keep to the standard four space-
time dimensions, there is another way to enhance the spacetime symmetries. Supersymmetry is a
symmetry under the exchange of bosons and fermions. As we will see, it is a spacetime symme-
try, despite the fact that it is seen only as a transformation that exchanges bosons and fermions.
Supersymmetry solves the naturalness issue (the most important part) of the hierarchy problem
due to cancellations between the contributions of bosons and fermions to the electroweak scale,
defined by the Higgs mass. Combined with the GUT idea, it solves the unification of the three
gauge couplings at one single point at larger energies. Supersymmetry also provides the best
example for dark matter candidates. Moreover, it provides well defined QFTs in which issues of

strong coupling can be better studied than in the non-supersymmetric models.

e Beyond QFT: Supersymmetry and extra dimensions do not address the most fundamental problem
mentioned above, that is the problem of quantizing gravity. For this purpose we may have to look for
a generalisation of QFT to a more general framework. Presently the best hope is string theory which
goes beyond our basic framework of QFT. It so happens that for its consistency, string theory requires
both supersymmetry and extra dimensions also. This gives a further motivation to study these two

areas which are the subject of this course.



Chapter 2

Supersymmetry algebra and

representations

2.1 Poincaré symmetry and spinors

The Poincaré group corresponds to the basic symmetries of special relativity, it acts on spacetime coordinates

z# as follows:

/
= 2" = A, Y+ af
~—~ ~~
Lorentz translation

Lorentz transformations leave the metric tensor 7, = diag(1, —1, —1, —1) invariant:
ATpA = g

They can be separated between those that are connected to the identity and those that are not (like parity
for which A = diag(1, —1, —1, —1)). We will mostly discuss those A connected to identity, i.e. the proper
orthochronous group SO(3,1)T. Generators for the Poincaré group are the M*¥, P? with algebra

[P“ , P”} -0
[M/w , Pa} — Z’(P/L nua —_ pv n/w)
{M’“’, MPU] — Z‘(MHU NP 4+ MYPqhe — MHMP T — MY nup)

A 4-dimensional matrix representation for the M*¥ is

(Mpd)uy — i(n“”é”u _ npu(gdy)_

2.1.1 Properties of the Lorentz group
e Locally, we have a correspondence
SO(3,1) = SU(2)® SU(2),

17
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the generators J; of rotations and K; of Lorentz boosts can be expressed as

1
Ji = ieijijk’ K; = My,

and their linear combinations (which are neither hermitian nor antihermitian)

A= G (iKY, Bo= o (g - iK)

| —

satisfy SU(2) commutation relations (following from [J;, J;] = ie€;;pJ as well as [J;, K| = i€, K}, and
[K@Kj] = —ieiijk):

[Ai , A]} = degn Ax [Bi, BJ} = ey B, [Ai, Bj} -0
Under parity P (20 — 2% and ¥+ —7F) we have
Ji = J; K - -K, — A, <+ B;.
We can interpret J=A+ B as the physical spin.
e On the other hand, there is a homeomorphism (not an isomorphism)
SO(3,1) = SL(2,C).
To see this, take a 4 vector X and a corresponding 2 x 2 - matrix Z,

~ To+ T3 T1— T2
X = zue' = (xo, 1, 22, 3), r = zx,ot = , ,
r1 +1xe X9 — T3

where o* is the 4 vector of Pauli matrices

ot =

invariant, whereas the action of SL(2,C) mapping & — NiZNT with N € SL(2,C) preserves the
determinant

5o 2 2 2 2
detz = x5 — 2] — 23 — z3.

The map between SL(2,C) is 2-1, since N = £1 both correspond to A = 1, but SL(2,C) has the

advantage to be simply connected, so SL(2,C) is the universal covering group.

2.1.2 Representations and invariant tensors of SL(2,C)

The basic representations of SL(2,C) are:
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e The fundamental representation
Vo = NoPv5, =12
The elements of this representation v, are called left-handed Weyl spinors.

e The conjugate representation

Xo = Nifxs. a.p=12
Here X are called right-handed Weyl spinors.

e The contravariant representations
,l/}/oc — ,¢6 (N—I)Ba , X/d _ XB (N*—I)Bd

The fundamental and conjugate representations are the basic representations of SL(2,C) and the Lorentz
group, giving then the importance to spinors as the basic objects of special relativity, a fact that could
be missed by not realizing the connection of the Lorentz group and SL(2,C). We will see next that the
contravariant representations are however not independent.

To see this we will consider now the different ways to raise and lower indices.
e The metric tensor n** = (1,,) "' is invariant under SO(3,1).

e The analogy within SL(2,C) is

since
B = e”UNpO‘NJ’@ = P .detN = €.

That is why € is used to raise and lower indices
ﬁ’a = GQB w,B 5 Xd = edﬂ Xﬁ P
so contravariant representations are not independent.

e To handle mixed SO(3,1)- and SL(2,C) indices, recall that the transformed components z, should

look the same, whether we transform the vector X via SO(3,1) or the matrix = z,0"
(y0")aa = No B (xy, 0") gy N& = A"z, ot
so the right transformation rule is
() aa = NoP(0")ps (A1), N2T .
Similar relations hold for

(GM)8 = eaﬁedﬁ(a“)ﬁg = (1, -3).
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Exercise 2.1: Show that the SO(3,1) rotation matriz A corresponding to the SL(2,C) transformation N
18 gien by

1
AR, = §Tr{6”NUZ,NT} .

See appendix [A] for some o matrix identities.

2.1.3 Generators of SL(2,C)

Let us define tensors o#¥, 6" as antisymmetrized products of ¢ matrices:

1 _ _
(6" P = 1 (ct5¥ — 0”0”)a6
_ : T, _ 3
(o“”)aﬁ =7 (U“a” — 0"0”)a5
which satisfy the Lorentz algebra
[a’“’ , O.Ap] _ i(n“p o’ + 77” ohr — nlM ol — pvP UW\) )

Exercise 2.2: Verify this by means of the Dirac algebra o#a” + oVt = 2nH".

Under a finite Lorentz transformation with parameters w,,,, spinors transform as follows:

Vo > exp <;wwa’“’> B Yg (left-handed)
(e}
¢ — exp (—;w,wa””> 3 )ZB (right-handed)
Now consider the spins with respect to the SU(2)s spanned by the A; and B;:
1 1 7
ot A B)=(5,0 = J; = -o;, K, = —zo
" (. 8)= (5. 0) Lo Lo
: = Py i = 50, i = 5 i
X ) b 2 2 2

Some useful identities concerning the o# and o*” can be found in appendix [A] For now, let us just mention

the identities

1
o = — P9
21
—uv 1 Uvpo =
o) = —3 € Tpo s

known as self duality and anti self duality. They are important because naively o*” being antisymmetric seems

to have % components, but the self duality conditions reduces this by half. A reference book illustrating

many of the calculations for two - component spinors is [2].

2.1.4 Products of Weyl spinors

Define the product of two Weyl spinors as

X¢ = Xa'(/)a = _onwa
XU o= et = X%,
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particularly,
Y o= Y0 = PYpa = Yot — Yi¢n.
Choose the 9, to be anticommuting Grassmann numbers, V11 = —1ba1h1, s0 Y = 24P .
From the definitions
L= e, WY = Yp ()
it follows that
)t = x,  @o'x)' = xo"9
which justifies the * contraction of dotted indices in contrast to the “\, contraction of undotted ones.
In general we can generate all higher dimensional representations of the Lorentz group by products of the
fundamental representation (3, 0) and its conjugate (0, ). The computation of tensor products (5, £) =

(1,097 ® (0, )®* can be reduced to successive application of the elementary SU(2) rule (1) ® (3) =

j—1 j+1 .
(555 @ (57 (for j #0).
Let us give two examples for tensoring Lorentz representations:
b (%a 0)® (07 %) = (%7 %)
Bispinors with different chiralities can be expanded in terms of the o’ ,. Actually, the o matrices form

a complete orthonormal set of 2 X 2 matrices with respect to the trace Tr{c*5"} = 2n"":

1

Vo Xo 5 (d) Ou >_() Ugd

Hence, two spinor degrees of freedom with opposite chirality give rise to a Lorentz vector ¥o,X.

b (%a 0) Y (%7 O) = (070) S5 (170)
Alike bispinors require a different set of matrices to expand, enp and (0/)s Ty =: (0#7€’)qp. The
former represents the unique antisymmetric 2 X 2 matrix, the latter provides the symmetric ones. Note

that the (anti-)self duality reduces the number of linearly independent o#*’s (over C) from 6 to 3:

Vaxs = gan 00 + 5 (7€), (W)

The product of spinors with alike chiralities decomposes into two Lorentz irreducibles, a scalar ¥y and
a self-dual antisymmetric rank two tensor ¥ o,, x. The counting of independent components of o#*
from its self-duality property precisely provides the right number of three components for the (1,0)

representation. Similarly, there is an anti-self dual tensor ya*¥s in (0, 1).

These expansions are also referred to as FIERZ identities. Their most general form and some corollories can

be found in appendix [A]

2.2 Supersymmetry algebra

2.2.1 History of supersymmetry

e In the 1960’s, from the study of strong interactions, many hadrons have been discovered and were

successfully organized in multiplets of SU(3)y, the f referring to flavour. This procedure was known
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as the eightfold way of GELL-MANN and NEEMAN. Questions arouse about bigger multiplets including

particles of different spins.

No-go theorem (COLEMAN, MANDULA 1967): most general symmetry of the S - matrix is Poincaré ®

internal, that cannot mix different spins

GOLFAND, LIKHTMAN (1971): extended the Poincaré algebra to include spinor generators @, where
a=1,2.

RAMOND, NEVEU-SCHWARZ, GERVAIS, SAKITA (1971): supersymmetry in 2 dimensions (from string

theory).
VoLkov, AKULOV (1973): neutrinos as Goldstone particles (m = 0)

WESS, ZUMINO (1974): supersymmetric field theories in 4 dimensions. They opened the way to many
other contributions to the field. This is generally seen as the actual starting point in the systematic

study of supersymmetry.

HaAG, LOPUSZANSKI, SOHNIUS (1975): Generalized Coleman Mandula theorem including spinor gen-

erators Q4 (o = 1,2 and A = 1,...,N) corresponding to spins (A, B) = (%, 0) and Q4 with

(A, B) = (O, %) in addition to P* and M*¥; but no further generators transforming in higher di-

mensional representations of the Lorentz group such as (17 %), etc.

2.2.2 Graded algebra

In order to have a supersymmetric extension of the Poincaré algebra, we need to introduce the concept of

graded algebras. Let O, be operators of a Lie algebra, then

OaOb - (_1)71a77b ObOa = iCeabOey

where gradings n, take values

For supersymmetry, generators are the Poincaré generators P*, M" and the spinor generators Q2

0 : O, bosonic generator
Na =
1 : 0O, fermionic generator

HA

[ R

where A =1,...,N. In case N’ =1 we speak of a simple SUSY, in case N' > 1 of an extended SUSY. In this

chapter, we will only discuss A = 1.

We know the commutation relations [P, P¥], [P*, M*?] and [M*", M*?] from Poincaré - algebra, so we need

to find

@) [Qa M) () [Qas PY]
©{Qa. Qo). @ {Qa, Qs}.

also (for internal symmetry generators T;)

(e) [Qa , Tl} .
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e @) [Qu, ]

Since @, is a spinor, it transforms under the exponential of the SL(2,C) generators o*:

I i nz B o~ 1 i v B

Q, = exp fiwwa Qs =~ ~ 5 Wy O Qs ,
(e} (03
but Q. is also an operator transforming under Lorentz transformations U = exp (—w,,, M**) to
2%u
i i
Q, = U'Q,U = (11 + 5 w,wMW) Qo (11 -3 wWM“”> .

Compare these two expressions for @/, up to first order in wy,,,

i

Qu = G (0,7 Qs = Qu = G (QuA™ = M Qu) + O

= |[Qa. 2] = (0™)a" Qs

« (0 [Qu, PY]
¢ (0")aa@Q is the only way of writing a sensible term with free indices p, a which is linear in
Q. To fix the constant ¢, consider [Q%, P*] = c¢* - (5)%’Qp (take adjoints using (Q,)" = Q4 and
(0"Q)!, = (Qo*)4). The Jacobi identity for P#, P¥ and Q,

P [P”, Qa] + |pv, [Qa, P“} + 1 Qa [P”, P”}

—_———
0

= = (Uy)ocd [PIL 5 Qa} + C(Uu)ad {PU ) Qa}
[e? (0¥)** (") Qs — |e? (0")aa (") Qs
= e (05" = "5")u" Qg

#0

can only hold for general Qg, if c =0, so

o ] < o r] -

¢« (@) {Qu. Qs}
Due to index structure, that commutator should look like
{Qa 5 QB} = k(Uuu>aﬂMuu .

Since the left hand side commutes with P* and the right hand side doesn’t, the only consistent choice

is k=0, i.e.

{@a.Qsf =0
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e (@ {Qu, @}

This time, index structure implies an ansatz

Qo Qs} =t Pu

There is no way of fixing ¢, so, by convention, set ¢t = 2:

{Qa. Qs} = 200M45P

Notice that two symmetry transformations Q. Q ) have the effect of a translation. Let |B) be a bosonic state

and |F) a fermionic one, then
QulF) = IB), QulB) = IF) — QQ:|B) B (translated)) .
¢ © |Qu. 1]

Usually, this commutator vanishes, exceptions are U(1) automorphisms of the supersymmetry algebra

known as R symmetry.

Qa = exp(i\)Qa,  Qa + exp(—i))Qq -
Let R be a U(1) generator, then
Qa B = Qu. Q. B] = —Qu-
2.2.3 Representations of the Poincaré group
Recall the rotation group {J; : i = 1,2, 3} satisfying
i ] = e i
The Casimir operator ,
o= Y7
i=1
commutes with all the J; and labels irreducible representations by eigenvalues j(j + 1) of J2. Within these

representations, diagonalize J3 to eigenvalues jz3 = —j, —j + 1,...,j — 1, j. States are labelled like |7, js).

Also recall the two Casimirs in Poincaré group, one of which involves the Pauli Ljubanski vector W,

1
Wy = 5 cupo PY M

(Where €0123 — 760123 = +1)

Exercise 2.3: Prove that the Pauli Ljubanski vector satisfies the following commutation relations:
W, R] =0

{Wu ) Mpv] = MupWo — iue W)

—i€pppe WP P?

i, . )
| = —iP @)’ Qs

Wi Qa



2.2. SUPERSYMMETRY ALGEBRA 25

In intermediate steps one might need
P Cgapy = 601500 P epns = —401 0]
and it is useful to note that e**P"W, = 3M 1+ prl,

The Poincaré Casimirs are then given by
¢, = PP, Co = WHEW, .

the C; commute with all generators.

Exercise 2.4: Show that Cy indeed commutes with the Poincaré generators but not with the extension Qg

to super Poincaré.

Poincaré multiplets are labelled |m,w), eigenvalues m? of C; and eigenvalues of Cy. States within those
irreducible representations carry the eigenvalue p” of the generator P* as a label. Notice that at this
level the Pauli Ljubanski vector only provides a short way to express the second Casimir. Even though
W,, has standard commutation relations with the generators of the Poincaré group M, , P, stating that it
transform as a vector under Lorentz transformations and commutes with P, (invariant under translations),
the commutator [W,, W,] ~ €,,,0W?P? implies that the W),’s by themselves are not generators of any
algebra.
To find more labels, take P* as given and look for all elements of the Lorentz group that commute with P*.
This defines little groups:

e Massive particles, p* = (m, 0,0,0 ), have rotations as their little group. Due to the antisym-

——

invariant under rot.
metric €., in the W, it follows

Every particle with nonzero mass is an irreducible representation of Poincaré group with labels |m, j; p*, j3).

e Massless particles’ momentum has the form p* = (E, 0, 0, E) which implies
(Wo, Wi, Wa, Ws) = E(Js, =) + Ko, —J2 — K1, —Js)

— [Wl,Wg} - 0, {Wg,Wl} — EW,, [Wg,Wg} — EW, .

Commutation relations are those for Euclidean group in two dimensions. For finite dimensional rep-
resentations, SO(2) is a subgroup and Wi, W5 have to be zero. In that case, WH# = AP* and states
are labelled |0,0;p", \) =: |p*, \), where X is called helicity. Under CPT, those states transform to
[p*, —A). The relation

exp(2mid) [p*,A) = £[p*,A)

requires A to be integer or half integer A = 0,1,1,..., e.g. A =0 (Higgs), A =

5 (quarks, leptons), A =1
(v, WE, Z° g) and \ = 2 (graviton).

1
2



26 CHAPTER 2. SUPERSYMMETRY ALGEBRA AND REPRESENTATIONS

2.2.4 N =1 supersymmetry representations

For N' = 1 supersymmetry, C; = P"P, is still a good Casimir, Cy = WH#W,,, however, is not. So one can
have particles of different spin within one multiplet. To get a new Casimir Cs (corresponding to superspin),
define

B, = W, - ~Qs(,)*Qs, Cu = B,P, — B, P,

Cy = C,,CH" .

e~ =

Proposition
In any supersymmetric multiplet, the number ng of bosons equals the number ng of fermions,

np = ng.

Proof
Consider the fermion number operator (—1)F = (=), defined via
1By = B, ()FIF) = —|F).

This new operator (—)f" anticommutes with Q,, since

(T QulF) = (FIB) = IB) = QulF) = —Qu()"IF) = {7, Q) = 0.

Next, consider the trace

T‘f{(—)F{Qa : @B}}

T ()7 Qo Q5 + ()7 Q;Qa)
anticommute cyclic perm.

= T{-Qu ()" Qs + (0 Q) = 0.

On the other hand, it can be evaluated using {Qa, Qﬁ} = 2(c"),3Pu:

ap

Tr{(—)F {@Qu, Qﬁ}} = Tr{<—>F 2(0")as Pu} = 2(0")p T{(-)"}
where P* is replaced by its eigenvalues p* for the specific state. The conclusion is

0 = ™{()"} = Y BETIB + Y (FI)IF)

bosons fermions
= > (BIB) = > (FIF) = np — np.
bosons fermions

2.2.5 Massless supermultiplet

States of massless particles have P, - eigenvalues p, = (E, 0, 0, E). The Casimirs C; = P"P, and

C'g = C,,C"" are zero. Consider the algebra

. 10
{QQ,QB} = 2(0"),5P = 2E(° +0°),, = 4E :
:
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which implies that Q5 is zero in the representation:
(@@} =0 = NG =0 = @ =0

The @, satisfy {Q1, Ql} = 4F, so defining creation- and annihilation operators ¢ and a' via

Q1 |
WE '’ " WVE’

get the anticommutation relations

Also, since [a, J?] = %(03)1161 - %a,

1
P (alp",N) = (a 7= a, J3]> N = (0 = 5) PN = (A - 2) alp, ) .
alp”, A) has helicity A — %, and by similar reasoning, find that the helicity of af[p”,A) is A + 1. To build
the representation, start with a vacuum state of minimum helicity A, let’s call it |Q2). Obviously a|Q2) = 0

(otherwise |Q2) would not have lowest helicity) and afa|©2) = 0|Q2) = 0, so the whole multiplet consists of
) = A, GdQ) = phA+g).

Add the CPT conjugate to get
‘p'u’,:l:)\> ) |p,u7:|:()\+%)> :

1

There are, for example, chiral multiplets with A = 0, 5, vector- or gauge multiplets (A = %, 1 gauge and

gaugino)
A = 0 scalar ‘ A= % fermion A= % fermion ‘ A =1 boson
squark | quark photino | photon
slepton | lepton gluino | gluon 7
Higgs | Higgsino Wino, Zino | W, Z

as well as the graviton with its partner:

A = 2 fermion ‘ A = 2 boson

gravitino ‘ graviton
2.2.6 Massive supermultiplet
In case of m # 0, there are P* - eigenvalues p* = (m, 0, 0, 0) and Casimirs
C, = PP, = m?, Oy = C,C0" = 2m'Y'Y;,

B; ;
Vi = Ji- 2-QaiQ = [N Y] = depYi

i
m
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Eigenvalues to Y2 = Y'Y are y(y + 1), so label irreducible representations by |m,y). Again, the anticommu-

tation - relation for @ and Q is the key to get the states:

(@ Qs} = 200M05P0 = 2m(")y = 2m
ap
Since both @’s have nonzero anticommutators with their Q - partner, define two sets of ladder operators

Q1,2 + Qi,é

a = a =
1,2 \/% 9 1,2 \/% )

with anticommutation relations

{ap,aZ} = Opg {ap,aq} = {a:,,a:;} = 0.

Let |2) be the vacuum state, annihilated by a; 5. Consequently,

1 -
Yi|Q) = Ji|Q) — RQ@‘V?mam) = JilQ),
0

i.e. for |2) the spin number j and superspin - number y are the same. So for given m, y:

1) = |m,j=y;p" Jjs)
Obtain the rest of the multiplet using
ailjs) = lis—3) . GI ljs) = ljs+3)
azljs) = ljs+3),  abls) = lis—3),

where a; acting on |Q) behave like coupling of two spins j and % This will yield a linear combination of two

possible total spins j + % and j — % with Clebsch Gordan coefficients k; (recall j ® % =(- %) @G+ %))
al Q) = kilm,j=y+Lpt s+ i) + kalm=y— " 55+ 3)
al|) = kslm,j=y+Lip"gs— %) + kalmj=y—3ip" 05— 1)

The remaining states
ayal|Q) = —ala}|Q) o« |Q)

represent spin j - objects. In total, we have

2-|m,j=y;p"gs),  l-lmj=y+ 5040,  1-|lmj=y— 1" js),

(4y+2) states (2y+2) states (2y) states
in a |m,y) multiplet, which is of course an equal number of bosonic and fermionic states. Notice that in
labelling the states we have the value of m and y fixed throughout the multiplet and the values of j change
state by state, as it should since in a supersymmetric multiplet there are states of different spin.

The case y = 0 needs to be treated separately:

|€2) |m, j = 0;p*, j3 = 0)
al,|Q) = |m,j=iip" s ==£1)

alal|Q) = |m,j=0;p"js=0) = |Q)
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Parity interchanges (A, B) +» (B, A),i.e. (3, 0) <> (0, 1). Since {Qa, QB} = 2(0*"),, 5P, need the following

2
transformation - rules for @, and Q4 under parity P (with phase factor np such that |[np| = 1):
PQ. Pt = np (UO)aB Qﬂ
PQYP™ = 1p(a°)* Qs

That ensures P* s (P° | —13) and has the interesting effect P2QP~2 = —(@Q. Moreover, consider the two
j = 0 states |Q2) and |©2'): The first is annihilated by a;, the second one by al. Due to Q « Q, parity

L
interchanges a; and al and therefore Q) +» |Q'). To get vacuum states with a defined parity, we need linear

combinations

[+) = 1Q) £ |2), PlE) = £[+).

Those states are called scalar (|+)) and pseudoscalar (|]—)).

2.3 Extended supersymmetry
Having discussed the algebra and representations of simple (A = 1) supersymmetry, we will turn now to the

more general case of extended supersymmetry N' > 1.

2.3.1 Algebra of extended supersymmetry

Now, the spinor generators get an additional label A, B = 1,2, ..., N. The algebra is the same as for N' =1

except for

{4, Qus} = 200,65

{ éan} = eaﬁZAB

with antisymmetric central charges Z4P = —ZB4 commuting with all the generators

I R I e R e IR )

They form an abelian invariant subalgebra of internal symmetries. Recall that [T, Tp] = iCapeTe. Let G be
an internal symmetry group, then define the R symmetry H C G to be the set of G elements that do not

commute with the supersymmetry generators, e.g. T, € G satisfying
Q4 T.] = S.45QF # 0

is an element of H. If ZA% = 0, then the R symmetry is H = U(N), but with Z48 # 0, H will be a
subgroup. The existence of central charges is the main new ingredient of extended supersymmetries. The

derivation of the previous algebra is a straightforward generalization of the one for AV = 1 supersymmetry.



30 CHAPTER 2. SUPERSYMMETRY ALGEBRA AND REPRESENTATIONS

2.3.2 Massless representations of N' > 1 supersymmetry

As we did for N = 1, we will proceed now to discuss massless and massive representations. We will start
with the massless case which is simpler and has very important implications.

Let p, = (E, 0, 0, E), then (similar to N' = 1).

_ 1 0
aB

ZAB ZAB

We can immediately see from this that the central charges vanish since Q4 = 0 implies = 0 from
the anticommutators { 4 Qg} = eaBZAB.

In order to obtain the full representation, define IV creation- and annihilation - operators

A AA
A Q1 At Qi A T A
a® = , a = = a”, a = 6 ,
2VE 2VE (o ahj 7
to get the following states (starting from vacuum |Q), which is annihilated by all the a*):
states helicity number of states
|€2) Ao L= (%)
at|Q) N+ 3 N =)
aTaPt|Q) Ao +1 FNWN =1) =)
atTaP1aCT|Q) M+3 | FNN-1)WN-2)=(¥)
aNTaW =Dt _a1|Q) )\o—i—%/ 1= ()

Note that the total number of states is given by

N N
SIY) = (e =
=0 \ K k=0 \ F

Consider the following examples:

e N =2 vector - multiplet (Ag = 0)

A=1
We can see that this A/ = 2 multiplet can be decomposed in terms of N/ = 1 multiplets: one N' = 1

vector and one N = 1 chiral multiplet.

e N = 2 hyper - multiplet (A\g = —%)

A=l

Again this can be decomposed in terms of two A" = 1 chiral multiplets.
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e N = 4 vector - multiplet (\g = —1)

Ix A=-1
4x :—%
6x A==0
Ax A=+1
Ix A=+1

This is the single N = 4 multiplet with states of helicity A < 2. It consists of one N' = 2 vector
multiplet and two A/ = 2 hypermultiplets plus their CPT conjugates (with opposite helicities). Or one
N =1 vector and three N' = 1 chiral multiplets plus their CPT conjugates.

e N =8 maximum - multiplet (Ao = —2)

Ix A=42
8x A==+32
28X A= =1
B6x A=+l
70x A==20

From these results we can extract very important general conclusions:
; . . =N
e In every multiplet: Ayax — Amin = 5

e Renormalizable theories have |\| < 1 implying N < 4. Therefore N' = 4 supersymmetry is the largest

supersymmetry for renormalizable field theories. Gravity is not renormalizable!

e The maximum number of supersymmetries is N' = 8. There is a strong belief that no massless particles
of helicity |A| > 2 exist (so only have A’ < 8). One argument is the fact that massless particle of |A| > 1
and low momentum couple to some conserved currents (9,j" = 0 in A = £1 - electromagnetism, 0, T*"
in A = £2 - gravity). But there are no further conserved currents for |A| > 2 (something that can also
be seen from the Coleman Mandula theorem). Also, ' > 8 would imply that there is more than one
graviton. See chapter 13 in [3] on soft photons for a detailed discussion of this and the extension of his
argument to supersymmetry in an article [4] by GRISARU and PENDLETON (1977). Notice this is not

a full no-go theorem, in particular the constraint of low momentum has to be used.

e N > 1 supersymmetries are non-chiral. We know that the Standard Model particles live on complex
fundamental representations. They are chiral since right handed quarks and leptons do not feel the
weak interactions whereas left-handed ones do feel it (they are doublets under SU(2).). Al N > 1
multiplets, except for the A/ = 2 hypermultiplet, have A = &1 particles transforming in the adjoint
representation which is real (recall that in SU(N) theories the adjoint representation is obtained from
the product of fundamental and complex conjugate representations and so is real) and therefore non-
chiral. Then the A\ = i% particle within the multiplet would transform in the same representation
and therefore be non-chiral. The only exception is the N/ = 2 hypermultiplets - for this the previous

argument doesn’t work because they do not include A = +1 states, but since A = %— and \ = —% states
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are in the same multiplet, there can’t be chirality either in this multiplet. Therefore only A" = 1,0 can
be chiral, for instance N' = 1 with ( ) predicting at least one extra particle for each Standard Model
particle. But they have not been observed. Therefore the only hope for a realistic supersymmetric

theory is: broken N = 1 supersymmetry at low energies F ~ 10? GeV.

2.3.3 Massive representations of N’ > 1 supersymmetry and BPS states

Now consider p,, = (m, 0, 0, 0), s

fot @} = 2m | ") st

Contrary to the massless case, here the central charges can be non-vanishing. Therefore we have to distinguish

two cases:

e 7AB —

There are 2 creation- and annihilation operators

A 9 ar . Qd

= , a,' =
* V2m Vm

leading to 22V states, each of them with dimension (2y + 1). In the A" = 2 case, we find:

a

|2
AT |Q

) 1 x spin 0
)
oAt BT )
)
)

4xspin%
3 xspin 0, 3 x spin 1
oAt BT CT|Q

OL
AT o Bt C’f DT|Q
ﬂ

nin L
4 x spin ;3

1 x spin 0

i.e. as predicted 16 = 24 states in total. Notice that these multiplets are much larger than the massless

ones with only 2V states, due to the fact that in that case, half of the supersymmetry generators vanish

Q% = 0).

o ZAB L

Define the scalar quantity H to be
H o= (59)% {Qg — T4, Q- ﬁA} > 0.
As a sum of products AAT, # is semi-positive, and the I'4 are defined as
T2 = eup UAB Q4 (5978

for some unitary matrix U (satisfying UUT = 1). Anticommutators {Q%, Qg} imply

H = SmN — 2Tr{ZUT n UZT} > 0.



2.3. EXTENDED SUPERSYMMETRY 33

Due to the polar decomposition theorem, each matrix Z can be written as a product Z = HV of a

positive hermitian H = HT and a unitary phase matrix V' = (V)~1. Choose U = V, then
H o= SmN — 4Tr{H} = SmN — 4Tr{\/ZTZ} > 0.
This is the BPS - bound for the mass m:

m > % Tr{\/ﬁ}

States of minimal m = ﬁTr{vZTZ} are called BPS states (due to BOGOMOLNYI, PRASAD and

SOMMERFELD). They are characterized by a vanishing combination Q4 — I'4, so the multiplet is

('Rl

shorter (similar to the massless case in which Q¢ = 0) having only 2V instead of 22V states.

In N = 2, define the components of the antisymmetric Z48 to be

0
ZAB = « == m > q—l.
—q¢1 0 2
More generally, if N > 2 (but A even)
0O ¢ 0 0 0
~¢. 0 0 0 0
00 0 ¢ 0
0 0 -z 0 0
ZAB _ ,
0 0 0 O
0 qy
0

—qx
the BPS conditions holds block by block: 2m > g;. To see that, define an H for each block. If k of the

¢; are equal to 2m, there are 2\ — 2k creation operators and 22V %) states.

k= 0 = 22V states, long multiplet
0 < k < %[ =  22N-R) states, short multiplets
N N .
k = 0l = 277 states, ultra - short multiplet

Let us conclude this section about non-vanishing central charges with some remarks:

(i) BPS states and bounds started in soliton (monopole-) solutions of YANG MILLS systems, which
are localized finite energy solutions of the classical equations of motion. The bound refers to an

energy bound.
(ii) The BPS states are stable since they are the lightest charged particles.

(iii) The equivalence of mass and charge reminds that us charged black holes. Actually, extremal black
holes (which are the end points of the HAWKING evaporation and therefore stable) happen to be

BPS states for extended supergravity theories.
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(iv) BPS states are important in understanding strong-weak coupling dualities in field- and string
theory. In particular the fact that they correspond to short multiplets allows to extend them
from weak to strong coupling since the size of a multiplet is not expected to change by continuous

changes in the coupling from weak to strong.

(v) In string theory some of the extended objects known as D branes are BPS.



Chapter 3

Superfields and superspace

So far, we have just considered 1 particle states in supermultiplets. The goal is a supersymmetric field theory

describing interactions. Recall that particles are described by fields ¢(x*) with properties:
e function of coordinates x* in Minkowski spacetime
e transformation of ¢ under Lorentz group
In the supersymmetric case, we want to deal with objects ®(X),
e function of coordinates X in superspace
e transformation of ® under super Poincaré

But what is that superspace? In any case, it should not be confused with ’stuperspace’ [5].

3.1 Basics about superspace

3.1.1 Groups and cosets

We know that every continuous group G defines a manifold Mg via
A: G — Mg, {gzexp(iaaT“)} — {oza} ,
where dim G = dim M. Consider for example:

e G =U(1) with elements g = exp(iaQ), then a € [0, 27], so the corresponding manifold is the 1 - sphere
(a circle) My = S*.

e G = SU(2) with elements g = (_o[;* f ), where complex parameters a and 3 satisfy |a|? + |B]? = 1.
Write a = z1 + iz2 and 8 = x3 + ixy for x; € R, then the constraint for p, ¢ implies 22:1 zi =1, s0

Mgy =52

35
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e G = SL(2,C) withelements g = H-V,V € SU(2) and H = H' positive, det H = 1. Writing the generic
element h € H as h = z,0t = (J°128 “14%72) the determinant - constraint is (zo)? — Zi:1($k)2 =1,

Tr1—1iT2 To—I3
SO MSL(Q’(C) = R3 X 53.
To be more general, let’s define a coset G/H where g € G is identified with g-h ¥V h € H, e.g.

e G = Ul(l) X Ug(l) > g = exp(i(a1Q1 +C¥2Q2)), H = Ul(l) S5 h= exp(iﬁQl). In G/H = (Ul(l) X
Uz(1)) /U1 (1), the identification is

gh = exp{z' ((041 + B8)Q1 + a2 Q2)} = exp(i (a1Q1 + Qz)) = g,
so only as contains an effective information, G/H = Us(1).

o G/H = SU(2)/U(1) =2 SO(3)/S0O(2): Each g € SU(2) can be written as g = (7‘2* f ), identifying
this by a U(1) element diag(e?’,e™*’) makes « effectively real. Hence, the parameter space is the 2

sphere (87 + 85 + o® = 1), i.e. Mgy2)u) = 5S>

e More generally, Mson+1)/s0(n) = S"-

OLzA

identified G/H

2 7" N

g T Im [H(g)]

Figure 3.1: Illustration of the coset identity G/H = (U1(1) x U2(1))/U1(1) = U2(1): The blue horizontal line shows the orbit
of some G = Ui (1) X U2(1) element g under the H = U; (1) group which is divided out. All its points are identified in the coset.

Any red vertical line contains all the distinct coset elements and is identified with its neighbours in a; direction.
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e Minkowski = Poincaré / Lorentz = {w*¥, a*}/{w""} simplifies to the translations {a* = x#} which can

be identified with Minkowski space.
We define ' = 1 superspace to be the coset
Super Poincaré / Lorentz = {w“”,a“,@a,%} / {w““} )
Recall that the general element g of super Poincaré group is given by
g = exp(i(W” My + a" Py + 0°Qa + 0,Q%) ,
where Grassmann parameters 6%, 9_/3 reduce anticommutation relations for @, QB to commutators:

{Qu) Q) = 200MaaP = [07Qu, 07Qs] = 20°(0"),,0° P,

3.1.2 Properties of Grassmann variables

Superspace was first introduced in 1974 by SALAM and STRATHDEE [6] [7]. Recommendable books about this
subject are [8] and [9].
Let us first consider one single variable §. When trying to expand a generic (analytic) function in 6 as a

power series, the fact that 6 squares to zero, #2 = 0, cancels all the terms except for two,

FO) = D S0 = fo+ hO+ O+ = fo+ ho.
k=0 0 0

So the most general function f(0) is linear. Of course, its derivative is given by % = f1. For integrals, define

df
df — = d6 =
/ a0 0 = / 0,

as if there were no boundary terms. Integrals over 6 are left to talk about: To get a non-trivial result, define
/d@@ =1 = 60 = 0.
The integral over a function f(#) is equal to its derivative,
df
do f(0) = [d0(fo + f10) = fi = 9

Next, let 8%, 0, be spinors of Grassmann numbers. Their squares are defined by

00 = 0%6,, 00 = 0406°
a nB 1 af n& 75 1 aB nn
= 06" = —5¢€ 00 , 0" 6" = 5 € 00 .

Derivatives work in analogy to Minkowski coordinates:

o’
00

/dal/d929201 = %/dal/dazee = 1,

068

06° _ sk
o6 b

= §,/ =

As to multi integrals,
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which justifies the definition
1 _ __
5/c191/0192 =: /d29, /d2999 =1, /d29/d29(99)(99) = 1.
Written in terms of e:
1 _ 3
2 _ « B 2 _ [e% B R
d<6 = —Zde db” €qp d0 = id& do” e, -

One can again identify integration and differentiation:

1 g 0 = 1 ., 0 0
29 _ L.ap 9 O 29 _ _t.ep 9 9
/def 1< 597 205 /da 1€ - .

3.1.3 Definition and transformation of the general scalar superfield
To define a superfield, recall properties of scalar fields p(z#):
e function of spacetime coordinates x*

e transformation under Poincaré, e.g. under translations:

Treating ¢ as an operator, a translation with parameter a, will change it to
¢ — exp(—ia, P") ¢ exp(ia, P") .
But ¢(x*) is also a Hilbert vector in some function space F, so
o(z") = exp(—ia, P*)o(z") = ¢ —d') = P, = —id,.

P is a representation of the abstract operator P* acting on F. Comparing the two transformation rules

to first order in a,, get the following relationship:
(1 —ia, P*) o (1 +ia, P*) = (1 —ia,P") e = i {go, ay P“} = —id"P,p = —a"0,¢
For a general scalar superfield S(z*, 0,04), one can do an expansion in powers of 6, 04 with a finite number

of nonzero terms:

S(@*,04,054) = @(x) + 0p(x) + Ox(z) + 00 M(z) + 0 N(z) + (00" 0)V,(x)
+ (00) 0N (z) + (00)0p(z) + (09) (99) D(x)

Transformation of S(2*, 04, 04) under super Poincaré, firstly as a field operator
S(a",0a,00) — exp(—i(eQ + €Q)) S exp(i (eQ + €Q)) ,
secondly as a Hilbert vector
S(a",0a,0a) — exp(i(eQ + €Q)) S(a",04,0s) = S(z" — ic(eaf) + ic*(05"€), 0 + €, 0 + €) .

Here, € denotes a parameter, Q a representation of the spinorial generators @, acting on functions of 6, 6,

and c is a constant to be fixed later, which is involved in the translation

" = ot — dc(ed” ) + ict (Aot E) .
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The translation of arguments z*, 8, 8, implies,

0 —5 0
- _ wy . s
Qa 7 690‘ C (U )Ocﬁ 0 axll
~ 0 0
R P * 0B (1Y .
Qa = Higge T O 5
P, = —i0,,

where ¢ can be determined from the commutation relation which, of course, holds in any representation:

{Qa, Qd} = 2(0MaaP, = Re{c}

39

It is convenient to set ¢ = 1. Again, a comparison of the two expressions (to first order in €) for the

transformed superfield S is the key to get its commutation relations with Q,:

Knowing the Q, Q and S, we get explicit terms for the change in the different parts of S:

o
oY
X
SM

ON

0D

i8S, Q+eaQ = i(Q+eQ)s -

05

€ + €x

2¢e M + " e(iOup + Vy)
2eN — ed” (10,0 — V)
A — %@Lwo—f‘é
ep + %eo“@u)_(
eouj\ + poy€ + 2
2éD + %(6"0”6)(%‘/, + gt ed, M
2¢D — %(U”&“e)auvy + i0" €0, N

%8M (e X — pote)

Note that 6D is a total derivative.

Exercise 3.1: Derive these transformation rules.

86%

90, _ _ 90
o068

0> = 88 and similarly

:+5g‘ = 22— 458

00,5

3.1.4 Remarks on superfields

e If S and S5 are superfields then so is the product S7.55:

5(S1Ss) = 1[5152,6Q+5Q} — S [SQ, eQ+€Q] + i[sl,eQJrgQ] Sy

= S (i(eQ + €Q)Ss) + (i(eQ + €Q) S1) 52
= ’L(GQ + EQ) (Sl SQ)

In the last step, we used the Leibnitz property of the Q and Q as differential operators.

d ("o, o, — €5,0,07X)

It might be useful to note that

+05 implies
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e Linear combinations of superfields are superfields again (straightforward proof).
e 0,5 is a superfield but 9,5 is not:
5(9.5) = i[@aS, €Q + eQ} — D, [S, €Q + &Q
= 0, (€Q + €Q)S # i(eQ + €Q)(0,5)
The problem is [0,,€eQ + EQ] # 0. We need to define a covariant derivative,
Do = 8o + i(0"),50°0,, Da = —da — 07 (0")54 0,
which satisfies
(. 0} - o0} - (o) - (p0) - o
and therefore
[Da €0 + gQ] — 0 — D,S issuperfield .

Also note that supercovariant derivatives satisfy anticommutation relations
{Da 7 2‘73} = —2i(0"), 40y . {Da : DB} - {@d 7 2‘)5} - 0.
e S = f(z) is a superfield only if f = const, otherwise, there would be some 09 x ed* f. For constant
spinor ¢, S = ¢f is not a superfield due to d¢ = ec.

S is not an irreducible representation of supersymmetry, so we can eliminate some of its components keeping
it still as a superfield. In general we can impose consistent constraints on S, leading to smaller superfields that

can be irreducible representations of the supersymmetry algebra. To give a list of some relevant superfields:
e chiral superfield ® such that Dy® = 0
e antichiral superfield ® such that D,® = 0
e vector (or real) superfield V = VT

e linear superfield L such that DDL =0 and L = L.

3.2 Chiral superfields

We want to find the components of a superfields ® satisfying Ds® = 0. Define
Yy o= 2t 4+ ifoh6 .

If & = ®(y,0,0), then
_ oP oyt
—Dy® — — L
g oy+ 064
= —0a® — 0,0 (—if0")s — i6° (0")pa 0P

— 0P (0") s 0, P

i

Q.
(S,
Il

= —0,® = 0,
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so there is no 8% - dependence and ® depends only on y and . In components, one finds
O(yr,0%) = o) + V20u(y") + 00 F(y")

where the left handed supercovariant derivative acts as Dy = 0q + 2i(o“§)a% on ®(y#,0%).

The physical components of a chiral superfield are: ¢ represents a scalar part (squarks, sleptons, Higgs), ¥
some s = % particles (quarks, leptons, Higgsino) and F' is an auxiliary field in a way to be defined later. Off
shell, there are 4 bosonic (complex ¢, F') and 4 fermionic (complex 1,) components. Reexpress ® in terms

of x#:

Oz, 0%,0%) = () + V20(z) + 00F(x) + 00" 00,p(x)

(00) 9, (x) " F — i(ee) (86) 9,0" o (x)

Sl

Exercise 3.2: Verify by explicit computation that this component expression for ® satisfies Da® = 0.

Under supersymmetry transformation
0 = i(eQ + Q)P ,

find for the change in components

Sp = V2ep
M = V20" eEdp + V2eF
SF = iV2ea" 0,1 .

So JF is another total derivative term, just like D in a general superfield. Note that:

e The product of chiral superfields is a chiral superfield. In general, any holomorphic function f(®) of

chiral @ is chiral.
e If ® is chiral, then ® = & is antichiral.

o &T® and ®f + ® are real superfields but neither chiral nor antichiral.

3.3 Vector superfields

3.3.1 Definition and transformation of the vector superfield
The most general vector superfield V (z,6,0) = V(x,0,) has the form
i

V(z,0,0) = C(z) + i0x(z) — i0x(z) + %99 (M(z) + iN(z)) — = 00 (M(z) — iN(z))

+ 00 0V, () + i990(—i)\(a:) + ;U“ﬁux(a:))

— 606 (i/\(x) - ;aftaux(x)) + %(99) (0 (D - ;auaftc) .
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These are 8 bosonic components C, M, N, D, V,, and 4 + 4 fermionic ones (Xa, Aa)-
If A is a chiral superfield, then i(A — AT) is a vector superfield. It has components:

C = i(p — )
X = V29

1
5 (M +iN) = F
Vi = _au(50+‘PT)
A= D =0

We can define a generalized gauge transformations to vector fields via
Voo Voo DA - AT
which induces a standard gauge transformation for the vector component of V/
Vi = Vi + 0u[Re(p)] = V, — duc.

Then we can choose ¢, ¥, F' within A to gauge away some of the components of V.

3.3.2 Wess Zumino gauge

We can choose the components of A above: ¢, 1, F' in such a way to set C = x = M = N = 0. This defines

the Wess Zumino (WZ) gauge. A vector superfield in Wess Zumino gauge reduces to the form

Vivz(2,0,0) = (80" 0)Vu(z) + (60) (OA(z)) + (86) (0A(z)) + %(99) (60) D(z) .

The physical components of a vector superfield are: V,, corresponding to gauge particles (v, W+, Z, gluon),

the A and A to gauginos and D is an auxiliary field in a way to be defined later. Powers of Viyz are given by

Vi, = S (09)00)V'V,, V" = 0VneN.

1
2
Note that the Wess Zumino gauge is not supersymmetric, since Viyz +— VS;VZ under supersymmetry. However,

under a combination of supersymmetry and generalized gauge transformation Vssvz — Viin, we can end up

with a vector field in Wess Zumino gauge.

3.3.3 Abelian field strength superfield

Recall that a non-supersymmetric complex scalar field ¢ coupled to a gauge field V,, via covariant derivative

D, = 0, —iqV,, transforms like
plz) — exp(iqa(x)) o(z) Vi(z) — Vi(z) + dua(x)

under local U(1) with charge ¢ and local parameter o(z).
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Under supersymmetry, these concepts generalize to chiral superfields ® and vector superfields V. To construct

a gauge invariant quatitiy out of ® and V', we impose the following transformation properties:

® — exp(igh) @

, = O exp(2¢V)® gauge invariant
V. o= V — L(A-AT)

Here, A is the chiral superfield defining the generalized gauge transformations. Note that exp(igA)® is also
chiral if ® is.
Before supersymmetry, we defined

F,. = oV, — 0V,

as an abelian field - strength. The supersymmetric analogy is

which is both chiral and invariant under generalized gauge transformations.
Exercise 3.3: Demonstrate these properties.
To obtain W, in components, it is most convenient to rewrite V in the shifted y* = 2* 4 ifo*"@ variable

(where 0010V, (z) = 00”0V, (y) — £62620,V*(y)), then the supercovariant derivatives simplify to Do =
8a + 2i(0’“é)aaﬂ and T)d = —80'[:

Wa,0) = Xa(y) + 00 Dly) + (0 0)a Fuly) — i(00) (6),5 9,3 (1)

Exercise 3.4: Verify this component expansion.

3.3.4 Non - abelian field strength

In this section supersymmetric U(1) gauge theories are generalized to nonabelian gauge groups. The gauge

degrees of freedom then take values in the associated Lie algebra spanned by hermitian generators T¢:
A = Aa T , Vv = Va T , |:Ta ) Tbj| — Z’fabc Tc

Just like in the abelian case, we want to keep ®'e2?V ® invariant under the gauge transformation ® + 42 ®,

but the non-commutative nature of A and V enforces a nonlinear transformation law V — V’:

exp(2qV’) = exp(igAT) exp(2¢V) exp(—igA)

= VvV

V- %(A—AT) - %[V,/HAT} + o
The commutator terms are due to the Baker Campbell Hausdorff formula for matrix exponentials

exp(X) exp(Y) = exp <X +Y + % [X, Y} + > .
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The field strength superfield W, also needs some modification in nonabelian theories. Recall that the field
strength tensor F},, of non-supersymmetric Yang Mills theories transforms to UF),, U —! under unitary trans-

formations. Similarly, we define

W, = —8—1(1 (DD) (exp(—2¢V) Dy, exp(2¢V))

and obtain a gauge covariant quantity.

Exercise 3.5:  Check (DD)D,e'® = 0 and use this to prove the transformation law
Wo = etah W, et

2qV igAt €2qV€—iqA'

under gauge transformations e —e

In Wess Zumino gauge, the supersymmetric field strength can be evaluated as

Wl.0) = — (DD)Do (V2(y,0.0) + iV"(y,0.0)V¥(3.6.0) f*.)

= XW) + 0a D) + ("0 Fo () — i(66) (0),5 DAY ()

where

a
F2,

D" = 9\ + qV:E\Cfbc“

RV — Ve + qf b VIV
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Four dimensional supersymmetric

Lagrangians

4.1 N =1 global supersymmetry

We want to determine couplings among superfields ®’s, V’s and W, which include the particles of the
Standard Model. For this we need a prescription to build Lagrangians which are invariant (up to a total
derivative) under a supersymmetry transformation. We will start with the simplest case of only chiral
superfields.

4.1.1 Chiral superfield Lagrangian

In order to find an object £(®) such that 6L is a total derivative under supersymmetry transformation, we

can exploit: that

e For a general scalar superfield S = ... + (00)(60)D(z), the D term transforms as:
oD = % Oy (ea“;\ — ,OU“E)
e For a chiral superfield ® = ... + (60)F(z), the F term transforms as:

SF = ivV2eo" 0,

Therefore, the most general Lagrangian for a chiral superfield ®’s can be written as:

L = K& ‘ + W (@) ‘ + h.c.> .
—— D —— F
Kahler - potential super - potential

Where |p refers to the D term of the corresponding superfield and similar for F' terms. The function K is
known as the Kdhler potential, it is a real function of ® and ®'. W (®) is known as the superpotential, it is

a holomorphic function of the chiral superfield ® (and therefore is a chiral superfield itself).

45
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In order to obtain a renormalizable theory, we need to construct a Lagrangian in terms of operators of
dimensionality such that the Lagrangian has dimensionality 4. We know [p] = 1 (where the square brackets
stand for dimensionality of the field) and want [£] = 4 . Terms of dimension 4, such as 9*¢d,p*, m?pp*
and g|p|*, are renormalizable, but 1+z|¢|° is not. The dimensionality of the superfield ® is the same as that

of its scalar component and that of v is as any standard fermion, that is

3
@ =l = 1. ] = .
From the expansion ® = ¢ + /260 + 00F + ... it follows that
1
o = 1. [F =2

This already hints that F' is not a standard scalar field. In order to have [£] = 4 we need:

[Kp] < 4 in K = ..+ (09)(00)Kp
= [K] < 2, [W] < 3.

A possible term for K is ®T®, but no ® + &' nor ®® since those are linear combinations of chiral superfields.

Therefore we are lead to the following general expressions for K and W:

K = o, w = a+)\f13+%<1>2+§<1>3,

whose Lagrangian is known as Wess Zumino model:

L = <I>T<1>j + (a+A<1>+T<I>2+9<1>3)‘ + he
D 2 3 F

= Mo Oup — WO + FF* + (%ZF + h.c.)

1 (0°W
Y (&p? v + h.c.)

Exercise 4.1:  Verify that 0*¢* 0, — i) ot 0, + FF* are due to the D term of ot & after integration
by parts.

Exercise 4.2: Determine the F' term of the superpotential W = %@2 + 493,

g
3
Note that

e The expression for ®f® 5 is justified by

O = ¢+ V200 + 00F + i00" 00,0 — — (00) 9000 — 3(99) (60) 9,0"¢

i
V2
e In general, the procedure to obtain the expansion of the Lagrangian in terms of the components of the

: : _ : oW _ oW .
superfield is to perform a Taylor expansion around ® = ¢, for instance (where 5y = 9% ‘I’:so).
ow 1 o?w
W(@) = Wle) + (2 -9) 5o+ (@~ p)? r
4 O0F + ... N
o (0) (09) + ...
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The part of the Lagrangian depending on the auxiliary field F' takes the simple form:

oW oW™*
= FF* — F
L(F) + D + dp*

F*

Notice that this is quadratic and without any derivatives. This means that the field F' does not propagate.

Also, we can easily eliminate F' using the field equations

0S W
55m) ow

and substitute the result back into the Lagrangian,

2

ow

This defines the scalar potential. From its expression we can easily see that it is a positive definite scalar
potential V(g ().

We finish the section about chiral superfield Lagrangian with two remarks,

e The N' = 1 Lagrangian is a particular case of standard N' = 0 Lagrangians: the scalar potential is

semipositive (V' > 0). Also the mass for scalar field ¢ (as it can be read from the quadratic term in the

scalar potential) equals the one for the spinor ¢ (as can be read from the term %%2;;’ Y1). Moreover,
the coefficient g of Yukawa coupling g(¢v1)) also determines the scalar self coupling, g?|p|*. This is
the source of "miraculous” cancellations in SUSY perturbation theory. Divergences are removed from

diagrams:

Figure 4.1: One loop diagrams which yield a corrections to the scalar mass. SUSY relates the ¢* coupling to the Yukawa

couplings ¢(2p1p) and therefore ensures cancellation of the leading divergence.

e In general, expand K (®?, <I>jT) and W (®?%) around ®° = ', in components

0’K , - . -

LR LI - T QU Tk

(890’@(,03*) Oup' O K5 0" 0" ?" .

K is a metric in a space with coordinates ¢’ which is a complex Kéhler - manifold:
P’K

Dpt Qi

95 = Kij
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4.1.2 Miraculous cancellations in detail

In this subsection, we want to show in detail how virtual bosons and fermions contribute to cancel their
contributions to observables such as the Higgs mass. Using suitable redefinitions, the most general cubic

superpotential can be reduced to

m
W= =
2

g -3
P2 4+ 2 3.
+3

Together with the standard Kahler potential K = ®f®, it yields a Lagrangian

* - = 2 m m *
L = 9" Oup + 5" 0 — Imy + go°|" — (5 + gso) Yy — (5 + g9 ) P
1 1 1 1 1
= MAGA — SmPA® + SO'BOB — Sm?B’ + U (id — m)v

2
mg 2 2 g 4 4 2 p2 9 =5 ‘5
—— A(A°* + B*) — = (A" + B* + 2A°B*) — ==V (A — B \
2 ( ) 4( ) \/5( iB7°)

7

with cubic and quartic interactions for the complex scalar ¢ = A‘\%B and the 4 spinor ¥ = (1, 1).

Let us compute the 1 loop corrections to the mass of the scalar A, given by the following diagrams:

D A (I) .-"""~B

’ * ' “

[ L)

: ' \ '

‘\ " ‘\ l’
-.é..--:.:--.‘.‘:.--é.. ..é.---:-‘.\-o.'.’.---é..
D) ....A av)  ,...B

‘o' \\‘ ,o “
...... 4 bPeceaa. ccnccedy bececaa.
A\ DA A S A

‘s...':A ‘5._;%
V) P
A A
U}

Figure 4.2: One loop diagrams that give corrections to the mass of the scalar A.



4.1. N =1 GLOBAL SUPERSYMMETRY 49

The usual Feynman rules from non-supersymmetric field theory allow to evaluate them as follows:

- 2 4 : 4
ig d*k i 2/ d*k 1
) = ——14. —_— = [
(D) 4 3/ (2m)* k2 — m? 39 (2m)* k2 — m?
Y -
2 2m)* k2 — m? @2m)* k2 — m?
_img\? 5 2/ d*k i i
V2 @2m)* k* —m? (k — p)* — m?
d*k 1
— 3 2 2/
P et =) (6 - p)2 = )

- () o
=9 mz/ éﬂf (k2 — m?) ((kl— p)* = m?)
o - () (e )
= -2 (/(;‘:;M - /(;jr];“ (k—p>12 - m?
+ / (37:; = m;l)nZ(Qk_— i) - m2)>

In total, we arrive at a mass correction of

d4k 1 d4k 1 d4k‘ pg . 2m2
o {/@”) e o o (k= p)? - m2)} |

The important lesson is the relative sign between the bosonic diagrams (I) to (IV) and the fermionic one

—
~
~

NI

Il

A
~
~
~

N>

Il

(V). UV divergent pieces of the first two integrals cancel, and the cutoff A only enters logarithmically

A
d*k 1 22 k3 dk 1 d
/A 2m)* (k2 — m?) ((k — p)? — m?) - 0/ (2m)* O/k;

whereas non-supersymmetric theories usually produce quadratic divergences such as

A

A
/ d*k 1 N /27r2k3dk 1 /kdk A2
A (20 k2 —m2 T (2m)t k2 '
0 0

4.1.3 Abelian vector superfield Lagrangian

Before attacking vector superfield Lagrangians, let us first discuss how we ensured gauge invariance of

0" 0, ™ under local transformations ¢ +— exp (iqa(x)) in the non-supersymmetric case.
e Introduce covariant derivative D, depending on gauge potential A,
Dyp = 0up — iqA @, A, — A, + Oua

and rewrite kinetic term as
L = D'o(Dup) +..
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e Add kinetic term for A, to £

1
L= vt gm B Fu = %4 — 04,

With SUSY, the Kihler potential K = ®® is not invariant under
d — exp(igh) @ , ' O exp(ig(A — AT)) @

for chiral A. Our procedure to construct a suitable Lagrangian is analogous to the non-supersymmetric case

(although the expressions look slightly different):
e Introduce V such that
K = & exp(2¢V)® V - V — %(A — AT,
i.e. K is invariant under general gauge transformation.

e Add kinetic term for V' with coupling 7
Liin = [f(@)(W*W,) T h.c.

which is renormalizable if f(®) is a constant f = 7. For general f(®), however, it is non-renormalizable.

We will call f the gauge kinetic function.

e A new ingredient of supersymmetric theories is that an extra term can be added to £. It is also invariant

(for U(1) gauge theories) and known as the Fayet Iliopoulos term:
1

Lrr = &V = =¢&D
D 2

The parameter & is a constant. Notice that the FI term is gauge invariant for a U(1) theory because
the corresponding gauge field is not charged under U(1) (the photon is chargeless), whereas for a non-
abelian gauge theory the gauge fields (and their corresponding D terms) would transform under the
gauge group and therefore have to be forbidden. This is the reason the FI term only exists for abelian

gauge theories.

The renormalizable Lagrangian of super QED involves f =7 = i:

L = (o exp(2qV) @)’D + (W(@)‘F + h.c.> + (i WeWa

+ h.c.) + SV‘ .
D

If there were only one superfield ® charged under U(1) then W = 0. For several superfields the superpotential
W is constructed out of holomorphic combinations of the superfields which are gauge invariant. In components

(using Wess Zumino gauge):
(<I>T exp(2qV) @)‘D = F'F + 0,00"0" 4+ ip" 0 + qV" (5,0 + i9* Oup — ipdue”)
+ V2q (oM + 9" M) + ¢ (D + gV VH) Jgf?

Note that
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e V23 = ( due to Wess Zumino gauge
e can complete d,, to D, = 0, — iqV,, using the terms ~ ¢V,

In gauge theories, need W (®) = 0 if there is only one ®. In case of several @y, only chargeless combinations
of products of ®; contribute, since W (®) has to be invariant under ®; — exp(iqpA)Py.

Let us move on to the WeW,- term:

1 N4 Lpo
we w, - D? _ iFﬂyF’“’ — 2iAo" N + %F;WFHV'
F
Exercise 4.3: Verify the F term Of W, Wwe usmg TT’{UMVU’“—} = %(nﬁmnur _ n#‘rnum + iEMVnT),

In the QED choice f = i, the kinetic terms for the vector superfields are given by

1 1 -
+ he. = = D?* — —F,F" — iXo"9,\.

1
L in = - we Wa
k 4 P 2 4

The last term in W*W, ’ 7 lnvolving F wv = €uvpeFP7 drops out whenever f(®) is chosen to be real. Otherwise,
it couples as $Im{f (®)}F,,, F* where F,, F* itself is a total derivative without any local physics.

With the FI contribution & V|D = %fD, the collection of the D dependent terms in £

1 1
Ly = qDlp* + 5D2 + 5¢D
yields field equations 5s
) _ _ S P
sp0 = 0 = D o= =5 —all.

Substituting those back into £(p),

1 2
Loy = =5 (€ + 2al0) = V(o)

get a positive semidefinite scalar potential V(p)(¢). Together with V(g)(¢) from the previous section, the
total potential is given by

ow

2 1 9
Vie) = Vi) + Viole) = 50|+ g (€ + 2alel?)

4.1.4 Action as a superspace integral

Without SUSY, the relationship between the action S and L is

S = /d4x£.

To write down a similar expression for SUSY - actions, recall
/d26 00) = 1, /d49 (60)(FG) = 1.
This provides elegant ways of expressing K ‘D and so on:

L = K‘D + (W‘F + h.c.) + (W“Wa Lt h.c.)

/d49K + (/dQGW + h.c.) + (/dQGW“Wa + h.c.)
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We end up with the most general action

S |K (@], exp(2aV), @), W (®:), f(®:), €] = /d4m/d49 (K + ¢V)

+ /d4x/d29 (W + fW*W, + he) .

Recall that the FI term &V can only appear in abelian U(1) gauge theories and that the non-abelian gener-

alization of the W*W,, term requires an extra trace to keep it gauge invariant:

Tr{Wa Wa} o Tr{eiqA Wew, e—m} - Tr{W“ W, e~iar e“IA}
~——

4.2 Non-renormalization theorems

We have seen that in general the functions K, W, f and the FI constant £ determine the full structure of
N =1 supersymmetric theories (up to two derivatives of the fields as usual). If we know their expressions
we know all the interactions among the fields.

In order to understand the important properties of supersymmetric theories under quantization, we must
address the following question: How do K, W, f and £ behave under quantum corrections? We will show

now that:

e K gets corrections order by order in perturbation theory
e only one loop - corrections for f(®)
e W(®) and £ not renormalized in perturbation theory.

The non-renormalization of the superpotential is one of the most important results of supersymmetric field
theories. The simple behaviour of f and the non-renormalization of £ have also interesting consequences. We

will proceed now to address these issues.

4.2.1 History

e In 1977 GRISARU, SIEGEL, ROCEK showed using ”supergraphs” that, except for 1 loop corrections in

f, quantum corrections only come in the form

/d4x/d49 {-}.

e In 1993, SEIBERG (based on string theory arguments by WITTEN 1985) used symmetry and holomor-
phicity arguments to establish these results in a simple an elegant way [10]. We will follow here this

approach following closely the discussion [II] (section 27.6)
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4.2.2 Proof of the non-renormalization theorem

Let us follow SEIBERG’s path of proving the non-renormalization theorem. For that purpose, introduce

”spurious” superfields X, Y
X = (xadjvam) ) Y = (yﬂ/)yaFy)

involved in the action
S = /d4x/d40 (K + Vo) + /d4:z:/d2¢9 (ywi@) + XWeW, + he) .
We will use:
e symmetries
e holomorphicity

e limits X - occand Y — 0

Symmetries

e SUSY and gauge - symmetries

e R - symmetry U(1)g: Fields have different U (1) charges determining how they transform under that

group
fields \@iVXY 0 6 we

U(l)g-charge | 0 0 0 2 -1 1 1

e.g. Y = exp(2ia)Y, 0 — exp(—ia)f, etc.

e Peccei Quinn symmetry

X - X + ir, reR

Since XW*W,, involves terms like
Re{X} F,, F* + Im{X}F,, F""
a change in the imaginary part of X would only add total derivatives to L,
L w— L+ rF, F"
without any local physics. Call X an azion field.

Holomorphicity

Consider the quantum corrected Wilsonian action

exp(iSy) = / Dy exp(iS)
Ip|>A
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where the path integral is understood to go for all the fields in the system and the integration is only over
all momenta greater than A in the standard Wilsonian formalism (different from the 1PI action in which the
integral is over all momenta). If supersymmetry is preserved by the quantization process, we can write the

effective action as:

Sy = /d4x/d40 [J((I), T eV, X, Y, D...) + &X,. XY, Y1) Vi

+ /d4:v/d20 [H(@,X,Y, Wy + h.c.] .

holomorphic

Due to U(1) g transformation invariance, H must have the form
H = YhX,®) + g(X,2)W*W, .

Invariance under shifts in X imply that h = h(®) (independent of X'). But a linear X dependence is allowed
in front of W*W,, (due to FWF‘“’ as a total derivative). So the X dependence in h and g is restricted to

H

Yh(®) + (X + g(®)W*W, .

Limits

In the limit Y — 0, there is an equality h(®) = W(®) at tree level, so W(®) is not renormalized! The gauge

kinetic function f(®), however, gets a 1 loop correction

f(®) = aoX + g(®) .
tree level 1 loop

Note that gauge field propagators are proportional to % (since gauge couplings behave as ~ xF"F,, ~

X ol Avl 01, Ay, gauge self couplings to X 3 corresponding to a vertex of 3 X lines).

Count the number N, of x - powers in any diagram; it is given by
N, = Vw — Iw

and is therefore related to the numbers of loops L:

L = Iy —Viw+1=-N, +1 =— N, = 1-1L
L = 0 (treelevel): N, = 1, a =1
= 1 (oneloop): N, = 0

Therefore the gauge kinetic term X + g(®) is corrected only at 1 loop! (All other (infinite) loop corrections

just cancel.)
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Figure 4.3: Three vertex of X fields multiplying the gauge field self couplings

A

Figure 4.4: Loop correction to the Kihler potential due to a FI term.

On the other hand, the Kihler potential, being non-holomorphic, is corrected to all orders J(Y, YT, X +XT, ...).
For the FI term £(X, X1,Y, YT)VU(U‘ , gauge invariance under V + V +i(A—A") implies that ¢ is a constant.
D

The only contributions are proportional to
da = Tr{QU(l)} :
i

But if Tr{Q} # 0, the theory is "inconsistent” due to gravitational anomalies:

Therefore, if there are no gravitational anomalies, there are no corrections to the FI term.

4.3 N = 2,4 global supersymmetry

For N =1 SUSY, we had an action S depending on K, W, f and £&. What will the N > 2 actions depend

on?
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Figure 4.5: Gravitational anomalies due to U(1) charged fields running in the loop.

We know that in global supersymmetry, the N' = 1 actions are particular cases of non-supersymmetric
actions (in which some of the couplings are related, the potential is positive, etc.). In the same way, actions
for extended supersymmetries are particular cases of N/ = 1 supersymmetric actions and will therefore be
determined by K, W, f and £. The extra supersymmetry will put constraints to these functions and therefore
the corresponding actions will be more rigid. The larger the number of supersymmetries the more constraints

on actions arise.

4.3.1 N =2

Consider the N' = 2 vector multiplet

where the A, and A are described by a vector superfield V' and the ¢, ¢ by a chiral superfield ®.
We need W = 0 in the N' = 2 action. K, f can be written in terms of a single holomorphic function F(®)

called prepotential:

O*F 1 OF
_ 9L o~ L (et 9s
f(®) 557 K(®,®") oF <<1> exp(2V) 55 h.c.>

The full perturbative action does not contain any corrections for more than 1 loop,

o2 . (tree level)
;o= 2 32
®? In (F) : (1 loop)
where A denotes some cutoff. These statements apply to the Wilsonian effective action. Note that:
e Perturbative processes usually involve series ) a,g™ with small coupling g < 1.

® exp (—g%) is a non-perturbative example (no expansion in powers of g possible).
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There are obviously more things in QFT than Feynman diagrams can tell, e.g. instantons and monopoles.

Decompose the A/ = 2 prepotential F as
-F((I)) = -Flloop + fnon—pert

where Fron-pert for instance could be the instanton expansion Zk aj exp (fg%k). In 1994, SEIBERG and
WITTEN achieved such an expansion in N = 2 SUSY [12].
Of course, there are still vector- and hypermultiplets in A/ = 2, but those are much more complicated. We

will now consider a particularly simple combination of these multiplets.

4.3.2 N =4

As an N = 4 example, consider the vector multiplet,

Au P2

A 1 | | ¥s P2
$1 ¥3

N=2 vector N=2 hyper

We are more constrained than in above theories, there are no free functions at all, only 1 free parameter:

S} 4mi
f=r7= + 2
2m g
~~ N~

F,, Fuv F,,, Frv
N =4 is a finite theory, moreover its S function vanishes. Couplings remain constant at any scale, we have
conformal invariance. There are nice transformation properties under modular S duality,

at + b
ct + d

b

where a, b, ¢, d form a SL(2,7Z) matrix.

Finally, as an aside, major developments in string and field theories have led to the realization that certain
theories of gravity in Anti de Sitter space are ”dual” to field theories (without gravity) in one less dimension,
that happen to be invariant under conformal transformations. This is the AdS/CFT correspondence allowing
to describe gravity (and string) theories to domains where they are not well understood (and the same benefit
applies to field theories as well). The prime example of this correspondence is AdS in 5 dimensions dual to

a conformal field theory in 4 dimensions that happens to be A/ = 4 supersymmetry.

4.3.3 Aside on couplings

For all kinds of renormalization, couplings g depend on a scale . The coupling changes under RG transfor-

mations scale by scale. Define the 8 function to be

d
M(Tg = Blg) = —bg’ + ...
H N~

The theory’s cutoff depends on the particle content.
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Solve for g(u) up to 1 loop order:

Td 7 1 /1 M
1
R 1 TR A )
9 Jon 2\9u  Im m
= g = !
m - m2
&+ bIn(5R)
The solution has a pole at
b
mog =: A = Mexp(292>

which is the natural scale of the theory. For m — oo, get asymptotic freedom as long as b > 0, i.e.

b>0 b<0

By

A A m

Figure 4.6: Landau pole in the running of the gauge coupling depending on the sign of the —bg3 contribution to the 3
function: If b > 0, the strength of the interaction monotonically decreases towards higher mass scales m. Negative values
b < 0, on the other hand, give rise to a pole in the renormalized coupling g, when m grows towards some threshold scale

A:M-exp(f@

lim,;, 00 g, = 0. This is the case in QCD. If b < 0, however, a Landau pole emerges at some scale which is

an upper bound for the energies where we can trust the theory. QED breaks down in that way.

4.4 Supergravity: an Overview

This chapter provides only a brief overview of the main ideas and results on N' = 1 supergravity. A detailed

description is beyond the scope of the lectures.

4.4.1 Supergravity as a gauge theory
We have seen that a superfield ® transforms under supersymmetry like
5 = i(eQ + €Q)P .

The questions arises if we can make € a function of spacetime coordinates e(z), i.e. extend SUSY to a local

symmetry. The answer is yes, the corresponding theory is supergravity.
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How did we deal with local a(z) in internal symmetries? We introduced a gauge field A,, coupling to a current

J# via interaction term A, J*. That current J* is conserved and the corresponding charge g constant
q = /d3x J° = const .

For spacetime symmetries, local Poincaré parameters imply the equivalence principle which is connected with
gravity. The metric g, as a gauge field couples to the ”current” T¥ via g, 7"". Conservation 9,T"" =0

implies constant total momentum
Pt = /dgx T = const .

Now consider local SUSY. The gauge field of that supergravity is the gravitino W# with associated supercurrent

JH and SUSY charge
Qo = / d*z g0 .
Let us further explain the role of the gravitino gauge field and its embedding into a supermultiplet in the

following subsections.

4.4.2 The linear supergravity multiplet with global supersymmetry

Recall that the vector field A, associated with a local internal symmetry has a gauge freedom under 694, =
dya for some local parameter o(x) which is a scalar under the Lorentz group. The analogue for a spinorial
gauge parameter 7, (x) is the gravitino field ¥# which carries both a vector and a spinor index and can be
gauge transformed as

opwh = 0", .

The gravitino’s dynamics is described by the gauge invariant RARITA SCHWINGER action

1 _
Susl¥] = 5 [ dle @ T, 050, 0,9,

which we give in Dirac spinor notation (see appendix [B.3]). The gravitino can be easily combined with a

linearized graviton excitation

8m
g = ’[7 + K h N [Q‘/2 = _—
m m m Mgl

into the linearized supergravity multiplet (h,,, ¥, ). The latter is governed by the linearized Einstein Hilbert

action
1 4 nv L 1 L
Seulh] = —3 d*z h R, — 577,“,1%
RL -—1(8ahA 80, — 00,1 s — 8%h
w75 ML vOXIV 1 Ovlt - X\ uV
RY = n“”Rﬁy

in terms of the linearized Ricci tensor RII;V and Ricci scalar R, It enjoys the spin two gauge invariance under

5ggh;w = a,ugu + al/g/_L .
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By adding Sgs + Sgn, we arrive at a field theory with global supersymmetry under variations

0.V, = % [7”, 7”] € 0phpuo

AR PR

(Sah}“, == - 5

However, their algebra closes up to gauge transformations only,

(6 0| W, = —2iE @) B0, + D, ((a1 )W + 1 E7 )N wp)
= 217 e2) PV, + 05V,
[551 : 582} hyw = —2i(E17°€2) phy + i (51717 E2) (Ouhp + Buhipy)
= 217 e2) Pohuw + 0Lhu
The commutator of two supersymmetry transformations with parameters €1, €2 not only yields the translation
P, familiar from the Wess Zumino model but also a gravitino gauge transformation with spinor parameter

n = (177e2)V, + 1(£177€2)77,¥” and a graviton gauge transformation with vectorial parameter &, =

(E1vPea)hpp.

4.4.3 The supergravity multiplet with local supersymmetry

If the supersymmetry transformation parameters of the linear supergravity multiplet d.(¥,,,h,,) are pro-

moted to spacetime functions € = e(x), then its free action is modified as
6-(Srs[¥] + Spu[h]) = / d*z J" 9,

from which we can read off the supercurrent

1 _
jﬂ — Z eHvpo \I/p75 Yo [,Y/\ , 77} 8,\}1-,—,7 .

One can now proceed in close analogy to electromagnetism and apply the NOETHER procedure to maintain

invariance of the overall action under local transformations. Suppose we want to achieve local U (1) symmetry

01 = ia(x)y into the electron’s DIRAC action

Sply] = i/d4x (IRTRRT SSply] = —/d4x JH e,
then the extra contribution
Sint[V, A] = —/d4a: JHA,
restores invariance in the total action if the gauge field A, obeys the transformation law 64, = —0,a. As

a result, the photon is coupled to the electric current J# = 1py*1). This interaction can be expressed more
elegantly as
Sol] + SwloiA] = i [de b D, Dy = O+id,

in terms of a covariant derivative D,,.
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The variation in the action Srs[¥] 4+ Sgu[h| of the linear supergravity multiplet can be compensated by an

interaction term

Sint[\llv h’] = - g/d4x \7# \Ij.u
provided that the supersymmetry transformation of ¥, is enriched by
2 1 o -
0V, = - Oue + 3 ['y ;Y ] €0phus + ..

Just like in electrodynamics, the graviton-gravitino interaction can be absorbed into Srg by replacing the
ordinary derivative by an appropriately defined covariant one 0, — D,. However, to achieve local invariance
to all orders in s, some bilinear terms in ¥ are required in the full transformation 6.¥,. In the non-linear
theory of ' = 1 supergravity, the covariantized RARITA SCHWINGER action ~ [ d*z e“””"@u%’nyP\I’U is
in fact quite involved with all these extra terms in D, and therefore beyond the scope of these lectures.

Historically, the first local supergravity actions were constructed by FERRARA, FREEDMAN and VAN NIEWEN-

HUIZEN, followed closely by DESER and ZUMINO in 1976.

4.4.4 N =1 Supergravity in Superspace

There is a very convenient formulation of supergravity in terms of superfields, generalising the superfield
formulation of global supersymmetry. For this the superspace coordinates 2™ = {z#,0,,0:} are subject

M — oM 4 (M The supergravity

to supersymmetric generalisations of general coordinate transformations z’
multiplet is included into a superfield with components {e#, ¥ M, b,} where e¥ is the vierbein describing the
metric g, = €},eq, Yk the gravitino, M a complex scalar auxiliary field and b, a real vector auxiliary field.
The vierbein has a superspace generalisation EAl. A superspace density (generalising v/—g = e = dete”) is
given by det EAl = E. The supergravity action (in Planck units Mgl = 1) can be written in a compact way
as:

1 1 _ 1 1 . _
Ssq = —3/d8zE = —2/d4xe{R — g MM+ 0"y + 5 &7 (¥ 5, Dyt — z/zﬂa,,Dpng)}

Here d®z = d*xd*@ and D is a covariant derivative. The non-propagating auxiliary fields complete the
supergravity multiplet providing an off-shell invariant action. Integrating them out by their field equations

give rise to the Einstein plus Rarita-Schwinger actions.

4.4.5 N =1 supergravity coupled to matter

Here we will provide, without a full derivation from first principles, some relevant properties of NV = 1
supergravity actions coupled to matter.

The total Lagrangian is a sum of supergravity contribution L£gg and the SUSY Lagrangian discussed before,
L = Lsg + LKW, fE).

where the second term is understood to be covariantized under general coordinate transformations. We are

interested in the scalar potential of supergravity, for this we focus on the chiral scalar part of the action



62 CHAPTER 4. FOUR DIMENSIONAL SUPERSYMMETRIC LAGRANGIANS

which can be written as
3 .
s = —?/d% Y Ee 5K 4+ (/d4x A EW + h.c.)

where we have restored M and K2 =8rGN =1 /Mgl. As above, E is the determinant of the supervielbein
and & is defined by 2RE = E where R is the curvature superfield (having components R, ¥, M,b,). Notice
that the first term of this action, when expanded in powers of x? includes the pure supergravity action plus
the standard kinetic term for matter fields. This can be seen by writing:

—EK K 4
e s =1—?K+O(K/)

The flat space limit corresponds to k — 0, [ d*0 € — 1, and E — 1 and the flat space global supersymmetric
action from in terms of K and W is reproduced. Actually the condition to reproduce the flat limit together
with general supercoordinate invariance singles out the apparent unusual dependence of the action on K
above.

For any finite value of k the fact that K appears explicitly in the pure supergravity part of the action implies
that the coefficient of the EINSTEIN term, which is the effective Planck mass, depends on the chiral matter
fields as in BRANS-DICKE theories. In order to go to the EINSTEIN frame (constant Planck mass) a rescaling
of the metric needs to be done, this in turn requires a rescaling of the fermionic fields in the theory, by
supersymmetry, complicating substantially the derivation of the action in components. In order to avoid
these complications an extra superfield ¢ is usually introduced, known as the Weyl compensator field. This
field is not a physical field, since it does not propagate. It is introduced in such a way that it makes the
action invariant under scale and conformal transformations. After the component action is computed, ¢ is
fixed to a value such that the EINSTEIN term is canonical, breaking the scale invariance and reproducing the

wanted action in components. The action above is then modified as:
S = —3/d4x dY9Eppe X3 4 </d4x dYEPW + h.c.)

This action is invariant under ’rescalings’ of the metric E — €2("+7) and & — €57 € 4 ... with 7 a chiral

superfield (and all matter fields invariant) if ¢ — e =27

. Notice that in order to obtain the standard Einstein
action the lowest component of ¢ has to be fixed to p@ge /3 = Mgl thus breaking explicitly the (artificial)
conformal invariance and leaving the physical fields properly normalised with standard kinetic terms.

Deriving the full component action from the superfield action above is then straightforward but tedious.
Here we are interested in obtaining the scalar potential which plays a very important role in supersymmetric
theories. For this it is sufficient to consider flat spacetime, which leads to E = 1, [ d?6 €& =1 and the covariant

derivatives reduce to the global covariant derivatives.
S = —3/d4x d*0 ppe K3 4+ (/d‘lgg d?0 p»* W + h.c.)

In similar fashion to the global supersymmetric case, one can obtain the scalar potential in supergravity

K = wW|?
Ve = exp (]\/[2> {(K_l)“ DiWDEW* -3 ‘Ml }
pl pl
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In the My — oo limit, gravity is decoupled and the global supersymmetric scalar potential Vi = (K *1)1'5 oW o;W*
restored. Notice that for finite values of the Planck mass, the potential Vi above is no longer positive. The
extra (negative) factor proportional to —3|W|? comes from the auxiliary fields of the gravity (or compensator)

multiplet.

Exercise 4.4: Derive the equations of motion for the auxiliary F-terms in the above action. To simplify the
expression use the following covariant deriwative D;W = 0;W + W0, K. Using the expression for the F-term,
derive in analogy to the global supersymmetric case the F-term scalar potential for the above action.

Some important things should be stated here:

e This action has a so-called Kdahler invariance under

K — K + h(®) + h*(®")
W exp(—h(®)) W

This can be seen directly since this transformation can be compensated by transforming the Weyl

compensator by ¢ — ¢"®) . The scalar F-term potential then becomes
V o= £(GYGG —3), G = K+ W},

This implies that, contrary to global supersymmetry, K and W are not totally independent since the
action depends only on the invariant combination G. In particular, W can in principle be absorved
into the Kéahler potential. This is true as long as W is not zero nor singular and therefore in practice

it is more convenient to still work with K and W rather than G.

e So far we have not included the gauge fields couplings to supergravity. These are just as in global
supersymmetry except for three important points: First, the Weyl symmetry introduced above is valid
only classically and develops an anomaly at one-loop. In order to cancel the anomaly a shift in the
gauge kinetic function is needed: f — f + clogp, see [13] for further reference. Secondly, the D-term
D% in supergravity is given by

D* = Tr(0;KT"¢;).
Using the Kéhler invariance from above, this exhibits an interesting relation between the D-term and
F-term in supergravity:
D* = G;T"¢; = e “PFT"¢,
Since the F-term is proportional to G; (see exercise 4.4). As long as W is non zero, F- and D terms
are proportional. One immediate consequence of this relation, that we will see later on, is that in

supergravity, there is no single D-term or F-term supersymmetry breaking.

e Finally, again contrary to global supersymmetry, there is a correlation between the existence of a
(constant) Fayet-Iliopoulos term £ and the existence of a global symmetry. If there are no global

symmetries there cannot be Fayet-Iliopoulos terms [14].
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Chapter 5

Supersymmetry breaking

5.1 Basics

We know that fields ¢; of gauge theories transform as
wi = (exp(ia“T“))ij ©0j Spi = ia®(T");7 ¢,

under finite and infinitesimal group elements. Gauge symmetry is broken if the vacuum state (pyac); trans-

forms in a non-trivial way, i.e.
(@*T)i? (prac); # 0.
In U(1), let ¢ = pexp(i) in complex polar coordinates, then infinitesimally

op = iap = dp = 0, 0 = a,

the last of which corresponds to a Goldstone boson.

Similarly, we speak of broken SUSY if the vacuum state |vac) satisfies
Qqlvac) # 0.
Let us consider the anticommutation relation {Qa, QB} = 2(co*), 5P contracted with (5V)Pe,
@V {Qa, Qs} = 26 (0" Pu = AP = AP,

in particular the (v = 0) component using 7° = 1:
_ B 2
(@) {Qa, @5} = D(QuQL + QLQu) = 4P = 4F

a=1

This has two very important implications:
e E >0 for any state, since Q,QJ, + Q! Q, is positive definite

o (vac|Q.Q! + QI Qnlvac) > 0, so in broken SUSY, the energy is strictly positive, £ > 0
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5.2 F- and D breaking

5.2.1 F term breaking

Consider the transformation - laws under SUSY for components of a chiral superfield ®,

Sp = V2ep
o = V2eF + i\/io“éaugo
SF = V25" a0 .

If one of d¢p, 1, §F # 0, then SUSY is broken. But to preserve Lorentz invariance, need

W) = (Gup) = 0

as they would both transform under some representation of Lorentz group. So our SUSY breaking condition
simplifies to

SUSY <= (F) # 0.

Only the fermionic part of ® will change,
o = 6F = 0, 6 = V2e(F) # 0,

so call ¢ a Goldstone fermion or the goldstino (although it is not the SUSY partner of some Goldstone boson).
Remember that the F' term of the scalar potential is given by

oW oW
e Opt

Viey = ;

so SUSY breaking is equivalent to a positive vacuum expectation value

SUSY <<= (Vim) > 0.

5.2.2 O’Raifertaigh model

The O’Raifertaigh model involves a triplet of chiral superfields ®;, ®5, ®3 for which K&hler- and superpotential

are given by
K = & &, W = gb (92 — m?) + Md,d5, M > m.

From the F' equations of motion, if follows that

oW ,

_F* - 7 _ _ 2
1 B g (@3 m*)
oW
-F = — = M
2 Do ¥3
oW
—F; = = 290103 + Moy .

dps
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AV AV
¢ o
SUSY + gauge symmetry pres erved SUSY preserved + gauge s ymmetry broken
AV AV
* '¢
SUSY broken + gauge s ymmetry preserved SUSY + gauge s ymmetry broken

Figure 5.1: Various symmetry breaking scenarions: SUSY is broken, whenever the minimum potential energy V (¢min) is
nonzero. Gauge symmetry is broken whenever the potential’s minimum is attained at a nonzero field configuration iy 7 0 of

a gauge non-singlet.

We cannot have F}" = 0 for ¢ = 1,2, 3 simultaneously, so the form of W indeed breaks SUSY. Now, determine
the spectrum:
oW\ (OW\" 2 2
= <> <> = Fled — m*[ + Mo’ + 290195 + Mo
0 oy

M2

297 then the minimum is at

If m?2 <

(p2) = (p3) = 0, (1) arbitrary .

= (V) = gzm4 > 0.

This arbitrariness of ¢ implies zero mass, m,, = 0. For simplicity, set (¢1) = 0 and compute the spectrum

of fermions and scalars. Consider the fermion mass term

927 0 O 0
<a%a%> i, 0 0 M | ¥y
0O M 0

in the Lagrangian, which gives 1; masses

m%:O, m¢2:m¢3:M.
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Figure 5.2: Example of a flat direction: If the potential takes its minimum for a continuous range of field configurations

(here: for any 1 € C), then it is said to have a flat direction. As a result, the scalar field ¢1 will be massless.

11 turns out to be the goldstino (due to d¢y o< (F1) # 0 and zero mass). To determine scalar masses, look

at the quadratic terms in V:
Vaad = —m°¢* (g5 + ¢3%) + M?|ps” + M2 = my, = 0, my, = M
Regard @3 as a complex field ¢35 = a + ib where real- and imaginary part have different masses,
m2 = M? — 2¢°m?, m; = M?* + 2¢°m?.

This gives the following spectrum:

m
NayeEs e
Ao T (2 X (2%
M

(02,12), 13

P————— R ()

T = 2g7m?

(1,71)

Figure 5.3: Mass splitting of the real- and imaginary part of the third scalar 3 in the O’Raifertaigh model.
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We generally get heavier and lighter superpartners, the supertrace of M (treating bosonic and fermionic parts
differently) vanishes. This is generic for tree level of broken SUSY. Since W is not renormalized to all orders
in perturbation theory, we have an important result: If SUSY is unbroken at tree level, then it also unbroken
to all orders in perturbation theory. This means that in order to break supersymmetry we need to consider
non-perturbative effects:

= SUSY non-perturbatively

Exercise 5.1: By analysing the mass matriz for scalars and fermions, verify for the O’Raifertaigh model

STr{M?} = > (DY (2j+1)m] = 0,

where j represents the “spin’ of the particles.

5.2.3 D term breaking

Consider a vector superfield V' = (A, A4,, D),
A x eD = (D) # 0 = SUSY.

A is a goldstino (which, again, is not the fermionic partner of any Goldstone boson). More on that in the

examples.

Exercise 5.2: Consider a chiral superfield ® of charge q coupled to an Abelian vector superfield V. Write
down the D-term part of the scalar potential. Show that a mon-vanishing vacuum expectation value of D,
the auxiliary field of V, can break supersymmetry. Find the condition that the Fayet-Iliopoulos term and the
charge q have to satisfy for supersymmetry to be broken. Find the spectrum of this model after supersymmetry

s broken and discuss the mass splitting of the multiplet.

Exercise 5.3 Consider a renormalisable N = 1 supersymmetric theory with chiral superfields ®; = (v;,;, F;)
and vector superfields V, = (Aa, A¥, D) with both D and F term supersymmetry breaking (F; # 0 and
D, #0). Show that in the vacuum

aVv L O0PW ;
=F + "D (T")] = 0.
i Opip; 2T

Here g* and T* refer to the gauge coupling and generators of the gauge group respectively. Also, since the

superpotential W is gauge invariant, the gauge variation of W is

L) W =

gauge - a i ~gauge

o' = —F[(T")¢’ .

Write these two conditions in the form of a matriz M acting on a “two-vector’ with components (F7) and
(D®). Identify this matriz and show that it is the same as the fermion mass matriz. Argue that it has one

zero eigenvalue which can be identified with the Goldstone fermion.
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5.3 Supersymmetry breaking in A/ = 1 supergravity

e Supergravity multiplet adds new auxiliary - fields Fy, with nonzero (F,) for broken SUSY.

e The F - term is proportional to

ow 1 0K
F D = — — — W.
x W 0 + M§1 9o W

e The scalar potential V() has a negative gravitational term,

K —1\ij * |VI/|2
VY(F) = exp (1\421> {(K 1) J .DZW D;W -3 le } .
p P

That is why both (V) = 0 and (V') # 0 are possible after SUSY breaking in supergravity, whereas broken

SUSY in the global case required (V) > 0. This is very important for the cosmological constant problem
(which is the lack of understanding of why the vacuum energy today is almost zero). The vacuum energy
essentially corresponds to the value of the scalar potential at the minimum. In global supersymmetry,
we know that the breaking of supersymmetry implies this vacuum energy to be large. In supergravity
it is possible to break supersymmetry at a physically allowed scale and still to keep the vacuum energy
zero. This does not solve the cosmological constant problem, but it makes supersymmetric theories still

viable.

The super Higgs effect: Spontaneously broken gauge theories realize the Higgs mechanism in which the
corresponding Goldstone boson is "eaten” by the corresponding gauge field to get a mass. A similar
phenomenon happens in supersymmetry. The goldstino field joins the originally massless gravitino field
(which is the gauge field of N' = 1 supergravity) and gives it a mass, in this sense the gravitino receives
its mass by ”eating” the goldstino. A massive gravitino (keeping a massless graviton) illustrates the
breaking of supersymmetry. The super Higgs effect should not be confused with the supersymmetric
extension of the standard Higgs effect in which a massless vector superfield eats a chiral superfield to

receive a mass turning it into a massive vector multiplet.

Exercise 5.4: Consider N' = 1 supergravity with three chiral superfields S, T, and C. In Planck units, the

Kahler potential and superpotential are given by

K

—log (S +S*) — 3log(T+T*—CC™)

w C3 4+ ae ™ + b,

where a, b are arbitrary complex numbers and o > 0. Compute the scalar potential. Find the auxiliary field

for S, T,C and verify that supersymmetry is broken. Assuming that C denotes a matter field with vanishing

vev, find a minimum of the potential. Are there flat directions?



Chapter 6

The MSSM - basic ingredients

In this chapter, we will shed light on some aspects of the minimally supersymmetric extension of the Standard

Model which is obviously called MSSM in shorthand.

6.1 Particles

First of all, we have vector fields transforming under SU(3)¢ x SU(2)r, x U(1)y, secondly there are chiral

superfields representing

e quarks
Qi = (3.2 —%) . u = (3,1, 2), i = (3,1, =3)
left-handed right-handed
e leptons
L = (L,2,Y), & = (@1O1-1), o = (1,1,0)
left-handed right-handed
e higgses
mo- (L2d). H o= (12 -}

the second of which is a new particle, not present in the Standard Model. It is needed in order to avoid

anomalies, like the one shown below.

The sum of Y3 over all the MSSM particles must vanish (i.e. multiply the third quantum number with the

product of the first two to cover all the distinct particles).

6.2 Interactions

o K = ®fexp(2¢V)® is renormalizable.

o fo =7, where Re{7,} = ‘;—g determines the gauge coupling constants. These coupling constants change

with energy as mentioned before. The precise way they run is determined by the low energy spectrum
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N\N\N\

Figure 6.1: Anomalous graph proportional to Tr{Y3} which must vanish.

of the matter fields in the theory. We know from precision tests of the Standard Model that with its
spectrum, the running of the three gauge couplings is such that they do not meet at a single point at

higher energies (which would signal a gauge coupling unification).

However, with the matter field spectrum of the MSSM, the three different couplings evolve in such a
way that they meet at a large energy E. This is considered to be the main phenomenological success

of supersymmetric theories and it hints to a supersymmetric grand unified theory at large energies.

g, 8a

E Equr E

Figure 6.2: Running of the gauge couplings associated with the SU(3)c, SU(2)r, U(1)y factors: The left plot refers to the
non-supersymmetric Standard Model where all three couplings never coincide for any energy. On the right, the running of the

MSSM gauge couplings is plotted, they are unified at some large energy E = Eqyt ~ 1016 GeV.

e FI term: need £ = 0, otherwise break charge and colour.
e The superpotential W is given by

W = ywQHu® + y2QH d® + ysLHi e + pHyHy + W, ,
W = MLLE + \MLQd® + \zad°d® + ' LHy

The first three terms in W correspond to standard Yukawa couplings giving masses to up quarks, down
quarks and leptons. The fourth term is a mass term for the two Higgs fields. But each of the BL

terms breaks baryon- or lepton number. These couplings are not present in the Standard Model that



6.3. SUPERSYMMETRY BREAKING IN THE MSSM 73

automatically preserves baryon and lepton number (as accidental symmetries). The shown interaction

would allow proton decay p — et + 7% within seconds. In order to forbid those couplings, an extra

Figure 6.3: Proton decay due to baryon- and lepton number violating interactions.

symmetry should be imposed. The simplest one that works is R parity defined as

R = (_1)3(B_L)+25 +1 : all observed particles

—1 : superpartners
It forbids all the terms in Wpy..
The possible existence of R parity would have important physical implications:
e The lightest superpartner (LSP) is stable.
e Usually, LSP is neutral (higgsino, photino), the neutralino is best candidate for dark matter (WIMP).

e In colliders, superparticles are produced in pairs which then decay to LSP and give a signal of ”missing

energy”.

6.3 Supersymmetry breaking in the MSSM

Recall the two sectors of the Standard Model:

observable Yukawa symmetry -
—

sector (quarks) breaking (Higgs)

Supersymmetry has an additional messenger sector

observable messenger - SUSY -
— —

sector sector breaking

involving three types of mediation
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e gravity mediation

If the mediating field couples with gravitational strength to the standard model, the couplings will be
suppressed by the inverse Planck mass My which is the natural scale of gravity. We must include some
mass square to get the right dimension for the mass splitting in the observable sector. That will be the

square of SUSY breaking mass Mgysy:

A My
sy

pl

We want Am ~ 1 TeV and know M ~ 10'® GeV, so
Mgusy = +/Am-M, =~ 10" GeV .
The gravitino gets a mass m 3 of Am order TeV from the super Higgs mechanism.
e gauge mediation
G = (SUBB) x SU(2) x U(1)) x Ggusy =: Gy x Ggusy

Matter fields are charged under both Gy and Ggusy which gives a Mgygy of order Am, i.e. TeV. In
2
that case, the gravitino mass m3 is given by MﬁiU?Y ~ 1073 eV.
P
e anomaly mediation
In this case, auxiliary fields of supergravity (or Weyl compensator) get a vacuum expectation value.

The effects are always present but suppressed by loop effects.

Each if these scenarios has phenomenological advantages and disadvantages and solving their problems is

an acting fields of research at the moment. In all scenarios, the Lagrangian for the observable sector has

contributions
L = Lsusy + Lgusy
Where:
L = miote + M\ +he | + (A¢® + he
$USY 0y ¥ A (A )
scalar masses gaugino masses

My, m3, A are called soft breaking terms. They determine the amount by which supersymmetry is expected
to be broken in the observable sector and are the main parameters to follow in the attempts to identify

supersymmetric theories with potential experimental observations.

6.4 The hierarchy problem

In high energy physics there are at least two fundamental scales - the Planck mass M) ~ 10'® GeV defining
the scale of quantum gravity and the electroweak scale Mg, ~ 102 GeV, defining the symmetry breaking
scale of the Standard Model. Understanding why these two scales are so different is the hierarchy problem.

Actually the problem can be formulated in two parts:
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(i) Why My < Mp1?7 Answering this question is the proper hierarchy problem.

(ii) Is this hierarchy stable under quantum corrections? This is the "naturalness” part of the hierarchy

problem which is the one that presents a bigger challenge.

Let us try to understand the naturalness part of the hierarchy problem.

In the Standard Model we know that:

e Gauge particles are massless due to gauge invariance, that means, a direct mass term for the gauge

particles M A, A" is not allowed by gauge invariance (A, — A, + d,a for a U(1) field).

e Fermions masses mi1y are also forbidden for all quarks and leptons by gauge invariance. Recall that
these particles receive a mass only through the Yukawa couplings to the Higgs (e.g. H11) giving a mass

to v after H gets a non-zero value).

e The Higgs is the only scalar particle in the Standard Model. They are the only ones that can have
a mass term in the Lagrangian m>HH. So there is not a symmetry that protects the scalars from
becoming very heavy. Actually, if the Standard Model is valid up to a fixed cutoff scale A (for instance
A ~ My as an extreme case), it is known that loop corrections to the scalar mass m? induce values of
order A2 to the scalar mass. These corrections come from both bosons and fermions running in loops.
These would make the Higgs to be as heavy as A. This is unnatural since A can be much larger than
the electroweak scale ~ 102 GeV. Therefore even if we start with a Higgs mass of order the electroweak
scale, loop corrections would bring it up to the highest scale in the theory, A. This would ruin the
hierarchy between large and small scales. It is possible to adjust or ”fine tune” the loop corrections
such as to keep the Higgs light, but this would require adjustments to many decimal figures on each
order of perturbation theory. This fine tuning is considered unnatural and an explanation of why the
Higgs mass (and the whole electroweak scale) can be naturally maintained to be hierarchically smaller

than the Planck scale or any other large cutoff scale A is required.

In SUSY, bosons have the same masses as fermions, so no problem about hierarchy for all squarks and
sleptons since the fermions have their mass protected by gauge invariance.

Secondly, we have seen in subsection that explicit computation of loop diagrams cancel boson against
fermion loops due to the fact that the couplings defining the vertices on each case are determined by the
same quantity (g in the Yukawa coupling of fermions to scalar and g2 in the quartic couplings of scalars as
was mentioned in the discussion of the WZ model). These "miraculous cancellations” protect the Higgs mass
from becoming arbitrarily large.

Another way to see this is that even though a mass term is still allowed for the Higgs by the coupling
in the superpotential puH; Hs, the non-renormalization of the superpotential guarantees that, as long as
supersymmetry is not broken, the mass parameter p will not be corrected by loop effects.

Therefore if supersymmetry was exact the fermions and bosons would be degenerate, but if supersymmetry
breaks at a scale close to the electroweak scale then it will protect the Higgs from becoming too large. This
is the main reason to expect supersymmetry to be broken at low energies of order 102 — 103 GeV to solve

the naturalness part of the hierarchy problem.
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Furthermore, the fact that we expect supersymmetry to be broken by non-perturbative effects (of order
e 1/ 92) is very promising as a way to explain the existence of the hierarchy (first part of the hierarchy
problem). That is that if we start at a scale M > Mey (e.g. M =~ My in string theory or GUT’s), the
supersymmetry breaking scale can be generated as Mgysy ~ Me™ !/ 92, for a small gauge coupling, say

g ~ 0.1, this would naturally explain why Mgysy < M.

6.5 The cosmological constant problem

This is probably a more difficult problem as explained in section [1.4] The recent evidence of an accelerating

universe indicates a new scale in physics which is the cosmological constant scale My, with A]f[“ ~ —Aj\/ffvlv ~
ew o

10~15. Explaining why M, is so small is the cosmological constant problem. Again it can expressed in two
parts, why the ratio is so small and (more difficult) why this ratio is stable under quantum corrections.
Supersymmetry could in principle solve this problem, since it is easy to keep the vacuum energy A to be zero
in a supersymmetric theory. However keeping it so small would require a supersymmetry breaking scale of
order Am ~ My ~ 1072 eV. But that would imply that the superpartner of the electron would be essentially
of the same mass as the electron and should have been seen experimentally long ago. Therefore at best
supersymmetry keeps the cosmological constant A small until it breaks. If it breaks at the electroweak scale
M that would lead to M ~ M., which is not good enough.

Can we address both the hierarchy- and the cosmological constant problem at the same time? Some attempts
are recently put forward in terms of the string theory ”landscape” in which our universe is only one of a set
of a huge number of solutions (or vacua) of the theory. This number being greater than 10°%° would indicate
that a few of these universes will have the value of the cosmological constant we have today, and we happen
to live in one of those (in the same way that there are many galaxies and planets in the universe and we just
happen to live in one).

This is still very controversial, but has lead to speculations that if this is a way of solving the cosmological
constant problem, it would indicate a similar solution of the hierarchy problem and the role of supersymmetry
would be diminished in explaining the hierarchy problem. This would imply that the scale of supersymmetry
breaking could be much larger. It is fair to say that there is not at present a satisfactory approach to both
the hierarchy and cosmological constant problems. It is important to keep in mind that even though low
energy supersymmetry solves the hierarchy problem in a very elegant way, the fact that it does not address
the cosmological constant problem is worrisome in the sense that any solution of the cosmological constant
problem could affect our understanding of low energy physics to change the nature of the hierarchy problem

and then the importance of low energy supersymmetry. This is a very active area of research at the moment.
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Extra dimensions

It is important to look for alternative ways to address the problems that supersymmetry solves and also to

address other trouble spots of the Standard Model. We mentioned in the first lecture that supersymmetry

and extra dimensions are the natural extensions of spacetime symmetries that may play an important role

in our understanding of nature. Here we will start the discussion of physics in extra dimensions.

7.1

Basics of Kaluza Klein theories

7.1.1 History

In 1914 NORDSTROM and 1919 - 1921 KALUZA independently tried to unify gravity and electromag-
netism. NORDSTROM was attempting an unsuccessful theory of gravity in terms of scalar fields, prior
to EINSTEIN. KALUZA used general relativity extended to five dimensions. His concepts were based on

WEYL’s ideas.
1926 KLEIN: cylindric universe with 5th dimension of small radius R
after 1926, several people developed the KK ideas (EINSTEIN, JORDAN, PAULI, EHRENFEST,...)

1960’s: DE WITT obtaining 4 dimensional Yang Mills theories in 4d from D > 5. Also strings with
D = 26.

In 1970’s and 1980’s: Superstrings required D = 10. Developments in supergravity required extra
dimensions and possible maximum numbers of dimensions for SUSY were discussed: D = 11 turned
out to be the maximum number of dimensions (NAHM). WITTEN examined the coset

SU(3) x SU(2) x U(1)

SU((2) xU(1) x U(1)

dim(G/H) = 84341 - 3+14+1) = 7

G/H

which also implied D = 11 to be the minimum. 11 dimensions, however, do not admit chirality since

in odd dimensions, there is no analogue of the 5 matrix in four dimensions.

7
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Figure 7.1: Example of a five dimensional spacetime M?* x S where S! is a circular extra dimension in addition to four

dimensional M*.

e 1990’s: Superstrings revived D = 11 (M theory) and brane world scenario (large extra dimensions).

Exercise 7.1: Consider the Schrddinger equation for a particle moving in two dimensions x and y. The
second dimension is a circle or radius r. The potential corresponds to a square well (V(z) =0 for z € (0,a)
and V = oo otherwise). Derive the energy levels for the two-dimensional Schrédinger equation and compare

the result with the standard one-dimensional situation in the limit r < a.

7.1.2 Scalar field in 5 dimensions

Before discussing higher dimensional gravity, we will start with the simpler cases of scalar fields in extra
dimensions, followed by vector fields and other bosonic fields of helicity A < 1. This will illustrate the effects
of having extra dimensions in simple terms. We will be building up on the level of complexity to reach
gravitational theories in five and higher dimensions. In the next chapter we extend the discussion to include
fermionic fields.

Consider a massless 5D scalar field p(z™) , M = 0,1, ...,4 with action
SBD = /dsflf aMQDaM(,D .

Set the extra dimension z* = y defining a circle of radius r with y = y + 27r.

Our spacetime is now My x S!. Periodicity in y direction implies discrete Fourier expansion

o0

platy) = Y pala) exp <mry) .

n=-—o00
Notice that the Fourier coeflicients are functions of the standard 4D coordinates and therefore are (an infinite
number of) 4D scalar fields. The equations of motion for the Fourier modes are (in general massive) wave

equations
2

Moy = 0 = Z 0"o, — n—Q on(x") exp 0 I
T r

n=—oo
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2

n

= "0 on(a!) — ) on(zt) = 0.
These are then an infinite number of Klein Gordon equations for massive 4D fields. This means that each
Fourier mode ¢,, is a 4D particle with mass m? = Z—j Only the zero mode (n = 0) is massless. One can

visualize the states as an infinite tower of massive states (with increasing mass proportional to n). This is
called Kaluza Klein tower and the massive states (n # 0) are called Kaluza Klein- or momentum states, since

they come from the momentum in the extra dimension:

2/r
1/r

Figure 7.2: The Kaluza Klein tower of massive states due to an extra S' dimension. Masses m,, = |n|/r grow linearly with

the fifth dimension’s wave number n € Z.

In order to obtain the effective action in 4D for all these particles, let us plug the mode expansion of ¢ into
the original 5D action,

o0 . TL2
s = [ate far 3 (00na 0y — il

= 27Tr/d4a: (0"po(x") upo(z)* + ...) = Suip + ...

This means that the 5D action reduces to one 4D action for a massless scalar field plus an infinite sum
of massive scalar actions in 4D. If we are only interested in energies smaller than the % scale, we may
concentrate only on the 0 mode action. If we restrict our attention to the zero mode (like KarLuza did),
then ¢(zM) = ¢(2#). This would be equivalent to just truncating all the massive fields. In this case speak
of dimensional reduction. More generally, if we keep all the massive modes we talk about compactification,
meaning that the extra dimension is compact and its existence is taken into account as long as the Fourier

modes are included.

7.1.3 Vector fields in 5 dimensions

Let us now move to the next simpler case of an abelian vector field in 5D, similar to an electromagnetic field

in 4D. We can split a massless vector field A (z™) into

A, (vector in 4 dimensions)

Ay =:p (scalar in 4 dimensions)
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Each component has a discrete Fourier expansion

= mny = mny
ao= S e (M) = Y e (M)

n=—oo n=—oo

Consider the action

1 ,
S5D = /dS.T 5 FMNF]VIN
95D

with field strength
Fyn = OuAn — ONAum

implying
Moy Ay — OMonAy = 0.

Choose a gauge, e.g. transverse
(9MAM = 0, Ao =0 —— 8M8MAN = 07

then this obviously becomes equivalent to the scalar field case (for each component Ajs) indicating an infinite
tower of massive states for each massless state in 5D. In order to find the 4D effective action we once again
plug this into the 5D action:
Sp — Sip = /d4x (227”" Foy "™ Foyw + iﬂ Oupo 0" po + ) ,
95D 95D
Therefore we end up with a 4D theory of a gauge particle (massless), a massless scalar and infinite towers of
massive vector and scalar fields. Notice that the gauge couplings of 4- and 5 dimensional actions (coefficients

of Fayn FMN and F,.,F") are related by

1 2ar

9i 95
In D spacetime dimensions, this generalizes to

1 Vpy

91 9b

where V,, is the volume of the n dimensional compact space (e.g. an n sphere of radius 7). Higher dimensional

electromagnetic fields have further interesting issues that we pass to discuss.

Electric (and gravitational) potential

Gauss’ law implies for the electric field E and its potential ® of a point charge Q:

— — — 1 1
%E~d5 = Q = |F| « ik d = 4 dimensions
S2

— — — 1 1 . .

E-dS = Q@ = |E| « ok ® x o2 5 dimensions
S3

So in D spacetime dimensions
1 1

P

£ o RD-2° RD-3 -
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If one dimension is compactified (radius r) like in My x S1, then
1
5 o3 : R <r
IE]l - oc
ﬁ c R>r

Analogues arguments hold for gravitational fields and their potentials.

Comments on spin and degree of freedom counting

We know that a gauge particle in 4 dimensions has spin one and carries two degrees of freedom. We may ask
about the generalization of these results to a higher dimensional gauge field.

Recall Lorentz algebra in 4 dimension
[MAW’ MPU} — i(n#ff MYP + nl/p MM — WW MHP — nup M”")
Ji = €k Mjk 5 J M23 .

For massless representations in D dimensions, O(D — 2) is little group:

Pt = (E, E,0, .., 0)
~—_—
O(D—2)
The Lorentz algebra is just like in 4 dimensions, replace u, v, ... by M, N, ..., so Ms3 commutes with Mys

and Mgz for example. Define the spin to be the maximum eigenvalue of any M*(“t1) The number of degrees
of freedom in 4 dimensions is 2 (A, — A; with i = 2,3) corresponding to the 2 photon polarizations and
(D —2) in D dimension, Ap; — A; where i =1,2,...,D — 2.

7.1.4 Duality and antisymmetric tensor fields

So far we considered scalar- and vector fields:
‘ scalar  vector index - range
D=4 SD(‘TH) A'u(l'“) Hn= 07 17 27 3
D >4 M) Apy@EM) M=0,1,.,D—1

We will see now that in extra dimensions there are further fields corresponding to bosonic particles of helicity
A < 1. These are antisymmetric tensor fields, which in 4D are just equivalent to scalars or vector fields by
a symmetry known as duality. But in extra dimensions these will be new types of particles (that play an
important role in string theory for instance).
In 4 dimensions, define a dual field strength to the Faraday tensor F** via

Froo= % e’ Foy |

then Maxwell’s equations in vacuo read:

oMk, =0 (field equations)

OME,, = 0 (Bianchi identities)
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The exchange F < F (the electromagnetic duality) corresponding to E & B swaps field equations and
Bianchi identities.

In 5 dimensions, one could define in analogy

FMNP _ EMNPQRFQR .

One can generally start with an antisymmetric (p + 1) - tensor Ay, My

and derive a field strength

FMl---Mp+2 = 6[M1AM2-~MP+2]
and its dual (with D — (p + 2) indices)

: Mp—p_1..M
FyyyoMp_y_y = € mp FPTPTEOTE

Consider for example

e D=4

FHVP = 6[#Bl,p] — Fg = EUH,,pF‘LWp = (‘%a

The dual potentials that yield field strengths F),, <+ wa have different number of indices, 2 tensor

B,, > a (scalar potential).

e D=6

Fynp = a[MBNp] - FQRS = 6MNPQRSF‘JWNP = G[QBRS]

Here the potentials By p <> Brg are of the same type.

Antisymmetric tensors carry spin 1 or less, in 6 dimensions:

B, : rank two tensor in 4 dimensions
Bun = B,5 , Bus : 2 vectors in 4 dimensions
Bsg : scalar in 4 dimensions

To see the number of degrees of freedom, consider little group

Bmy..m,, — B ir = 1,.,(D-2).

1. dpg1 )

These are (?_:12 ) independent components. Note that under duality, couplings g are mapped to (multiples

of) their inverses,

1 _
L = gj(a[MlBM2...Mp+2])2 < QQ(a[MlBM'zWMDf(pH)])Q

p branes

Electromagnetic fields couple to the worldline of particles via

S ~ /A#dx“,
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This can be seen as follows: the electromagnetic field couples to a conserved current in 4 dimensions as
[d*xzA,J" (with Dirac current J* = Y"1 for an electron field for instance). For a particle of charge ¢,
the current can be written as an integral over the world line of the particle J* = ¢ [ d&#6*(z — £) such that
[ J°d3z = ¢ and so the coupling becomes [ d*zJ"'A, = q [dErA,,.

We can extend this idea for higher dimensional objects. For a potential By,,; with two indices, the analogue
is

/B;w dat Adz”

i.e. need a string with 2 dimensional worldsheet to couple. Further generalizations are
/Bwp dz* Adax¥ A dzx? (membrane)
/BMl..‘MpH dz™ A A daMetr (p brane)

Therefore we can see that antisymmetric tensors of higher rank coupled naturally to extended objects. This
leads to the concept of a p brane as a generalization of a particle that couples to antisymmetric tensors of
rank p + 1. A particle carries charge under a vector field, such as electromagnetism. In the same sense, p

branes carry a new kind of charge with respect to a higher rank antisymmetric tensor.

Exercise 7.2: Consider the following Lagrangian
1
S = /d4x <g2 H,,,HH"? + ae‘“’p"atupg> .

Solve the equation of motion for the Lagrange multiplier a to obtain an action for a propagating massless
Kalb-Ramond field B,,,. Alternatively, solve the equation of motion for the field H,,», to obtain an action
for the propagating axion field a. What happens to the coupling g under this transformation?

7.1.5 Gravitation in Kaluza Klein theory
After discussing scalar-, vector- and antisymmetric tensor fields

spin  deg. of freedom

scalar ¢ 0 1+1
vector Apy 0,1 D -2
antisymmetric tensor Ay, a7, |0, 1 (1;_:12 )

we are now ready to consider the graviton G sy of Kaluza Klein theory in D dimensions

G, graviton
Gun = Gun  vectors
Gpn  scalars
where p,v =0,1,2,3 and m,n=4,...,D — 1.

The background metric appears in the 5 dimensional Finstein Hilbert action

S = /d% VIGI®R,  ©®Ryxy = 0.
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One possible solution is the 5 dimensional Minkowski metric G y;n = npn, another one is that of 4 dimen-

sional Minkowski spacetime M) times a circle S, i.e. the metric is of the My x S' type
ds* = W(y)nu, dztdz” — dy?

where Mz x S* x S1 is equally valid. In this setting, W (y) is a warped factor that is allowed by the symmetries
of the background and y is restricted to the interval [0, 27r]. For simplicity we will set the warp factor to a
constant but will consider it later where it will play an important role.

Consider excitations in addition to the background metric

(gm, — H2¢ANA,,) —KpA,

Gun = ¢°3 oA 5
kA,

in Fourier expansion

(g0 — r2 6O AP AD)  —rg© AP

) + 0o tower of massive modes
—k o0 Ay »©

Gun = o3

Kaluza Klein ansatz

and plug the zero mode part into the Einstein Hilbert action:

1 I 9 $0)
Sup - /d4x 7] {M§1<4>R — o0 E FOw 019 9,60 }

1
6 (©0)?

This is the unified theory of gravity, electromagnetism and scalar fields!

Exercise 7.3: Show that the last equation follows from a pure gravitational theory in five-dimensions, using
G)IR = WR —2e"7V2e” — ieQUFWF‘“’ where G55 = €2°. Relate the gauge coupling to the U(1) isometry of
the compact space.

Symmetries

e general 4 dimensional coordinate transformations

= 2™ (2V) gfg,) (graviton) , ALO) (vector)
e y transformation
y = y = F("y)

Notice that
ds? = ¢©-s {gfﬁj) dztdz” — ¢ (dy — /@ALO) dm“)2} ;
so, in order to leave ds? invariant, need

1 of

K OxH

6f ’
Iz — Iz - % 0) _— (0)
F(z",y) y + f(z") = dy dy + Dl dat | A, A+

)l This is the way to understand that stan-

. . 0
which are gauge transformation for a massless field AL
dard gauge symmetries can be derived from general coordinate transformations in extra dimensions,

explaining the Kaluza Klein programme of unifying all the interactions by means of extra dimensions.
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e overall scaling

1
vy oAy AELO) = )‘ALO)’ o0 ﬁ(b(o) = ds?® — A5ds?

) is a massless modulus field, a flat direction in the potential, so (¢(*)) and therefore the size of the
5th dimension is arbitrary. ¢(©) is called breathing mode, radion or dilaton. This is a major problem for
these theories: It looks like all the values of the radius (or volume in general) of the extra dimensions
are equally good and the theory does not provide a way to fix this size. It is a manifestation of the
problem that the theory cannot prefer a flat 5D Minkowski space (infinite radius) over My x St (or
M3 x S! x S1, etc.). This is the moduli problem of extra dimensional theories. String theories share
this problem. Recent developments in string theory allows to fix the value of the volume and shape of
the extra dimension, leading to a large but discrete set of solutions. This is the so-called ”landscape”
of string solutions (each one describing a different universe and ours is only one among a huge number

of them).

Comments

e The Planck mass Mgl = M3 -27r is a derived quantity. We know experimentally that M, ~ 10*2 GeV,
therefore we can adjust M, and r to give the right result. But there is no other constraint to fix M,

and r.

e Generalization to more dimensions

. (gl“’ — HzALAi h”) —K’ymnKznAL

Gun =
—KYmn sz A;L/ Ymn

The K" are Killing vectors of an internal manifold M p_4 with metric v;,,. The theory corresponds

to Yang Mills in 4 dimensions. Note that the Planck mass now behaves like

M% = MP2Vp_y ~ MP=2rP=% = M2 (M,r)P~*

In general we know that the highest energies explored so far require M, > 1 TeV and r < 10716 cm
since no signature of extra dimensions has been seen in any experiment. In Kaluza Klein theories there

is no reason to expect a large value of the volume and it has been usually assumed that M, ~ Mp.

7.2 The brane world scenario

So far we have been discussion the standard Kaluza Klein theory in which our universe is higher dimensional.
We have not seen the extra dimensions because they are very small (smaller than the smallest scale that can
be probed experimentally at colliders which is 10716 c¢m).

We will introduce now a different and more general higher dimensional scenario. The idea here is that our
universe is a p brane, or a surface inside a higher dimensional bulk spacetime. A typical example of this

is as follows: all the Standard Model particles (quarks, leptons but also gauge fields) are trapped on a 3
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dimensional spatial surface (the brane) inside a higher dimensional spacetime (the bulk). Gravity on the
other hand lives on the full bulk spacetime and therefore only gravity probes the extra dimensions.

Therefore we have to distinguish the D dimensional bulk space (background spacetime) from the (p+1) world
volume coordinates of a p brane. Matter lives in the d(= 4) dimensions of the brane, whereas gravity takes
place in the D bulk dimensions. This scenario seems very ad hoc at first sight but it is naturally realized in
string theory where matter tends to live on D branes (a particular class of p branes corresponding to surfaces
where ends of open strings are attached to). Whereas gravity, coming from closed strings can leave in the

full higher dimensional (D = 10) spacetime. Then the correspondence is as follows:

gravity <— closed strings

matter <— open strings

Figure 7.3: Brane world scenario with matter corresponding to open strings which start and end on the brane and gravity

incorporated by closed strings probing the full bulk spacetime.

For phenomenological purposes we can distinguish two different classes of brane world scenarios.
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7.2.1 Large extra dimensions

Let us first consider an unwarped compactification, that is a constant warp factor W (y). We have remarked
that the fundamental higher dimensional scale M, is limited to be M, > 1 TeV in order to not contradict
experimental observations which can probe up to that energy. By the same argument we have constrained
the size of the extra dimensions r to be r < 1076 cm because this is the length associated to the TeV scale of
that accelerators can probe. However, in the brane world scenario, if only gravity feels the extra dimensions,
we have to use the constraints for gravity only. Since gravity is so weak, it is difficult to test experimentally
and so far the best experiments can only test it to scales larger than ~ 0.1 mm. This is much larger than
the 1071® c¢m of the Standard Model. Therefore, in the brane world scenario it is possible to have extra
dimensions as large as 0.1 mm without contradicting any experiment!

This has an important implication also as to the value of M, (which is usually taken to be of order M) in

Kaluza Klein theories. From the Einstein Hilbert action, the Planck mass My, is still given by
My = MP?Vp_y

with Vp_s4 ~ rP~* denoting the volume of the extra dimensions. But now we can have a much smaller
fundamental scale M, if we allow the volume to be large enough. We may even try to have the fundamental
scale to be of order M, ~ 1 TeV. In five dimensions, this will require a size of the extra dimension to be of
order 7 ~ 10% km in order to have a Planck mass of the observed value M, ~ 10'® GeV (where we have used
r= Mgl /M3). This is clearly ruled out by experiments. However, starting with a 6 dimensional spacetime
we get r? = M}fl /M2, which gives r ~ 0.lmm for M, = 1 TeV. This is then consistent with all gravitational
experiments as well as Standard Model tests. Higher dimensions would give smaller values of r and will
also be consistent. The interesting thing about the 6 dimensional case is that it is possible to be tested by
the next round of experiments in both, the accelerator experiments probing scales of order TeV and gravity
experiments, studying deviations of the squared law at scales smaller than 0.1mm.

Notice that this set up changes the nature of the hierarchy problem because now the small scale (i.e. My &
M, ~ 1 TeV) is fundamental whereas the large Planck scale is a derived quantity. The hierarchy problem
now is changed to explain why the size of the extra dimensions is so large to generate the Planck scale of 108
GeV starting from a small scale M, ~ 1 TeV. This changes the nature of the hierarchy problem, because it
turns it into a dynamical question of how to fix the size of the extra dimensions. Notice that this will require
exponentially large extra dimensions (in units of the inverse fundamental scale M,). The hierarchy problem
then becomes the problem of finding a mechanism that gives rise to exponentially large sizes of the extra

dimensions.

7.2.2 Warped compactifications

This is the so-called Randall Sundrum scenario. The simplest case is again a 5 dimensional theory but with
the following properties. Instead of the extra dimension being a circle S*, it is now an interval I (which can
be defined as an orbifold of S by identifying the points y = —y, if the original circle had length 27r, the

interval I will have half that size, 7r). The surfaces at each end of the interval play a role similar to a brane,
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being 3 dimensional surfaces inside a 5 dimensional spacetime. The second important ingredient is that the
warp factor W(y) is not as determined by solving Einstein’s equations in this background. We then have

warped geometries with a y dependent warp factor exp (W(y)), in 5 dimensions
ds? = exp(W(y)) Ny dat dz” 4+ dy? .

The volume Vp_4 has a factor
G+

Vp-a ~ /dy exp(W(y)) -

Consider then the two branes,one at y = 0 ("the Planck brane”) and one at y = 7r ("the Standard Model

brane”), the total action has contributions from the two branes and the bulk itself:

y=0 y=TR

Figure 7.4: Brane configuration in the Randall-Sundrum scenario: The warped geometry in the y direction gives rise to a

mass hierarchy between the Planck brane at y = 0 and the Standard Model brane at y = nr

S = Sy:O + Sy:ﬁr + Sbulk

Einstein’s equations imply W (y) o e *¥| with k a constant (see [I5] and example sheet 4), so the metric
changes from y = 0 to y = mr via 1, — exp(—knr)n,,. This means that all the length and energy scales
change with y. If the fundamental scale is M, ~ My, the y = 0 brane carries physics at Mp;, but as long as
we move away from this end of the interval, all the energy scales will be ”red shifted” by the factor e~*¥! until
we reach the other end of the interval in which y = «r . This exponential changes of scales is appropriate for
the hierarchy problem. If the fundamental scale is the Planck scale, at y = 0 the physics will be governed by
this scale but at y = r we will have an exponentially smaller scale. In particular we can have the electroweak
scale My, &~ My - e~ ™" ~ 1 TeV if 7 is only slightly bigger than the Planck length 7 > 50 £;,;. This is a more

elegant way to ”solve’ the hierarchy problem. We only need to find a mechanism to fix the value of r of order
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50 £p1! Notice that in this scenario 5 dimensions are compatible with experiment (unlike the unwarped case

that required a radius many kilometers large).

Exercise 7.4: Consider a five dimensional gravity theory with a negative cosmological constant A < 0,
compactified on an interval (0,7). Each end of the interval corresponds to a ’3-brane’ which we choose to
have tension £A/k respectively. Here k is a common scale to be determined later in terms of the fundamental

scale in 5D M and A. Verify that the warped metric
ds? = 2" Nuw dat da” + r? d6?

2W(

satisfies Einstein’s equations. Here e 2V () is the warp factor and r is a constant measuring the size of the

interval. You can use that Finstein’s equations reduce to

612 A 3W” A
= s o = gy B0 - - 60)].

Solve for W(0) and use the warp factor to show that the effective 4D Planck scale is now

M2 = M?’r/ﬂ dg e 2V = %3(1 - 6_2]”)
pl — == k .

-7
Find the value of the constant k. Consider the Higgs Lagrangian on the brane at = m, bring it into canonical
form and show that the mass is proportional to the factor e *™". How large can r be in order to reproduce the
electroweak scale from the Planck scale? Does this solve the hierarchy problem? How does the Planck scale

differ from the 5D scale M?

7.2.3 Brane world scenarios and the hierarchy problem

Notice that in both scenarios, the problem of solving the hierarchy problem has been turned into the problem
of fixing the size of the extra dimensions. It is worth remarking that both mechanisms have been found to
be realized in string theory (putting them on firmer grounds). Studying mechanisms to fix the moduli that
determines the size and shape of extra dimensions is one of the most active areas of research within string

theory.
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Chapter 8

Supersymmetry in higher dimensions

So far we have been discussed the possible bosonic fields in extra dimensions (scalars, vectors, antisymmetric
tensors and metrics). What about fermionic fields in extra dimensions? Good references for the technical

aspects are [16, [17, [18].

8.1 Spinors in higher dimensions

For a theory of fermions in more than four dimensions, need some analogue of the four dimensional Dirac ~y

matrices, i.e. representations of the Clifford algebra

{F]\/I FN} — 9yMN TMN @ [FM FN}
b b 4 b b
where the SM¥ are generators of SO(1, D — 1) subject to the Lorentz algebra
[ZMN ’ EPQ} _ Z-(ZMQ gNP 4 nNP T]MQ _ yMP nNQ _ »NQ nMP) .

8.1.1 Spinor representations in even dimensions D = 2n

Define n pairs of ladder operators

a® = - (T + 1 = (" = - (-1° + 1

o = (T% — 2t = () = (% + o+ | j=1,..,n—1,

NS NS
N =N =

whose hermiticity properties are due to (I'°)f = 4T° and (I'#%)f = —T"M#0_ From the Clifford algebra in
nMN = diag(+1, —1, ..., —1) signature, it follows that the a’ (where j = 0,1,...,n — 1 now) furnish a set of

n fermionic oscillators
o, @)} = o7, o, o} = {@) @)} = 0.
Let |0) denote the vacuum such that a’|0) = 0, then there are states

states ‘I0> (@)'0) (a")¥(@)]0) -+ (a™)T (@~ H)T ... (a*)"]0)

number‘ 1 n (%) 1

91
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of total number
n

n n
14+ n + +...+1:Z = 2" = 2
2 —\

D
2

States in the spinor representations are defined by n = D/2 quantum numbers s; = j:%
150y oy 8n_1) = (a®)T(0F3)  (gn=1)t(snrt3) o) |

Note that the generators X(29(2+1) mutually commute. So we diagonalize all of
(a®)Ta® — = —l—i [FO , Fl} = —x¥

(aj)’r a —

N = DN =

- i[pzj szﬂ B COICIAR)
4 )

and find the |sg, ..., $,—1) defined above to be the simultaneous eigenstates of

g .- (@)fa® — & = —ix® :1=0
o @)t - L DEDEHD =1 -1
in the sense that
Si|50, ...,Sn_1> = Si|80, ...,Sn_1> .

Call those |sg, ..., Sn—1) Dirac spinors. In D = 4 dimensions with n = 2, for instance, the states | £ %, :I:%)
form a 4 component spinor.

Representations in even dimensions are reducible, since the generalization of ~°,

F2n+1 — in_l 1—\0 Fl FQn—l

3

satisfies
{F2n+1 FM} - 0 {anﬂ EMN} - 0 (K22 — 1

It follows from

2" 505t L5t = 2”% (+i>nl L e e

_ in—ll—\O Fl F2n—1 _ F2n+1 .

that all the |sg, ..., s,—1) are eigenstates to [2n+l
F2n+1 |80, ~-~7Sn71> = :E|SQ, ---;Sn71>

with eigenvalue +1 for even numbers of s; = —% and —1 for odd ones. This property is called chirality, and

spinors of definite chirality are referred to as Weyl spinors.

8.1.2 Spinor epresentations in odd dimensions D = 2n + 1

Just add I'?n+l = =IO 1271 to the I'M matrices of D = 2n dimensions. From its properties
{T2n+H1 TMY = 0 and (I'?"*1)2 = 1, it perfectly extends the Clifford algebra in D = 2n dimensions to
D = 2n + 1 with extended metric n** = (=1, +1,...,+1).
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Since there is no further I' matrix with which I'?"*! could be paired to a further a’ operator, the representation
is the same as for D = 2n, but now irreducible. The SO(1,2n) generators in addition to those of SO(1,2n—1)
are given by %FMF%H with M = 0,1,...,2n — 1. Since odd dimensions do not have a ”~4°”, there is no
chirality. The spinor representations’ dimension is 2.

In general, define Np to give the number of spinor components:

2

n
271

ND =

=23 : D =2neven
2Dfl

2 : D=2n+1 odd

8.1.3 Majorana spinors

Let us now introduce the notion of reality for spinors in Minkowski spacetime. Under infinitesimal Lorentz
transformations, spinors ¢ transform into ¢’ = 1 + iwyn LM Nep. Since the ZMYN are in general complex,
it is not guaranteed that relations between 1 and its complex conjugate * are consistent with Lorentz
transformations.

A relation between 1) <+ ¢* is referred to as the Majorana condition. It has to be of the form * = CT%) where
C is the charge conjugation matriz. Consistency requires (CT?) * CT° = 1 which is possible in dimensions
D =0,1,2,3,4mod 8. In other words, among the physically sensible dimensions, D = 5,6,7 do not admit a
Majorana condition.

A Majorana condition can be imposed on a Weyl spinor if D = 0,1,2,3,4mod 8 and the Weyl representation
is conjugate to itself. Weyl spinors exist in even dimensions D = 2n, and by analyzing the complex conjugate

of the chirality matrix

(F2n+1)* _ (71)n+1 C71 1-\61 1-\2n+1 1-\0 C ,

it turns out that charge conjugation only preserves the spinors’ chirality if (—1)""1 = +1. If n is even,
ie. in D =4,8,12,... dimensions, the two inequivalent Weyl representations are complex conjugate to each
other, and one can either impose the Weyl or Majorana condition, but not both! In dimensions D = 2mod 8,
the Weyl representations are self conjugate and compatible with the Majorana condition, so Majorana Weyl

spinors are possible in dimensions D = 2 and D = 10.

8.2 Supersymmetry algebra

The SUSY algebra in D dimensions consists of generators My;n, Py, Qo last of which are spinors in D
dimensions. The algebra has the same structure as in 4 dimensions, with the bosonic generators defining a

standard Poincaré algebra in higher dimensions and

{Qa, Q,B} = a)s Pu + Zap

where a% are constants and the central charges Z,3 now can also include brane charges. This is the D > 4
Coleman Mandula- or HLS generalization of the D = 4 algebra. The arguments for the proof are identical

to those in 4 dimensions and we will skip them here.
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A new feature of the Poincaré algebra is that all the generators M (29)2i+1) commute with each other and
can thus be simultaneously diagonalized as we have seen in the discussion of the higher dimensional spinorial
representation. Then we can have several "spins” defined as the eigenvalues of these operators. Of particular
relevance is the generator M. This is used to define a weight w of an operator O by

[Mm : O} - —iwO

where O and O* have the same weight.

8.2.1 Representations of supersymmetry algebra in higher dimensions

Consider massless states P* = (E ,E ,0 ,... ,0) with little group SO(D — 2). We define the spin to be the
maximum eigenvalue of M,y in the representation. Notice that for the momentum of a massless particle

P! — PY =0 and that

(MO P P = i (P PY).
Therefore the weight of P! 4+ P? is w = 4-1. As the ”—" combination P! — PV is zero in massless represen-
tations, the weight w = —1 can be excluded and we only need to consider combinations of {Q,Q} in which

both Q’s have weight w = —|—%.

So if we start with arbitrary spinors @, of the form

Qo = ‘iév i%v i%a"’vi%>7 a=1,.,Np

with Np components (recall that Np = 2% for even and Np = 275 for odd dimensionality respectively),

requiring weight +1 means that (, as a special case of [MMN,Q,] = —2MNQ,,,)
(M0 Q] = —="Qu = -istQa * _%’ o,
so Q. has to be of the form
ey = e s am

This leads to half of the number of components of @, in the massless case, namely %
Furthermore, we can separate the Q’s into Q% and Q™ according to eigenvalues of M3 (standard spin in
4d). They furnish an algebra of the form {QT,Q%} = {Q~,Q~} = 0 and {Q*, Q™ } # 0 corresponding to

creation- and annihilation operators. To see this, consider the commutator

M(zj)(2j+1) , Q(a QB):| = *Q(a Sj QB) - SJ Q(a QB) = 7(55'(1) + Sgﬂ))Q((x QB) .

Using the super Poincaré algebra, we can also show this expression to be a linear combination of the P2...PP~1
which are all zero in our case P* = (E ,E ,0,... ,0). Consequently, all the combinations sga) + sgﬂ ) have to
vanish leaving {Q7, ng .} as the only nonzero anticommutators.
This implies that a supersymmetric multiplet can be constructed starting from a ” vacuum” state |\) of helicity
A annihilated by the Q~ operators, @~ |A) = 0, and the rest of the states in the multiplet are generated by
acting on Q. Therefore they will be of the form

QIw:Jrl = \+§,i%, e a=1..,—

2
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and the total number will be %.

Given some state |\) of helicity A (i.e. Mas|\) = A|A)), the action of any QF will lower the M?? eigenvalue:

MEQEN = [M®LQEIN + QEMEN) = —IEQLIN + AQLIN)

(r - 5) @

We therefore obtain the follwing helicities by application of the QF |w7 41
-T2

|>‘>7 ‘)‘71>a -"7|/\*l'ND>'

24
It follows for the range of occurring A’s that
/\Inax - Amin = A - ()‘ - %) = g

imposing |A| < 2 thus requires Np < 32. But remembering that Np = 2%,2% for even and odd dimen-
sionality, this implies a maximum number of spacetime dimensions D = 10, 11.

Notice the similarity of this argument with the previous proof that the maximum number of supersymmetries
in 4 dimensions was N/ = 8. We will see later that precisely N' = 8 supergravity is obtained from the
supersymmetric theories in D = 10 and D = 11.

Let us take a closer look at the spectrum of D = 11 and D = 10:

e D=11

Only A = 1 SUSY is possible. The only multiplet consists of

o
gMN GV Aunp
S~ ~— ——
graviton gravitino antisymmetric tensor (non-chiral)

In order to count the (on shell) degrees of freedom for each field we have to perform the analysis

(D-2)(D-1)
2

based on the little group O(D — 2). The graviton in D dimensions carries — 1 components,

corresponding to a symmetric tensor in D — 2 dimensions minus the trace, which is 45 — 1 = 44 in the
D =11 case. An antisymmetric tensor of rank p + 1 in D dimensions has (?;12) degrees of freedom,

in the case of Ayynp with p+1 =3, thisis (§) = 84.

For the gravitino spinor ##, we have 2757 . (D—-2)— P independent components: The first factor
is the product of the spinor components times the vector components of the gravitino (since it carries
both indices), and the subtraction of the 2°5° degrees of freedom of a spin % particle is similar to the
subtraction of the trace for the graviton. In terms of su(2) representations (1) ® (3) = (3) @ (3),
one can say that the spin % contribution on the right hand side is discarded. More generally, a vector
spinor ¥$, only furnishes an irreducible Lorentz representation if contractions with any invariant tensor
(such as the metric and the higher dimensional I' matrices) vanish. If the ”gamma trace” \IJ%JF(% was
nonzero, then it would be a lower irreducible representation on its own right. In D = 11, we obtain

9.2% — 2% = 128 components for the gravitino which matches the number of bosonic degrees of freedom

84 + 44.
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e D=10
This allows N = 2:

HA | gun  2x79%  Bunw ¢ Apnp A
B | gun 2x9% 2xBun 2x¢ Alnvp A
I | (gun Bun o ) (Ap A) (chiral)

About antisymmetric tensors Aas,...ar,., of spin 0 or 1, we know:

p+1
e Aj,s couples to a particle f AM dxy,, where dayy refers to the world line
e Aprn couples to a string [ AMN dzpr Adzy (world sheet)

e A)/np to a membrane ...

° AMl...Mp+1 to a p brane

The coupling is dependent of the object’s charges:

object | charge couples to

particle q Ap
string qm ApuN

p brane | qu, . v, Ay

Charges are new examples of central charges in the SUSY algebra:

{Q7 Q} x aP + M Mgy

8.3 Dimensional Reduction

Let us review the general procedure of reducing any number of dimensions bigger than 4 to d = 4. Recall
the example of a scalar in 5 dimensions M5 = My x S! (the last of which has radius R) where field in 5
dimensions could be replaced by co many fields in d = 4. If ¢ is massless,

2

oMy = 0 = 9,0'p, — = 0,

?‘pn

then the Fourier mode ¢,, with respect to the S' dimension has a mass of 5

For dimensional reduction, only keep the n = 0 mode,

o) = o)

M
Ap(z™) — A,(z"), A () m = 4,..D-1
——
scalars
B]MN — B,uua B/Ln ) an
~—~
vectors scalars
G G
~—~ ~—~

2n %2" 4D —spinors
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Consider e.g. the reduction of D = 11 to d = 4: The fundamental fields are graviton gp;ny that carries
% —1 = 44 degrees of freedom and the gravitino ¢f§; with 9- 27 — 2% =8.16 = 128 components. Again,
the subtraction is an extra spinor degree of freedom. The final field is an antisymmetric tensor Ay p that
carries () = 84 degrees of freedom. Note that we have 128 bosonic degrees of freedom and 128 fermionic

degrees of freedom. Dimensional reduction to d = 4 leads to:

gMN Guv Jum ) Imn
~~ ~~ ~
graviton 7 vectors T8 =28 scalars (symmetry!)
A]WNP = A vp A vm A mn Amn
pvp i " P
—— ~—— ——
7 tensors 21 vectors T:6-2=35 scalars (antisymmetry!)
@ @ @
wM = 7% ) ¢m
~— ~~
%:8 7-8=56 fermions

Recall here that a three index antisymmetric tensor A,,, in 4 dimensions carries no degrees of freedom and
that two index antisymmetric tensors A, are dual to scalars. The spectrum is the same as the N’ = 8

supergravity in 4 dimensions:

number | helicity | particle type | on shell degrees of freedom in d = 4
1 2 graviton HE ) e
8 3 gravitino | 8- (2%.(4—2)—2¥) —8.2=16
28 1 vector 28-(4—2)=28-2=56
56 1 fermion 56-277 =562 =112
70 0 scalar 70-1="70

There is a theory of AV = 8 supergravity based on the gyn and Ay np. Reducing the dimension from 11
to 4 has an effect of N =1 +— N = 8. This N' = 8 model is non-chiral, but other compactifications and p
branes in a 10 dimensional string theory can provide chiral ' = 1 models close to the MSSM. Notice that the
statement of why the maximum dimensionality of supersymmetric theories is 11 is identical to the statement
that the maximum number of supersymmetries in 4 dimensions is N' = 8 since both theories are related by
dimensional reduction. Actually, the explicit construction of extended supergravity theories was originally

done by going to the simpler theory in extra dimensions and dimensionally reduce it.

8.4 Summary

This is the end of these lectures. We have seen that both supersymmetry and extra dimensions provide the
natural way to extend the spacetime symmetries of standard field theories.

They both have a set of beautiful formal properties, but they also address important unsolved physical
questions such as the hierarchy problem for instance.

For supersymmetry we can say that it is a very elegant and unique extension of spacetime symmetry:

e It may be realized at low energies, the energy of SUSY breaking of 1 TeV is within experimental reach

(hierarchy, unification, dark matter)
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e It may be an essential ingredient of fundamental theory (M theory, strings).

e It is a powerful tool to understand QFTs, especially non-perturbatively (S-duality, Seiberg-Witten,
AdS/CFT).

Both supersymmetry and extra dimensions may be subject to be tested soon in experiments. They are both
basic ingredients of string theory but may be relevant only at higher energies, we need to remain patient.
Independent of any experimental verification they have expanded our understanding of physical theories

which is a good argument to continue their study.



Appendix A

Usetful spinor identities

Identities involving spinors and vectors of the Lorentz group SO(3,1) depend on the conventions chosen, in
particular the signs and factors of ¢ and % involved. Let us therefore list the conventions chosen throughout

these notes:

Y

e the Minkowski metric is ”mostly negative’

nl“/ = dlag(+1a 717 717 71)
e the invariant SL(2,C) tensors €qg3, €, 4 and their inverses P, %% have entries

0 -1 0 1 y
€af = = €45 P = =
1 0 -1 0

e the nonzero components of the totally antisymmetric € tensor in four dimensions are determined by

12
€0123 — —60 3 = +1

A.1 Bispinors

Given the antisymmetric "metric” e for bispinors, we have to define the way indices are contracted in spinor

products:

YxX = YXa = XY

UX = daxt = XY

Left- and right handed bispinors follow opposite contraction rules to ensure that (x)" = ¥, where the
hermitian conjugation is assumed to reverse the order of the spinors without a minus sign due to anticom-
mutation.

The irreducible spinor representations of SO(3,1) are two dimensional, so any antisymmetric expression

Tlag) (T[aB]) is proportional to the unique antisymmetric rank two tensor e,p (eaﬂ)' Hence, we find for

99
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anticommuting variables that

0n 05 = +% cap (00),  0°60° = —% P (66)
020, = _% e (00),  090° = % ¢ (46) |
the :I:% factors can be determined by contraction with the inverse e symbol. An easy corollory is
(6 (06) = 3 (69) (x©)
60 (08) = -3 (00) (xE)

A.2 Sigma matrices

We work with the following four vectors of generalized sigma matrices
ot = (1,9, gt = (1, -9)
where the spatial entries are simply given by the standard Pauli matrices
. 0 1 0 —i 1 0
o = ) )
1 0 i 0 0 -1
They can be easily verified to satisfy the Dirac algebra
oha’ 4+ ovah = 29" 1.
One can regard the o matrices as the Clebsch Gordan coefficients converting the tensor product of left- and

righthanded spinors into a Lorentz vector and vice versa. The following relations give the details of this

dictionary:
Tr{a“ 5V} = 20" (0M)as (3% = 26,8547
Finally, the antisymmetric ¢ products o#* = %U“‘&”] and o = %6[”0”] play an important role:
1 1
o = +%6WMUM, o —ZGWM5W
TI‘{O"“V UI{T} — % (n,urc T]VT _ ,{],ur nw{ + ,L-e,uwm’)
1
Tr{a,,uu 6,117‘} — 5 (’I’}#H ,r]l/T _ n,ur nuka _ Z-E,uz/ka'r)
(0" )a p (Opw) ’ = €ay M+ 52 55

A.3 Bispinors involving sigma matrices

To conclude this appendix, we give some identities to manipulate ¢ matrices interacting with two spinors.
The symmetry properties are given as follows:
Yoty = —xa'¢
Yota” x

Yo x = —xo'

xo’at
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Exercise A.1: Prove these symmetry properties.

Exercise A.2: Show that

101
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Appendix B

Dirac spinors versus Weyl spinors

In this appendix, we give the dictionary connecting the ideas of Weyl spinors with the more standard DIRAC

theory in D = 4 dimensions.

B.1 Basics

A Dirac spinor ¥, is defined to be the direct sum of two Weyl spinors 1, ¥ of opposite chiraliy, it therefore
falls into a reducible representation of the Lorentz group,

Ya

\yvie2

X

‘1/[) =

The Dirac analogue of the Weyl spinors’ sigma matrices are the 4 X 4 gamma matrices v* subject to the
Clifford algebra

o= ; {V“ ; v”} = 291,
Due to the reducibility, the generators of the Lorentz group take block diagonal form

; a0
= %f}/‘“’ = -
O OILV

and naturally obey the same algebra like the irreducible blocks o#¥, ¢#¥:

D IR A
To disentangle the two inequivalent Weyl representations, one defines the chiral matrix v° as

-1 0
0 1

A5 = in0ala2y =

such that the ¢ (x) components of a Dirac spinors have eigenvalues (chirality) —1 (+1) under +°,

-1 0 'l/)a 717004

YUy =

103
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Hence, one can define projection operators Py, Pg,

1 1
P = 5(]1—75), Pr = 5(14—75),
eliminating one part of definite chirality, i.e.
w(l{ O
PL¥p = ) Pr¥p = .
0 X“

The fact that Lorentz generators preserve chirality can also be seen from {v°,v*} = 0 implying [y°, ©#*] = 0.

Finally, define the Dirac conjugate ¥ p and charge conjugate spinor ¥p ¢ by

Up = (x% @a) = ‘I’E 7
\I’D ¢ = Cﬁg = >EO£ )
¢O¢
where C' denotes the charge conjugation matriz
oo €ap 0
0
Magorana spinors Vs have property ¥, = Xa,
Uy = dja = Uy“,
,(/}(I

so a general Dirac spinor (and its charge conjugate) can be decomposed as
Up = VY + ¥, Up© = Uy — iV .

Note that there can be no spinors in 4 dimensions which are both Majorana and Weyl, for more information

see section R.1.9]

B.2 Gamma matrix technology

Dirac notation allows to write many o matrix identities in a more compact form, in particular by means of

the v5. Tt first of all follows from cyclicity of the trace and the Dirac algebra that
Tr{’y" 'y”} = 49, Tr{’yS} = Tr{’ys’y“’y”} = 0.
Duality properties of the Lorentz generators can be expressed in unified fashion as
SRV = % PT AP Y,
Traces with four vectorial v matrices split into parity odd- and even parts
Ty arh = A = g+ )
Tr{’y5 AH Y 'y)‘ 7”} = —d4jee

By doing the chiral projection and antisymmetrizing the Lorentz indices, one might extract the identities

from section [A.2
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B.3 The Supersymmetry algebra in Dirac notation

Let us conclude this appendix by rewriting the (extended) supersymmetry algebra in 4 dimensions in Dirac

language. First of all define generalized indices , € {,,% }, * € {#, 5+ in the sense that

0 o wﬂ (O‘”)Z)a
" rs Up)s = B . = . = " o
() "(¥) B e IR

then both the momentum term and the central part of the @ anticommutator can be captured within one
equation:

lof, Q") = 20, Ru6*® + 57 2°7

The spinorial transformation properties of the Q’s are summarized as

0 ] = )ra.
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Appendix C

Solutions to the exercises

C.1 Chapter 2

Exercise 2.1

We want to show that the explicit map from SL(2,C) to SO(3,1) is given by

A" L(N)

1
5 Tr{(‘f" No, NT}
Given a vector X#, we define the associated SL(2,C) matrix associated with it by

~ o + T3 Ty — iIQ
X = X,o!
r1 +1x2 Xo— T3

Let us look at the quantity X*o,, for which we know how it transforms under both SO(3,1) and SL(2,C) :

A, X0, = N(X%0,) NT
= AN, X"0,06, = X*No,Nig,
= AN, X"Tr{o.5,} = X°Tr{NouN'5,}
———
= 21,
= 2A, XY, = X°Tr{No,N'5,}
1
A, XY = §XO‘Tr{NoaNT6“}
Exercise 2.2
We want to show that
o = i(a“&” — o¥ah)
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satisfies the Lorentz algebra. Let’s rewrite o#” first:

i

APPENDIX C. SOLUTIONS TO THE EXERCISES

o = - (ot3" — o¥a")
_ %(0“5” + o¥5" — 20% M)
= i(2n’“’1 — 20%a")
B R

7 commutes with everything, which will be useful straight away:

[0’“’, UO"B] = —i [0” at, oP 60‘]
= —i (0”5”0’850‘ — 0'660‘0”6“)
= —1(0—”5/*0‘35“ — ¥ 5% + ¥ P ot
— 0?5 0%" + o5V 0% — 0P 5% 0¥ M)
= 7% (20”50‘77”6 — 2055“770‘” + ol ot — 0”550”50‘)
= —% (V5P — oPatnr + Y o¥ah — por ¥ 5P
Using %0”50‘ = —i0"* + %77”0‘ we get
[Ul“’7 Uaﬁ] _ i(gva n#ﬁ — gbPu v + nﬁu oot — UVB)
—% ("o mtP — pfrger 4 g — porgP)
s nuﬁ + ghB e — nuﬁ ol — phe UVB)

Exercise 2.3

Recall the Lorentz algebra:

i(MHMYP 4 MPYPqtT — MM — MY ghP)

[P P = 0
[MHU, Pa] _ Z-(Punua _ Punua)
[, Me) =

The Pauli-Ljubanski vector is defined as

1 17 g
WN = 5 €uvpo PY MP° .
Using this definition, we compute
! 1 v oo 1 v oo
0 = [WM’ Pa] = §€MVPU[P MP?, P) = inaﬂewm [P MP ’PB]
1
e (P L]+ 7,2 1)
2
=0
= % Nap €upe PV (PP1)77 — P717)

i€ufvpla P PP
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€ is totally anti-symmetric in all indices but PYP? is symmetric under commutation, so the expression
vanishes.

Next, turn to W,’s commutator with Lorentz rotations:

[Wua MPU] = % Epurxd [MAX P’ }
— %euw (MAX [P?, M,,] + [M™, M,,] P")
= 5 o (MM GBI P, — i B) + i 65+ MX,5) — MA,8% — M, 53) P')
= L (MR, — 0B + @M, — 20,63 P)
= %euw( 85 = Mpr 09) (MAX PT — 2M>7T PX)
= o (1o 38, — e 88) (DX P
w %%AXG (Mor 52 = Tlpr 53) X Wy

~i(0;, 85 — 67.07) (or 8, — mpr 55) W,

N Wo — i1jue W
In the process (*) we used the following identity eX™ VW, = 3M A P7]| which can be shown as follows:
1
6)\)(7”)’ WV — 5 6)\)(7")/ €yafs Moeﬂ P6
_ A SX ST af pd
= 30;,0505 M P
= 3MPx pl

With this help we can easily show the commutation relation [W,, W, ] :

1
[WH’ WV] = 5 €vpoT [Wp,7 MPre PT]
% €vpor Wy, MP7] PT
 Cupor (LW — G W) P

= —i€upe WP P?
Finally, we are interested in the commutator of W, with the supersymmetry generators:

_i(auu)aﬂ Qﬁ Pv ; [WM’ Qa] = % nuy EVPUT Pp [MUT ) QO‘]

1 oT
= _§€MMTPP(U )aBQﬁ

= —iP"(0",)a" Qs

The last step follows from self duality of the o#”.

Exercise 2.4

We want to show that W#W,, is a Casimir of the Poincare algebra but not of the Super-Poincare.



110 APPENDIX C. SOLUTIONS TO THE EXERCISES

e Clearly [WHW,, P”] = 0 since [W#, P"] = 0.
e also Lorentz rotations commute with W#W,, since
0 = [WH Wy, MPU] = [Wuv MPU] we + wt [Wuv Mpa]
= i, We WH — inue Wy WH + Whin,,W, — WHin., W,
= W, W, — iW, W, + iW, W, — iW, W,

= 0

WHW,, is Casimir of the Poincare algebra. Regarding the Super-Poincare algebra, for example consider:

[Qa ) wh Wu] = i(U#D)aﬁ Q,B P, Wu + Wu i(auy)aﬁ QB P,
2i (0")a” P, Qg W,

This clearly does not vanish and hence W#W,, is not a Casimir of the Super-Poincare algebra.

C.2 Chapter 3

Exercise 3.1

The theta expansion of the most general superfield is

S(@,0,0) = (@) + 0v(x) + Ox(x) + (00) M(z) + (00)N(z) + (00"0) V()
+ (00) (0N)(x) + (00) (9p)(x) + (00)(00) D(x)

We now act with a supersymmetry transformation

08

i(eQ + €9)S(x,0,0) = i(e*Qq + Q4% S(x,0,0)
o . ) .
< (g~ e 0) + (55 + 0 0at) @] w00

Let’s look at each component of the superfield individually:

[ea (a(;)a — (o) 59‘530 + (—a‘z + 007 (o) dau) ed} S(z,0,0)
= —i(ed”0)Bup + (00" B)Dup(x)

+ M n) — i(eaf) 0 dun(x) + i(00"F) 0> 0u0x(x)

— i(e0”) B3 0, (x) + ex(z) + i(007€) 059X (x)

+ 2(ef) M(z) — i(ec™B) (00) 8, M (z)

+ 2(e0) N(z) + i(Ao"€) (60) D, N (x)

+ (e0"0) Viu(x) — i(e0™D) (0070) 0uVa(z) + (007 Viu(x) + i(00"€) (00°0) D,V (x)

+ 2(e0) OA(z) — i(ea”d) (00) 09N (x) + (X) (66)

+ (00) ep(x) + 2(0¢) Op(x) — i(00") (00) 00,up(x)

+ 2(e0) (60) D(z) + 2(€) (60) D(x) .
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We now can collect all terms present at orders in 6 and 6.

(i) Terms of O(6°,0°)

ep(x) + €x

—
&

Hence §p = e + €x.

(ii) Terms of O(6',0°) and O(6°,0) :

2(e0) M(x) + 2(e0) N(z) + (ea"0)V,(z) + (00%€) V() — i(ec™8) Dup + i(00"€) D,p(z)
= 0(2M(z) + (0"8) (V, + i0up)) + (2EN(z) + () (V, — iDup)) 0

Hence 6¢ = 2M (x) 4 (0#€)(V,, +i0,p) and dx = 2N (x) + ea*(V,, — i0,¢).

(iii) Terms of O(62,0°) and O(6°,6?) :

(00) ep(z) + (eN)(00) + i(00"€) 0> Diba(z) — i(ea”) b D, % (x)
= (00) (e)) — i_aa 0 (0")aa € 0pthr(z) + (00) ep(x) + ie® (‘T”)aa ge > 9,%: ()
€ (606) (0")aa @ 00n(2) + (0)eplx) + 5 € (")as € (80) 9,5 ()

(60) (0")aa € ,0°(2) + (00) epla) + 5 (99) €™ (0")a DX ()

N S NS

N | .

Hence 0M = (eX) + £0,(z)o"€ and 6N = ep(x) + teatd,x(z).

(iv) Terms of O(6*,6') :

2(6) Op(z) + 2(e0)IA(x) — i(co"B) 0 Duin(x) + i(60€) B 0,7 ()
—(09"0) (e + eup) — ile0™)a 0% 0" Duir(a) + i0° (0"€)a 05 O ()

Mo il (9g0) (Ao e + e,up) + %(90”9_) (€05, 0,9 (x)) — %(00”9)(8H)_<(x)61,0“€)

Fierz id.

(6078) (0"4)(2)0,56) — % (00"6) (6,40, 0"X(x))

(0"¢(2)o,0,e — eayaua”x(:c))> ;

*

(05"0) (o A + poué) +

M| . DN .

= Cd (eau)\ + pou€e +

where in (x) we rewrote the expressions according to the bispinor symmetry properties of appendix
Hence 0V, = eo, A + po,é + 5(0"¢(2)0,6,€ — €5,0,0" ().
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(v) Terms of O(62,0%) and O(62,0) :

—i(eat0) (00) 9, M (z) + i(fc"€) (00) 0, N(x)
— i(ea™0) (0520) 0, Va(x) + i(00"€) (000) D, V()
(6

+ 2 (e0)

= (00) (2(0e
+ (6
09)

0) D(z) + 2(0€) (66) D(x)

)D(z) — i(ea™d) 8, M(z)) + i(60") (050) D, Vi ()
0) (2(e0) D(z) + i(00"€) 9,N(x)) — i(eatf) (0070) D,V (x)
(2(06) D(x) + i(B5"¢) 9, M (x)) + i(6%(0")aa€) (67 (07)550%) 9, V(a)
+ (00) (2(6e) D(z) + i(60%€) 8N (x)) — i(e* (0")as V) (87 (o) 43 0%) B Vi)
)

(o
)D(z) + i(fo"e) 9, M(z)) + %(99) (€ (0™)ac €) ((07) 45 0°) BuVA(x)
[

) (2(
(
) (
(0€)

0)
L

— (60)0 (QCD(ac) + i(5%€) 9, M(z) + %(a o1'€) 0,V (x ))
+ (00) 0 <2eD( ) + i(c"€)0uN(x) — %(J ate) 0,V (z ))
Hence we find dp = 2(€)D(z) + i(6"€)0, M (z) + £(6*)(c")€d, Vi ()
and 06X = 2(eq) D () + i(0"€)9, N (x) — $025+€d, Vi ().
(vi) Terms of O(62,6?) :

—i(ea”0) (09) (00, A(z)) — i(fo'e

) (80) (00,p())
= i(06) € (0")aa 0% 0° uNg(z) — (00

(
(o )aae Hﬂaupg(x)
= 5 (00)(00) € (")as 0 24(0) — 5 (00) (00) € (0 € Do ()

_ %(99) (80) (oD M\@) + up(w)oe)

00)
)6«

Hence we find 6D = % (e(o")d,A(x) + O,p(z)(c")E) .

Exercise 3.2

Start from the component expansion of the generic chiral superfield

O(2,0,0) = ¢ + V20 + (00)F + i(60"0) 9o — 3(99) (60) 8,0 — % (00) 8,p0"0
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0 = —'Dd@ = 5aq) + i@ﬁ (a”)ﬁd&,@
_ _ 1 __ ; _
= s <i(00“0) Oup — 1 (00)(60)9,0"0 — % (09) (@ﬂ/}a“@))
+ b7 (0¥ 54 (61,30 + V2(00,0) + i(60"8) ayamo)
ale’ v 1 n ) « 7
- (—ze (" )ec Do + 5 (00)0a 0,00 + 7= (00) ,° (o' >>
+ 07 (0" (O + V200,90 + i(60"0) 0,0,)

= %(99) 04 0,0 + (00) 0,0 (") s + (\/iz'eﬁ (0)pa 0% Optbe — 67 (0”5 (00H0) 3V8Mg0)

V2

1 - ' P =
= 3 (00) 04 0,0"p + \% (00) 0,0 (0M)ass — (’fﬁ (00) (0¥) g Dvtbe + 0° (07)pa (05H0) ayama)
= %(ee)édaﬂaw — (07 (6") g4 (05"0) 9,0,.)
= 0,

where in the last step we used the following identity

0° (0")pa (000) 0,000 = 0% (")5a 07 (0")15 07 0,0,y

00 y . .
= =5 7(0")8a (0")45 07 0.0,

2
660 —(v T A
= ? €ar (U( U'u)) "Ye’y 8(u81/)<)0
60 v ST 09
= 5 ar " 63 07 01,0,y p

00 -

Exercise 3.3
e chirality

One can write the right handed supercovariant derivative DgW,, as 65‘”25,115325& acting on some super-
field. Since the D anticommute, the expression 2_)@2_7513# can be regarded as totally antisymmetrized.
But the &, 3, 4 indices can only take two distict values, so any totally antisymmetric rank three tensor

vanishes, T[ | = 0. In short:

apy
1 40 - - _
DW, = —ZeﬁVD[dDBDﬂ (DV) = 0

e gauge invariance

With At being antichiral, it is quite obvious that only the A contribution of the V tranformation law can

contribute. But the anticommutator {Dy, Dy} = —2i(c*),, 30, implies that under V i V — £(A — AT)

. L _ 1 .
Wa = g1D;{Dy, DafA = =3 (0M)as D7 (@ud) = 0

since also 0, A is a chiral superfield.
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Exercise 3.4

We want to find an expression for W, in components. For this purpose, rewrite the vector field in terms of

the shifted spacetime variable y#* = x* + ifoH0:
Vivz(2,0,0) = (00" 0)Vu(y) + (60) (ON)(y) + (09) (ON)(y) + %(99) 6N [D(y) — i9,V"(y)]

Next act with —$Dy = =104 — £(070)40,, leaving the y argument implicit:
1 1 _ __ __ __
—;DaVovz = ] { —0" 0PV, — 200 (0N) — A (00) — 0, (00)[D — i0,V"]
—2i0% 0707 0" 6° 0,V + 2i(66)0” 676 D\ }
In the y variable, the antichiral covariant derivative simply acts as dg such that the first two terms drop out

and the rest gives

1, - - 1- . -
—; PD)DaVayy = — 1040° (00) { Ao + 0uD — i0"" 0,0,V

|

=1

— i (09) 0", D05 — i (00" 5") ey apvu}
= Ao + 0,D + (O'l“/)aﬁég—y 0" F,, — i(09) Jiﬂ. 6358,,?\5
= WO&

Due to n*? = 3(c#G” 4+ o”5"), the two OV terms nicely combine to the antisymmetric expression (6/6° —

0P 51D, V, = 2P F,,

Exercise 3.5

Plug the transformed vector field e=2¢"" into W/,

1 , , 4
w! = ~%a (DD) ('™ exp(—2qV) emiaA D irh! exp(2qV) e~ M)
q
1 . _ ot At .
= ~ 34 e (DD) (exp(—2qV) gtaAT gigh! D, (exp(2¢V) e_“]A))
q v

=1

_ 1 . 1 _ _
= ¢t <—8 (DD) exp(—2qV) D, exp(2qV)> e A 84 ¢t (DD) D, e 1M
q —
=0
_ eiqA Wa e—iqA
Firstly, we have used Dge’® = €D, and secondly, DaeiqAT = eiqATDa for the chiral superfield, and

(DD)Dye'™ = 0 can be checked by means of Dge ™" = 0 and the anticommutator {Da, D} = —2i(0") 50,

C.3 Chapter 4

Exercise 4.1

Starting from

)

7 90 (09)(00) 00" 0" + i) 009,

oY (2,0,0) = ¢* + V200 + (00) F* — i(05"0) 00" —
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let us look at ®'® and identify the (00)(60) component:

o = (o 4 VI - B i000) O - OO0 o000 + <j€> 00,0

<<,0 L VB0 + (00)F + i(00"8) 0, — OO 4(99) 9,00 — i(ﬂ) atwa“e)

T 1 1 1 _ _
D (09)(00) ~1 0" 0,0Mp — ng(?ﬂ@“go* + [F?| + (00"0) (0570) 0, 0™
— 0 (60) Ouibatd + i(00) (000,1) (0v)

- 1 1 1 —
= 0)@0) -1 500" — 1900 + [FP| + 3 00)@0)0" 00,

+ 0% s (00) 0,0° (1) 4 -95 + i(00) 6 (M) -a L% 0P g

71 1 __
= (66)(609) _Z 0 00N — — @8 ot + |F|2 + 3 (09) (00) 0" 0"
1 . __ _.
+ 5 € (00) 0 (60)0,0° (o) 55 + (88 (06) € (") e B, b5
X 1 . 1 .
= 0@ [ Lo 0o - Teadet + IFP 4 L o0

Lo - www]

= (09) (0 ){|F|2 + Mo dup* — ip(at) /ﬂ//} + total derivatives

Exercise 4.2

We want to look for the 86 component of the combination %mqﬂ + %gCI>3. Let’s start with %m@z :

%mqﬂ = %m <g0 + V20 + (00) F + i(00"0)d,p — 3(99) (00)9,0"p — % (69) awwé)
(<p + V2609 + (00)F + i(05"0) D0 — i(ee) (00)9,0"p — % (60) Qﬂ/}a”é)
5 Te + V200 + (00)F) (¢ + V200 + (00) F)
> %( ) (oF + Fp) + 20% b 0% )
= 5 ((60) (pF + Fyp) — 266" o tg)
= 5 ((66) (20F) + (66) €’ v vp)
= 5 ((66) 2pF) — (60)€” v vp)

|
3

) (o7 - § )

Next, consider %g@g :
1

—g® >

3 (¢ + V200 + (00)F) (¢ + V200 + (00)F) (¢ + V260 + (00) F)

g
3
D % ((00) (V°F + oFp + F¢®) + 20 (30% ¢, 0° 1g))
g(08) (P> F + o (yv))
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Exercise 4.3
We want to determine the F-component of iW‘XWa :
% W W, |p = % (69) (—2iA* 0" 9N + D?) — 1i6 (0"576)* (6°6™6)a Fy Fiyp
+ i DO (6"5"8)a Flu
= % (00) (—2iA* o2, 0,\* + D?) — 3i2 (00) Tr{0"5" 0 5"} F,, F,»
In the last step we used:

T DO (0"50)0 Fuy = 7 D607 (0")aa ()% e, Fu

i fo? —V\&
= = £ DFu (00) € (0")as (0) 5,

7 N —V\& (e%
= £ DFu (00) (0")ae ()7 63

i

= DFu (80) (0)aa (6)°°

= L DF, 00)p™

4
= 0.
1 L=V (_P=A 1 n=vo\a (- p=An\B
~ 16 (c""0)* (0°670)a Flw Fpy = —Eeag(a "0)* (6757°0)" F, Fp»
1 a —V\& — 3
= g€ (0" ai (3)%7 0 (07) 55 (6%)7 05 Fpuy Fyx
1
= — 5 (09) Tr{o"5" 06"} F,u, Fpx
i 1
= 15 (00) AP\ Fyr — 5 (00) Fuy P
where in the last step we used
Tr{a“&”a)ﬁp} = 2jeM 4 29t 77’\” - 277")‘ n'r + 277“”77”)‘
If we write F;w = %GWPAF”’\, we have
1 i - 1 1 i =
W W% = —-X"9\ + - D> — —F,, F*" + _F,, F"
4 W |F 2 g 8y, + 4 8 o + 8 "

Exercise 4.4

We start with the chiral scalar part of the supergravity Lagrangian in the conformally flat limit
s = 73/d4x 40 ppe 5K & </d4x 420 AW + h.c.>

Ignoring fermionic components we can integrate over half the superspace

—3/d49 ppe K3 4 (/d20 W + h.c.)

_ ) 1 ) ) _ _
73/d20 <¢6K/3F@ -3 @cpeK/?’Kin) + 3Q?FPW + QP F'W, + /d20 W

L

_ - o L 1 ) _
— e K/3 (3F“"F*" — GK;F'F? — oK, F'F? — ppK;F FI + BgogoKiF’KjFJ)

+ 3P FYW + QPF'W, + 30°F?W + @ F'W;
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This gives us equations of motion for the auxiliary F fields:

1 ) -
0 = —3e K3 (F“” — 3<pKiFl> + 3¢°W
1 L1 -1 -
0 = 903Wz — 3€_K/3 (_3 (PKng) - 59095-7{151” + 9@@K1KJFJ>

= PWi+ PWE + e Pppk;FI
= DWW + e KB oK, FI

This can be solved for the F-terms and we can plug the solution back into the Lagrangian and we find:

L = ..+ QPR (KTID,WD;W — 3|WP)

To determine the value for the chiral compensator, we shall need that

3 e 52
- —2/d4x A9 Ee” 5K
K

117

includes the Einstein-Hilbert term at leading order in k along with a single power ¢@. To get the canonical

form this requires the scalar component of the chiral compensator to be ¢ = ¢ = ¢%/%. We then obtain the

standard F-term scalar potential in supergravity

V = &(KTIDWD;W — 3|W[?) .

C.4 Chapter 5

Exercise 5.1

We have a globaﬂ/\f = 1 supersymmetric Lagrangian. The F-terms are

o= ow o ow

C0pr : Oy

The scalar potential is

Vo= Y |RP.

7

We first want the scalar mass matrix. If we split the complex field into real and imaginary parts @; =

i1+ ip; 2 the scalar mass matrix is

9%V 9%V
8@1,18Lp1,1 8@1,18Lp1,2 U 6¢1,18Wn,2
?v ?v
M2 o 1 0p1,2001,1 O0p1,20p1,2 77 O0p1,200n2
af .
9%V 9%V
Opn 20011 0pn 20012 """ Opn 20052
For the trace we only need the trace
1 0’V
2 _
Tr{Maﬁ} = 3 E 952
j=1,2 i Vi.j

1The supertrace constraint does not apply for local supersymmetry (i.e. supergravity), there STr{MQ} ~m

2
3/2°
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Now @; = @i 1 + ip; 2 and @ = @; 1 — ip; o which simplifies the derivatives:

oV _ v v oV _ v v
0vi 1 0p; ey’ 0pi 2 Op; Oy
cV._ PV PV e
dp?, 097 O(p)? D0
0%V 0%V 0%V 0*V
- — _ = — 4+ 27
o2, dp;  O(p;)? dpi0p;

Hence,

oV 0?
nMs) = X gy = Y e - 22 ot 21

j=12 1
82 OWrow Z W PPW
3%8@* oty p; 0p; 0} DpiOyp;

Now consider the fermions. The fermion mass matrix is
O*W

M =
’ 09,00,

Generally this is a symmetric complex matrix with complex eigenvalues. We can diagonalise M;; with a
unitary matrix U
my el
maet??
M = UMU' =
mnewn

‘We then have

M (M)

The trace of the last expression is what we want.

M symmetric
(M (M) (Usg M Uy) (Uip M, US) ™ ="

= Ui My My, U}

Uij M1, UL) (Ui M, UYL

So we get

To{M' (M)} = Uy My Mj Ul = My M,

B Z( 02w ) 02w
5 \09;0p1 ) \ 0500

1 82117*
E —1)%3zt+1 L1 2 = E
( 1) (2 2 + 1) Mfermlon 2 (890] a@k) ( >

fermions 830] GQPk

Overall, we have

So the supertrace vanishes! In the O’Raifertaigh model we have the following mass spectrum:
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Bosons: ¢ : 0,0 Fermions: W¥;: O
®2 - M, M \112 : M
w31 /M2 —2gm?2, /M2 + 2gm?> Ts: M

Plugging into the formula for the supertrace we then obtain the desired result
STr{M?} = M?+ M?*+ (M?—2gm?) + (M? +2gm?) — 2 - (M?* + M?)

= 0.

Exercise 5.2

We have a chiral superfield ® of charge q, coupled to an abelian vector superfield V. The Lagrangian then is
L = (dFe?V @)y + i (WeWy | + he) + EVp
Recall the theta expansion of a vector superfield in Wess-Zumino gauge
Viz = (00"0)V, + i(00) (6X) — i(00) (0X) + - (60) (80) D

The chiral superfield in components is given by

_ 1 __ ; _
O = ¢+ V2(08) + (00)F + i(05"0)dup — 1 (00)(60)0,0"0 — \L@ (00) (8,:1b5"8)
__ __ _ 1 __ P _
of = o + V2(0) + (B9)F* — i(o"d) Oup™ — 1 (09) (60) 0,,0"¢™ + % (09) (8c"0,0)
As evaluated in exercise 4.1, ®T®|p = —i(¢5+0,1)) + 0,,p0"p* + |F|%. Now
2
TVO|p = ¢ (00"0)V,i(0070) Do — ip* (00) (ON) (V201) + % (60) (60) D
+ V2(00) (0010) V, V2 (00) + iV2(00) (09) (ON) ¢ — i(05"0) D™ (0570) Vs 0 |,
1 i, . « i _ . 1, -
= SePD + @ V" Oup — pV"9u0") + 7 (D)o — (M) ¢") — 5 Wa"P)V,
To get the last expression we applied appropriate Fierz identities as used in previous exercises.
V2 1 * 0 vy
of 5 ®lp = 5" (00"0)V, (05°0)V, I
1
= |50\2Vu v
In total we have
TPV D = 0up0"0" + |FIP — i($5"0) + gV (= (Waup) + (0" Oup — ¢up"))

+V2ig (0 (M) — ¢ (W) + a (D + gV, V*) o]
Hence the D-term part of the Lagrangian is

1 1
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where the term %DQ comes from iWaW‘l + h.c. Solving the equation of motion for D gives the following

condition

D = —qlef -

[NRI7a,S

Plugging this back into the Lagrangian yields the following D-term potential

1
Vo = g (€+ 2¢[?)?

As (q|o|*+&/2) = —D # 0, supersymmetry is broken. However, if ¢ can relax to a supersymmetric minimum,
it will. In order that this is not possible, we require £ and ¢ to have the same sign. Then Vp is minimised at

¢ = 0, but the potential is positive and supersymmetry is broken. In this case
1 q¢ ¢
V, . 2 15 2 1 4
D R ol L2 R -l 12

If (¢) = 0, the mass of ¢ is m2 = ¢ (as the kinetic terms are 9,,pd"¢*). Since no other fields obtain vevs no

mass is generated for the fermions. Therefore the mass splitting in the multiplet is m, = v/¢¢ and my = 0.

Exercise 5.3

We have a supersymmetric field theory with chiral superfields ®; = (¢;,%;, F) and vector superfields V,, =
(A, A¥, D), with both D- and F-term supersymmetry breaking (i.e. D, # 0, F; # 0). In the vacuum, % =0
by definition.

Vo= > IR+ %ZDGD‘I

a

-2 @Z) (%) + 3 2 e (3 el

% a J k

Now

M € LA L S

=0.

2 F;
B ( 3gig[</ﬁ_7 \/QZICSDL(TQ)M ) D,
V2

Regarding the D-term potential we can absorb any prefactor in the potential in the definition of the generator.

The gauge invariance of the superpotential implies

0 = &8, W
W 0
= 6(,0i 6éazlge§0
= —F[(T%¢;

K2

We are free to dagger this equation and multiply it with a non-vanishing complex number ¢, it still has to

hold. So we can write

0 = (CZk@L(TG)M 0)

S =
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Combining both equations, we obtain

2
— ag'ig;j \/izk gOITc(Ta)kj F;
\/EZIC ‘PL(Ta)kj 0 %

We want to show that this matrix is the same as that of the fermion mass matrix:

T

i )
M;,

Aa ( ) Aa

To find the entries of the mass matrix, we know the standard contribution for the fermion mass matrix is given

by 822‘3;» . The off-diagonal terms can be obtained from the structure of the kinetic terms [ d?0d%0 oteV T .
i0Pj

D ~ o+V209+00Ff
of ~ ol V200 + 00F*
_ __ __ 1
Ve~ (0oMO)V 4 000N — 000N + 59099D“
As deduced for the abelian case in Exercise 5.2, the ¥\ term arises from CID;%VH'TG ®,;. We identify the following

cross-term by looking at the superfield expansion:
V20! Tabi Ao

So we find the anticipated cross-term in the fermion mass matrix. From the superfield expansion no gaugino
mass term (AX) is generated.
Now we can write

M;q = Ov

SIS =

where M, is the fermion mass matrix. This implies that there is at least one zero eigenvalue with eigenvector

S =

This means there exists a massless Goldstone fermion, oriented along the direction of supersymmetry break-

ing.
Exercise 5.4

The setup is

K = —log(S+5")—3log(T+T*+CC™)
W = C*+ae ™ +b

We compute the supergravity scalar potential

V. = X (D;WEKTD;W — 3|W[?),
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where K% is the inverse of the Kihler metric

1
92K T 0 0
L _ 3 3C
g 9P; O~ - 0 (=CC*+T+T*)? T (=CC*+T+T~)2
/ 0 _ 30" 3(T+T*)
(—CC*+T+T*)2  (—CC*+T+T*)?
The inverse Kahler metric is given by
(S + 9%)2 0 0
K'Y = 0 ~Lcer -1 -1)T+T*) L0(-CC*+T+T%)
0 1CH(=CC*+T+T) LH(-CC*+T+T*)
The scalar potential now can be written as
Vo= K (DSW K5 Dg.W + DyW KT DpeW + DyW KTC Do W

+ DeW KT DpW + DeW K€" Do W — 3|W|2)
orW=0 K (DSWKSS* Ds-W + |[W2orK KTT" 0p. K + W orK KTC" Do W
+ W DeW KCT" 9p. K + DeW K" Do W — 3|W\2)
=K (DSWKSS*DS* W + DyWEKTT DpeW + DeWEKTS Do W
+ DeWKCT Dy W + DeWKCC Do W — 3|W\2)
orW=0 K (DSWKSS* Ds-W + |[W|2orK K™ 0p. K + WK KTC" Do W

+ WDeW K" 07.K + DeW K" Do W — 3|W\2>

We see that there is no mixing of covariant derivatives between S and T, C. Consider the part of the scalar

potential that involves only derivatives with respect to the Kéhler potential (depending on C and T)) :

K™ 0rK 0p-K + K™ 07K 00+ K + K" 0K 0r-K + K" 00K 0c-K
= = 3.
This result is true for all no-scale models and results in a large cancellation in the scalar potential, leading to
V. = o (DsWKS Do W + WorK K™ 9o W
+ WOeW K" 0p K+ 0cW K9 90 W + W cK KO 00 W + 9cW K d0- K W)
= K (DSWKSS* Dg-W + 3(T + T* — CC*)C? 0*2)
Now, T+ T* > CC* since T is a modulus ((T") # 0) and C is a matter field ((C') = 0) and so the minimum
of the potential is V' = 0 with DgW = 0 and C' = 0. The vacuum energy of the potential vanishes at its
minimum. 7 is called a modulus field since we can vary it freely and still remain at the minimum of the

potential. Moduli fields denote flat directions of the potential. To check whether SUSY is broken we need to

determine the F-terms:

1
Fs = DsW = «aae ® — (03 + ae ™ + b).
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S adjusts such that DgW = 0 at the minimum, where C' = 0.

3C

Fo = DcW = 3C% + m(cg + ae ¥ 4+ b) =0 0.
k 3 —as 3 —as
Fro= DW=~ —gee (O +ae™™ +0) =~ (@ 4 h) # 0,

At the minimum Fp # 0 and hence supersymmetry is broken. This is another feature of no-scale modelsﬂ

C.5 Chapter 7

Exercise 7.1

We start with the potential
0 =z€(0,a)
Viz) =

oo otherwise

The y direction is identified under y — y 4 27r. The Schrédinger equation is

h? < 0? o

o2t ayﬂ Vo (@,y) = Enan Wa(,y)

Ve -

2m

We require ¥, (x,0) = ¥, (x, 27r), which allows us to write

U, (z,y) = Z Upom(z)e .

m=—0o0

The square well potential requires ¥, ,,,(a) = ¥,, ,,(0), which leads to the following ansatz

. /nTx
U, m(z) = Apmsin (T)
In total the wavefunctions are
. nmx imy
U, m(z) = Apmsin <T>e T,

where A, ,, is suitably normalised. We determine the energy levels by applying the Hamiltonian to this

solution:
K2 9? 9?2 K2 n2n? m?
. ) ) \Ijnm ) = — 5 _ |- - —5 \Ijnm 3
[ 2m (83:2 + 8y2>} m(@:y) 2m ( a? 7"2) m(@,y)
So we obtain
g, - P (rr  m
’ 2m a? r2

In the limit r < a the energy of any excited Kaluza-Klein state m # 0 is very much larger than the ordinary

square-well states, which decouple from the physics at low-energy.

2Unfortunately, this does not solve the cosmological constant problem: higher order corrections (e.g. loops) always break the

no-scale structure and regenerate a cosmological constant.



124 APPENDIX C. SOLUTIONS TO THE EXERCISES

Exercise 7.2
1
S = /d4x (92 Hp, H™P 4 a €' 8p,Hl/p0'>
Variant A: Assuming all fields vanish at infinity, we can rewrite the action as
1
S = /d4x (92 H,, H"? — 3Hae“""‘7Hl,pg>

Varying this action w.r.t. H,,, gives

92—2H”M — Opa€er? = 0
So we obtain
2 2
v g v g
HY? = T 0.0 Hye = o e,

Substituting this in the action, we can write

d4 i ﬁ o prpo 8)\ — (8 nvpo i 8)\
x 2 ( nac )( a’e)\l’PU) ( n@ € ) 92 ( ae}\l/pa)

/

Ry 94) 310 e
o
/

Sla] =

gs.
/\
.&\Q

) (—=60,a0"a)

d*z % oua0d”a

Variant B: The e.o.m. for a (in the original action) gives

P O, Hype = 0.

In other words the exterior derivative of H is vanishing dH = 0. Since R?* is topologically trivial, we can
write H = dB, with all propagating degrees of freedom embedded in B. This means that the original action
is equivalent to a Lagrangian

S[B] = / dz g% (AB)up (dB)HP

Both actions S[a] and S[B] describe the same physics. Therefore in 4D a 2-form potential is dual to a scalar,

1

and can be rewritten in terms of one. In this duality, the coupling constant transforms as g — 5 (up to

numerical factors).

Exercise 7.3

We start with a purely gravitational theory in 5D
/d% V]G] @R .
The 5d metric is Gyn

ds? = GundzMdzV = guv dzt dz” + 2G5 da” dz® + G5 dz® dz®



C.5. CHAPTER 7 125

We use the following decomposition of the 5-dimensional Ricci scalar R :
1
(5)R — (4)R — 927 C V2e¢7 _ 1 620 FNV P

Now in the vacuum (A,) = 0, this implies VG = /gae’, so we can rewrite the 5D action as follows

1
Ssp = /d59: varl <6‘7 DR — 2V2%2e” — 4e?’GF'WF*“’)

All quantities are calculated using g,,,. We now want to rescale the metric so that the Einstein-Hilbert term

is canonical. Let us make the following ansatz for rescaling

Gu =1 € 7 Gu .
This changes R as follows

WR = @ (<4>R + 3V%0 —

N o
t
S
S
QL
=
Q
N————

One term in the action above can be discarded as a total derivative

—2 [ &z /lg] (V") " = 72/d5xaﬂ(\/mw‘) e = 0

Now we can collect all our results

S = /d% gl | DR + 3Vig -

=0 as a total der.

- 3 -~ - 1 .~
/d% ] (<4>R - 5 0w — 4 e3"FWFW> :

Recall that \/HQ”ag”BFWFag = \/@gﬂagvﬂFWFaﬂ. We ended up with the Einstein-Maxwell Lagrangian
that we were looking for.

Note that the gauge coupling depends on the size of the extra dimensions: Large gauge coupling implies
small extra dimensions.

In higher dimensions, every U(1) isometry of the extra dimensions gives rise to a U(1) gauge field. If for

instance an SU(2) isometry exists, then the lower-dimensional theory has an SU(2) gauge theory.

Exercise 7.4

We have a 5d gravity theory with a negative cosmological constant A, compactified on an interval (0, ).
Each end of the interval corresponds to a 3-brane with tension +A/k. The bulk metric is Gpsn. The induced
metric on the visible and hidden branes is ¢,. vis and guu. hidden-

We would like to show that the warped metric
ds? = e 2WW) Ny dat da” + r? dy?

satisfies Einstein’s equations. We use the result that, for this metric ansatz, Finstein’s equations reduce to

6w A
2 T T ap
3w’ A

72 T 2k M3y
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Let us try
—A
W(y) = rlyl TEER

Then W' = r? =L is satisfied and well-defined at r = 0 since W'(y = 0) is well-defined. We regard W (y)
as a periodic function in y, only defined for —7m < y < 7 and then defined through periodicity. Near x =0
d 1 x>0 d2

ol = -1+ 2H@) = — s

o = 24(x) .

-1 x<0.

For periodic W (y) and W (y) = r\/ syl for 0 <y <=

—A

W”(y) = 9r m [5(2/) - 5(y—71’)]

Y e o2 - A
12M3 12kM3 o 12M3

We can write W = rkl|y| and so the metric becomes

This implies

ds? = e‘2rk|y|nwda:“dx” + r2dy?
The 5-D action is
2M3/d5x ViIglR = 2M3/d4x/ dy v/|g| R .

The 4d curvature term is determined by the 'volume’ of the extra dimension in dimensional reduction. Using
that g = r2e=2#"lvlg, and \/=gR = re=2"*IWl,/=g4 R4, we see that the following relation for the 4-dimension
Planck mass has to hold:

2M§1 = 2M3r / dy e 2kl (C.1)
After integration we obtain:
2 M3 —2krm
Mg = & (I—e )
The Higgs Lagrangian is
S~ dte /gl [g DuHT DLH — N(HP = of)?]

2krm

s e [ D, DL - AP — )]
Hekr_w‘)H d4 \/7 2> HT D.H — MNIH 2 _—2krm,2\2
= z \/|gal \93” DpH' D, ([H[" — 7™ vg)

In the last step we canonically normalised the Higgs field such that the kinetic terms are canonical. The

—krm

Higgs mass then is given by my = e vo and depends on the warp factor. The natural scale for vq is the

Planck scale. To obtain a Higgs mass at the weak scale we need wkr ~ 50 :
my o~ e—krﬂ' ]\41)1

This solves the hierarchy problem through warping. The 4-dim Planck scale and the 5-dim scale M are here

—2kr

comparable as e is tiny.



C.6. APPENDIX A 127

C.6 Appendix A

Exercise A.1:

Antisymmetry of the ¢o# X bilinear:

X0 = Xa (0")* a
= Xa e*f et? (Uy)gﬁ' Yo
= —Ya e e (0") 55 Xa
= - 7/15 (UV)BB XB

= %)X

Inverting the Yo" oy product:

1/)0“51/)( = ¢a (o—u)ad (6v)dﬁ XB

Uﬂ)ad edﬁ eﬁ’y (0'1/)75' XB

I
(9}
Q
%)
<
=
—

= 5 (") (0,). 5 x5
= Py (5u)[36 ()., 5 %5
= X" (00),5 (6" s

= x0,0")

From o = Lot 5V, it easily follows that

Yol x = %wa[”a'”}x = %xa[”a—“]z/} = —xo".

Exercise A.2:

Firstly

00) (en) £~ 5 (607) (x0,0)

1 feY —& - — 3
= —50%(0")aan X5 (6,77 ¥s

1 a 5
= —5 071" XV (0")ac (@.)"°
~—_————
= 25552‘
= 00" X4 Ya
= (0¢a) (1%Xa)

= (0y) (x7) ,
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and secondly

%rnﬂ”(ee)(éé) L (0o9) (0570)
= 0% (0")aq 09 6° (07) 50
= (0M)aa (07) 550 0% 0° 6
— (0M)aa (0¥) 45 0% 6° 6% 6
(0")ad (07) 55 €7 €47 (69) (90)

(0")aa (@) (60) (60)

[N RN N T

" (00) (69) .
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