CHAPTER 15

D-MODULES OF NORMAL CROSSING TYPE
PART 1: DISTRIBUTIVE FILTRATIONS AND STRICTNESS

Summary. This chapter, although somewhat technical, is nevertheless essential
to understand the behaviour of Hodge modules when the singularities form a nor-
mal crossing divisor. It analyzes the compatibility properties, on a given R-spe-
cializable D-module, between the F-filtration and the V-filtrations attached to
various functions, when these functions form part of a coordinate system. The re-
sults of this chapter will therefore be of a local nature. In this part, we introduce
the general notion of distributivity or compatibilty of a family of filtrations, and
we relate it to flatness properties of the associated multi-Rees modules. These
will be our main tools for Parts 2 and 3.

We recall:

10.2.1. Convention. We work in the abelian category A of sheaves of vector spaces
(over some fixed field, that will be the field of complex numbers for our purposes) on
some topological space T. In such a category, all filtered direct limits exist and are
exact. Given an object A in this category, we only consider increasing filtrations F, A
that are indexed by Z and satisfy hglk F A = A. We write a filtered object in A as
(A,F), where F' = (FkA)kGZ

15.1. Distributive filtrations

The results of this section being well-known, complete proofs will not be given and
we refer to Sections 1.6 and 1.7 of [PP05] and Section 1 of [Kas85] (for the case of
finite filtrations) for details.

Suppose that A is an object of our category A, and A;,..., A, C A are finitely
many subobjects. When n = 3, the inclusion

(Al N AQ) + (Al n Ag) - A1 n (AQ + A3)

is strict in general. For example,

« assume that the three non-zero objects A1, Ay, A3 behave like three lines in C?
having zero pairwise intersections, i.e., A;NA; =0 for all ¢ # j, and A = A; + A; for
all 7 # j; then the above inclusion is strict;

« on the other hand, if Ay C A; or A3 C Ay, this inclusion is an equality.
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When this inclusion is an equality, we say that A, As, A3 form a distributive family
of objects of A, i.e., the equivalent equalities, or any other obtained by permuting
A1, As, As, are satisfied (see [PP05, Lem. 6.1]):

(A1 N A2) + (A1 NA3) = A1 N (Az + Ag),
(A1 + Az) N (A + A3) = Ay + (AN As3).

We will interpret the distributivity property in terms of exact sequence. For one

(15.1.1)

subobject A; of A, we have a short exact sequence of the form
Al — A — %

where * is of course just an abbreviation for the quotient A/A;. For two subobjects
Aq, Ay, we similarly have a commutative diagram of the form

— i ——

I
(15.1.2) — T} —

**}Ef*}*
¥ —— K ——— ¥

— A —

in which all rows and all columns are short exact sequences. (For example, the entry
in the upper-right corner is A/(A; + Az), the entry in the lower-left corner A; N As.)
For three subobjects A1, Az, Az, such a diagram no longer exists in general; if it does
exist, one says that Ay, Az, Az define a compatible family of objects of A.

15.1.3. Lemma. A family of three subobjects of A is distributive if and only if it is
compatible.

Proof. We consider a cubical diagram having vertices in {—1,0,1}3 C R3, and we
identify each vertex with a subquotient object of A such that

A=(0,0,0), A; =(-1,0,0), Ay=(0,—-1,0), A3z=(0,0,-1).

We assume that all rows and columns are exact (compatibility). One first easily
checks, as in the case of two objects, that the vertices with i entries —1 and 3 — ¢
entries 0 (i = 1,2, 3) are the intersections of the corresponding vertices with only one
entry —1 and two entries 0. We then find (—1,—1,—1) = A; N A3 N A3 and, since
(A2 N As)/(A1 N Az N As) = (A1 + (A2 N A3))/A; the exact sequence (1,—1,—-1) —
(1,0,—1) — (1,1, —1) reads

(A1 + (A2 N A3)) /A1 — (A1 + A3) /A1 — (A1 + A3) /(A1 + (A2 N A3)),
while the exact sequence (1,—1,0) — (1,0,0) — (1,1, 0) reads
(A1 + Ag) /A1 — AJA1 — AJ(Aq + A2).
The morphism (1,1, —1) — (1,1, 0), that is,
(A1 + A3)/(A1 + (A2 N A3)) — A/(A1 + As)
should be injective, that is, the second equality in (15.1.1) should hold.



15.1. DISTRIBUTIVE FILTRATIONS 577

Conversely, assuming distributivity, we obtain similarly the exactness of the rows
and the columns of the cubical diagram. O

When n > 4, the definition uses the case n = 3 for many 3-terms subfamilies
obtained from Aq,...,A,.

15.1.4. Definition (Distributivity). A family A;, ..., A, of subobjects of A is distributive
if for any partition {1,...,n} = I U Iy U I3, the subobjects
Ay =D "A;, AL =D A, Ab= N A
i€l i€ly i€l3
form a distributive family (with the convention that the sum over the empty set is
zero and the intersection over the empty set is A), i.e.,

((Cien 40 N (Sier, 40) + (Cier, 40 0 (Nier, 4))
= (Cier, AN (i 4 + (Nicr, 40)

equivalently,
((Cien 40 + (Tier, 40) 0 (Tier, 40 + (Mies, 4))

= (Tien, A) + (Tier, 40 N (Nier, 4).
It is equivalent to asking, for any partition (I1, I, I3) of {1,...,n}, distributivity of
the three objects

Al =34, Af=(N A, Af=( A
icl i€ls i€l3
Let us state a few main properties.

15.1.5. Proposition (see [PP05, Cor. 6.4 & 6.5]).
(1) A family Ay, ..., A, is distributive if and only if any subfamily containing no
pair Ay, A; with Ay C Aj is distributive.
(2) A family Ay, ..., A, is distributive if and only if
(a) the induced families on Ag and AJ/Ag are distributive, equivalently, the
families Ag N Ay,...,AgN A, and Ay + Ay, ..., Ay + A, are distributive, and
(b) any three objects Ao, A;, A; are distributive.
(3) A family Ay, ..., A, is distributive if and only if
o the families Ay, ..., Ay, and Ag N Ay, ..., Ag N A, are distributive and the
following identity holds for any subset I C {1,...,n}:
AgN (Z A,) = Z(Ao N Az)>
icl iel
o or the similar condition obtained by exchanging everywhere + and N. [

15.1.6. Example. Let A4, ..., A, be a distributive family and let I1, ..., I, be subsets
of {1,...,n}. Then the following families are distributive:
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. Al,. .. ,An, (ﬂkell Ak), ey (mkeh Ak);
« (AN Ner; Ak)s -+ (An NNy, Ar) for any j € {1,...,7};

* (Zj(Ai N ﬂkelj Ak))i:l,...,n = (Ai N Zj(mkelj Ak))i:l,...,n'
Let us now consider increasing filtrations F{VA, ... F(™ A of A.

15.1.7. Definition (Distributive filtrations). Given finitely many increasing filtrations
FMA,...,F{™ A of an object A in the abelian category, we call them distributive if

FVAL L FMACA
are distributive sub-objects for every choice of ky, ..., k, € Z.

15.1.8. Remark. Assume that F(DA, ... F(™A is a distributive family of filtrations
of A.

(1) As a consequence of Definition 15.1.4, any sub-family of filtrations of a distribu-
tive family remains distributive. Moreover, any finite family of sub-objects consisting
of terms of the filtrations F{U A, ..., F{™ A is distributive, and Proposition 15.1.5(2)
implies that the induced filtrations F.(l), ..., F" ! on each gr{ ™ A are distributive.

(2) Let B = Fj(ll)A N---N FJ(ZL)A for some ji, ..., j,. Then the family of filtrations
FMB, ..., F™ B naturally induced on B is distributive, as follows from the distribu-
tivity of the family of 2n sub-objects F,Ell)A, ... ,F,S:)A, Fj(ll)A, ... ,FJ(:L)A and that of
the induced family on B.

(3) One can interpret distributivity of filtrations as distributivity of subobjects as
in Definition 15.1.4. For that purpose, we consider the ring R= (C[zlil, ooy 28] of
Laurent polynomials in n variables. Recall (see Convention 10.2.1) that A is a sheaf
of C-vector spaces on some topological space T. We consider the object A=R ®c A.
To each filtration F(Y) A we associate the subobject of A:

A, =ClEY, .. 28 2 @ (EB F,E”Azf)
kez

Then the distributivity of F.(I)A7 cee F.(")A is equivalent to that of El, . ,En.

15.2. Distributivity and flatness

15.2.a. Reformulation of distributivity in terms of flatness. Let A be an
object with n filtrations FVA, ... F(™ A, As usual, we can pass from filtered to
graded objects by the Rees construction. Let R = C|zy, .. ., z,] denote the polynomial
ring in n variables, with the Z™-grading that gives z; the weight 1, = (0,...,1,...,0).

For k € Z™, we define
bo=FVAN - NEFMACA

We then obtain a Z™-graded sheaf of modules M over the constant sheaf of rings Rp
on the topological space T (recall Convention 10.2.1) by taking the direct sum

RF(l),_“’Fm)A =M = @ My,
keZn
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with the obvious Z"-grading: for m € My, the product z;m is simply the image of m
under the inclusion My C Mg11,. From now on, we use the term “graded” to mean
“Z"-graded”.

15.2.1. Dictionary. There is a dictionary between operations on Rp-modules and oper-
ations on filtrations. Let us keep the notation of Remark 15.1.8(3) (see also Exer-
cise 15.1).

(a) We consider the graded components My, as forming a directed system, indexed
by k € Z", with morphisms given by multiplication by zi,...,2,. Since we are
working in an abelian category in which all filtered direct limits exist and are exact,
we can define

A= hﬂ M.
kezn
Then M and A are related by

ROpM~A:=R@cA and A~M/(z1—1,...,2, — 1)M.
(b) Let I be a subset of {1,...,n} and let I denote its complementary subset.

If we hold, for each i € I, the i-th index fixed, the resulting direct limit determines
a Z'-graded object M) which is a Z'-graded module over the ring R; = Clzf] =
R/((Zl — l)ieIC)R:
MO = @ MY, with M) = lim M.
kreZ! kceZl®
We then have
MD ~ R, @p M.
Let EI C R be the subring of Laurent polynomials whose z;-degree is non-negative
for i € I. Then M and M) are also related by

M(I) = E] QRpr M ~ (C[Zlicl] Rc M(I).

15.2.2. Theorem. A graded Rp-module comes from an object with n distributive filtra-
tions if and only if it is flat over Rr.

We note that both the distributivity property and the flatness property for sheaves
of C-vector spaces or of R-modules can be checked stalkwise on the topological
space T', so that the statement concerns multi-filtered C-vector spaces and R-modules.
This remark will be used implicitly in the following.

Before giving the proof, we recall a few general facts about flatness. For any
commutative ring R, flatness of an R-module M is equivalent to the condition that

Torf(M,R/I) =0

for every finitely generated ideal I C R; when R is Noetherian, it is enough to check
this for all prime ideals P C R. In our setting, the ring R is graded, and by a similar
argument as in the ungraded case, flatness is equivalent to

Torf (M, R/P) =0
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for every graded prime ideal P C R. Of course, there are only finitely many graded
prime ideals in R = C|[zy,. .., 2,], namely those that are generated by the 2™ possible
subsets of the set {z1,...,2,}. Moreover, the quotient R/P always has a canonical
free resolution given by the Koszul complex.

We conclude:

15.2.3. Proposition. A graded R-module is R-flat if and only if, for any subset J of
{1,...,n}, the Koszul complex K(M;(z;);jcs) is exact in negative degrees, i.e., is a
resolution of M/ 3", ;2 M. O

15.2.4. Example. For n = 1, a graded R-module M is flat if and only if 2;: M — M
is injective. For n = 2, a graded R-module M is flat if and only if 2;: M — M and
z9: M — M are both injective and the Koszul complex K (M; 21, 22):

(—22,21) 210 + 20

M MoeM M

is exact in the middle. (Here we are ignoring the grading in the notation.) The Koszul
complex is just the simple complex associated to the double complex

MM

LT

M-t M

with Deligne’s sign conventions, and the right-most term is in degree zero. The
exactness of the Koszul complex in the middle can be read on each graded term as
My 1,k N My, ky—1 = My, —1,5,—1. In this way, it is clear that two filtrations give
rise to a flat R-module, illustrating thereby Theorem 15.2.2.

Exactness of the Koszul complex is closely related to the concept of regular se-
quences. Recall that z1, ..., z, form a regular sequence on M if multiplication by z;
is injective on M, multiplication by 29 is injective on M /zy M, multiplication by z3 is
injective on M /(z1,22)M, and so on.

15.2.5. Corollary (A flatness criterion). A graded R-module M is flat over R if and only
if any permutation of zy,. .., z, is a reqular sequence on M.

Proof. This is one of the basic properties of the Koszul complex. The point is that
multiplication by z; is injective on M if and only if the Koszul complex

M2y M

is a resolution of M/z M. If this is the case, multiplication by z5 is injective on
M/z M if and only if the Koszul complex

(=22, 21) Zie + 2o
~ =AU, Nt MM

M Mo M M

is a resolution of M/(z1,z2) M, etc. In general, the equivalence is obtained in Exercise
15.2 together with the flatness criterion of Proposition 15.2.3. O
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15.2.6. Proposition (Another flatness criterion). Let M be an R-graded module. Assu-
me that

(1) 21 : M — M s injective and M/z1 M is flat over R/z R,

(2) M =0if k1 <0.
Then M is R-flat.

Proof. We apply the criterion of Proposition 15.2.3. Let J be a subset of {2,...,n}
and set I = {1} U J. On the one hand, since z; is injective on M, we have an exact
sequence of complexes

0 — K(M; (2))jes) — K(M;(2))jes) — K(M/21M; (2;)je) — 0.

On the other hand, by definition, K(M;(z;)icr) is the cone of the morphism
K(M;(2)eq) =2 K(M;(2)je5). We deduce a quasi-isomorphism K (M; (2;)ier) =~
K(M/z1M;(zj)jes), and thus the cohomology of K(M;(z;)icr) is zero in negative
degrees.

Let us now consider Ky := K(M; (z;);jes) with differential denoted by ¢ and show
that its cohomology vanishes in negative degrees. The long exact sequence attached to
the short exact sequence above shows that 21 : H*(K ;) — H*(K;) is an isomorphism
for k < 0. Let m € K% be such that &m = 0. Modulo a coboundary dm” it is thus
divisible by z1, that is, m = zym’ + dm/”, and ém’ = 0. Considering the graded
components, this reads mg = z1mjy_;, + (6m”)g. Continuing this way, we write
mi = 21" f_n1, + (64" )i for N large enough so that all nonzero graded components
my, of m satisfy k1 < N. The second assumption implies that g}, ~n1, = 0 for each k,
and thus the class of m in H*(K) is zero, as desired. O

Under certain conditions on the graded R-module M, one can deduce flatness from
the vanishing of the single R-module

Torf“(M, R/(z1,-..,2n)R).

In the case of local rings, this kind of result is usually called the “local criterion for
flatness”. The simplest example is when M is finitely generated as an R-module,
which is to say that all the filtrations are bounded from below.

15.2.7. Proposition. If M is a finitely generated graded R-module, then the vanishing
of Tor{' (M, R/(z1,...,2n)R) implies that M is flat.

Proof. This is a general result in commutative algebra. To show what is going on, let
us give a direct proof in the case n = 2. By assumption, the Koszul complex

(—22,21) 210 + 20

M Mo M M

is exact in the middle. It follows quite easily that multiplication by z; is injective.
Indeed, if there is an element m € M, ; with zym = 0, then the pair (m,0) is in the
kernel of the differential (21, 23), and therefore m = —zom’ and 0 = z;m’ for some
m’ € M, ;—1. Continuing in this way, we eventually arrive at the conclusion that
m = 0, because M;; = 0 for j < 0. For the same reason, multiplication by z, is
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injective; but now we have checked the condition in the definition of flatness for all
graded prime ideals in R. O

Proof of Theorem 15.2.2. Let us first show that if F(VA ... F(™ A are distributive
filtrations, then the associated Rees module M is flat over R. Because of the inherent
symmetry, it is enough to prove that z,,...,z; form a regular sequence on M.
Because M comes from a filtered object, multiplication by z, is injective and
M/zoM = @ Mp, .k, /Mpy,. by k-1
kezn

This is now a Z"-graded module over the polynomial ring C[z1, ..., 2,—1]. We remar-
ked, after Definition 15.1.7, that for every ¢ € Z, the n — 1 induced filtrations on

Ay =grf A =F™A/F™ A
are still distributive, and by definition,

By induction, this implies that z,_1,...,2; form a regular sequence on M/z, M,
which is what we wanted to show.

For the converse, suppose that M is now an arbitrary graded R-module that is flat
over R. We need to construct from M an object A with n distributive filtrations.
We take A = lim, My as defined by the dictionary 15.2.1(a). Setting I = {i} in
15.2.1(b), we obtain a graded R;-module M(*) which is R;-flat (latness is preserved
by base change), hence of the form Rp) A for some filtration F, .(i)A. We will also use
the flatness of M to prove that these n filtrations are distributive, and that

(15.2.8) My, = Fi) AN N FV A,

n

as subobjects of A. We will argue by induction on n, by checking the criterion of
Proposition 15.1.5(2) for the objects A; (notation of Remark 15.1.8(3)). The case
n = 1 is clear, and the case n = 2 is reduced to checking (15.2.8): the diagram of
exact sequences (15.1.2) exists for the subobjects Rl, Ry of R with lower left corner
equal to R = Rin RQ; all sequences remain exact after tensoring by M over R, and
the lower left corner is M = M) N M(z)’ as desired. We now assume n > 3.

Let us start with 15.1.5(2b). If n = 3, the family (ﬁi)izl’z’g of subobjects of R is
clearly distributive. Since M is R-flat, each Ez ®pr M is a subobject of R® rRM = A
and the criterion of Lemma 15.1.3 implies that the family (EZ ®pr M) of subobjects
of A is also distributive. As seen in 15.2.1(b) and since M) = Ry, A, this is nothing
but the family (gz), so that 15.1.5(2b) holds if n = 3. If n > 4, we apply the previous
result to M) for any subset of three elements in {1,...,n}. This is possible since
M@ is R;-flat, as flatness is preserved by base change. Therefore, 15.1.5(2b) holds
for all n > 3.

For 15.1.5(2a), we set 2’ = (z2,...,2,). We regard R’ := C[Z/] as a subalgebra of R
and M as an R'-module, that we write as the direct sum of R’-modules P <, My, .
As such, it is still flat, and therefore each My = @ czn-1 My, 1 is also R'-flat. The

limit ling, , -, My, s is M. that we have identified with Fi) A. Fori > 2, we write
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M) = Rpw FWY A). By induction, the family (F(?) FYA i>9 is distributive
k1 k1 . k1 >
and for each k' € Z"~!, we have

My, i = FE2(FVA) - n BV (FD A).

On the other hand, we have for each k; € Z the equality (M, ,’ﬂ)g) =M ,g;} and, by
the case n = 2 treated above, we conclude that F,Ez) (F,gll)A) = (F,EZ)A) N (F,Ell)A)7
so that the first part of 15.1.5(2a) holds, as well as (15.2.8).

The second part of 15.1.5(2a) amounts to asking that, for any k1 € Z, the induced
filtrations F( (A/F,Sll)A) (i > 2) form a distributive family. We set 2’ = (z9,...,2,)
and R’ = CJ?] that we regard as R/z1R. Since M is R-flat, R’ ® g M is R'-flat.
We write

/
RerM=@& @O Myi1p/Mpw,
k1€EZ K ezn—1

so that @ cpn-1 My, 41,6 /My, 1 is R'-flat for any k;. By induction on ¢ > 0,
we deduce that @, cyn—1 My, 4ok’ /My, g is R'-flat for any &, £ and taking inductive
limit on ¢ leads to the R'-flatness of M,, /My, j/ for any ki. By induction on n, the
filtrations on 1i_n>1k, My, [ My, = A/F,ill)A obtaiged by t@king inductive limit with k;
fixed are distributive. They read, for i > 2, M,g:)/Mlglkj}) By the first part of the
proof of 15.1.5(2a), this expression writes FIS)A/(FIS)A N F,g)A), so that the desired
distributivity is obtained. O

15.2.9. Remark (Interpretation of flatness in terms of multi-grading)

Corollary 15.2.5 has the following practical consequence: for distributive filtrations
FMA, ... ,F{™ A, the n-graded object obtained by inducing iteratively the filtrations
on the j-graded object gr};(jij) e gr}:(jl)A (j =1,...,n) does not depend on the order

{i1,...,in} ={1,...,n}, and is equal to
FVAN...nFMA
Sy EVAN-nFEY  An o FEYA

When one filtration is bounded from below, the inductive property of Proposition
15.1.5(2) takes a more accessible form.

15.2.10. Proposition (Distributivity by induction). Let (A, F(VA, ... F™ A) be a multi-
filtered object of A. Assume the following properties:

(a) F,Sl)A =0 for p < 0;

(b) for each p, the induced filtrations F®@  F® op grg(l)A are distributive;

(c) for each p, the natural morphism Rp: (Flgl)A) — RF/(grg(l)A) is an epimor-
phism.

Then the filtrations FV, F®)  F™ on A are distributive.

Proof. We will apply Proposition 15.2.6 to the Rees module M = RpA. It is clear
that multiplication by z; is injective on M, so we only need to check the Clza, ..., z,]-
flatness of M/z M.
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Set p’ = (p2,---,0n), FpyA =iy F,S?A and, for each p,

F/ F“) F( i) F(I)A ﬂ?ZQ((Flgf)AﬁFél)A) +F;S£)1A)
p’ (gI‘p ) 1ﬂ F(l) A .
= p—1

Then (c) amounts to
(15.2.11)  (FEL,ANEVA) + ED A=, (B ANFYA) + FD 4) vp.
On the other hand, M/zy M is the direct sum indexed by p of the terms
(Ey ANEWDA) + ED A/ED A = (Fl, AN EYA)/(EL, AN FY, A).
Therefore, (c) amounts to the equality
M/ M = Rpgrf™ A,
and (b) yields it C[za, ..., z,]-flatness. O

(1)

15.2.12. Remark (Multi-filtered morphisms). Given two multi-filtered objects
(A, (F A)m

in A, let ¢ : A — B be a morphism compatible with the filtrations. It induces var-

ious morphisms ng K gr,f,(:l)@. Assume that the filtrations in A and in B are
] T

.....

distributive. Then the source and the target of these morphisms are independent
of the order of multi-grading, as remarked above. We claim that the morphisms
grg( 8 grkF( 1)cp are also independent of the order of multi-grading. Indeed, ¢ in-
duces a graded morphism Rpy : M — N between the associated Rees objects, and
due to the distributivity assumption, we are led to checking that the restriction of

Rpe to M/(2k,, - - 2k, )M is independent of the order, which is clear.

15.2.b. Application of the flatness criterion. We will make more explicit the
general notion of distributive filtrations in the case of z;-adic filtrations on a coherent
Ox-module. For such a module £, assume we are given, for each i = 1,...,n, an
increasing filtration Vf”& indexed by [—1,0) by coherent submodules, such that & =
Uase-1,0) VOS?E and the set of jumps A; C [—1,0) is finite. We extend the filtration
as a filtration indexed by A; + Z by setting

_{ a7RviVe itk

V(’) ’

<0
a;+k
=0

vive if k
We define V™€ = N Ve for any a € [1;(A; + Zy).

15.2.13. Example (Rank-one objects). Assume that & is Ox-locally free of rank 1.
Then, for each i, A; is reduced to one element «; € [—1,0) and we have for any
ac|l,(4;+2Z)

VA€ = (3 0,<a, [ai — il Dy).
We claim that the family (V(VE, ..., V. (™¢€) is distributive. Indeed, the multi-Rees
module Ry € (see Section 15.2.a) reads

@ ke with 2 =1if k; <0
kez™
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We have to check that each permutation of (z1,...,z,) is a regular sequence on
Ry €. This is obtained by induction, noticing that z; is injective on Ry € and
Rv(n)E/;ian)E is the Rees module of grymﬁ equipped with the similar filtrations
VO (j #1)
15.2.14. Proposition. Let & be a coherent O x-module and let (VIVE,... VIME) be
filtrations as defined above. Let us assume that, for each a € [[,(A; +Z),

(1) the Ox-module VA™e s locally free,

(2) if a; <0, then 2, ViMe = V™) €.
Then the filtrations (VVE, ... V(™ E) are distributive.

Proof. Note that the assumption implies that € itself is O x-locally free. The multi-
Rees module Ry (») € is the direct sum over o € Hl A; of multi-Rees modules asso-
ciated with the multi-filtrations VD(:_:)ZS. To check its C[z1, . . ., z,]-flatness, it is enough
to check that of each summand. We can therefore assume that [ [, A; = {a}. We then
simply write Vo(:_)kﬁ = Vk(n)S. By (2),

VaMe = £(X <o kiDi)

and we argue as in the example to conclude. O

15.3. Strictness of morphisms

Let A and B be two objects in our abelian category A, each with n distributive
filtrations
F.(I)A, ey F.(")A, respectively F.(I)B7 e 7F.(")B.
Denote by M and N the graded R-modules that are obtained by the Rees construction;
both are flat by Theorem 15.2.2. Now consider a filtered morphism p: A — B.
It induces an R-linear morphism Rpy: M — N between the two Rees modules.

15.3.1. Definition. We say that ¢: A — B is n-strict if Coker Rpy is again a flat
R-module.

Flatness of Coker Rp¢ also implies that Ker Rpp and Im Rpy are flat: the reason
is that we have two short exact sequences

00— KerRpp — M — ImRpp — 0
and 00— ImRpp — N — Coker Rpep — 0,

and because M and N are both flat, flatness of Coker Rpy implies that of Im Rp¢,
which implies that of Ker Rpy. Note that Ker ¢ and Coker ¢ are equipped with filtra-
tions F.(l) Kerop, ..., F.(") Ker ¢, respectively F.(l) Coker ¢, ..., F.(") Coker ¢ naturally
induced from those on A, respectively B. On the other hand, Im ¢ has two possi-
ble natural families of filtrations: those induced from M and those from N. If ¢ is
n-strict, both coincide and we have

KerRpp = RpKeryp, ImRpp=Rplmyp, Coker Rpp = Rp Coker .
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Indeed, we know by Theorem 15.2.2 that the graded modules Ker Rr¢, Im Rp¢ and
Coker Rpp are attached to distributive filtrations, and (for Coker ¢ for example) the
term in degree k € Z" is (F,gll)B N---N Fé:)B) +Im ¢/ Im ¢, so that the distributive
filtrations on Coker ¢ given by the theorem are nothing but the filtrations induced
by F!B.

For example, in the case of two filtrations F’, F"" as considered in Definition 10.2.4,
the last equality in bi-degree k, ¢ gives

F.F/'B/o(F.F/A) = (F,B+1Imp) N (F/B+Imy)/Im,

which corresponds to the condition of Definition 10.2.4.

15.3.2. Caveat. The strictness of ¢ implies that the induced filtrations (on Ker ¢, Im ¢
and Coker ¢) are distributive. However, the latter condition is not enough for ensuring
strictness of ¢. For example, two filtrations are always distributive, while a morphism
between bi-filtered objects need not be strict.

15.3.3. Example (Strict inclusions). The composition of strict morphisms need not
be strict in general. However, the composition of strict monomorphisms 41,5
between objects with distributive filtrations remains a strict monomorphism since
Coker Rp (ig0i1) = Coker(Rpig o Rpiq) is an extension of Coker Rpis by Coker Rpiq,
and flatness is preserved by extensions.

Given n distributive filtrations FMW A, ..., F(" A, they induce distributive filtra-
tions on A = F,ill)A N---N F,i:)A for every k = (k1,...,kn) € Z" (see Remark
15.1.8). Moreover, for k < € € Z™ (i.e., k; < ¢; for all i = 1,...,n), the inclusion
A, — Ay is n-strict. Indeed, by the preliminary remark, it is enough to show that
the inclusion Ag_1, <> Ag is strict for all . This has been explained in the first part
of the proof of Theorem 15.2.2.

15.3.4. Proposition (A criterion for strictness of inclusions). Let (A, FWA, ... F(MA)
and (B,FVB,...,F{"™ B) be multi-filtered objects of A with distributive filtrations,
and let ¢ be a multi-filtered monomorphism between them. Assume the following
properties:

(a) VB =0 forp < 0;

(b) ¢ is FO-strict fori=1,...,n (i.e., Flgi)A = Fzgi)B NA),

(c) for each p, grg(l)cp : grg(l)A — grg(l)B is an (n — 1)-strict monomorphism.

Then ¢ is an n-strict monomorphism.

Proof. We consider the exact sequence 0 — RpA Bre RpB — M — 0 and we wish
to show the R-flatness of M, where R = C|[zy,. .., 2,]. We will apply the criterion of
Proposition 15.2.6 to M.

It is clear that multiplication by z; is injective on RpA and RpB. On the other
hand, (c) means that the sequence

0— RFA/ZlRFA — RFB/ZlRFB — M/ZlM — 0,
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is exact and that M/z; M is R/z R-flat. The snake lemma implies that z; : M — M
is injective, so, because of (a), the flatness criterion of Proposition 15.2.6 applies
to M. O

15.3.5. Definition (Strictness of a multi-filtered complex). If we have a complex of
objects with n distributive filtrations and differentials that preserve the filtrations,
we consider the associated complex of flat graded R-modules; if all of its cohomology
modules are again flat over R, we say that the original filtered complex is strict.

The interpretation of distributivity in term of flatness yields the following criterion
(see Definition 15.3.1).

15.3.6. Proposition. A complex of objects with n distributive filtrations and differentials
that preserve the filtrations, and which is bounded from above, is strict if and only if
each indwidual differential is an n-strict morphism. [

15.4. Appendix. Compatible filtrations

The definition of compatibility of three subobjects of A given before Lemma 15.1.3
has a natural extension for n subobjects. We will see that it is equivalent to the
notion of distributivity, but sheds a new light on other properties.

More precisely, the condition is the following: there should exist an n-dimensional
commutative diagram C(Aq,...,A,; A), consisting of 3" objects placed at the points
{—1,0,1}" and 2n - 3"~! morphisms corresponding to the line segments connect-
ing those points, such that A sits at the point (0,...,0), each A; sits at the point
(0,...,—1,...,0) on the i-th coordinate axis, and all lines parallel to the coordinate
axes form short exact sequences in the abelian category. It is easy to see that the
objects at points in {—1,0}™ are just intersections: if the i-th coordinate of such a
point is —1 for i € I C {1,...,n} and O for ¢ & I, then the exactness of the diagram
forces the corresponding object to be

N A,

iel
with the convention that the intersection equals A when I is empty. In particular,
the object A1 N---N A, always sits at the point with coordinates (—1,...,—1).

On the other hand, given a subset I C {1,...,n}, fixing the coordinate €} €
{—1,0, 1} for every i € I produces a sub-diagram of size n — #1I, hence n — #I com-
patible sub-objects of the term placed at (7., 0;¢1), that we denote by A(efc;, 0;¢1).
For example, fixing €7 = 0 for each i € I shows that the sub-family (4;);¢; is a
compatible family.

As another example, fix €, = —1. Then the induced family (A4; N Ay )ieqo,....n—1} Of
sub-objects of A,, is also compatible. In the definition of compatibility, the object A
does not play a relevant role and one can replace it by a sub-object provided that all
A; are contained in it. Similarly one can replace it by a sup-object. This is shown in
Exercise 15.6. So the induced family (A; N Ay)ieqo,...,n—1} s also compatible in A.
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As still another example, let us fix €2 = 1. We have an exact sequence
A, = A(0,...,0,—1) — A= A(0,...,0) — A/A, = A(0,...,0,1).

Our new diagram has central term A/A,, and the term placed at (0, ...,(—1);,...,0,1)
is A;/JA;N A, = (4; + A,) /A, the induced family ((Az +An)/An)i€{07___7n_1} is also
compatible.

The definition of a compatible family of filtrations is similar to Definition 15.1.7 by
replacing the word “distributive” with the word “compatible”. Then any sub-family
of filtrations of a compatible family remains compatible. Moreover, any finite family
of sub-objects consisting of terms of the filtrations F{VA, ..., F(™ A is compatible,
and Lemma 15.4.1 below, whose proof is postponed at the end of this section, implies

that the induced filtrations £V, ... F™~! on each grf(n)A are compatible.

15.4.1. Lemma. Let Ay,..., A, C A be a family of sub-objects of A. Assume the
following properties:

(1) A1 C Ag.
(2) Both sub-families Ay, As, ..., A, and Ag, As, ..., A, are compatible.

Then the family Ay, ..., A, is compatible. Moreover, the family (A; N As)/(A; N Ay)
(i=3,...,n) of sub-objects of Aa/A; is also compatible.

Lemma 15.1.3 extends to any n > 4:

15.4.2. Proposition. A family of n subobjects of A is distributive if and only if it is
compatible.

Proof. We show that Theorem 15.2.2 holds when compatibility replaces distributivity.
The proof that compatibility implies flatness is similar to that of Theorem 15.2.2 in
the case of distributive filtrations, in view of the remark above.

The proof of the converse is simpler than in the case of distributive filtrations. Fix
k,¢ € Z™. Observe that because R is graded, the graded submodules szR7 s 2R
are trivially distributive; in fact, the required n-dimensional commutative diagram
exists in the category of graded R-modules. If we tensor this diagram by M, it
remains exact everywhere, due to the fact that M is flat. Take the graded piece of
degree k + £ everywhere; for n = 2, for example, the result looks like this:

* *

i ] w

Mkl-‘r@hk’z Mk1+£17k2+€2

1 I

Mkl;k2 Mk17k2+@2 ” ok
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Apply the direct limit over ¢ € Z™; this operation preserves exactness. For n = 2, for
example, the resulting n-dimensional commutative diagram looks like this:

Mlﬂ,kz — Flgll)A —

The existence of such a diagram proves that F]EI)A, ce F,E:)A are compatible subob-
jects of A, and also that (15.2.8) holds. O

Proof of Lemma 15.4.1. We wish to define a diagram with vertices A(e1,e2,...,6n)
(e; € {—1,0,1}) satisfying the properties above. The second assumption means that
we have the diagrams with vertices A(e1,0,¢e3,...,&,) and A(0,e2,...,e,). On the
other hand, if the diagram we search for exists, the inclusion A; N Ay = Ay C A is
satisfied for all terms of the diagram, namely

(1543) A(—]., —1,523) = A(—l,o,&?)g) C A(O, —17623).

We are thus forced to set

A(L —1,623) :
A(]., 1,523) :

(O> _17523)/A(_1a _1’523)

15.4.4
( ) (0,1,623).

=A
=A
In such a way, we obtain a commutative diagram where the columns are exact se-

quences (by assumption for the middle one, by our setting for the left and right ones),
as well as the middle horizontal line

A(l, —1,823) — A(l, 0,823) e A(l, 1,623)

1 I H

(15.4.5) A(O,*l,&)g) (—>A(0,0,€>3) *»A(O,l,&?)g)

J J I

A(—]., —1,523) ES A(—]., 0,523) — A(—]., 1,523) =0

It is then easy to check that the upper horizontal line is exact. This shows that, in the
diagram of size n, the lines where £ varies in {—1,0,1} and all other ¢; fixed, as well
as the lines where €5 varies and all other ¢; are fixed, are exact. Let us now vary eg,
say, by fixing all other ; and let us omit &; for ¢ > 4 in the notation. From the
diagram above, we see that the only possibly non-obvious exact sequence has terms
A(1,—-1,e3)ey=—1,0,1. We now consider the commutative diagram where the columns
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are exact and only the upper horizontal line is possibly non-exact:

A(l,—1,-1) — A(1,-1,0) — A(1,-1,1)

1 1 T

(15.4.6) A0, -1, -1) & A(0,—1,0) —» A(0,—1,1)

J J J

A(=1,-1,-1) &5 A(=1,-1,0) —» A(—1,—1,1)

But the snake lemma shows its exactness. We conclude that the family A, Ao, ..., A,
is compatible. We now remark that

AsJAy = Ay /(A1 N As) = A(L, 1,0, ...,0).

The compatibility of the family (A4; N As/A; N A;)i=s, .. will be proved if we prove
(AsNAy)/(AsNAy) = A(1,-1,-1,0,...,0), and similarly for ¢ > 4. Let us consider
the previous diagram when fixing ¢; = 0 for ¢ > 4. The left vertical inclusion reads
Ay N As N Az — Az N As, hence the desired equality. O

15.5. Exercises

Exercise 15.1 (Basics on Rees modules). We take up the notation of Section 15.2.a. Set
Clz] = Clz1, ..., 2] Let M = @pcpn My be a Z"-graded C[z]-module.

(1) Show that the subset Ty, M C M consisting of elements m € M annihilated by
a monomial in z1,..., 2, is a graded C[z]-submodule of M. Conclude that M /T, is
a graded C[z]-module.

(2) Let T C M be the C[z]-torsion submodule of M. Show that T' = Ty,. [Hint:
Assume that T, = 0 by working in M/Ty,; if pm = 0 with p = Y p;29 € C[z] and
m = Y, mg € M, choose a linear form L with non-negative coefficients such that
max{L(j) | p; # 0} is achieved for a unique index j = j, and similarly for k and k,;
show that z7emy, = 0 and conclude that m = 0.]

(3) Show that M is C[z]-torsion free if and only if the natural morphism M —
M[z7'] := M ®cp,) C[z7'] is injective.

(4) Set A = M/, (z; —1)M. Show that M is Cl[z]-torsion free if and only if
there exists an exhaustive Z"-filtration F, A such that M = RpA := @,z (FLA)2*.
[Hint: Show first that A = M[z7'/ >, (z; — 1)M[z~!] and M[z7'] = A®c Clz, 27 ];
consider then the graded inclusion M — A @c Clz, 27|

(5) Omitting indices. Let (A, F,A) be a multi-filtered vector space, let I C
{1,...,n} be a subset and denote by I¢ its complement. Let F.(I)A be the Z!-
filtration defined by F,g)A = Uk cense F((,kalc)A. Show that

Rpiy A= (RrpA/ Y ;cic(zi — 1)RpA) / Clz)-torsion.
Conclude that if RpA is Clz]-flat, then Ry A is C[z7]-flat. [Hint: Use that flatness
is preserved by base change.]
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(6) Grading. Set
(I 4 _ (I) M 4 () (I) _
F7<:kIA - ZFkI—L,A’ gr;:I A= Fk[ A/F;<¢kIA’ F(éklkaC)A - ZF(kI_li’kIC)A’
il il
Ic () I
Fi e, A= Fi g A | [Fier i ANFS) Al

Show that there exist isomorphisms as Z"-graded modules:
RFA/ZieI ZiRFAZ @ F(kl,kIC)A/F(<kI,k1c)A'Zklc
(Fr,kc)eZn

and
) RF<IC)gr£I(I)A ~ (RpA/ Y ;c; ziRpA) | Clzge]-torsion.
krezl
Identify RF(Ic)grfl(I)A with the term of I-degree kj in the right-hand side. Con-
clude that if RpA is C[z]-flat, then RFuc)grgImA is C[zse]-flat. [Hint: Use that
flatness is preserved by base change.] Conclude that, if Rp A is C[z]-flat, the inclusion
F(ékthC)A C Fliey kre)AN ng)IA is an equality.

7) Show that if RpA is C[z]-flat, then FiA = (", F\"A. [Hint: Argue by
i=1"k;

induction on n and prove FrpA = F,gll)A N F,i{ll}}cA by using the last result of (6).]

Exercise 15.2 (Regular sequences and the Koszul complex). We keep the notation as in
Proposition 15.2.3.

(1) Show that the sequence z1,...,z, is a regular sequence on M if and only if
for every k = 1,...,n, the Koszul complex K(M; z,...,z) is a graded resolution of
M/(z1,...,2) M.

educe that the following properties are equivalent:
2) Deduce that the followi ti ivalent
(a) any permutation of z1,..., 2, is a regular sequence on M,
(b) any subsequence of z1,..., z, is a regular sequence on M,
(c) for every subset J C {1,...,n} the Koszul complex K(M;(z;);cs) is a
graded resolution of M/(z;)c M.

Exercise 15.3 (Applications of the flatness criterion).

(1) Let A be an object with n distributive filtrations F(VA, ..., F(" A and let
F(+1 A be a filtration which jumps at one index at most, for example FgH)A =0
and FO(nH)A = A. Show that the family F(VA, ... F"t)A is still distributive.
[Hint: Show that the new Rees module is obtained from the old one by tensoring
over C with Clz,41].]

(2) Let A be an object with n distributive filtrations F(V A, ..., F™ A. Show that
any family of filtrations G{V A, . .., G{"™) A where each G{") A is obtained by convolution
of some of the filtrations FJ A, i.e.,

GPA= Y FUIA+.. 4+ FIVA,
qittqe=p
(also denoted by G:A = FUVA x---x FUr) A) is also a distributive family. [Hint:

Express the Rees module R4 A as obtained by base change from Ry,  puy A and,

.....
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more generally express R, gom A as obtained by base change from Rpa) g 4;
conclude by using that ﬂatness is preserved by base change.]

(3) Let F(l)A ™ A be filtrations on A. Let B be a sub-object of A and let
F®B and F{ (A/B) be the induced filtrations. Assume that

(a) the families (F(Y) B); and (F(Y(A/B)); are distributive,
(b) for all ky, ..., ky,, the following sequence is exact:

0— m F'B — n FA — n F\"(A/B) — 0.
Then the family (F() A); is distributive. [Hint: Show that there is an exact sequence
of the associated Rees modules, and use that flatness of the extreme terms implies
flatness of the middle term.|

Exercise 15.4 (External products and flatness).

(1) Let R = Clz1,...,2,) and R’ = C[z,..., 2},] be polynomial rings set R" =
R®c R =Clz,...,2,,]. Let M resp. M’ be a graded flat R- resp. R’- module. Show
that M" := M ®c M’ is R"-flat as a graded R”-module. [Hint: Use the criterion of
Exercise 15.2.]

(2) Assume now that R and R’ are polynomial rings (with variables as above) over a
polynomial ring C[2, ..., 2,]. Let M, M’ be as above. Show that M" := M ®c¢[. M’
is R"-flat as a graded R”-module. [Hint: Define M" in terms of M ®¢ M'.]

(3) Reprove Lemma 8.6.10 by using the argument of (2) and that flatness commutes
with base change (in a way similar to that of Remark 15.2.9). [Hint: Set M = RpM
and consider JV[X Xc JVEy; show that this is a flat bi-graded C|z1, z2]-module; deduce
that restricting first to z; = 25 and then to z = 0, or restricting to z; = 0 and then
to z2 = 0 give the same result. |

(4) Let M X, My be strict D-modules equipped with coherent F, D-filtrations
F, MX, F, J\/[y Assume that ngMX,ngMY are strict. Show that

rF(JV[X X3 JT/EY) ~ ngﬁX &ng,b ngﬁy.
[Hint: Show with Exercise 15.2 that RpM := D, FuMzF is C[z, z]-flat and use (2).]

Exercise 15.5. Show as in the beginning of Section 15.4 that the object A(1;cr,0;¢7)

is equal to A/, ; A;

Exercise 15.6 (Some properties of compatible families).

(1) Let Aq,..., A, C A be a compatible family of sub-objects of A and let B O A.
Show that A4,...,A,,A is a compatible family in B (in particular, A;,..., A, is a
compatible family in B). [Hint: Note first that, for € = (e1,...,&,) with &; > 0 for
all 4, A surjects to A(e) and set A(e) = A/I(e), with I(0) = 0; define then B(e,e,41)
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by

B(e,0) Ae) if 34, g, = —1,
g,0) =
B/I(e) ifVi, e >0,

Be.1) 0 if 34, 6, = —1,
57 =
BJA ifVi, e >0;

check the exactness of sequences like B(—1,¢’,0) — B(0,¢’,0) — B(1,¢’,0).]

(2) Let Ay,..., A, C A be a family of sub-objects of A which is compatible in B,
for some B D A. Then this family is compatible in A. [Hint: Set A(e) = B(e) if
g; = —1 for some i, and if g; > 0 for all 7, set A(e) = A/I(e), where B(e) = B/I(¢)
and show first that I(e) C ), A; by using Exercise 15.5.]

(3) Let Ag,A;,...,A, C A be a family of sub-objects of A. Assume that
Ay,...,A,_1 C A,. Show that the family Ay, Aq,..., A, is compatible if and only
if the family Ay N A,, A1, ..., A, of sub-objects of A,, is compatible. [Hint: If the

diagram C(Ao, ..., An; A) exists, there should be an exact sequence
Ay A
0= C(AgN An,.. o Ani An) = C(Ag, ..., Ans A) — C(M’O"”’O’A7> 0,

corresponding to exact sequences

0 — A(eg,e’,—1) — A(eg,€’,0) — A(eo, €', 1);
show that A(eg,e’,1) =0if e, = —1 for some ¢ = 1,...,n — 1; set thus A(gg,e’,0) :=
A(eo, €', —1) for such an €’; to determine A(eg,e’,0) for €, > 0 for all 4, use Exercise

15.5 if g > 0 and deduce the case ¢g = —1; end by checking that all possibly exact
sequences are indeed exact.]






CHAPTER 15

D-MODULES OF NORMAL CROSSING TYPE
PART 2: FUNDAMENTAL PROPERTIES

Summary. Starting from the simple model of a monodromic D x-module,
we first introduce the notion of D x-module of normal crossing type, obtained
by analytifying a monodromic one. The notion of a filtered Dx-module, or a
D x-module, of normal crossing type needs a different approach, as in general
such an object does not come by analytification from a monodromic filtered
D x-module. The notion of distributivity or compatibility of filtrations, intro-
duced in Part 1, is essential in the definition. On the other hand, as sesquilinear
pairings do not involve the F-filtration, they can be analyzed from the simple
monodromic setting, and the results are higher dimensional analogues of those
of Section 7.3 in dimension one.

15.6. Introduction

15.6.1. Notation. In this chapter, the setting is as follows. The space X = A" is
a polydisc in C" with analytic coordinates z1,...,z,, we fix £ < n and we denote
by D the divisor {z1-- -z, = 0}. We also denote by D; (i = 1,...,¢) the smooth
components of D and by D, their intersection Dq N ---N Dy. We will shorten the
notation Clz1, ...,z into C[z] and Clz1,...,z¢{0s,, ..., 0z, into C[z](0,). We will
set I ={1,...,¢}.

We will mainly consider right D-modules.

15.6.2. Simplifying assumptions. All over this part, we will consider the simpler case
where ¢ = n, that is, Dy is reduced to the origin in X = A", in order to make the
computations clearer. We then have I = {1,...,n}. The general case { # n brings
up objects which are Op, -locally free and the adaptation is straightforward.

In higher dimensions, similarly to what was done in Section 7.2, the theory of
vector bundles on X with meromorphic integrable connections with poles along D
starts with the simplest objects, namely those with regular singularities [Del70]. One
first extends naturally these objects as locally free Ox (xD)-modules with integrable
connection and the regularity property amounts to the existence of locally free O x-
module of maximal rank on which the connection has logarithmic poles. The category
of such objects is equivalent to that of locally constant sheaves on X ~ D, that is,
of finite dimensional representations of 71 (X ~\ D) ~ Z". These objects behave like
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products of meromorphic bundles with connection having a regular singularity in
dimension 1. We say that these objects are of normal crossing type.

Our first aim is to extend this notion to other holonomic D x-modules. We mainly
have in mind the middle extension of such meromorphic connections. In terms of
general D-module theory—that we will not use—we could characterize such D-mod-
ules as the regular holonomic D-modules whose characteristic variety is adapted to
the natural stratification of the divisor D. In other words, these are the simplest
objects in higher dimension.

We can settle the problem as follows. Let M be a coherent D x-module. Assume
that M is R-specializable along each component D; of D. How do the various V-filtra-
tions interact? The notion of normal crossing type aims at reflecting that these
V-filtrations behave independently, i.e., without any interaction. In other words,
the transversality property of the components of D is extended to the transversality
property of the V-filtrations. This is first explained in Section 15.7.a for the simpler
“algebraic case” and then in Section 15.7.b for the general holomorphic case.

Sesquilinear pairings between coherent D-modules of normal crossing type have
then a simple expression in terms of basic distributions or currents (Section 15.8).

When thinking in terms of characteristic varieties, one can expect that the notion
of “normal crossing type” is stable with respect to taking nearby or vanishing cycles
along a monomial function in the given coordinates. However, obtaining an explicit
expression of the various monodromies in terms of the original ones leads to a delicate
combinatorial computation, which is achieved in Section 15.12 both for the simpler
“monodromic case” and the general holomorphic case.

We are mainly interested in the previous results in the presence of an F-filtration
and, for a coherently F-filtered D-module (M, F,M), we will express the independence
of the V-filtrations in the presence of F, M. By looking in dimension 1, one first realizes
that (M, F,M) should be R-specializable along any component D; of D. But adding
an F-filtration to the picture also leads us to take much care of the behaviour of this
filtration with respect to the various V-filtrations along the components D; of the
divisor D. The compatibility property (Definition 15.1.7) is essential in order to have
a reasonable control on various operations on these filtered D-modules.

An important question, given a filtered D-module (M, F,M) such that M is of
normal crossing type along D, is to have an effective criterion on the F-filtration for
(M, F,)M) to be of normal crossing type. We give such a criterion in terms of parabolic
bundles (Section 15.9.c) by applying the criterion of Section 15.2.b.

15.6.3. Notation for logarithmic modules. The V-filtration of D x along D;, or that of
a D x-module Mwhich is R-specializable along D;, will be denote by V.?), where »
runs in Z or R. We will then set (when the simplifying assumption 15.6.2 holds)
ViNDx =N Va(f)ZDX, VirM = N Va(f)M, a:=(ay,...,ay),
i=1 i=1

7 1=

which are modules over the sheaf VO(")D x of logarithmic differential operators with
respect to the divisor D. We use the notation

Dx(log D) := Vo(n)DX =O0x (210, 0g, ).
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For the D x-modules of normal crossing type that we will consider in this chapter, the
Von)ﬂ) x-modules VA™M are O x-coherent and Vo(n)M contains most of the informa-
tion on M, and more importantly, the same property applies to filtered objects. For
multi-indices, we use the following notation:
a<b ifa; <b;Vie{l,...,n}
asb ifa<banda#b

ie,a; <b;Vie{l,...,n} and 34, a; < b;,
a<b ifa;, <b;Vie{l,...,n}

(15.6.3 %)

It is thus natural to introduce the notation
Meo = V™M,

For the D x-modules which are middle extension along each component D; of D, that
will be of most importance for us, we will consider instead
Moo = VM= > v
a<0

In the algebraic setting, we consider the Weyl algebra A,, := C[z](3,) of differential
operators in n variables with polynomial coefficients, and correspondingly (right)
D x-modules with (right) A,-modules, that we denote by a capital letter like M.
Similarly, we set A, (log D) = Clz]{x0,).

15.7. Normal crossing type

15.7.a. Monodromic A,-modules. In this section, we consider the algebraic set-
ting. Let M be an A,,-module and let us consider, for every a € R", the subspace M,
of M defined by
My = N UKer(2;0,, — a;)".
iel k

This is a C-vector subspace of M. The endomorphism z;0,, acting on M, will be
denoted by E; and (2;0,, — a;) by N;. The family (Ny,...,N,,) forms a commuting
family of endomorphisms of M,, giving M, a natural C[Ny,...,N,]-module structure,
and every element of M, is annihilated by some power of each N;. Moreover, for
i € I, the morphism z; : M — M (resp. Oy, : M — M) induces a C-linear morphism
Xt Mg — Mqg_1, (resp. Oz, : Mg — Mgy1,). For each fixed a € R™, we have

Mam(ZMa,>=0 in M.

a’'#a

Indeed, for m = Ea,;ﬁa Mar, if m € Mg, then m—3" | Ma 1s annihilated by some

-
al_a

. k .
power of £10;, —a; and by a polynomial ]_[a,ﬁéa1 (x10,, —a}) 1, hence is zero, so we

can restrict the sum above to o} = a1. Arguing similarly for ¢ = 2,. .., n yields finally
m = 0. It follows that
(15.7.1) M =@ M,CcM

acR”
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is a A,-submodule of M. The actions of x; and 9, satisfy, for each i € {1,...,n}:
o it Mg — Mg_1, is an isomorphism if a; < 0,
o Oy, : Mo — Mg41, is an isomorphism if a; > —1.

(See Exercise 15.7.)

15.7.2. Definition (Monodromicity). Let M be an A,,-module. We say that M is mon-
odromic if the following properties are satisfied.

(a) There exists a finite subset A C [—1,0)", called the set of exponents of M,
such that M, =0 fora ¢ A+ 7Z".

(b) Each Mg (a € R™) is finite-dimensional.

(¢) The natural inclusion (15.7.1) is an equality.

15.7.3. Proposition. Let M be a monodromic A, -module. Then
(1) M is R-specializable along each D; and

%(»i)M: D M., grl‘:/i(i)M: @D Ma, Vb(n)M: D Ma;
‘ acR™ acR™ acR™
a; <b; ai=bi asb

(2) The A,-module M is uniquely determined, up to isomorphism, from the
A, (log D)-module M¢o;

(3) Each VM s an A, (log D)-module of finite type and, if a; < 0 for all i, it
is a free C[z]-module of finite rank;

(4) Decomposing the set of variables as (x',2") = (1, ..., Tn/, Tprg1y -y Tnignrr)
with n' +n” = n, then for any a € R™, the C[z'](8,)-module Meary =
Do crr’ Mia,ary is monodromic. ,

(5) With the decomposition as in (4), for any @' € (R<o)™, the Cla']-module
Va(,n )M s flat.

Proof.

(1) The first equality follows from the characterization of the V-filtration, and the
other ones are immediate consequences.

(2) For a; > 0 set k = [a;] and a; = a; —k € (=1,0]. Set also a} = qa; if
j # 4. Then Bg’gi : Mg — M, is an isomorphism which, composed with xf, yields the
endomorphism Hle:ol (a; — £+ N;) of Mg . By replacing each such M, with M, in
M and defining the action of 9, as the identity and that of z; as (a; — (k — 1) + N;)
leads to a monodromic A,-module isomorphic to M. This argument applied for each
i€ {l,...,n} yields the conclusion.

(3) For every ax € A, let us set

Moz = @ Masr,
keZn

so that M = @ ca
is the direct sum of monodromic A,-modules having a single exponent, and it is
enough to prove the statement in this case. Then one checks that, for each a € R",

Va(n)M = VO(LTkM where k € Z™ is such that, for each i, a; € (o; + k; — 1,05 + k],

Meayzn. Then Myyizn is an A,-module. In such a way, M
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i.e., k; = [a; — «;]. The condition a; < 0 for all 7 is equivalent to k; < 0 for all ¢ and
we find in such a case

Vagn)M = Ma+k ®c (C[x]a
hence the assertion.

(4) We can assume that a! belongs to the projection of A + Z" to R, other-
wise M, 47 is zero. Then the conditions for being monodromic are clearly satisfied
for M(, 47y, whose set A’ +7Z" is the pullback of a!] by the projection A+7Z" — R™".

(5) We can assume, as in (3), that A has only one element c«. We argue by induction
on n’ and we only treat the case where n” = 1 and y; = z,. By (3), V((arf)a)M is
C[x]-free of finite rank, hence C[z/]-flat. We show by increasing induction on k,, € N
that V™) M is C[z/]-flat, and the desired assertion is obtained at the limit

(a/:an"l‘kn)
k, = oco. We have

(n) (n) _ ) (v
Vv(a’,an+k”)M/Vv(a’,an+k”71)M - Va' (gran,+an)7
which is C[z/]-free, hence C[z]-flat, according to (4). By induction on k,,

V((;?am_kn)M is thus C[z']-flat. 0

The category of monodromic A,-modules is, by definition, the full subcategory of
that of A,-modules whose objects are monodromic.

15.7.4. Proposition. Every morphism between monodromic Ay,-modules is graded with
respect to the decomposition (15.7.1), and the category of monodromic A,-modules is
abelian.

Proof. By A, -linearity and using Bézout’s theorem, one checks that any morphism
@ : My — My sends My q to Ms q, and has a zero component from M; o to Moy if
b +# a. O

15.7.5. Proposition (Description by quivers). Let us fir o € [—1,0)" and let us set
Ila) = {i € I | a; = —1}. Then the category of monodromic A,-modules with
exponent a, that is, of the form My1zn, is equivalent to the category of I(a)-quivers
having the vertex Mot equipped with its C[Ny,...,N,]-module structure at the place
e € {0,1}(®) and arrows

can; : MochE — Ma+€+1i7

var; : Ma+s+1i — Ma+€7 Zf & =0,
subject to the conditions
{V&I‘i ocan; = N; : Maye — Mote, ifei=0
canjovar; = N; : Moyet1, — Matet1,, o

(1t is understood that if I(a) = &, then the quiver has only one vertex and no arrows.)

Proof. 1t is straightforward, by using that, for k € Z", 0., : Motk = Matk+1, IS an
isomorphism if ¢ ¢ I(a) or i € I(ax) and ¢; > 0, while z; : Mgtk = Matk—1, 1S an
isomorphism if i ¢ I(a) or i € I(ex) and g; < —1. O
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15.7.6. Remark. In order not to specify a given exponent of a monodromic A,-mod-
ule, it is convenient to define the quiver with vertices indexed by {0,1}! instead of
{0,1}(®) We use the convention that, for a fixed a € [—1,0)" and for i ¢ I(c),
var; =1d and can; =a; Id +N; =E; (hence both are isomorphisms). Then the category
of monodromic A,-modules is equivalent to the category of such quivers.

For i € {1,...,n}, the definition of the localization, dual localization and middle
extension of M along D; of Chapter 11 can be adapted in a straightforward way in
the present algebraic setting.

15.7.7. Proposition (Localization, dual localization and middle extension along one com-
ponent of D)

Let M be a monodromic Ay,-module. Then, for each i € I, the A,-modules
M (xD;), M(!D;) and M(!D;) := image[M (!D;) — M (xD;)] are monodromic. Fur-
thermore, M s localized, resp. dual localized, resp. a middle extension) along D;, that
we denote by M = M(xD;), resp. M = M(\D;), resp. M = M (!xD;), if and only if
var; s bijective, resp. can; is bijective, resp. can; is onto and var; s injective.

Proof. The case of M = M (xD;) is treated in Exercise 15.9. The other cases are done
similarly. O

15.7.8. Definition. We say that M is a middle extension along D;cj if for each i € I,
every can; is onto and every var; is injective.

See Exercises 15.10-15.11.

15.7.9. Example (The case of a simple A, -module). Let M be a monodromic A,-mod-
ule which is simple (i.e., has no non-trivial such sub or quotient module). By Exercise
15.11, it must be a middle extension along D;c; with support in D. Moreover, every
nonzero vertex of its quiver has dimension 1, so that E; acts as a; on M, and N; acts
by zero.

15.7.10. Remark (Suppressing the simplifying assumptions 15.6.2)

If £ < n, every M, (a € R*) has to be assumed O Dy -coherent in Definition
15.7.2(b) (or Clz¢y1, ..., xn]-Noetherian if we remain in the algebraic setting). Since
it is a Dp, -module, it must be Op, -locally free of finite rank. All the previous
results extend in a straightforward way to this setting by replacing C[z] with Op,, [7]
(where z := (71,...,7¢)) and C[z](d;) with Dp, [z](J:). The subset A is contained
in [~1,0)* and M decomposes as M = @, g Moz

In such a way, the notion of monodromic module is stable by restriction to strata
of D. Indeed, let J be a subset of {1,...,¢}, let J° denote its supplementary subset,
and let us consider the stratum

D?] = ﬂ Di AN U Di-
ieJ i€Je
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Algebraically, restricting M to the complement of |J,c ;. D; means tensoring with
Cle, (xi_l)iejc}. Denoting by M (.J) the restriction of M, by 7 the projection A — R”
to the J-components and setting A; = 7;(A), we find the decomposition of M(J) as

M(‘]) = @ @ M('])aj+kJ7
ayj€EA kL

with M(J)a,+k, = D ( D Ma+(k,,,o)9€k”>

acn; Hay) ke €zr*

being Op,, (21 ¢]-coherent, and after analytification, O ps-coherent.

15.7.b. Coherent Dx-modules of normal crossing type. Given a monodromic
A,-module M, its analytification M?" is the Ox-module defined so that, for each
open set U C X,

M*™(U) = M ®¢l3) Ox(U) = M ®4, Dx(U).

For each = € X, due to C[z]-flatness of the ring Ox , of germs at x of holomorphic
functions, the correspondence M — M2" is an exact functor.
This is the prototype of a D x-module of normal crossing type. More precisely:

15.7.11. Definition. Let M be a coherent D x-module. We say that M is of normal
crossing type along D if there exists a monodromic A,-module M such that
an
(15.7.11 %) M~ Mo = ( D Ma> .
acR/!

The monodromic A,-module M can be recovered from M. Let My denote the
germ of M at the origin, and for every a € R" let us consider the sub-space My q of
My defined by

Mo = N UKer(z;0,, — ai)k.
icl k

This is a C-vector subspace of M. We have C-linear morphisms z; : Mg q —
Mo,a—1, (resp. Oz, : Mo,a — Mo,at1,) as in the algebraic setting, so that @, Mo q
is an A,-module. If M = M?®" for some monodromic A,-module M, then it is easily
checked that (M®")o.q = Mg. In conclusion, if M is of normal crossing type, the
Ap-module @, Mg o is monodromic and the natural morphism

(15.7.12) (B Moa) ®clz) Ox = (B Moa) ®a, Dx — M

is an isomorphism.
In the next proposition, we use Notation 15.6.3.

15.7.13. Proposition. Let M be a coherent D x -module which is of normal crossing type
along D. Then the following properties are satisfied.

(1) M is R-specializable along each D; (i € 1), giving rise to V-filtrations V) M.
In particular, all properties of Definition 9.3.18 hold for each filtration VOM.

(2) The V-filtrations VSOM (i € I) are distributive, in the sense of Definition
15.1.7 (see also Theorem 15.2.2);
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(3) The Dx-module M is uniquely determined, up to isomorphism, from the
D x (log D)-module M«o;

(4) For any i € I and any a; € R, gr(‘l/i(i)M is of normal crossing type on
(Di;Uj» Dj) and V.(j)gr(‘l/i(i)M is the filtration naturally induced by V.IM on
gr(‘{i(i)M, that is,

VOMNVIM

‘/‘(j)grc‘{i(i)M = ﬁ
vOMAVE M

5) Fora = (ay,...,a,) € R", én)M is a V(")Dx-module which is O x-coherent,
0
and Ox -locally free if a; < 0 for alli e 1.
(6) For any decomposition X = X' x X" with projection p',p" to X', X", and
n = n' +n" as in Proposition 15.7.3(4), if a’ belongs to (R-g)", then VCE,n IM s
p' 1O x/-flat.

(7) For any multi-index a € R™, the natural morphism of C[Ny,...,N,]-modules
My, — grg(n)M = gr}lfl(l)- X r;/n(n)M

is an isomorphism (see Remark 15.2.9 for the multi-grading).

(8) In the setting of (6), for any a’ in R™, gr}l/,(n "M s of normal crossing type on
(X", U;il DY), and the natural morphism (D4 M(a’.ar)) @car) Oxr — grx,(n "M is
an isomorphism.

a'’

15.7.14. Caveat. In order to apply Definition 15.1.7, one should regard V)M as
a filtration indexed by Z, by numbering the sequence of real numbers a; such
that grc‘{i(”M # 0. See also Section 5.1.d and the setup in Section 10.6.a. Setting
(see Notation (15.6.3 %))
(M) . (n)
VIO =) 1M,

bsa

the distributivity implies grgwj\/[ = Vi V<(Z)M.
=

Proof of Proposition 15.7.13.
(1) For each i and a; € R, we define

g — 176 (4)
(15.7.15) VaOM = VIIM @y ie0.) Vo' Dx-

Then this filtration satisfies the characteristic properties of the Kashiwara-Malgrange
filtration along D; of a D y-module, since V") M is the Kashiwara-Malgrange filtration
along D; of M as a C[z](0,)-module. In such a way, we get the R-specializability of M
along D;.

(2) Let us set Mo = Va(n)M and a = (ar,ay,ax) and let us choose a} < a;
and a’; < ay. We will check the compatibility property, which is equivalent to
distributivity, and amounts to complete the star in any diagram as below in order to
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produce exact sequences:

Mé(a},a.hak) Mg(alan»aK) «
Mg (a),a/),ax) Mg (ay,a'),ax) T

I [

Mé(a}yahak) Mé(af,a,f-,ak)

g(a/ﬂa‘haK)
T T T

<(ar,a’;,ak)
Mg (ay,a),ar0) — M<(as,a/),ax)

<(ar,aj,ak)

S| =

S| =

<(a}.aax)

The order < is the partial natural order on R"™: .

"<a a; < a;, Vi. Let us set
/ " 1
,a; L a;<ay, adf <ag}l.

a
Rn(a17allan7aiI7aK) = {a// € Rn ‘ aII 7<\ a’/I/ < ar

Then a natural choice in order to complete the diagram is
*x = @ Ma// .

a’’€R"(as,a},a,a';,aK)

By flatness of VO(")DX over V()(")C[x] (0r) = Clz]{xd;), the similar diagram for M is
obtained by tensoring by Vo(n)D x, and is thus also exact, leading to the compatibility
property of V.OM (i € I).

(3) The assertion follows from Proposition 15.7.3(2) and the fact that the isomor-
phism (15.7.12) identifies Mo with M¢o ®o VO(")DX, as seen in the proof of (1).

(4) Due to the isomorphism (15.7.12), it is enough to prove the result for the

multi-graded module M := grv(n)

M, for which all assertions are clear.

(5) The relation in (1) reduces the proof of (5) to the case of a monodromic M,
which has been obtained in Proposition 15.7.3(3).

(6) We argue by a double induction exactly as in Proposition 15.7.3(5), by making
use of (4) for the induction.

(7) This is now obvious from the previous description, since grgwj\/[ = ngm)M .

(8) The proof of (8) is also straightforward and left as an exercise. O

Morphisms between D x-modules of normal crossing type can also be regarded as
being of normal crossing type, as follows from the next proposition.

Let ¢ : My — My be a morphism between coherent D x-modules of normal crossing
type. Then ¢ is compatible with the V-filtrations V.(i) and, for every a € R", its multi-
graded components grl‘{(n)Ml — grg(")Mg do not depend on the order of grading
(according to the compatibility of the V-filtrations and Remark 15.2.12). We denote
this morphism by gr(‘{(n)g@. On the other hand, regarding M, as a C-submodule of M,
we note that ¢ sends Mj q to Ms q, due to D-linearity, and has no component from
M o to Moy if b # a. We denote by ¢, the induced morphism My q — Ms o. The
following is now obvious.

15.7.16. Proposition. The morphism ¢ is the morphism induced by @, pa by means
of the isomorphism (15.7.12) and, with respect to the isomorphism Mg —— grg(n)M
of Proposition 15.7.13(7), pq coincides with grz(n)go. In particular, ¢ is uniquely
determined from ¢<o. O
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15.7.17. Corollary. The category of Dx-modules of normal crossing type along D is
abelian and each morphism is n-strict with respect to V.(l)M, e V.(”)M.

(See Definition 15.3.1 for the notion of n-strictness.)

Proof. 1t is quite obvious that the morphism @, pq : M — N is n-strict with respect
to the V-filtrations of M and N. Due to formula (15.7.15) for the V-filtrations
of M and N, and to flatness of VE](’)DX over VO(Z)(C[x](@gg}, we deduce the n-strictness
of . O

15.7.18. Remarks.

(1) Let us fix ¢ € I and set a = (a’,a;). By R-specializability along D; we have
isomorphisms

x; Va(ii)Jv[ = Va(:)_lM, (a; <0) and 0y, : grgimj\/[ = grl‘;j_)lj\/[, (a; > —1).

One checks on M, and then on M due to (15.7.12) and 15.7.13(8), that they induce
isomorphisms

2 VM 5 V™ M, (a; < 0)

(15.7.18 %) e e
Oy, : Va(? )gr};( M Va(,T,L )gr,‘l/;(ﬁlM, (a; > —1),

where we have set a” = (a;) ;.

(2) For any a € (R<o)", we can thus regard (Va(n)ﬂ\/[)left as an Ox-locally free
module of finite rank equipped with a flat D-logarithmic connection. Moreover, for
any a € R, Va(")J\/[X\D is Ox.p locally free, and more precisely Va(")M(*D) is
Ox (xD)-locally free.

15.7.c. Behaviour with respect to localization, dual localization and middle
extension along one component of D

15.7.19. Proposition. Let M be a D x-module of normal crossing type and let i, € I.
Then

o« M(xD;,) and M(ID;,) are of normal crossing type;

o« M = M(xD;,) (resp. M = M(1D;,)) if and only if var;, is bijective (resp. can;,
is bijective);

o« M(1%D; ) := image[M(xD; ) — M(!D;_)] is of normal crossing type.

« M =M(I%D;,) if and only if can;, is onto and var;, is injective.

Proof. This is obtained from Proposition 15.7.7 by flat tensorization with Ox. O

15.7.20. Definition. We say that M is a middle extension along D;c if for each i € I,
every can; is onto and every var; is injective.

15.7.21. Remark (Suppressing the simplifying assumptions 15.6.2)
If £ < n, we apply the same changes as in Remark 15.7.10. All the previous results
extend in a straightforward way to this setting.
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15.8. Sesquilinear pairings of normal crossing type

In this section, we take up the setting of Section 15.7.b. In the setting of this
chapter (see Section 15.6), we consider the category D-Triples(X).

15.8.1. Definition (Triples of D X-modules of normal crossing type)

We say that an object T = (J\/[' M”,s) of D-Triples(X) is of normal crossing type
along D if its components M’, M” are strict and the corresponding filtered D x-mod-
ules (M, F, M), (M, F,M") are of normal crossing type along D.

We will perform, in higher dimension, an analysis similar to that of Section 7.3.

15.8.a. Basic distributions. The results of §7.3.a in dimension 1 extend in a
straightforward way to X = A™. We will present them in the same context of left
D-modules. We continue using the simplifying assumptions 15.6.2.

15.8.2. Proposition. Fiz b b" € [—1,00)" and k € N, and suppose a distribution
u € Db(A™) solves the system of equations

(15.8.2%) (205, — b))"u = (Ti05, — b)) 'u=0,,u=0;,u=0 (i€l j¢lI).
for an integer k > 0.
(a) Ifb',b" € (—1,00)", we have u = 0 unless b’ — b" € Z".

(b) If b = b" = b, then, up to shrinking A", u is a C-linear combination of the
basic distributions

L m €T pL+1

15.8.2 = i 2o == 0z, 0z, ’7,

( *5k) Ub,p l;[I || ]1 P
bi>—1 bi=—1

where 0 < p1,...,pn < k— 1. These distributions are C-linearly independent.

Proof. Assume first b',b"” € (—1,00)". If Suppu C D, then 2™u = 0 for some
m € N” and, arguing as in the proof of Proposition 7.3.2, we find u = 0.

Otherwise, set 2; = e and pullback u as @ on the product of half-planes Re &; > 0.
Set v = e~%'€e=b"€q. Then v is annihilated by (O, E)ZZ)’C for every i = 1,...,n —there-
fore by a suitable power of the n-Laplacian ) O, 8;— and a suitable k£ > 1, and
by 9., and 0z;, that we will now omit. By the regularity of the Laplacian, v is C*
and, arguing with respect to each variable as in Proposition 7.3.2, we find that v is
a polynomial P(&,€) and thus @ = eb’ﬁeb”ﬁp(s,é). We now conclude (a), as well as
(b) for b',b" € (—=1,00)", as in dimension 1.

In the general case for (b), we will argue by induction on #{i € I | b; = —1},
assumed to be > 1. Up to renaming the indices, we write b = (—1,5) and we
decompose correspondingly p € N as p = (p1, D).

By induction we find

2 — —~
|z1)*u = g Cort2p U o €C,
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forp; =0,...k—1(:=1,...,n), and this is also written as
|m1‘28961651 ZCQU(O,E),q’
q
with ¢; =0,...k—1fori# 1and ¢ =2,...,k+ 1. Let us set

V== 0008 ) cqth g
q

so that |z1|?>v = 0. A computation similar to that in §7.3.a shows that the basic
distributions u, 3, . satisfy the equations (15.8.2 %) (with respect to the parameter b)
except when ¢q; = k + 1, in which case we find

(aa:1xl)kaa:1&mlu(o’g),(;wrl’a) = (—l)kﬂugﬁ (5(3’,‘1)7

and similarly when applying (9z,71)*. Here, d(x1) is the distribution § in the vari-
able x1 (see Exercise 7.19): for a distribution w depending on the variables # z1, and
for a test form 7n of maximal degree, written as n = n(l) 5 S (dxy A dZy), we set

(nw - 8(1)) =(nip, . w).
On the other hand, according to Exercise 12.2 and as in Proposition 7.3.3, the
equation |z1[?v = 0 implies
v =wgd(x1) + Z (v;6(x1)) + ((‘3%1 (U}’(S(xl))),

7=0

where vg, v}, v} are sections of Dbp, on a possibly smaller A1 Applying (0, 21)"

and its conjugate to

u = 0y, 05, Zcqu(o B.q Tt vod(x1) + Z (vio(x1)) + (6%1 (v]d(21)))

7=0
yields
0= (=1)""ery1q- g 5 0(71) +Z e, (v] 0(21)),
=1
0= (1) " ersrg - uggd(x) + > (=) 0L (v]6(x1)),
j=1

By the uniqueness of the decomposition in Dbp, [0y, , 0z, ], we conclude that
Ch+1 =0, v} = U;f =0 (j=1),

and finally v = Zq CqlUb,q + Uod(x1), up to changing the notation for c¢q in order
that ¢; varies in 0,...,k — 1 for all i. Now, vy has to satisfy Equations (15.8.2x)
on Dy, so has a decomposition on the basic distributions (15.8.2%x%) on D; by the
induction hypothesis, and we express vpd(z1) as a basic distribution by using the
formula proved in Exercise 7.19 with respect to the variable z;. O
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15.8.b. Sesquilinear pairings between holonomic D y-modules of normal
crossing type

We make explicit the expression of a sesquilinear pairing between holonomic
D x-modules of normal crossing type, by extending to higher dimensions Proposi-
tion 7.3.6. Due to the simplifying assumptions 15.6.2, the modules M? considered
below are finite dimensional C-vector spaces.

15.8.3. Proposition. Let s be a sesquilinear pairing between M', M of normal crossing
type.

(1) The induced pairing s : M'® @ M — Dban vanishes if b’ —b” ¢ 7.

(2) If m' € M'® and m” € M"® with b > —1, then the induced pairing s(b)(m’, m”)
is a C-linear combination of the basic distributions upp (p € N ). O

As in dimension 1 (see Section 7.3.b), we find a decomposition
s(b) = Z 5(b)gp " Ub,p;
peN"

where 5() g, : M'® ®@c M"® — C is a sesquilinear pairing (between finite-dimensional
C-vector spaces) and, setting s° = s®) gy, we can write in a symbolic way (recall
(7.3.8))

—2N; _
s)m’,m”) =[] amaw%( IR | e Shht mm)
ilbi=—1 ilbi>—1 ilbi=—1 v
where N; = —(x,;0; — b;). As a corollary we obtain:
15.8.4. Corollary. With the assumptions of the proposition, we have
205, s(m',m") = T;05s(m’, m"). O

Notice also that the same property holds for —(x;0,, —b;) since b; is real. Therefore,
with respect to the nilpotent operator Ny, s : M'® @ M — Dby satisfies

s(N;m/,m”) = s(m/,N;m”).

15.8.5. Remark. In the context of right D-modules, we consider currents instead of
distributions. We denote by Q,, the (n,n)-form dzi A---Adz, AdTy A - - - AdZT,, that
we also abbreviate by dzAdZ. In order to state similar results, we set a = —b—1 and we
consider the basic currents Q,,up p. Given a sesquilinear pairing s : M’ RcM” — Can,
the induced pairing s : M), ® M/, — €an vanishes if a’ —a” ¢ Z", and for m’ € M,
and m” € M/ with a < 0, the induced pairing s(a)(m’,m””) can be written as

T

I 1 —
s(a)(m',m”)—ﬂ,,ﬁa(m’ H|xi|*2(1+ai+Ni) HN’m”> . H aac,afﬂ

ila; <0 i|la;=0 ila;=0

where N; = (2;0; — a;). Similarly, N; is self-adjoint with respect to s.
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15.9. Filtered normal crossing type

15.9.a. Coherent filtrations of normal crossing type. We now extend the no-
tion of “normal crossing type” to filtered coherent D-modules. Of course the under-
lying D-module should be of normal crossing type, but the isomorphism (15.7.12),
together with the decomposition (15.7.11 %), is not expected to hold at the filtered
level. This would be a too strong condition.(!) On the other hand, the properties
in Proposition 15.7.13 can be naturally extended to the filtered case. We keep the
simplifying assumptions 15.6.2.

15.9.1. Definition. Let (M, F,M) be a coherently F-filtered D x-module. We say that
(M, F,M) is of normal crossing type along D if

(1) M is of normal crossing type along D (see Definition 15.7.11),

(2) (M, F.M) is R-specializable along D; for every component D; of D (see Sec-
tion 10.5),

(3) the filtrations (F,M, V.MM, ..., VM) are distributive (or compatible) (see
Definition 15.1.7 or Section 15.4).

15.9.2. Remarks.

(a) Condition (3) implies that gr) ng(n)M does not depend on the way grg(n)M
is computed.

(b) Note that (2) implies 15.7.13(1) for M, and similarly (3) implies 15.7.13(2).
So the condition that M is of normal crossing type along D only adds the existence
of the isomorphism (15.7.12).

(c) Let us recall that VI™M is Ox-coherent for every a € R® (see Proposition
15.7.13(5)). Since F,M is Ox-coherent, it follows that FpVan)M = FEMN viMm
(see §10.5) and grgVa(")M are also O x-coherent and therefore the filtration F, Va(n)M
is locally finite, hence is a coherent F, VO(")® x-filtration.

(d) Since each grx(n)M is finite dimensional, the induced filtration F,grx(n)M is
finite, and there exists a (non-canonical) splitting compatible with F,:

Fpgr;/(n)J\/[ ~ P gr?grg(n)M.
q<p

(e) There are a priori two ways for defining the filtration F, M, namely, either by
inducing it on M, C M, or by inducing it on grg(n)M and transport it by means of
the isomorphism M, — gr}z/(n)M. We always consider the latter one. The filtration
F,M is a priori not isomorphic to &, F, ng<n)M by means of the isomorphism M ~
D, grg(n)M induced by 15.7.13(7) and (15.7.12). Using the compatibility of the
filtrations, we have

F,Mg = Mg N (F, VMM + VM) € M.

(M Such a filtered decomposition holds however for monodromic mixed Hodge modules, see [Sai22]
and [CD23|.
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The graded filtered module (P, Ma, D, F. M) is obviously of normal crossing
type if (M, F,M) is so.

As the category of coherently filtered D x-modules is not abelian, one cannot ex-
pect, in contrast with Corollary 15.7.17, that the category of filtered D x-modules of
normal crossing type is abelian. However, some morphisms have kernel and cokernel
in this category.

15.9.3. Proposition. Let ¢ : (My, F,M;) — (Mo, F,M2) be a morphism between filtered
D x-modules of normal crossing type. Assume that ¢ is (n + 1)-strict (see Definition
15.3.1), i.e., Coker Rpyvp is Clz,21,...,2,]-flat. Then Kerp, Imy and Coker g,
equipped with the induced F- and V -filtrations, are filtered D x -modules of normal
crossing type.

Proof. That Property 15.9.1(1) holds for Ker ¢, Im ¢ and Coker ¢ follows from Corol-
lary 15.7.17, and 15.9.1(3) holds by assumption. On the other hand, (n+ 1)-strictness
of ¢ implies its 2-strictness for each 7, that is, Coker Ry )¢ is C[z, z;]-flat: indeed,
Coker Rpy iy is obtained by base change z; = 1 for all j # 4, and flatness is pre-
served by base change. By a similar argument (restricting to z; = 0), we obtain
that for each ay, gr,‘{i(i) (Rpy) is strict, which means that Rp¢ is strictly R-speciali-
zable along D;, and this implies 15.9.1(2) for Ker ¢, Im ¢ and Coker ¢, according to
Proposition 9.3.31. O

15.9.b. Behaviour with respect to specialization, localization, dual local-
ization and middle extension along one component of D
The properties (1) and (2) of Proposition 15.7.13 have been taken as a model for
defining the notion of a filtered D x-module of normal crossing type. We now deduce
the analogues of the stability and flatness properties (4)—(6) of Proposition 15.7.13.

15.9.4. Proposition (Stability by specialization and flatness). Let (M, F,M) be a coher-
ently F-filtered D x-module of normal crossing type along D.

(1) For any i € I and any a; € R, (gr};(i)M, F,grc‘{;(i)M) is of normal crossing
type on (Di,U;4; D), where F,grgimj\/[ is the filtration naturally induced by F,M on
gr}l/i(i)M.

(2) Fora=(ay,...,a,) € R" and each p € Z, grgVa(")M 18 a coherent O x -module
which is O x -locally free in the neighborhood of D if a; <0 for alli e I.

(3) For any decomposition X = X' x X" with projection p' : X — X' and n =
n' +n" as in Proposition 15.7.3(4), if a' belongs to (Ro)™ , then for each p € Z,
erE VM is p'=1Ox-flat in the neighborhood of D.

Proof.

(1) We know by Proposition 15.7.13(4) that grc‘{imM is of normal crossing type
on (D;,\U;4; Dj), and that the filtrations V) on gr(‘{i(i)M are naturally induced
by VOIM. Tt follows that the family (F.gry "M, (VDgr¥"M);.;) is distributive
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(see Remark 15.1.8). We know, by Proposition 10.7.3, that (grv()M,F.gr}l’i(i)M)
is coherent as a filtered Dp,-module. Note also that, setting @’ = (a;);%; and
n’ = (n;);;, we have

F_v®) y@a. gy
8r) 8lq rai M=gr,gr, M

(since, by the distributivity property, we can take graded objects in any order).
The strict R-specializability property along each D; (j # ) remains to be shown,
namely,

2y BVl "M s BV etV UM, Wp, Vi #£d, Yay <0,
O, - Fpgr (‘z/(J) V( M F,,.nga +1ng( )M Vp, Vj#i,Va; > -1
Let us first show that, by applying ng_ @ , we get isomorphisms
(159.5)  a;: gl " FRVOM s gl U EVI M, Wp, V£, Va; <0,
(15.9.6) O, grv )Fpgrv(])M S grai FpﬂgrajHM, Vp, Vi #i Va; > —1.

By the strict R-specializability of (M, F,M) along D, and since M is of normal crossing

type, so that (15.7.18 %) holds, we have isomorphisms under the conditions of (15.9.5):
w VAVIM oz VPV v

VIM —= FV,7 M, A
o v v

hence isomorphisms
VARVIM o VPRV M
: , — : '
vOEVIM  ~ |V BV M,

a; a;=Praj—1

and thus the isomorphisms (15.9.5). We argue similarly for the isomorphisms (15.9.6).
Now, the desired assertion follows from the compatibility property 15.9.1(3) which
enables us to switch FpVa(f ) Ve,

By the same argument as above, the fltered analogue of (15.7.18x) holds (any

a eR" peZ):

or Fpgra " with gr,.

FVEVOM L VIV M g <0,
(15.9.7) / o
EVM el s BV el M e > -1

(2) Coherence has already been noticed (Remark 15.9.2(c)), and we will show
local freeness at the origin, the case of other points of D being similar (and needs to
avoid the simplifying assumption 15.6.2). Therefore, X will denote a small enough
neighbourhood of the origin. Let iy : 0 < X denote the inclusion. From the first
line of (15.9.7) one deduces that iggrgva(n)M = gri(Vén)M/Va(f)lM). Let us denote
by rk the generic rank on X of a coherent Ox-module. By local Ox-freeness of

n)M, we have rk Va(n)M = dim iSVa(n)M, and on the other hand, by O x-coherence,
for each p, rk grgva(n)M < dim iggrgva(n)M with equality if and only if grfjv;")m is
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Ox-locally free. It follows that both sums over p of the latter terms are equal, and
therefore these terms are equal for each p.

(3) Iterating the argument in (1) shows that, for any a” € R™", the coherently
filtered D x -module (gr;/,(,n”)M, F,ng,(,n”)M) is of normal crossing type on (X', D'),

with D' = {H?:/1 x; = 0}. Therefore, by (2),ifa; < 0fori=1,...,n, the O-module
grgVa(fl/)gr};,(,n "M is locally O x-free, hence O x/-flat. Since ngV(n/)V(n”)M is also

p a/ a//
Ox-flat (being O x-locally free) if moreover a; < 0 forall j =n'+1,...,n' +n" =n,
it follows by an easy induction that it is also O x--flat for any a”. Passing to the limit
with respect to @’ yields the O x/-flatness of gr/’ vy M. 0O

The following lemma is similar to Exercise 15.14, but weaker when considering
surjectivity for can;,.

15.9.8. Lemma. Assume that (M, F,M) is of normal crossing type along D. Let us fix
i €I and let n be n with i omitted. Then, for every @ € R"~', each of the following
properties
can; : FpVa(ﬁ)grYY)M — Fpq Véﬁ)grg(i)M 1s bijective,
(15.9.8%) A A i injective
var; FpVa(,")ng( M — FpVa(")gr‘_/;)M is " ’
resp. bijective,

holds for all p as soon as it holds when omitting Va(ﬁ). O

15.9.9. Remark. As a consequence, if var; is injective, then the first line of (15.9.7)
with j =4 also holds for a; = 0. That the lemma does not a priori hold when can; is
only onto leads to the definition below.

15.9.10. Definition (Middle extension along D;c;). Let (M, F,M) be a coherently
F-filtered D x-module of normal crossing type along D. We say that (M, F,M) is a
middle extension along D;cr if M is a middle extension independently along each D;
(i € I) and moreover, for each i € I, and every a € R"~! (equivalently, every
ae[-1,0"1),

can; : Fpngﬁ)gr‘_/Y)M — Fp+1Va(ﬁ)grg(i)M is onto, V p.

If n = 1 this notion is equivalent to that of Definition 9.7.3, but if n > 2 it is a priori
stronger than the condition of filtered middle extension along each D; independently
(see Definition 10.5.1).

15.9.c. Logarithmic filtered normal crossing type. It is easier to deal with
coherent O-modules instead of coherent D-modules. We will focus on the coherent
Ox-modules Mcg = Vi™M and Mg := VM = (),o; VLM, the latter being
locally free (Proposition 15.7.13(5)).

Our aim is to deduce properties on F,M from properties on F,Mco and, in the
case of a middle extension along D¢y, from F,M_g. Both are modules over the sheaf
Vo(n) D x of logarithmic differential operators. We first explain which properties should
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be expected on the latter Von)

property of (M, F,M) from them. We will then give a criterion to check whether they
are satisfied.

D x-module, in order to recover the normal crossing

15.9.11. Proposition (Properties of F,V\™ M). Let (M, F,M) be g coherently F-filtered
D x-module of normal crossing type along D. Set Mo := Vo M. Fora € R™, let
us set F,VA™M := F,M N Vi™MM. Then

(1) for any a € R™, F,Va(")M is a coherent F,VO(")DX—ﬁltmtion;

(2) we have F,Mcg = j.(FyM|xp) "Moo for any p, where j : X \ D is the open
inclusion;

(3) the filtrations (F,M<o, V.M Mo, ..., VI Mco) are distributive and

M = Z(prquo) - FyDx.
q20
Proof. The first point has been seen in Remark 15.9.2(c). For the second point, the
inclusion C is clear; on the other hand, let m be a local section of j.(F,M|xp)NMco;
it is also a local section of F;,Mq for ¢q large enough; if ¢ > p, then the class of m in
the locally free O x-module gr5M<0 (Proposition 15.9.4(2)) is supported on D, hence
is zero.

The distributivity property of the filtrations on Mg clearly follows from that
on M, as noted in Remark 15.1.8(2). By the same argument we have distributivity
for the family of filtrations on each Va(")M (a € R™).

It remains to justify the expression for F, M. We have seen in the proof of Proposi-
tion 15.9.4 that, for k > 0 and any i € I, setting k = (kK’, k;), we have an isomorphism

Op, : By 1 Vi arl M 5 BV e M,
and thus
FV M= F VM-8, + BV,
which proves (3) by an easy induction. O

The property 15.9.11(3) can be made more precise. For a € [—1,0]" and p € Z,
let us choose a finite C-vector space Eq ;, of sections of FpVo(t")J\/[ which maps bijec-
tively to grfjgrg(mﬁ\/[. Given any a € R™, we decompose it as (a’,0,a’), where each
component a; of a’ (resp. a”’) satisfies a; < 0 (resp. a; > 0). When a is fixed, any

€ [-1,0]™ decomposes correspondingly as (&', a®, '), of respective sizes n’, n°, n”.

15.9.12. Proposition. With these assumptions and notation, for every a € R"™ and
pEZ,

e ifa<0,ie., a; <0 foralli (i.e., n’ =n), then FpVa(n)M is locally O x -free and
decomposes as

EVIMM~ @ @  FEay®c 28?0y,
g<p a€[—1,0)"

where e(a, a) € N™ is defined by e;(a, a) = max(0, [a; — a;]);
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. if a=(a,a®) with a® =0 (i.e., n”" =0), then taking the sum in M, we have

FpVa(")M ~ Z F V((an)a,)M + Z Z E(a0),g ® ze@a)e

a’'e[—1,0)n° <P o’ €[—1,0)"
where each F V(a, a,)M 1s described in the first point;
o In general, we have
FpVén)M: Z Z |b”“/((,)0 a” Mag ,

(1”6(—1,0]"” b//ENn”
Vi, bi+a;<a;

where all terms are described in the previous points.

Proof. The last point is obtained by induction from the second line of (15.9.7), and
the first point comes from the first line of (15.9.7) together with the local O x-freeness
of FpVa(n)M if @ < 0. The second point is then straightforward. O

15.9.13. Remark (The case of a middle extension along D)

In that case (Definition 15.9.10), Proposition 15.9.11 holds with the replacement
of M¢o with Mg, and Proposition 15.9.12 reads as follows. We now decompose a
as (a’,a”), where each component a; of @’ (resp. a”) satisfies a; < 0 (resp. a; > 0),
and correspondingly n = n’ +n'/. Then

vaa(n)M = Z Z Eap—jv - xe(aya_b”)agwox’

ac[-1,00"  prenn’
Vi, bi+a;<a;

where we have set a — b” = (a/,a” — b”) and e is as in Proposition 15.9.12.

As the proposition below shows, it is much easier to check R-specializability of
(M, F,M) and distributivity of the fltrations (F,M, V.UM, ..., V™M) on V{™M,
since one does not need to check strictness of the derivations J,,.

15.9.14. Proposition (From Mcqo to M). Let M be a coherent D x-module of normal
crossing type along D. Set Mg := Vo(n)M. Denote by V_(i)J\/[<0 the filtration natu-
rally induced by VOM and let F.Mgo be any coherent F.VO(")‘DX—ﬁltmtion such that
(F, M<0,V( )M<0,.. V( )M<0) are compatible ﬁltmtions and that (M<0,F Mco)
1s R-specializable along each D;, in the sense that F; Val Mgo -z = F) V _1 Mo for
every i and a; < 0, and 9, sends Fprl)M<0 to Fp+1VO( )Mgo. Set
E,M = Z ~Mco) - F,Dx.
¢>0

Then

(1) (M, F,M) is R-specializable along each D;, and for oo € [—1,0],

F,V{MMeo = F,Mgo NV MMgo = F,M N VMM,

(2) and (F,M,VOM, ..., VYM) are compatible filtrations.
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Before entering the proof of Proposition 15.9.14, let us emphasize a useful criterion
for R-specializability.

15.9.15. Corollary. Let (M, F,M) be a coherently F-filtered D x-module. Assume that
o« M is of mormal crossing type along D,
« M= Zq>0(Fp—qM<0) FDx,
o (FJM, V.(l)M, ceey V.(")M) are compatible filtrations.
Then (M, F,M) is of normal crossing type along D if and only if xinVa(f)Mgo =
FpV;jllMgg for every i and a; < 0.

Proof. The condition is necessary by definition. Let us show it is sufficient. The
coherent F-filtration F,M induces a coherent F-filtration F,Mgo and the family of
induced filtrations (F.Mgo,V.(l)Mgo, .. .,V.(”)Mgo) on Mg remains distributive.
The assumptions of Proposition 15.9.14 are thus satisfied and the conclusion follows.

O

15.9.16. Remark. We can replace the above condition with the condition that
xinVa(f)M = FpVa(:)_lM for every ¢ and a; < 0. Indeed, the main point in Proposi-
tion 15.9.14 concerns the behaviour of d,,, and the latter property is obtained as a
consequence of the condition in the corollary, which is not used otherwise, so we may
as well assume this property.

Proof of Proposmon 15.9.14. For every a € R", there is a natural way to define a
filtration on V )M from that on Mo by refining the formula for F,M and setting
(15.9.17) Gp(ViIM) = Y F,o VMM o9

¢<0,5>0
C+j<a

For example, this formula yields Gp(Va(n)M) F, Vi"Mifa <0, ie., a; <O0foralli.
Similarly, if a” = (a;);|q,>0 denotes the “positive part” of a and a’ the non-positive
part, we have, with obvious notation,

(15918) Gp(Va(n)M) == Z F ‘J”‘V( /)c//)M . 8‘7,//~

x
C”éO,j”)O
C//+j//<a/l

As a consequence, if a; < 0, we find the relation

(15.9.19) Gp(VIMM) - 25 = G, (V") M)
and, if a; > —1,
(15.9.20) Gpi1 (VL M) = Go(VIIM) - 85, + Gp(VEM).
We also note that
¢<0,35>0 >0

We set ‘/.(i)VcE")M = V.(i)MﬁVa(")M. We will prove the following properties under
the assumptions in the proposition.
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(a) Let b < a (i.e., b; < a; for all i and b # a). Then Gp(Va(n)M) N Vb(")M =
(Vy™/20).

(b) (G (V(")M) V(l)V(n M,..., V.(")Va(")M) are compatible filtrations,

(c) the following inclusion is (n + 1)-strict for b < a

Gp

51

(V3™ MGV M) (VOV ™ M)ier) — (VEVMLGL VM), (VOVIVM)er).

Let us indicate how to obtain the proposition from (a)—(c). R-specializability of
(M, F,M) along D; amounts to

{(F WMAVIM) -2 = BEM NV ) if b; <0

p+1Mme” MC(F MOV, )M) O, + V) M) if by > 1.

By taking inductive limit on @ > 0 in (a), we obtain
EMN V™M = G, (V™M)

for every b. From (15.9.19) and (15.9.20), and by taking inductive limit by — oo for
any k # i, we obtain that the both properties are fulfilled. The other assertions in
15.9.14 are also obtained by taking the inductive limit on a. We also note that (a)
and (b) for a imply (c¢) for a, according to Example 15.3.3. Conversely, (c¢) for a
implies (a) for a.

We will prove (a) and (b) by induction on the lexicographically ordered pair
(n,m,a) with m = |a”|. Let us first exemplify the proof of (a) and (b) in the
case n = 1. Condition (b) is empty. For (a), we can assume a > 0, and it is enough,
by an easy induction on a — b, to prove G (V(l)M) N Vgl M= Gp(V. <}I)M) For that
purpose, we notice that (15.9.20) yields

G, (VIOM) = G, (VM) + F,_, VIIM - 9%

1?7

where k € N is such that o :=a — k € (—1,0]. Hence
Gy (VIN) N VLM = Gy(VEIM) + (Fp i VEIM - 0, n VM),
Since 9% : gr¥ M — gr¥ M is injective (in fact, an isomorphism), we have the equality

(F, VM) - oF n VM = (F,_,viDwm) - o

x1)
so we obtain (a) in this case.

We now assume n > 2. Moreover, if |a”| = 0, ie., if @ < 0, there is nothing to
prove. For mductlon purpose (on n), let us make precise how the filtration G, behaves
under taking gr . Let us fix ¢ € I and let us set

~ ~ . . B v ()
a=(a1,...,0i—1,041,---,0n), n=(1,...;4—1i+1,...,n), M(al):grai M,

the latter being a Dp,-module of normal crossing type, with the induced filtrations
(V.(j))j#. We set Méai) = VO(")M(“”, that we equip with the naturally induced
filtrations (V.WM*)); 4
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If a; < 0, we also equip it with the induced filtration F,M((Jai). In such a case,
by Remark 15.1.8(1), the family (F,M{™), (VOM{)),.;) is distributive. We can
thus consider the filtration Gp(Va(ﬁ)(M(ai)).

Assume now a; > 0. We can produce an F-filtration FpM(()ai) in two ways: either
by inducing Gp(va(zzm on M{™) = Vﬁ(ziM/VgQaiM (by distributivity of the family
(V.(j)J\/[)jeI) or, setting a; = a; + k; with a; € (—1,0] and k; € N, by considering
the image of Fp,kiM(()ai) by the isomorphism 9% : M(()ai) S M(()ai) (once more by
distributivity). We claim that both filtrations coincide: indeed, we have by definition

Gp(vinfM) = Y B M) - 93,

0,(1: 0
¢i<0, i 20
citji<a;

which implies

G,,(VO() )M)+V(") M= Fyg, (v(")M) ok +VO<’Q M

as desired. By the second definition, the family (F,M(a ,(VOIM 0 )J#) which is the
image by the isomorphism 9% of the family (F,Méai), (V,(])Méal))ﬁez), is distributive.

For any a, we can produce the filtration Gp(Va(")M(‘“)) by a formula similar to
(15.9.18):

11

GV @)= N RV, M o,

|" (@
E”g(l,ug >0
/C\”—‘rj gal/

This filtration is the image by the isomorphism 8%, of G,,_, (Va(ﬁ)M(ai)).

15.9.21. Lemma. For any a,, the filtration Gp(Vaﬁ) (M@ s the image of Gp(Va(n)M)
by the natural morphism Vén)M — Va(n)J\/[(a”’) = Va(n)M/Va(Z)aiM.

Proof. Assume first that a; O By the distributivity assumption in the propo-
Y (a, c,, M induces F), |J//|V 7 M(“l , which implies
that G, (V, n)M(“ 1)) is the filtration induced by Gp(Va(n)M) on M(al), since 0,, does
not occur in (15.9.18).

If a; > 0, both filtrations considered in the lemma are the images by the isomor-
phism 8’;1 of the corresponding filtrations with a; replaced by «;: we have noted this

sition, the Ox-module F),

property just above for the first one, and the property for the second one follows from
(15.9.20). Since the latter coincide, according to the first part of the proof, so do the
former. O

We now fix (n,m,a) with m = |a”| > 1, and we assume that (a)-(c) holds for
strictly smaller triples.

In order to prove (a), we can argue by decreasing induction on b with b < a, and
we are reduced to the case where b is the predecessor in one direction, say 1, of a,
that is, b; = a; for i # 1 and by is the predecessor of a;.
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o Assume first that a; > 0. We will set a1 = ay + k1, with oy € (—1,0] and k; € N.
We then have

Gp(VEIN) = Gpma (Va3 M) - 0y + GV N0),
and we are reduced to proving
Gp1 (VI M) - 0, VM € G (V™).
Since a; > 0 and M is of normal crossing type, the morphism
Oy Vo MYV M VMYV M
is injective, so that
Gpr (VM) - 85, N VM =[Gt (V) M) N V™) M - 0,

By induction on (m,a), the latter term is contained in Gp,l(Vb(fiiM) - Oz,, hence in
G, (V™).

« Let us now assume that a; < 0. Since |a”’| > 1, there exists an index, say i # 1,
such that a; > 0. To prove G,( a(n)M) n Vb(n)M = G,,(Vb(n)M) for all p, it is enough
to prove Gp(VcEn)M) N Gp+1(Vb(n)J\/[) = Gp(Vb(")J\/[) for all p, and (replacing p with
p — 1), this amounts to proving for all p the injectivity of

grng(")M — grS VM.

Set a = (ay,...,a,) = (@,a;), and b = (<ay,ag,...,0,_1,a,) = (B, a;). We will also
consider (@, <a;) and (E, <a;). The induction hypothesis on n implies that(a)—(c)
hold for V™M@, Note that V™M@ = V™ v/v,

Lemma 15.9.21 provides an exact sequence o o

(15.9.22) 0— GV ™)L M — GVMM — GV — 0,

(a,<a;)
and a similar one with b, thus a commutative diagram with horizontal exact sequences:

0——gfVi | M— g VM —— g VM) — 0

| | |

0 GV M VN s ) 5

By the induction hypothesis on n and |a”|, both extreme vertical arrows are injective
(because |a”| < |a”| for the left one, and || < n for the right one). We conclude
that the middle vertical arrow is injective, which finishes the proof of (a).

Let us now prove (b). We consider the exact sequence (15.9.22). The induction

hypothesis implies that (b) holds for V((an)<ai)M and for Va(ﬁ)M(ai), We can apply

Exercise 15.3(3a) to conclude that (b) holds for vVimm. O

15.9.23. Remark (The case of a middle extension along D, )
Assume moreover that, in Proposition 15.9.14, M is a middle extension along

each D; (i € I). Then we can replace everywhere Mo with Moo :=;¢; V<(i0)3\/[ and
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we can moreover conclude that (M, F,M) is a middle extension along D, (Definition
15.9.10). In the proof, we modify the definition (15.9.17) of Gp(Va(")M) as follows:
we set

Gp(ViIM) = Y Fpo; VMM 03
c<0,3520
c+j<a
For example, we have G, (V. ")M) V(" Mif a <0, ie., a; <0 for all i. As an-

other example, setting ¢ = (¢/,0") 1f c < 0, with ¢ < 0' , and correspondingly
n=n'+n", we have
Gp(Va"M) = 3 BV M0,
c=(c’,0")
c’'<0’

A useful example. Let M be a D-module of normal crossing type which is a middle
extension along each D; (i € I) and let us consider the locally free O-module Mg =
Vég)M, equipped with the induced filtrations V)M _q (which are thus compatible).
For a < 0, we have

ViMoo == NV I Moo = VMM N M.
1

Let F.M|x p be a coherent (finite) D-filtration such that each grfM‘X\D is O-locally
free and let us set

FMco =3 F M x p N Mo
and
F,M =" F, ¢Mco-F,Dx.
q=20
15.9.24. Proposition. With these assumptions, let us moreover assume that, for each p
and a, grf;Va(n)M<o 1s O-locally free and that the natural morphism

F V™Moo = VI F,Moo — VMgl Moo

is onto. Then the filtered D-module (M, F,M) is of normal crossing type and a middle
extension along D;cy.

The morphism in the proposition reads
n(Va(:)M<0 n FPM<()> — ﬂ((Va(l’)M«) n FpM<0> + Fp,1M<0) / Fp,1M<0
and the condition amounts to the equality
NV Moo N FMoo) + FpaMao = N((VI Mo N F,Mo) + Fp1Mco).
7 (2
Proof. We consider the filtrations F,, V_(l), ey V.(”) on M.g. Except possibly com-
patibility, they satisfy the assumptions of Proposition 15.9.14 in the setting of Remark
15.9.23. We will show that they are compatible. For that purpose, we will use the cri-

terion in term of flatness of Theorem 15.2.2, and more precisely the criterion in terms
of regular sequences of Corollary 15.2.5 together with the criteria of Exercise 15.2.
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We note (see proof of Proposition 15.2.10) that the second assumption is equivalent
to the property that, for each p, a, the natural morphism

geré")M@ — Vagn)gI'I};M<0

is an isomorphism, and the first assertion implies that the latter is O-locally free.
We consider the multi-Rees module Rpy Mg, which is a Clzg, 21, . . . , 2,]-module.
Exercise 15.2(2b) shows that it is flat if any subsequence of zg, 21, . . ., 2, is regular.

« If the subsequence does not contain z,, then we apply Proposition 15.2.14 with
€ = F,M,g for each p. The assumption of freeness of each grzljm Va(")M<0 implies that

of Va(n)FpM<0, so 15.2.14(1) is satisfied. 15.2.14(2) is also satisfied according to the
definition of FMo.

« If the subsequence contains z,, we are considering flatness for Ry grfM_o.
We apply Proposition 15.2.14 once more, now with & = gr5M<o for each p, and
freeness of each Va(n)grgj\/kg implies that 15.2.14(1) is satisfied. Similarly, 15.2.14(2)
is also satisfied according to the definition of F,Mq. O

15.10. Exercises

Exercise 15.7. Let M be a monodromic A,-module. Show that x; : Mg — Mg_1, is
an isomorphism if a; < 0 and 0,, : Mg — Mg41, is an isomorphism if a; > —1.

Exercise 15.8. Without the simplifying assumption 15.6.2, show that a monodromic
Ap-module is of finite type over Clz](d,). Moreover, show that Vb(n)M = Dacs Ma
is a C[z](x0,)-module which is of finite type over C[z], and C[z]-free if b; < 0 for all
1 € I. Extend similarly all results of Proposition 15.7.3.

Exercise 15.9. Let i, € I and let M4z be a monodromic A,-module with the single
exponent o € [—1,0)™.

(1) Show that Mq4z» is supported on D, if and only if a;, = —1 and, for k € Z",
Mgk = 0 if k;, <0, that is, if and only if i, € I(c) and, setting k = (k', k;, ), every
vertex Mo (x,0) of the quiver of My 7 is zero.

(2) Show that My yzn = Mayzn (xD;,), i.e., 2;, acts in a bijective way on Mgz,
if and only if i, ¢ I(a) or i, € I(ax) and var;_ is an isomorphism.

(3) Show that the quiver of Mq4zn(*D;,) is that of Mgizn if i, ¢ I(a) and,
otherwise, setting k = (k', k; ), is isomorphic to the quiver is obtained from that of
Moy zn by replacing Mo (x7,0) with Mg (xr,—1), var;, with Id and can;, with N;_.

Let now M be any monodromic A,-module, and consider its quiver as in Remark
15.7.6.

(4) Show that M is supported on D; if and only if, for any exponent a € [—1,0)",
we have a;, = —1 and every vertex of the quiver with index k € {0,1}" satisfying
ki, = 0 vanishes.

(5) Show that M = M (xD;_) if and only if var;_ is bijective.
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Exercise 15.10. Define the endofunctors (1D;,), (!+D;,) of the category of monodromic
Ap-modules in such a way that the quiver of My 170 (1D;,), resp. Mg zn(1%D;,) is that
of Moz if i, ¢ I(a) and, otherwise, setting k = (k', k; ), the quiver is obtained
from that of My4z» by replacing

o Mo (x,—1) with Mo (' ,0), var;, with N;  and can;, with Id,

o resp. Maq(k,0) with image[N;, : Mo —1) = Mqy i —1)], var;, with the nat-
ural inclusion and can;, with N;_.
Show that there is a natural morphism M (1D, ) — M (xD; ) whose image is M (1xD;,).

Exercise 15.11. Say that M is a middle extension along D;c; with support in D if, for
each i € I, either the source of can; is zero, or can; is onto and var; is injective. In
other words, we accept A,,-modules supported on the intersection of some components
of D, which are middle extension along any of the other components.

Show that any monodromic A,-module M is a successive extension of such
A,-modules which are middle extensions along D;c; with support in D.

Exercise 15.12 (Proof of Proposition 15.7.13(8)). Show in detail the statement of this
proposition.

Exercise 15.13. Let M be a coherent Dy-module of normal crossing type along
D;cr. Show that M is a successive extension of D y-modules of normal crossing
type along D;cy, each of which being moreover a middle extension along D;c; with
support in D. [Hint: Use Exercise 15.11.]

Exercise 15.14. Assume that M is of normal crossing type along D;c. Let us fixi €
and a = (@, a;). Show that, for every @ € R"~!, each of the following properties

can; : Va(

7 i n (i) . .. .
")gry(l M — Va(")gr(‘)/ M is onto, resp. bijective,
var; : Va(ﬁ)gr(‘)/(i)M — Va(ﬁ)gr‘_/ii)M is injective, resp. bijective,

holds as soon as it holds when omitting Vaﬁ). [Hint: Work first with the monodromic
M ; show that the morphism z; : gry’ R Vg grYY)M decomposes as the direct sum of
morphisms z; : M(g,0y — Ma,—1), and similarly for 9,,; conclude that var; is injective
(resp. bijective) or can; is surjective (resp. bijective) if and only if each a-component
is so; conclude for M by flat tensorization.|



CHAPTER 15

D-MODULES OF NORMAL CROSSING TYPE
PART 3: NEARBY CYCLES ALONG A MONOMIAL FUNCTION

Summary. In this part, we compute the nearby cycles of a filtered holonomic
D x-module of normal crossing type along a monomial function. As in Part 2,
the case of a monodromic D x-module is simpler, while not straightforward, and
we will be able to give an explicit expression of the monodromic decomposition
of nearby cycles in this case, together with the behavior of a sesquilinear pairing.
The case of D x-modules of normal crossing type is obtained by analytification,
while the case of filtered D x-modules of normal crossing type needs more care,
as the behavior of the compatibility property of filtrations after taking nearby
cycles is delicate.

15.11. Introduction

Let (M, F,M) be a coherently filtered D x-module which is of normal crossing type
along a normal crossing divisor D. Our main objective in this part is to analyze the
nearby cycles of such a filtered D-module along a monomial function g = z¢ (with
respect to coordinates adapted to D) in a way similar to that of Proposition 15.9.4,
where the function g is a coordinate. It is stated as follows, where the still undefined
notions will be explained with details below.

15.11.1. Theorem (Strict R-specializability and normal crossing type)

Let (M,F,M) be a coherently F-filtered Dx-module of normal crossing type
along D. Assume that (M, F,M) is a middle extension along D;c; (Definition
15.9.10). Then (M,F,M) is R-specializable and a middle extension along (g).
Moreover, for every X € S, (g \M, F,1p, \M) is of normal crossing type along D.

A special case of this theorem has already been proved in Section 9.9.c (Proposition
9.9.12) and used in the proof of Theorem 14.6.1 showing that polarizable variations
of Hodge structure are polarizable Hodge modules. In turn, Theorem 15.11.1 will be
one of the ingredients in the proof of the structure theorem 16.2.1 in Chapter 16.
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This theorem also clarifies the relation between the notion of middle extension
along D;c; and middle extension along D in the filtered setting. Indeed, by taking
for g a reduced equation of D, we obtain:

15.11.2. Corollary (Middle extension and localizability). Under the assumptions of The-
orem 15.11.1, (M, F,M) is a middle extension along D. O

It can be noticed that Theorem 15.11.1 extends in an obvious way to triples of
normal crossing type along D, according to Definition 15.8.1.

15.11.3. Notation. We keep the notation 15.6.1, so that D = {z; ---xp, = 0}. We also

€4

keep the simplifying assumption 15.6.2, so that £ = n. Given g(z) = 2° := [[;c; 7;
(e; € N), the indices for which e; = 0 do not play an important role. Let us denote by

Io :={i|e;#0}C{1,...,n}

the subset of relevant indices and r = #1I.. Accordingly, we decompose the set of
variables (z1,...,z,) as (a/,2"), with ' = (2;);c7.. We rename the indices so that

I.=A{1,...,r},
with 1 <7 < n. We decompose correspondingly X as X = X’ x X”. We set

T:0y. 0,
;= % o e, j € T~ {1}
ej el

We denote by ¢, the graph inclusion z — (z,t = g(z)), and we consider the pushfor-
ward filtered D-module (M, F.My) = pigs (M, F.M) (see Example 8.7.7). We write
My = 15 M®c C[0;] with the action of D x «¢ defined as follows, according to (8.7.7 x):

(m®d;) -0, =meo "
(15.11.3 %) (m®1)- 0y, =mdy, @1 — (e;ma®" 1) @ 0
(m®1)- f(z,t)=mf(r,2%) ®1.

As a consequence, for ¢ € {1,...,r} we have

(15.11.3%%)  (m®1) -t = (mx®®1)-0; = z [(mz;0;, ® 1) — (m ® 1)2;0,,].

€i

Furthermore, the F-filtration is that obtained by convolution:

FMg = Y 1 (F,M) ®0F.
q+k=p

In the following, we omit the functor ¢4, in the notation.
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15.12. Proof of Theorem 15.11.1 omitting the F-filtration
We forget about the F-filtration in this section. We set
N =0x(0,,.-,02,) = Dxrxxr/xm,

VAN = () VA
=1
(see Notation 15.6.3), the latter being a VO(T)'D’X-module.

15.12.a. R-specializability of M along (g). We show that M is R-specializable
along (g) by making explicit the V-filtration of M, along (¢). In the proposition below,
we regard VAOM ®1 and @k(VOEZ)M@) OF) as O x-submodules of M, = @, (M ® ;).

15.12.1. Proposition (R-specializability of M, along (¢)). The Dx.c-module M, is
R-specializable along (t). Furthermore, the V-filtration of My is obtained from the
V -filtrations V.M by the formula

(15.12.1 %) VoM, = (VIOM@1) - Dy [td] = (VIIM @ 1) - DY, ifa <0,
and, for a € [-1,0) and j > 1, by the inductive formula
(15.12.1 %) Vs i My = VaMy - 0] + Vo jM,.

The second equality in (15.12.1 %) follows from the expression of the action of ¢d;
deduced from Formula (15.11.3 %x).

Proof. Let us denote by U, M, the filtration defined in the proposition. We will show
that U,M,, satisfies the characteristic properties of the V-filtration along (¢).

The inclusions UM, -t C Uy—1 My and UMy - 0y C Ug41 M, are easily obtained
for any a. Furthermore, the stability by D’ is by definition, and if ¢ > r, 9,, acts on
m® 1 by md,, ®1, according to Formula (15.11.3%). In other words, U,M, is stable
by Dxxc/c- All this shows in particular that U,M, is a Vo(Dx xc)-module.

For oo < 0, we have U,M,, - t = Uy—1 My since

VM) t=VDM 1=V Mol

Furthermore, as VOEZ)M is locally finitely generated over Vo(r) Dx, it follows that U,M,,
is locally finitely generated over Vi(Dx xc), hence coherent (argue e.g. as in Exercise
8.63(5)). In order to conclude that UM, is a coherent V-filtration along (t), it
remains to be proved that M, = |J, UsM,, and so it is enough to prove that any

local section of M ® 1, equivalently any local section of Va(T)M for any a, belongs to

some Uy, M,.
Ifm e V,I(T)M for some a € R", the middle extension property of M along D;c;
implies that m is a finite sum of terms my, - 0% with k = (k1,...,k,), k; > 0, and

my € VCEEZ)M with a;(k) < 0 for each ¢ = 1,...,r. Therefore, there exist o < 0 such
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that myg € VCSZ)M for each k. We can thus use iteratively (15.11.3%) to write any
local section of Va(T)M® 1 as a sum of terms (pg ¢ ®1) -@Ijﬁf, where each pg ¢ belongs
to VOEZ)M for some o < 0.

It remains to be shown that (t0; — «) is nilpotent on gr¥M, if a < 0.

15.12.2. Notation. In order to distinguish between the action of z;0,, trivially coming
from that on M and the action x;0,, on Mg, it will be convenient to denote by D;
the first one, defined by

(m @ 0f) - Dy = (ma;0,,) @ OF.
Then we can rewrite D; as
(M) Di=(me1)- (20, +eitdy)0f = (Mm@ 0F) - (20, + ;(td; — 1)),

a formula that can also be read
(15.12.3) (Mm@ 0F) - 10, = (m® ) - (D — eitdy + eil).

We first notice that there exists o’ < « such that, for each i = 1,...,n, some power
of (D; —ae;) sends (V(X(QM@) 1) to (Vi}iM@l) Therefore, a power of [[;.; (D; —ae;)
sends (VOEZ)M ®1) to (VCSZQM ®1). It is thus enough to check that [];c; (D; — e;t0;)

sends (VOEZ)M ® 1) into Uy (M) for some o < o. We have ae — 15, < o’e for some
o <a,s0 (VaeM@ 1) [[,ep. i € (VUM ®1), and thus

VEOM@1) - [] 260 € (VM @1) - [] 8 © Uar (M),
i€l, icl,

Therefore, by (15.12.3),
(ViOM@1) - ] (D — eitdy) € Uar (My). O

i€le
15.12.4. Corollary (Middle extension property of M, along (¢))
The D x xc-module My satisfies the equality Mg = Mg[!xt].

Proof. We first remark that ¢ acts injectively on M,: if we consider the filtration
G M, by the degree in d;, then the action of ¢ on gr®M, ~ M[r] is equal to the
induced action of x® on M][r], hence is injective by the assumption that M is a
middle extension along D;cr; a fortiori, the action of ¢ on M, is injective. We thus
have My, C M,[*t]. By Formula (15.12.1 %x) and the exhaustivity of V.M, M, is the
image of VeoMy®vyp o Dxxc in Mg [xt]. This is nothing but M [!*t] (see Definition
11.5.2 and Definition 11.4.1). O

15.12.b. A resolution of V,M,. We continue by providing a suitable presentation
of VoM, for a € R, that we will later enrich with an F-filtration. The tensor product
Ko = Vi M ®o, D

has the structure of a right VO(T)D’X-module with the tensor structure and of a
right D’y -module with the trivial structure. This trivial structure extends as a right
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D x-module structure by setting (m ® 1)0,, = md,, ® 1 for i ¢ I.. Both structures
commute with each other (see Exercise 8.19).

Since the operators -ensd; pairwise commute (j = 2,...,r) and commute with the
right D x-module structure, we can consider the Koszul complex

K; = K(V(T)M ®OX ‘Dl)(y ('tens(sj)j:l‘..,’l“)

oe

(i.e., the simple complex associated with the (r—1)-cube with arrows in the direction j
all equal t0 “tensd;).

15.12.5. Proposition (A resolution of V,M,). For each oo < 0, the Koszul complex X,
is a resolution of VoM, via the right D x -linear surjective morphism

K =VIIM®oy, Dy — VaM,

(15.12.5 %)
mP+— (m®1)-P.

Beware that the tensor products on both sides of (15.12.5 %) do not have the same
meaning.

Let J be a subset of {1,...,7}, let J° denote its supplementary subset, and let DS
be the stratum of D defined as (,c; Di ~\ U;c e Di- Let A denote the projection
of A (see Definition 15.7.2) on the J-components and let e; denote the J-components
of e.

15.12.6. Corollary (Jumping indices for V, M, and resolution of ngMg)

For o < 0, gr¥M, wvanishes (in some neighborhood of the origin) unless there
exists i € Ie = {1,...,1} such that ae; € A; + Z. Furthermore, setting X%, = X;,_,
for e > 0 small enough, the Koszul complex

E((VEOM/VE L M) @0y D, (tensdy)jmz,.r) = Ko /K

(a—e)e

1s a resolution of ngMg as a right Dx-module.

15.12.7. Example. Assume that e; = 1 for every i € I, that is, g = 1 ---x,.. Then
the set of A’s such that ¢, \M # 0 is contained in the union of the sets of A’s such
that 1, \M # 0 for some ¢ € I.

Proof of Proposition 15.12.5. For ¢ > 0, the surjectivity of (15.12.5%) implies that of
the morphism (VOSZ)M/V(SEE)EM) Royx Dy — grgMg. If £ is small enough, the source
of this morphism reads
< @ Ma) ®(C[x] DfXa
acA+7Z™
Fi€le, a;,=ae;
hence the first assertion, according to Remark 15.7.10. For the second assertion,
since X;,, resp. X2, is a resolution of V,, Mg, resp. VoM, and since the morphism
VeaMy — VoM, is injective, one deduces that K, /K2, is a resolution of gr¥ M,. [

We will make use of the next general lemma, whose proof is left as Exercise 15.15.



626 CHAPTER 15. D-MODULES OF NC TYPE. PART 3: NEARBY CYCLES

15.12.8. Lemma. Let A be a commutative ring and let (a1, ...,a,) be a finite sequence
of elements of A. Let M be an A-module. If (as,...,a;) is a reqular sequence on M,
then the sequence ((a2 ®ug—a; @up),y...,(ar @ur —a; ® ul)) is a reqular sequence

on M ®4 Alui, ..., u,]. Furthermore, let M be the quotient module
(M @4 Alug,...,un])/((a; ® uj — a1 ® ur)ja,...r)

considered as an Aluy,w'|-module (with v’ = (ug, ..., u,)), equipped with the filtrations
F(z) F(T) induced by the ﬁltmtions by the degree in ug, ..., u, on Alui,usg, ..., u.|.
Then the (r — 1)-graded module ng R -gr PPN s zsomm“phzc to

ke§—1 (M/(a2 Ve ,affT)) @4 u'*Aluy],

where the action of u'* is via the natural (injective) morphism M/(ak?, ... aFr) —

M(af*H, bt

Proof of Proposition 15.12.5. It is enough to consider the algebraic case of a mon-
odromic C[z](0,)-module since, by assumption, M = M ®c[;)(s,) Dx and a simi-
lar property for My, and since this is a flat extension. We set An = C[z](0,) and
A, = C[z)(0s,,...,0s,). Let M be a monodromic A,-module. We set My = g M =~
M|[0;], which is an A, -module, with A, = C[z,t](0,,0;). Note that M, is natu-
rally graded: My =@, , Ma ® of.

(1) We start with showing that the Koszul complex

K, = K(V{EM @cpa) AL, (tensd;) j=2,..r)

[e3

is exact in nonzero degrees. We can simplify this complex by considering the filtration
F,A! by the degree of differential operators, so that gri” A’ ~ C[xz,¢']. The differen-
tials are of F-degree one, so we can filter the complex by setting (Fj, Ko )* = Fji(KF),
with Fq(Va(Z)M ®clz] A7) = Vae)M ®cla) F4A7,- The morphism induced by -tensd; on
g KO is Id®(x;&;/e; — x1€1/e1) and the corresponding Koszul complex reads

ot K3 = (VI M @y Cla, &1, (w5€ /e — w1 fer) j=2,...r)
~ K(VIDOM ®c Cl¢], (z; @ & /e; — 71 ® &1 /e1)j=2,...r)-

Since V,X(Z)M is C[z']-flat by Proposition 15.7.3(5), the sequence (za, ..., x,) is regular
on it, and the first part of Lemma 15.12.8, together with Exercise 15.2, shows that
grf' K2 is exact in negative degrees. The same property holds true for K, since the
filtration F, is bounded below.

(2) It remains to identify the kernel of the morphism (15.12.5 *), which is surjective
according to the identification (15.12.1%). Note first that every element of the form

m®5j—m5j®1
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belongs to the kernel of this morphism, according to Formula (15.11.3 %), and the
morphism

(VIDM ®cpy )"t — VDM &y A

n

(15.12.9) (m; @ Pj)jzo,. r+— Z(mj ®6;P; —m;d; @ Pj)

J

has image contained in the kernel of the morphism (15.12.5%). We can write

VOM @c Ay = @ VIDOM @y,
keNr
with the (A’+Z")-grading such that M, ®0¥, is of degree a’+k with a’ := (a1, ..., a,).
We also consider the (A" + Z")-grading on M, = @a,z M, ® 0¢ such that M, ® 0f is
of degree a’ + fe. Then (15.11.3 %) shows that the morphism ARV QRcla] A7, — My
is (A’ + Z")-graded, hence so is its kernel.

We first find a simple representative, modulo the image of (15.12.9), of any homoge-
neous element of VOSQ)M QC[a] Al Letp=> kENT mk®6§, be a homogeneous element
of degree a'®, so that 0 # mp € Mgk with a'(k) < ae and a'(k) + k = a’®. Let us
set k° = max(0, [a’® — ae]) componentwise. Then my # 0 = k > k° componentwise.

For each ¢, we have a? —k? < ae; < 0, so that a;(k)+k; —k{ < 0 and multiplication
by xfi_ky t Ma(ky+(ki—k2)1, — Mar) is bijective. We can thus divide my, by xfi_kf
for each i = 1,...,r and write

meg ® 8.’;/ = Uk ® (xkfkoaf,_ko)aflo,

with pg € Mgro_go since a(k) + k — k° = a’® — k°. This can be rewritten as a sum
of terms [i; ® (x’ax,)jaff’ with pj € Mgro_ge and each component j; varying from 0
to k; — k7. Iterating the equality

~ o ~ o €; ~ o .

fij ® (20,,)0% = i;6; @ 0% + e—l fij @ (v10,,)0%  mod image (15.12.9),

1

we see that fi; @ (20,70 is equivalent, modulo the image of (15.12.9), to a sum of
terms ﬁg(zlﬁml)eaﬁo with [iy € Mgro_go for each £. In conclusion, modulo the image
of (15.12.9), p is equivalent to an expression of the form

20
Z v @ (210,,)°0%,
=0

for some ¢° > 0, with vy € Mgro_go for each £. If the image of the above element in N

LREE
2

is zero, the coefficient of , up to a nongzero constant, which is equal to

o 0\ ,_ 1.0
l/gom/(‘k [+£°)e—k 7

is thus equal to zero. We notice that each component of |k°|e — k° is nonnegative.

Since af — kY < 0 for each ¢ = 1,...,r, multiplication by o/ (K H£%)e—k®

is injective
on Mgro_go, so that this implies that vy = 0, and thus v = 0, hence the desired
surjectivity of (15.12.9) onto the kernel of the morphism in the proposition. O
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15.12.c. Normal crossing type of grgMg

15.12.10. Corollary (Normal crossing type of grgMg). For each a < 0, ngMg is of
normal crossing type.

Proof. We prove the analogous statement for a monodromic A,-module, the case of
a Dx-module of normal crossing type begin obtained by tensoring with Ox. Recall
that N; (i = 1,...,n) denotes the action of z;0,, — a; on M, for a € A + Z",

and N denotes the action of t9; — o on ngMg. For m € My, and m® 1 € N,
Formula (15.11.3 #x) implies

(m® 1D)x;0;, = (N;+a;)m® 1 — e;m ® t0;.
If ' < ae, (m®1) is a section of V, M, and its image [m @ 1] in gr¥ M, satisfies
(15.12.11) [m @ 1]@;0, = [(N; + a;)m @ 1] — ¢;(N + o) [m @ 1].

Since N; and N are nilpotent, it follows that [m ® 1](z;0., — a; + ae;)* = 0 for k > 0.
As a consequence, the image of M, ®1 C VOEQ)M ®ca] A, in gry My by the morphism
(15.12.5 ) is contained in (gry M), with b = @ — ae. More generally, the image in
gr¥ M, of M, ® OF is contained in (gr¥ M,)p with b = a + k — ae (by setting k; = 0
for i > r).

Since gr¥ M, is of finite type over A,, there exists a maximal finite subset
B C [~1,0)" such that @,c g 7. (grk M)y — gry M, is injective. Furthermore,
by the above argument, the morphism Vogz)M ®clz] A7 — ngMg factorizes through
Drenizn (gr¥ M,)p. Since this morphism is surjective by the monodromic analogue
of Proposition 15.12.1, we deduce that

D  (gra My = gro M.
beB+7Zn

In order to conclude that ngMg is monodromic, we are left with showing that,
for each b, (gry, M,)p is finite-dimensional. By the above argument, the direct sum of
the terms M, ® 85, with a varying in A 4+ Z™ and k in Z" such that a + k = b+ ae
maps onto (ngMg)b. In particular, the components a,41,...,a, of a are fixed. Let
us choose k, big enough so that all components of b’ 4+ ae — k, are < 0. Then, for
i € {1,...,r}, Formula (15.12.11) implies that an element of Mg 1, ® 9% has
image contained in that of Mg ® 05/" plus its image by N. In other words, (ngMg)b
is equal to the sum of a finite number of finite-dimensional vector spaces (the images
of My ® 0%, for a+k =b and 0 < k < ko componentwise) and their images by any
power of N. Since N is nilpotent, the finite-dimensionality of (gr M,)s follows.

Moreover, we have an estimate for B:

B+7Z"CA—ae+7Z",
and we recall that a < 0 is such that ae € A’ + Z". O

15.12.12. Corollary (R-specializability of gr};Mg along D; (z € 1))
For each i € I, gr¥ M, is R-specializable along D; and its VO _filtration is the
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image of the filtration

Va(j) (VOEQ)M R0 D/X) = Z V(l(i,i)—k(VoEZ)M) ®ox Vk(i) /X7
k>0

with VY, (VEEM) == v, M VDM, which is a VDD -filtration with respect to
the right trivial structure, and Vo(r) (er¥M,) (resp. Vo(n) (gr¥M,)) is the image of

VIOM @0, ViVDy, resp. VIOM @0, Vi Dl

Furthermore, for everyi,j € I, the right tensor action of §; is of order 0 with respect
to V.V,

Proof. This is a direct consequence of Corollary 15.12.10 and its proof. O

15.12.d. The monodromy filtration of ngMg. The nilpotent operator N
on ngMg defines an increasing filtration on ngMg: the monodromy filtration
M(N),(gry M,) (see Lemma 3.3.1).

15.12.13. Proposition. If M s of normal crossing type, then for each a < 0 and each
{ € Z, the Dx-module gr%ngMg is also of normal crossing type. Furthermore,
the filtrations M(N), and V) (i € I) are compatible and for each b < 0, denoting

Np = gr;,/(n)N, we have
(n) (n)
gry M(N)¢(gra M) = M(Np)egry — (gro M)

Proof. We first notice that the analytification of M(N), gr¥ M, is the monodromy
filtration M(N), gr¥ M,: this follows from the characteristic properties of the mon-
odromy filtration, which are preserved by analytification (due to C[z]-flatness of Ox).
The properties of the lemma are also preserved by analytification. It follows that we
only need to consider the case of monodromic A,-modules. Since N commutes with
x;0,, for each i € I, it preserves each (gr¥ M,), and the decomposition of gr’ M,.
We thus obtain a corresponding decomposition for each £ € Z:

MON): (@ (et My)o) = @ M(Ny)e (gl My . O

15.13. An explicit expression of nearby cycles

We restrict our computation to the case of a monodromic A,-module M =
Dacatzr Ma- The case of a Dx-module of normal crossing type can be obtained by
tensoring with Ox. Compared with the presentation of Section 15.12.a, we emphasize
the nilpotent operator N induced by td; — « on ngMg (a < 0), in relation with the
nilpotent operators N; acting by z;0;, — a; on M.

Let M be a monodromic A,-module which is a middle extension along D¢y, i.e.,
satisfying the assumption of Theorem 15.11.1 in the monodromic situation.
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15.13.a. Computation of nearby cycles. We revisit Corollary 15.12.10 a little
differently. From Proposition 15.12.5 we obtain a surjective A/ -linear morphism:

VOEQM Q2] Al — ngMg.
In order to obtain an A,-linear morphism, we note the natural surjective morphism
V()EQ)M ®(C[a:} Ap — VOEZ)M ®([j[a;} Afn?
since VOEZ)M = Zk”eZ"—T OEZ)M . 8;":,’7 where 2/ — (1'7"—&-1, o 7$n)- Let us equip
Myt 0eN] := Mpiae ®c C[N] with the C[Ny,...,N,, N]-module structure such that

o N; acts by N; ® Id —e; Id ®N, and
« N acts by Id ®N (see (15.12.3)),

and (gr¥ M,)p with its natural C[Ny,...,N,, N]-module structure (see §15.7.a). The
reason for twisting the action of N; comes from Formula (15.11.3 xx).

15.13.1. Proposition. For b < 0, we have a surjective C[Ny, ..., N, N]-linear morphism
Mpyae[N] — (gr¥ M,)p
that takes m @ N¥ to the class of m ® (td; — o)k € VaMy modulo Voo M.
Let us start with a lemma valid for any b.
15.13.2. Lemma. For every b € R", (gr¥ M,)p is the image of
VaMy 1 (D My (a—ijje © 9])
in gr¥ M,.

Proof. Let us consider an arbitrary element of V,,M,, expressed as a finite sum
> D May ©0,
acR” jeN
with mgq ; € M,. Assume that its image in gr) M, belongs to (grl M), i.e.,
( Z Zma»j ® 81?) (20, — )" € VeaMy
acR™ jeEN
for every ¢ € {1,...,n} and some k > 0. Our aim is to prove that, modulo V., Mg,

only those terms with @ = b+ (o — j)e matter.

15.13.3. Lemma. In the situation considered above, one has

Z Zm“’j ® 81{ = Zmb+(a_j)e ® Bg mod Ve, M,.

acR” jeN JEN

Proof. Let us start with an elementary lemma of linear algebra.

15.13.4. Lemma. LetT be an endomorphism of a complex vector space V, and W C V
a linear subspace with TW C W. Suppose that vy, ...,vx € V satisfy

T+ +o,) €W
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for some p > 0. If there are pairwise distinct complex numbers Aq,..., A\ with
vy € Ey, (T), then one has Apvp, € W for every h =1,... k.

Proof. Choose a sufficiently large integer u € N such that (T — Ap) v, = 0 for
h =1,...,k, and such that T"(vy 4+ --- + v) € W. Assume that Ay # 0. Setting
Q(T) =TT — )"+ (T — A\—1)", we have by assumption

QM) (v1+ - +wvp) €W

The left-hand side equals Q(T)vy. Since Q(T) and T — )\ are coprime, Bézout’s
theorem implies that vy € W. At this point, we are done by induction. O

We now go back to the proof of Lemma 15.13.3. Let us consider an element as in
the lemma. As we have seen before,

(Ma,; ® 8?) . ((acZ@I —b;) + e;(td; — a)) = (Ma,; ® 8,{) . (Di —b; —e;(a — j)),

and since some power of t0; — « also send this element in V.,M,, we may conclude
that

(15.13.5) > Z(ma,j @8] - (D; —b; —ei(a— j))k> € VeaM,
acR” jEN

for every i € I and k > 0.
In order to apply Lemma 15.13.4 to our situation, let us set V= N and W =
VeaMy, and for a fixed choice of ¢ = 1,...,n, let us consider the endomorphism

Ti = (xlﬁxl — bz) + ei(tat — a);
Evidently, T;W C W. Since we have
Ti(ma,; @ 0]) = (Ma; @) - (Ds — a;) + a; — b; — ei(e — j)),

it is clear that m, ; ® @/ is annihilated by a large power of T; — (a; — b; — e;(a — 7).
Grouping terms according to the value of a; — b; — e;(a — j), we obtain

Z Zma7j®8fzv1—|—~~+vk

acR” jEN

with vy € Ej, (T;) and Aq,..., A € R are pairwise distinct. According to Lemma
15.13.4, we have vy, € W whenever \;, # 0; what this means is that the sum of all
Ma,j @ 5‘{ with a; — b, — e;(a — j) # 0 belongs to Voo M,. After subtracting this
sum from our original element, we may therefore assume that a; = b; — e;(a — j)
for every term. We obtain the asserted congruence by performing this procedure
for Ty, ...,T,. This ends the proof of Lemma 15.13.3 and at the same time that of
Lemma 15.13.2. O

Proof of Proposition 15.13.1. Suppose now that by, ...,b, < 0, that we shall abbreviate
as b < 0 (recall also that we assume « € [—1,0)). Let j € N. We observe that

e #0 = b+ (a—j)e; = (b + ae;) — je; < —je;.
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jei

Given a vector m; € My (o—j)e, this means that m; is divisible by ;°*. Consequently,

mj = ma’€ for a unique m in My, 4e, and therefore
m; @& =(mol) 16

is a linear combination of (m ® 1)(td;)* for k = 1,...,j. Since m ® 1 € V, M, and
VoM, is stable by t0;, we conclude that

@Mb+(a—j)e & ag = Mb+ae[tat] C VaMga
J

and, by Lemma 15.13.2, (ngMg)b is the image of Mpqe[t0;] mod Ve M. O

In order to have an explicit expression of (gry My)p (b < 0), it remains to find the
kernel of the morphism in Proposition 15.13.1. For b < 0, let us set

Ie(b) = {Z | €; 7é 0 and bl = O}
Given m € Mpy e, We have (m Hiele(b) mz) ®1=m®te€ VoM, and therefore also
(Mm@ 1) [Lier, o) 20z, = (M@ 1) - [Licr, 5y (Ni — &iN) € Vo M.

In this way, we obtain a large collection of elements in the kernel.

15.13.6. Corollary. If o < 0 and b < 0, (gr¥ M,)p is isomorphic to the cokernel of the
injective morphism

(15.13.6 %) op:= [[ (Ni@1)/e; — (1©N)) € End(MpaelN]).
i€l (b)

15.13.7. Remark. We have assumed, as in Theorem 15.11.1, that M is a middle ex-
tension along the normal crossing divisor D;c;. However, the previous expression
shows that, for a < 0 and b < 0, (gr¥ M,)p only depends on the My’s with a; < 0 if
i €{l,...,r}. For such an «, we conclude that ngMg only depends on the localized
module M (xg).

Moreover, by definition, the action of N; (resp. N) on (gr¥ My)p is that induced by
N; ® 1 — e;N (resp. N). We thus find that [];_, N; acts by zero on (gr) M,)s.

If « <0and b <0, set b =|I.(b)]. Corollary 15.13.6 implies that the natural
C-linear morphism

—1
(15.13.8) D Mo iaeN* — (gl My)s

b
k=0
is an isomorphism. Note also that the action of N on (gr¥ M,)s is easily described on
the expression (15.13.8):

m . =
”L[Nb HiEIe(b)(NiNi/ei)] lfk—bfl
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Proof of Corollary 15.13.6. The injectivity of p is clear by considering the effect of
wp on the term of highest degree with respect to N. On the other hand, we already
know that every element of (gr¥ M,)p is the image of some m = 3, (my, ® 1)N* with
my € Mpyqe for every k. If we expand this using N = ¢t9; — «, we find

(15.13.9) me @ My (ajre ® 0.
jEN

Now suppose that m actually lies in Vo, M,. It can then be written as (see (15.12.1 %))

(15.13.10) m= Y (Mar®1)0k, mak € Ma.
a'<(a—¢e)e
keN"

If we expand the expression (mgq  ® 1)0%, according to (15.11.3 ), all the terms that
appear belong to Mk je ® 8] for some j < |k| (we identify k with (k,0) € Z").
Comparing with (15.13.9), we can therefore discard those summands in (15.13.10)
with a + k # b+ ae without changing the value of the sum. The sum in (15.13.10) is
thus simply indexed by those k € N such that k; > b; for all ¢ € {1,...,7} and the
index a is replaced with b 4+ ae — k.

Now, if e; # 0 then a; = (b; + ae;) — k; < —k; since we assume that b; < 0 and
o < 0, and 50 Mgk is divisible by %", This means that we can write

Ma g = Mpr'®

for some mj, € Mpiqe. Therefore, (15.13.10) reads

m = E (m}, @ 1)2z™®%,  m}, € M ae.
keN"
ki>b; Vie{l,...,r}

If m}, # 0, then k; > 1 for i € I.(b) (since b; = 0), and consequently, 2’9, is forced

H :r:z@xl = H (Di —€; E),

i€l (b) i€l (b)

to be a multiple of

which acts on MpyaeN] as [T;c7, 5 (Ni @ 1) —€;(1® N)). As a consequence,

me Y (Mprae®1)2d% - [[ (Ni@1)—e(1@N)

LENT i€l (b)
= > (Mprae®1)(D —etd)t- [ (Ni®1)—e(1@N))
£eNTe i€le(b)
C MpraelE] [ (Ni@1) - ei1@N)). O
i€l (b)

15.13.b. The quiver of ngMq. We give the explicit description of the quiver
of gr¥ M, for a < 0 (see Proposition 15.7.5). We thus consider the vector spaces
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(gr¥ My)p for b € [—1,0]", and the morphisms

can,;(b)
— T
(15.13.11) (g My)p-1, (gre M)y
\—/
var; (b)

for every i such that b; = 0. We know from that Corollary 15.13.6 that (gr¥ M,)p # 0
only if b; = 0 for some 7 € I (i.e., such that e; # 0). Moreover, the description of
(gr¥ M, ¢)b given in this corollary enables one to define a natural quiver as follows.

(1) If i ¢ I, and b; = 0, we also have (b + ae); = 0, and we will see that the
diagram
can; ®1

— T
Mb-&-ae—li [N] Mo +ae [N]

V’\_/

var; ®1

commutes with g (which only involves indices j € I, ), inducing therefore in a natural
way a diagram
ci(b)
—
(gre My)y-1, (gre My)s
{\—/
vi(b)

We notice moreover that the middle extension property for M is preserved for this
diagram, that is, ¢;(b) remains surjective and v;(b) remains injective.

(2) If i € I, we set p1, = (N; ® 1)/e; — N so that, with obvious notation, ¢p =
©1,9p-1, = Pb—1,91,, and we can regard pp, v1,, Pp—1, as acting (injectively) both
on Mpiae[N] and Mp_1,1qe[N]. Moreover, the multiplication by z;, which is an
isomorphism Mp 1 ne — Mp_1,+ae, is such that z; ® 1 commutes with ¢p_1,. In such
a way, we can regard (ngMg)b—li as the cokernel of ¢p_1, acting on Mpyqe[N].
We can then define ¢; and v; as naturally induced by the following commutative
diagrams:

Pb—1,
Mptae[N] —————= Myt ae[N] — (gr My)p-1,

solil lci(b)

MbJrae [N] B MbJrae[N] — (ngMg)b

Pb—1,
Mptae[N] —————= Myt ae[N] — (grl My)p-1,

resp. 90111\ Tvi(b)
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In other words, c;(b) is the natural morphism

P1;
Mptae[N]/Impp—1, — Mpiae[N]/Im pp,
and v;(b) is the natural morphism induced by the inclusion Im ¢p C Im p_1,:
Myt eN]/Im @y — Mpiae[N]/Impp_q,.
We note that v;(b) is surjective. Moreover,
15.13.12. Proposition. For o < 0, the quiver of gry M, has vertices (gr My)p =

Coker @y for b € [—1,0]" such that

(1) b=a — ae for somea € A+Z,
(2) b; =0 for some i € Ie.

It is isomorphic to the quiver defined by the morphisms c;(b),v;(b) as described above.

15.13.c. Induced sesquilinear pairing on nearby cycles. We aim at computing
the behaviour of a sesquilinear pairing with respect to the nearby cycle functor along
a monomial function. We now consider the setting of Section 15.12 and switch back
to the right setting. Suppose we have a sesquilinear pairing s : M’ ®c M” — Can.

We still denote by s the pushforward sesquilinear pairing Mg/ ®Mg" — Can+1 by the
inclusion defined by the graph of g(z) = z*.
The purpose of this section is to find a formula (see Proposition 15.13.13 below)

for the induced pairing, as defined by (12.5.10 *x),
gr¥s gV M, @ gr¥ M,” — Can

for a € [—1,0) that we fix below. Since we already know that gr¥ M,’, gr¥ M,"” are
of normal crossing type, grY s is uniquely determined by the pairings

(gre 5)b : (gre M)p @ (gr¥ MJ)y — C

for b < 0. What we have to do then is to derive a formula for (gr’s), in terms of
the original pairing sp.e. Any element of (gr) M, 4)b can be expanded as ), n;-Nj7
’ is in the image by the morphism in Proposition 15.13.1 of m} € My, ., and
similarly with My ..

where n

15.13.13. Proposition. We have

= stk
(grgS)b(Z n}NJ, anNk> = Z Sbtae (m; RBSS:O (HiEIe(b)m)’mZ)'
=0 k>0 J,kEN ¢ ¢
The residue simply means here the coefficient of 1/s. Explicitly:

sItk :
(15.13.14) Ress=0(Hi€Ie(b)m> = I (~1/en- [T (Vife.
v i€l (b) Lenle®
S, itk 1~ # 1 (b)
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Proof. Let us fix m" € My, C My .[N] and m" € My, . C My, [N], and let us

consider their images n’, n” by the morphism in Proposition 15.13.1. It is enough to
prove that, for any ¢ > 0

¢
(15.13.15) (ngs)b(n’Nz,W) = Sprae (m’ Res,— (Hiele(b) ﬁ) ’W)
The induced pairing is given by the formula below, for 7, € C°(A™) and a cut-off
function x € C°(A) (see (12.5.10 %x)):

((grars)s(n'N,n7), 15) = Ress—a(Sbrae(m’ @ Lm” @ 1), (10, — o) 11o[t|**x (1))
= Ress—a(s — @) (sprae(m’, m"), 10| 9| x(9))-
Using the symbolic notation of Remark 15.8.5, the current spy qe(m’, m”) is equal to
’ —2(1+b;+ae;+N;) ‘xil_QNi -1 —5
Qn5b+ae m . H |wz| ’ ’ ’ - HT,m : ‘ H 611651
ilbi+ae; <0 ilbi=e; =0 ilbi=e; =0

The factor x(g) does not affect the residue, and |g|?* = |z|?¢*. If we now define F(s)
as the result of pairing the current (renaming s — a by s)

¢ 2ei5—2(1+bi+N;) g 2N -1,
s QpSbrae H ;|2 i H — Ny mm
ilbi+ae; <0 ilb;=e;=0 ¢

against the test function [, _.._o9z,0z,m0(2), then F(s) is holomorphic on the
half-space Re s > 0, and
((gra 8)o(n'N 1), 1) = Resy—o F(s).

Recall the notation I = {i € I | ¢; # 0} and I.(b) = {i € I | b; = 0}. Looking at
|—2Ni -1

2¢;5—2—2N; H 2¢;5—2(1+b;)—2N; H |2
[T I 1 S

icl.(b) i€le~TIe(b) i|bi=e; =0
we notice that the second factor is holomorphic near s = 0; the problem is therefore
the behavior of the first factor near s = 0. To understand what is going on, we apply
integration by parts, in the form of the identity (6.8.6*x); the result is that F(s) is
equal to the pairing between the current

2e;5—2(1+b; +N;) |17z| N =7
[ 1=l 11 Lot

i|b; <0 ilbj=e; =0

H O, Oz, M0 ()

i|b;=0

|2es 2N; -1

s | ———
Q, btae 5 — 6,8)

i€l (b)

and the test function

The new function is meromorphic on a half-space of the form Res > —g, with a
unique pole of some order at the point s = 0. We know a priori (Proposition 15.8.3)
that Ress—o F'(s) can be expanded into a linear combination of (up p,7,) for certain
p € N"_ and that (gr¥s),(n/N¢ n’) is the coefficient of up o in this expansion; here

upo = |l Hi\bKo || ~200F0) Hie[e(b) L(z;)| - 0,05,
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Throwing away all the terms that cannot contribute to (up 0, 1,), we eventually arrive
at (15.13.15). In particular, we see from Formula (15.13.14) that (gr’s)s(n’,n”) =0
if #1.(b) > 2. O

15.14. End of the proof of Theorem 15.11.1

We now include the F-filtration in the picture, and we will of course make strong
use of the distributivity property of the family (F, V(1) ... V().

15.14.a. Strict R-specializability along (g). We first enhance the surjective mor-
phism (15.12.5 %) of Proposition 15.12.5 to a filtered surjective morphism. For that
purpose, we equip K% = VDM ®oy D with the following F, D’y -filtration:
(15.14.1) FX0 = > F(V{DM) @0, FiDY,
q+k=p
with Fq(VoSZ)M) = F,MN VOEZ)M, and with respect to which the operators -tensd; are
of order one. We then set
FlVaM, = image[F,X0 — Vo M,].
On the other hand, we set as usual
F, VoM, = F,M, N VM.

15.14.2. Proposition. For o < 0 and any p € Z, the filtrations F,V,M, and F[’,VQMQ
coincide.

Proof. The inclusion FZ’)VaMg C F,VaMy is clear. For the reverse inclusion, it is
enough to prove that, for any p € Z, we have
E, My N E) VoM, C FJ VoM.

Indeed, by an easy induction, this implies the inclusion F;,M,NF}, VoM, C Fy VM,
for any £ > 1, and thus, letting £ — oo, F, VoM, C F)VoM,.

On the other hand, the above inclusion is equivalent to the injectivity of
(15.14.3) e VoM, — grf M.

By Proposition 15.12.5, the surjective morphism X% — V,M, factorizes as
(15.14.4) KO —» HO(K) = VM,

and by definition the morphism F,X% — F;VQMQ is surjective. As the differentials
of the Koszul complex are filtered up to a shift, it follows that we have a commutative
diagram

HO(grFK2) — erF VM,

\ J(15.14.3)

grf’ M,

and it is thus enough to prove:
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15.14.5. Lemma. The natural morphism HO(gr"X?) — gr M, is injective.

Proof of Lemma 15.14.5. In order to manipulate the filtration F,X% and its graded
objects, it is convenient to introduce the auxiliary filtration
G X0 =V IDOM @0, F,D,

and correspondingly,
GMy=PM®
J<q
which induces in a natural way a filtration on grf My, so that, denoting as usual by
G,H (grX?) the image of H(G,grX?) in HO(grf'X?), it is sufficient to prove the
injectivity of
gr9HO(grf' %) — grerf M.
We will prove:

15.14.6. Lemma. The complex grégrfX? = grf’er®X? has nonzero cohomology in
degree 0 at most and the natural morphism

(15.14.6 %) HO(grter®K:) — grfgr®M,
18 1njective.

From the first part of Lemma 15.14.6 we only make use of the vanishing of
H~Y(gr€erf'K?), which implies that H°(G;_1grFX:) — H°(G,gr'X?) is injective
for every j. Therefore (degeneration at E; of the spectral sequence),

grCH (gr"X) = HO (e "'K) = HO (g7 er9),
so the injectivity of (15.14.6 %) concludes the proof of Lemma 15.14.5 and thus that
of Proposition 15.14.2. O

Proof of Lemma 15.14.6. If we omit the F-filtration, we have proved the correspond-
ing statement in Proposition 15.12.5 by reducing the proof to the monodromic case,
a strategy which does not apply in the presence of F'.

In the following, we make use of the identifications, using the notation of Proposi-
tion 15.7.13(6) and omitting the functor p’~! in the notation for the sake of simplicity,

K = VIOM @0, Dy = VDM 0, Dy = VDM @¢c C[0,],

and correspondingly for the F- and the G-filtrations.
On the one hand, we have

Fpgfj@ = Fp—qugz)M ®c (C[fl]qv

where C[¢'], consists of polynomials of degree < ¢ in &' = (§;);er, (class of 9,,), and
thus(®

grgr@K0 ~ (grf VIDM) @0, Ox/[¢] =~ (et VDM) ®c Cl¢].

(21n the following, we do not make precise the bi-grading of the objects and how the isomorphisms
are bi-graded, as it is straightforward.
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The bi-graded endomorphism corresponding to -tensd; is (z; ® &;/e; — 21 ® &1 /e1).
Since ngVOEZ)M is Ox/-flat (see Proposition 15.9.4(3)), the sequence (za,...,z,) is
regular on grf’ Vogz)M, and Lemma 15.12.8 yields the first part of the lemma.

On the other hand, ngMg = M][7], where 7 is the class of J;, and ngngJ\/[g =
(grfM)[7]. The morphism grf'gr®X8 — grf'gr®M, is the morphism

(e VDI M) €] — (gr" M)[7]

induced by the natural morphism grf’ VOEZ;)M — gr’M and sending &; to 0g/0x; - 7.
It factorizes through the inclusion (grf’ VQ(E)M)[T] — (gr"M)[r]. Let us also recall
that the localization morphism grf VA5 M — (ngVOEQ)M)(g_l) is injective (as follows
from the first line of (15.9.7) for any i € {1,...,r}).

15.14.7. Assertion. The Koszul complex

K (" VN6 /(e VM), (6 /e — mi&afer) ...

has zero cohomology in negative degrees.

Before proving the assertion, let us check that the assertion implies the injectivity
of (15.14.6 x). We wish to prove the injectivity of

(e VIOM)[E /(&5 /e — m1&1/e1)j=2,...r — (gr" VDM)[7]

(15.14.8)
& — 0g/0x; - T.

It is easy to see that its localization by g is an isomorphism. It is therefore enough to
prove that the localization morphism for the left-hand side of (15.14.8) is injective.
This is the natural morphism

HO(grfgro%K?,) — HO(gr"gr¥K:, (xg)),

so it is enough to check that H~!((grfgr®K;, (xg))/(grFgr®K:,)) = 0. This in turn
follows from the assertion.

In order to end the proof of Lemma 15.14.5, we are left with proving the assertion.
Let us set h = x1---x,. Since

W (e VMR (g VIDM)RTET — (e VIDM) [ (erF VIO M)A, k>0

is an isomorphism, an easy induction reduces to proving that the Koszul complex
of ((ngVogg)M)/(ngVogz)M)h) [¢'] with respect to (z;&;/e; — x1&1/€1)j=2,.. r has
zero cohomology in negative degrees. It is therefore enough to prove that the
Koszul complex of (ngVOEZ)M)[E'] with respect to (h, (xi&;/e; — xlgl/el)j:27.,_,r)
has zero cohomology in negative degrees, and furthermore (see Exercise 15.2), it
is enough to check that (h, (x;€/e; — x1&1/er)j=2,..., T) is a regular sequence on
(ngVoEZ)M) o, Ox/[§] = (ngVOEZ)M)[g’]. Lastly, since ngVOEZ)M is Ox-flat
(see Proposition 15.9.4(3)), it is enough to check that it is a regular sequence
on Ox/[¢'], equivalently, the sequence ((x]fj/ej — xlgl/el)jzgww) is regular on

(Ox//(R)[E]-
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For that purpose, we identify Ox//(h) with @;_, Op, with Op, = Ox+/(x;) and
we consider each term independently. Let us fix i, € {1,...,7}. Then, on Op/[¢'],
the sequence can be replaced with ((2;&;/e; — x;,&;, /€i)icir, 3 07”-7‘}), for which the
regularity follows from Lemma 15.12.8. O

We can now prove the first part of Theorem 15.11.1, namely:

15.14.9. Corollary (R-specializability and middle extension along (g))

Let (M, F,M) be a coherently F-filtered Dx-module of mnormal crossing type
along D. Assume that (M, F,M) is a middle extension along D;cr. Then (M, F,M)
is R-specializable and a middle extension along (g).

Proof. We refer to Definition 10.5.1 for the notion of filtered R-specializability and
middle extension of (M, F,M) along (g), that is, of (M,, F,M,) along (¢).

We first wish to prove that the multiplication by ¢ induces an isomorphism
F,VuM, — F,Vo_1M, if @ < 0. Since we already know that it is injective by
definition of the Kashiwara-Malgrange filtration, it suffices to prove that it is onto.
By the formulas (15.11.3 %) and (15.12.1 %), the multiplication by ¢ is induced by g®1
on iKg. Since g : FpVDEZ)M — FPV(((Ql)e
it follows that g ® 1 : F,X% — F,XY is also an isomorphism and we deduce from
Proposition 15.14.2 that ¢ : F,,V,M, = F,Vo_1M, is onto.

We next aim at proving that, for a > 0 and any p € Z,

FyVoMy = F,M, N VM, = (F,Mg N VeoMy) + (Fpo1 Va1 My) - O,

M is an isomorphism according to (15.9.7),

and since we already know that M, is an intermediate extension along (), we are
left with proving the inclusion C. By definition, F,My = @ Fp— M @ OF. On the
other hand,
FpaM =Y By g VigM- 65,
£eN™

according to Proposition 15.9.11(3) and Remark 15.9.13. Then, if m =7, -, my, ®OF
belongs to F,M, N VoM, and if we set mo = 3, m 0% with moe € Fp_ 1o Vie'M,
the second line of (15.11.3 %) shows that we can write

{zl(mo,e ® 1)0% € F,VeoM, C F,VuM,,

m=Y (moe®1)0%+m/, with
Y (moew1) m' € F,My N Vallg N (M, - 8y).

4

Now, by definition, F,M, N (M, - 8;) = F,_1M, - ;. Moreover, since 0; : gry M, —
gry, 1My is injective for a # —1, we deduce easily that, for o > 0, Vo Mg N (M, - 9;) =
Va—1Mg - 0¢. In conclusion,

F,M,NVoMyN (Mg -04) = (Fpm1Myg - 0¢) N (Va1 My - 0r) = (Fpma My N Vo1 My) - Oy,
where the latter equality follows from the injectivity of 9, on M, and so
FpVaMy C (FpMg N VeoMy) + (Fp—1Va—1My) - Oy,

as desired. O]
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15.14.b. Normal crossing properties of (14 \M, F 9, M) along D. In this
section, we fix a € [~1,0). As we already know that gr¥ M, is of normal crossing
type along D and R-specializable along each D; (i = 1,...,r) by Corollaries 15.12.10
and 15.12.12, it remains to prove the R-specializability of (gr¥ M,, F,gr¥ M,) along
each D; and the distributivity of the family (F,gr¥ M,, V_(l)ngMg, ce, V_(”)ngMg).
Furthermore, as we already know that ngMg is of normal crossing type, Proposition
15.9.14 prompts us to consider the logarithmic module (gr¥M,)<o = Von) (gr¥M,)
and its induced filtrations

(Fo (grgMg)ém V.(l)(grxmg)éov R V.(n) (gr(‘;Mg)éo)'

This approach will prove effective to obtain an explicit expression of the filtration on
grg(n)ngMg in terms of the presentation of Corollary 15.13.6.

We recall the notation:

cg=ac,r=#I, = #{i € T |e; £0},

¢« D = O0x(0sy,---504,.),

Vo (DY) = Ox (2104, - .., 2,0s,).

We now emphasize Va(g M (considering «e as an n-multi-index with entries equal
to 0 if ¢ ¢ I.), which is a coherent Vo(n)(DX)—module and that we will also consider
as a V(](T)(Q’X)—module (by forgetting the action of x;0,, for i ¢ I.).

In a way similar to that of Section 15.12.b, we set K, ., = viPm ®oy VOT)(D’X)
that we regard with its two structures of a Vo(n) (D x)-module (the trivial one and the
tensor one). For each i € T and b; < 0, we set

VAOKG, o = (V0 M) @0y Vo™ (DY),

so that, for b < 0,

Vb(n)xg,go = (VQEZJ)rbM) ®ox VO(T)('DS()v

and in particular, Vo(n)ﬂCg’go = iKg}go.

According to Corollary 15.12.12, the composed morphism X% — VoM, — gr¥ M,
sends 9<3,<0 onto (gr¥M,)<o and, arguing similarly, we find that for each b < 0,
V™ (gr¥ M) <o is the image of V3 ™KY _.

We denote by (Vo,My)<o the image of 9<3,<o in VMg, so that its image in gr¥ M
is nothing but (gr¥ My)<o. Arguing as in Corollary 15.12.12, we find that (gr¥ M) <o
is also equal to (VaMg)<o/(VeaMy)<o-

We consider the complex (K;,gm (tens0j)j=2,...r), which is a complex of right

Von)(D x )-modules with the trivial structure, and the quotient complex foa] <0 =
K5 <0/Ki—c.<o (€ > 0 small enough). Let us first check the logarithmic analogue of

Proposition 15.12.5.
15.14.10. Lemma. The Koszul complex X[,  is a resolution of (gr¥M,) <o-

Proof. It similar, but simpler, than that of Proposition 15.12.5. It is enough to prove
that for each a < 0, the complex 9(;7<0 is a resolution of (Vo,Mj)<o-
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For the exactness in negative degree, we filter VO(")D’X by the degree of differential
operators so that the graded complex reads

(Va(Z)M ®c Cln, ..., mn),1d ®(77j/€j - 771/61)3':2,...,7"),

where 7; is the class of 2,0, , and the sequence (1;/e; —n1/e1) j=2,... » is clearly regular,
hence the exactness.

As in Proposition 15.12.5 we see that the image Im of fK;’lgO — j{g,go is con-

.

tained in the kernel of JCOQSO — (VaMy)<o. Passing to the monodromic setting, one
checks that X9, .o = Im & D=0 Prco Maets ® (210,,)¢. Assume that an element
Eﬁ‘;o > <o Mot @ (£18,,)" of the second term with mp g, # 0 for some b < 0 is sent
to zero in (VoMy)<o C M,. The term of maximal degree in 0; of its image reads
>_b<o mp.e, g% @ 0L, s0 My ¢, g' must be zero for each b < 0. As ae+b < 0 and M
is a middle extension of normal crossing type along each D;, this implies mp e, = 0
for each b < 0, a contradiction. In conclusion, Ker[X, .o = (VaMy)<o] is equal to
Im[X, o = K2 <ol O
We also equip ng,gO with the filtration
Fpg{g,go = Z qué?)M ®ox Fp*qvo(r) (D).
S

The right D x-module X (with its trivial structure) contains iKg’go and is equal to
the D x-submodule generated by it. Correspondingly we have
FX0 = F,X0 <o FpgDx.
q<p
Indeed, this follows from the property that VOE;:)M = D keNI~le VOE?)M -0k as a
consequence of (15.9.7).

The surjective map X7 .o — (griMy)<o sends the filtration F,X% ., to a
coherent F-filtration that we denote F!(gr¥M,)<o. By the previous consider-
ations, the latter filtration generates the filtration Flgry M, (ie., FjgriM, =
> a<p Fl(grkMg)<o - Fp—qDx), that we know, by Proposition 15.14.2, to be equal
to the filtration F,gr};]\/[g. The preceding discussion justifies that, with Proposition
15.9.14, the proof of Theorem 15.11.1 will be achieved with the next proposition.

15.14.11. Proposition. The family
(F./(ngMg)SOv V.(l) (ngMg)éﬂa EEE V.(n) (ngMg)SO)

1s distributive and satisfies

. F;Vb(::) (et My) <o - i = Fé%ﬁill(grxmg)go for every i € I and b; < 0.

« FpVE) (@ My)<o - Oa, © Fyia Vo (81 My)<o for everyi € 1.
Proof of distributivity. For the sake of simplicity, we will give the proof for any family
of Z-indexed V-filtrations Vﬁ(:lZgIXJVEg with fixed 3; € A; C [-1,0) (i = 1,...,n),
so that we can easily interpret distributivity in terms of flatness over a polynomial

ring. The general case would need that we replace each Vﬁ(jl_zgrgj\/[g by various VB(:;) 1z
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with §;; varying in A; for each ¢ = 1,...,n (see (9.3.5)). Distributivity amounts to
Clz0, 21, - - - , zn)-flatness of the Rees module Rpv (gry M), which is a module over
the ring R = Clzg, 21, . .., 2n], where zg resp. z; (i = 1,...,n) is the Rees variable of
the filtration F,, resp. V%),

We enhance the complexes X7, o and :K[.QL <o by taking into account the filtra-
tions. We have already defined the filtrations (F,, (V(i))izl,...,n) on ngéng, hence

on each term of the Koszul complex X7, ., and on the quotient complex JC['Q]} <0 =
X3, <0/K:_c.<o- The isomorphism

Ho(j{[.a],go) — (ngMg)go

provided by Lemma 15.14.10 is strictly compatible with each of the filtrations F,,
(‘/;(i))izl ..... n-.

With the multi-Rees construction, we focus on the complex sza],go = Rpv (JCE(XL <0)
of R-modules, which is a Koszul complex with respect to differentials deduced from

(“tensdj)j=2,...,r-

15.14.12. Lemma.

(1) The natural morphism RFVHO(CK[’Q]SO) — Rpv(gt¥My)<o is an isomor-
phism.
(2) The Koszul complex JC['Q] <o s exact in negative degrees.

(3) The R-module HO(K[.a],go) is flat.

We end the proof of the distributivity property by means of the flatness criterion of

Proposition 15.2.6, applied to Ho(ﬂz[’a] <o0)- Being R-flat by (3), H0(3~<[’a]7<0) is noth-

ing but the Rees module of an (n + 1)-filtration (F,, V.V, ... V() on HO(J%EQ]SO)
(see Exercise 15.1). Furthermore, theses filtrations are those induced by the corre-
sponding ones on (92?04)@). In other words, HO(UNC['Q]’go) = RFVHO(UNCfa]’go) and,
by the first point of the lemma, szv(grgj\/[g) is thus R-flat, which is the desired
distributivity. O

Proof of Lemma 15.14.12(1). According to our preliminary discussion, the natural
morphism H°(X7,, <o
strictly compatible with the filtrations V.*) (i = 1,...,n) and F,, F!. This yields the

first point. O

) — (gr¥M,)<o is an isomorphism, and this isomorphism is

Proof of Lemma 15.14.12(2). We write
K0, <o = (VEM/VEY | M) @c Cla'd,)

with 2/ = (z1,...,2,). We have RpyC[2'd,/] = R[x'0,]. The complex of multi-Rees
modules RFV(K['Q]’Q)) has differentials given by -tens(20z; — 10,,) ( = 2,...,7).
It also comes equip with the filtration G, as in the proof of Lemma 15.14.10.
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As G is bounded below, it is enough to show the exactness in negative degrees of
the complex vang(UC['a] <0)» Which is the Koszul complex of

(n)
RFVng(:K[Oa],go) = (RFng‘ge M) ®Rr RFV(C[nla s 3777’])
(n) ~ ~
= (RFvnge M) ®R R[Th’ S a777']'

In this presentation, the induced action of tensd; is by 1 ® 77;/e; — 1 ® i1 /e1. The
complex R Fv(ngina] <o) is thus identified with the Koszul complex

(n) ~ ~ ~ ~
K((RFVnge M) ®R R[’?la s 3777’]3 (1 & 77j/ej -1® 771/61)]'227“_,7«)'

Since vang;n)M) is R-flat, due to the distributivity property of F,, (V{));c; on M,

this complex reads

(n) ~ ~ 0~ ~
Rrv(grae M) @r K (R, - 0], (7/ej — M fer)j=2,...r)-
Its is straightforward to check that the Koszul complex

K(R[ﬁh ceey ﬁ?‘]’ (ﬁj/ej - ﬁl/el)j=2,4..,r)

is a resolution of R[], hence, using flatness of va(grgémM) once more, we find

that RFV(ngJC[.a],go) is a resolution of va(grg(n)M) ®g R[m]. In particular, its

e

cohomology in negative degree is zero. O
Proof of Lemma 15.14.12(3). From the previous computation one deduces that
. (n)
H(Rev (gr9Kly <o) = (Reverye M) @c Clu],

with the R-module structure induced from that on RFVng;n)M. By the normal
crossing type property of (M, F,M), it is thus R-flat.

The proof of (2) also shows that each complex Rpy (G¢X[,; <o) is acyclic in neg-
ative degrees for any ¢, and an easy induction implies flatness of the R-module
HO(RFv(GqJC[’a],go)) for any k, hence that of H(Rpv(X7,) <o))- O

We now prove the last two properties of Proposition 15.14.11.

Proof that F;V},(f)(ngMg)go X = Fzg%(fll(ng{Mg)@ if b; < 0. Due to the resolution
of Rpry o (gte Mg)<o by Rpy (K, <o) it is enough to check that
Ti FpVb(il)(j{([)a],go) — Fp%(;z1(g<([)a],go)
is an isomorphism for any p, any ¢ € [ and any b; < 0, and it is enough to
prove the same property for jcg,go for any a < 0, which amount to the inclusion
(i i

FpVbiLxg,go C EpV,, )Kg,go " T

On the one hand, by the logarithmic analogue of Corollary 15.12.12 we have, for
bi < 07

VKO <o = (V2,1 M) @ Cla’ ).
On the other hand, by definition,
prg’go = @ FP—“"\ (VQ(Q)M) Xox (x/am’)ka
k>0
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so that, if b; <0
(15.14.13) BV o= EB otk (V1 M) @0y (a/00)".

Since (M, F,M) is of normal crossing type, (15.9.7) yields, if b; < 0,
Fp—\k\ (VDSZi(bifl)liM) = FP—|k|(VoE:j-b,;1iM) * L,

and, on noting the inclusion
ki
(FP—\k\(VcSZJ)rbiliM) (i) ® (20, C [Z Fp—\k\(vfigib,:lim) ® (2:0,)" | - i,

we deduce FpVb(jleg,go C FpVb(l)K0 <0 " Ti, as desired. O

Proof that F’Vfil) (gr¥My)<o - Oz, C FéHV0 (gra My)<o. As above, we argue with
3{2‘7<0 which is contained in XY, and the action of d,, is that on K%. We use

the expression (15.14.13) and we are led to checking that (Fp,‘k‘V( ) M) -0, C

ae—1;

Fyp1kVae! M, which is by definition of the filtrations. O

15.14.c. Explicit expression of nearby cycles with filtration. We revisit the
isomorphism of Corollary 15.13.6 for (M, F,M) satisfying the assumptions of Theorem
15.11.1. For b < 0, we replace (gry M,)p of Corollary 15.13.6 with grv( )(ngMg)

and Mye+p with grae+b3\/[. We still denote by ¢p the morphism

V%M @c Cltdy] — M @c C[td;]

defined by (15.13.6 %), with N = t9; — a and N; = D; — ae;. From the expression

15.12.1 %) it follows, since b < 0, that V. () ®c C[tdy] is sent into V.M, via the
ae+b

ae+b

isomorphism

VachM @e Clidl) = @ Vo2 M e 110]

@ Va:ing ®c 34 EB (a q)e+bM Xc (9?
C M@c Cloy] =M,.
From Proposition 15.13.1 we deduce that the image of VOS:H,M @c C[tdy] in gr¥ M, is
equal to V™ (gr¥M,) and Corollary 15.13.6 identifies more precisely grl ™ (gr¥ M,)
with the cokernel of

(n) (n)
©b 1 gl M @ C[tdy] — grive yM &¢ C[t;].

We equip Vée}rbj\/[ ®c C[tdy] with the filtration

Fy (VLM 2e Cal) = @ Fy-gVilyM e 0]
qz

—>G>BOFP V) e sM @O C F,My N VaMy = F,Va M,
9=z
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The image of the induced morphism

F,(V{™ Mec Cltdy]) — gr¥ M,

«e+b

is thus contained in F,(gry My) N Vb(")(grgj\/[g).
15.14.14. Proposition. This inclusion is an equality.

The main application of the proposition is the next corollary, which extends the
isomorphism of Corollary 15.13.6 to the filtered setting, and thus yields an explicit
expression for the F-filtration on gr}:(n) (gr¥M,).

15.14.15. Corollary. The filtration ofgrv( )(ngMg) naturally induced from F,(gry M,)
(taking into account that (ngMg,F.gra M) is of normal crossing type along D) is

equal to the image of the filtration F, (ngéi)bM ®c C[td]) by the morphism

ng::bM ®c C[tdy] — Coker pp.

Proof of the corollary. Recall that gr(‘l/;:)bj\/[ VOEZ M / Zb,< b Ve +b/J\/[ and similarly
(n) n

gry  groa My = Vb( )ngMg/Zb/g; Vb' gr}x/Mg-
On the one hand, the filtration Fp(gr}l/éj_)bj\/[ ®c C[tdy]) is defined as

(n)
@ qgrxe-&-bM ® tqag’
q=0

and is equal to the image of F,( Ofgibj\/[ ®c C[td:]) in graeH)M ®c Cltdy].
On the other hand, Fpgr};(n gr¥ M, is equal, since (gr¥ M,, F.gr¥ M,) is of normal
crossing type along D, to the image of FpVb(n)ngMg by the projection Vb(n)grgMg —
grl‘;/ - )grg M.
The assertion then follows from the commutative diagram below, where the upper
horizontal morphism is onto according to the proposition:

M @¢ C[tdy]) —» F,V™ etV M,

| |

Fy(gr DM @c Cltdy]) —— Fogry ™ ar¥ M, 0

F(vi?,

Proof of Proposition 15.14.14. We observe that the image of F, ( e +bJ\/[ ®c Cltdy])
in gr¥M,, for b < 0, is contained in (gryM,)<o and is equal to the image of
(VOE;_bM ®0x VO(T)D/X) Vé:lb(chg)M ®0x VO(T)D’X), according to the re-
lation (15.11.3 xx) between the action of z;0,, and that of td; on gr¥ M,,.
By Lemma 15.14.12, RFVUC(O%go surjects onto RF/V(gTXMg)g(), which implies in
particular that FpVb(n) (K2 <o) has image F;V,f")(grgj\/[g)go, where F!(gr¥M,)<o is
the filtration used in Proposition 15.14.11. In conclusion, the image in (ngMg)go of

(V(SZerM ®c C[tdy]) is equal to F, VOEeer(gr M,)<o
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We recall that the filtration F,gry M, is that generated by F!(gry M,)<o. Then,
Proposition 15.9.14(1), together with Proposition 15.14.11, implies in particular that
Fpgrl‘;M N Von)ngM = F’Vo(")ngM Intersecting both terms with Vb(n)grgj\/[g
for b< 0 ylelds that the image in (gr¥ M,)<o of F, (VOEZerM ®c C[tdy]) is equal to
Fogry My N V™ ar¥ . 0

15.14.d. A criterion for the existence of the filtered monodromy filtration

In order to settle the question, we switch to the setting of D x-modules as in
Chapter 9, so that M denotes the Rees module RgM. Our previous results can be
expressed by saying that, under the filtered normal crossing type assumption, M is
strictly R-specializable along (g). We still let N denote the nilpotent endomorphism on
ngJT/tg, which admits a monodromy filtration M(N),. In general, one cannot ensure
that each graded module gr%/I (ngJT/[g) is strict, equivalently, each primitive submodule
Pg(grgﬁ[g) is strict. A criterion for strictness has been given in Proposition 9.4.10:
any power of N should be a strict endomorphism of ngJV[g.

15.14.16. Proposition. Let (M, F,M) be of normal crossing type along D. Assume that
for each b < 0 and for a fized o < 0, the filtered vector space (grg;:_)bM F, grgé+)bM)
underlies a mw:ed Hodge structure such that each N; is a morphzsm of mixed Hodge
structures grae+b3\/[ — grae+bM( 1). Then any power of N : gr/, M — gry, J\/[g is
strict.

" )ngJ\N/[g. We first claim that it is

enough to prove strictness for any power of N for any b < 0. Indeed, assuming this

Proof. Recall the notation Ny for grb "N on gry

property, we argue by induction on #I:

Let us fix ¢ € I. Since (gr}‘:(i) (ngJ\N/[ ), F. grv( )(grgJ\N/[g)) is of normal crossing type
on (D;,J;; D;) for any b; € [—1,0] (see Proposition 15.9.4(1)), we deduce from the
assumption on Np, by induction on #I, that ng( 'N* is strict for any £ > 1. This
means, by definition, that N (¢ > 1) is strictly R-specializable along D;. Corollary
10.7.6 implies then that N¥ is strict in some neighborhood of D;, as desired.

For the strictness of Nf;, it is enough to check that Coker ¢y underlies a mixed
Hodge structure and that Np (hence any N§) is a morphism of mixed Hodge structures

(see Proposition 2.6.8). This is precisely Example 2.6.10(4). O

15.15. Exercises

Exercise 15.15 (Proof of Lemma 15.12.8).

(1) Prove that (aguz — ajuq) is injective on Muq, ..., un] := M @4 Alug, ..., uy)
by using that as is injective on M.

(2) Show that the natural map

FéQ)M[ul, vy U] = Mug,ug, e ug] — Mug, .. ug)/(agus — agug)

is injective.
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(3) Show inductively that

gl (Mlua,... un)/(azuz — ayur)) = (M/(az))ub[ur, us, . .., u,].
(4) Conclude the proof by induction on n.

Exercise 15.16 (Comptibility of (£, VD, ... V(™)) on D).
(1) Consider first the ring Clz](d,).

(a) Show that C[z] decomposes as a C-vector space as the direct sum, indexed
by subsets I C {1,...,n} with complement I, of the spaces C[z <], and thus

Vo™ Cla)(0:) = Clal(wds) = @ Clar)(wd),

ViCal(0.) =@ @ Clarl(wd.)oh

Ty
I £;<ks

FVCE0,) =@ @ @  Cler](xd,) ™0k
I 2;<k;r meN"
[r|+|m|<p

(b) Use this decomposition to show that the ring RpyC[z](0,) is free over
R= (C[Zo,...,zn].
(2) Show that RpyDx = Oxlz0,-...,%n] ®r RrpvClz](dy), and conclude that
RF\/DX is R-flat.

15.16. Comments

This chapter is quite technical. This is mainly due to the nature of the problems
considered. Dealing with many filtrations on an object and understanding their re-
lations is intrinsically complicated. It is intended to be an expanded version of the
part of Section 3 in [Sai90] which is concerned with filtered D-modules. As already
explained, we do not refer to perverse sheaves, so the perverse sheaf version, which is
present in loc. cit., is not considered here.

The main theme for us is the notion of “transversality” between filtrations and its
behavior under the nearby cycle functor. The notion of compatibility of filtrations
has been analyzed in a very general setting in Section 1 of [Sai88]. We have chosen
here to emphasize a more explicit approach in the framework of abelian categories,
and even in the more restrictive framework of categories of sheaves of modules on a
topological space. Furthermore, we mainly focus on the notion distributive families of
filtrations, although we relate it to that of compatible families of filtrations considered
in [Sai88]. We interpret these notions in algebraic terms, that is, in terms of flatness of
the associated multi-Rees module, which is a multi-graded module over the polynomial
ring of its parameters. This approach goes back at least to [Sab87b|. When omitting
the F-filtration, the theory mainly reduces to that of monodromic modules over the
Weyl algebra in n variables and is equivalent to that of monodromic perverse sheaves
as considered by Verdier in [Ver83|.



