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by
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Abstract. We show that if the Stokes matrix of a connection with a pole of order two
and no ramification gives rise, when added to its adjoint, to a positive semi-definite
Hermitian form, then the associated integrable twistor structure (or TERP structure,
or non-commutative Hodge structure) is pure and polarized.
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Introduction

It is relatively easy to produce examples of variations of polarized Hodge structures
on the complement A' \ C of a finite set C in the complex affine line A'. The simplest
ones consist of variations of type (0,0), that is, flat holomorphic bundles on Al \ C
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with a flat Hermitian metric, together with a flat real (resp. rational, resp. integral)
structure, depending on whether the Hodge structures are real (resp. rational,
resp. integral). Equivalently, such variations are in one-to-one correspondence with
R- (resp. Q-, resp. Z-) local systems on A! \ C' whose monodromy representation
takes values in the unitary group (up to conjugation). Other classical variations
arise whenever one is given a projective morphism f : X — Al on a smooth complex
quasi-projective variety X and C is the set of critical values of f, as Gauss-Manin
systems of f.

Recently, a generalization of the notion of variation of polarized Hodge structures
has been considered under the names of variation of integrable polarized twistor struc-
ture (generalizing complex variations of polarized Hodge structures, cf. [27], [24]),
variations of tr-TERP structures (generalizing real variations of polarized Hodge
structures, cf. [9, 11, 14]), and variations of non-commutative Hodge structures (gen-
eralizing rational variations of polarized Hodge structures, cf. [19]); the case with a
Z-structure has also been considered in [15].

The interest of such generalizations comes from the following observations.

(1) While variations of polarized Hodge structures degenerate with regular singu-
larities, the previous generalizations may degenerate with irregular singularities, and
thus can extend the scope of the theory. In particular, Fourier-Laplace transform can
be extended to such objects (cf. [29, 30]) and they form part of the larger family of
wild twistor Z-modules (cf. [25] and also [31]).

(2) Mirror symmetry produces such structures in quantum cohomology (cf. [3, 2,
4, 16).

(3) These structures are convenient to adapt the techniques of classical Hodge
theory (in particular period mappings) to the local analytic settings attached to iso-
lated singularities of complex hypersurfaces (classifying spaces of Brieskorn lattices,
cf. [8, 9, 10, 11, 12, 13, 14]).

An integrable twistor structure consists of a germ of holomorphic bundle on a disc
with coordinate z (say), equipped with

« a meromorphic connection having a pole of order at most two at the origin
(“without ramification”, see below) and no other pole,

« a nondegenerate linear pairing between the underlying local system on {z # 0}
and the pull back by ¢ : z — —z of its conjugate local system (we call such a pairing
a t-sesquilinear pairing on the local system).

These data allow one to construct in a natural way (twistor gluing) a holomorphic
vector bundle on P'. When this bundle is trivial, we say (cf. [32]) that the twistor
structure is pure of weight 0 and polarized.

The Riemann-Hilbert correspondence for meromorphic connections with slope one
(as only positive slope) and no ramification (that we will call below of exponential
type, like in [19], cf. e.g. [30, Lemma 1.5] for the relation with regularity after Laplace
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transform), enriched with such a pairing, allows one to encode the data of the mero-
morphic bundle and the pairing in a block-upper triangular matrix ¥ with invertible
diagonal blocks. It remains to choose, within the meromorphic bundle, a holomorphic
bundle on which the connection has a pole of order at most two. If the connection
is of exponential type, a canonical holomorphic bundle is provided by the Deligne-
Malgrange lattice (with the choice (0,1] for the real part of the eigenvalues of the
residues, cf. §1.d). Therefore, such a matrix ¥ also determines the Deligne-Malgrange
lattice.

Our main result (Theorem 5.8) answers Conjecture 10.2 in [12]: if ¥ as above is
such that ¥ + t3 is positive semi-definite, then the integrable twistor structure it
determines (with the Deligne-Malgrange lattice) is pure of weight 0 and polarized.
Note that if ¥ is real (resp. rational), the corresponding integrable twistor structure
is then a tr-TERP structure in the sense of [9] (resp. a non-commutative Hodge
structure in the sense of [19]).

The question of how to compute as explicitly as possible the ‘new supersymmetric
index’ of Cecotti and Vafa [2] for such a polarized pure twistor structure remains open
(cf. [9, 27, 30, 24] for the definition and some properties in the present setting).

The proof of Theorem 5.8 consists in showing that the integrable twistor struc-
ture determined by ¥ is nothing but the twistor structure associated to the Laplace
transform of a regular holonomic module with a flat Hermitian form on its smooth
part. We essentially identify the restriction of this Hermitian form to the fibre at
some general point with the form defined by ¥ + ‘X. If it is positive, then the flat
bundle has a Hermitian metric, and it follows from [29] that the twistor structure
corresponding to the Fourier-Laplace transform is pure of weight 0 and polarized.

We use the algebraic/analytic version of the Laplace transform, as it is simpler
to prove the Fourier inversion formula in this setting. A topological version of the
Laplace transform (homological with Lefschetz thimbles or cohomological like in [19])
is also available (including the Stokes structure), but at the moment there is no direct
proof of the Fourier inversion formula for it.

1. Polarized pure twistor structure attached to a flat unitary bundle

In this section, we will recall some of the results of [29] in the particular case of a
variation of polarized pure Hodge structure of type (0,0) (flat unitary bundle). The
consequence of these results, given by Corollary 1.5, will be our main tool for proving
Theorem 5.8.

l.a. Sesquilinear pairings on C[t](9;)-modules. Let A} be the complex affine
line with coordinate ¢ and let C' = {c1,...,¢.} C Al be a finite set of points. We
denote by C[t](0;) the Weyl algebra of the variable ¢, by Zp: the sheaf of holomor-
phic differential operators on P!, and by Zp:1(*c0) its localization at infinity, so that
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C[t](ds) = T(P!, Zp1 (¥00)). Recall that the classical Riemann-Hilbert correspondence
gives an equivalence between the following categories (1)—(3), and an extension of it to
2-modules together with a GAGA argument gives the equivalence with (4) and (5):

(1) Locally constant sheaves ¥ of finite dimensional C-vector spaces on Al \ C
(that we call local systems for short),

(2) holomorphic flat bundles with connection (V,V) on Al \ C,

(3) locally free Op:1(xC U {oo})-modules M with regular singular connection,

(4) regular holonomic Zpi-modules .# with singularities at C'U {oo}, which are
minimal extension at C' (i.e., have neither sub nor quotient module supported on C')
and maximal extension at oo (i.e., are Pp1 (*x00)-modules),

(5) regular holonomic C[t](0;)-modules M with singularities at C' and have neither
sub nor quotient module supported on C.

This correspondence extends to a correspondence with sesquilinear pairing as fol-
lows. Let .#’/(Al) be the Schwartz space of tempered distributions on Al. This is
the space of global sections of the sheaf ’Dmed >t of distributions on A} which have
moderate growth at infinity (which can be regarded as the quotient of the sheaf of
distributions on P} modulo distributions supported at infinity). We will also consider
the sheaf Db;;if’d CUr of distributions on AL\ C having moderate growth at C'U{oo, }.

Then, any sesquilinear pairing h : ¥’ ®@c 7" — Cu ¢ between the local systems
#" and ¥" (where 7" denotes the conjugate local system and “sesquilinear” means
that h is a C-linear morphism) induces in a unique way a sesquilinear pairing on the
minimal extensions taking values in the Schwartz space of tempered distributions on
Al and which is linear with respect to the natural C[t](d;) ®c C[t](d;)-action on both
the source and the target. Indeed, it is easy to extend h as a V-flat sesquilinear
pairing V' ®@c V"' — _o» 1-e., which satisfies

h(Vv’,W) = Oh(v',v") and h(v',Vv") = ovdh(v',v")

for all local sections v’,v” of V', V. Since any local meromorphic basis of M can
be expressed with coefficients having moderate growth in any basis of local horizon-
tal sections (according to the regularity of the connection), the pairing extends as a
sesquilinear pairing between A" and the conjugate of A" taking values in the sheaf
of distributions on P} having moderate growth at C'U {oo;} (sesquilinearity means
Dp1 (%00t) ® D1 (*00¢)-linearity). The latter induces such a pairing between the min-

med CUot - A local inspection of the values

imal extensions .#’, .Z" with values in D
of this pairing near the points of C' shows that it can be canonically lifted as a pairing
with values in the sheaf of distributions on P} with moderate growth at infinity only.
Taking global sections on P} gives a sesquilinear pairing M’ @ M" — .#’(Al). Going
in the other direction from M to ¥ is easier.

Let h: M'®@c M" — .#'(AL) be a sesquilinear pairing between holonomic C[t](3;)-

modules. We can view h as a C[t](0;)-linear morphism M’ — Homggr s (M",.'(AL)),
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where the latter module is equipped with the C[¢](9;)-module structure coming from
that on .’/(Al). Tt is known (but not used now) that Homm(ﬂ”,y’(&t))
is also a holonomic C[t](0;)-module (cf. [26, Cor.11.3.4.2]). We will say that h is
nondegenerate if it induces an isomorphism M’ — Homm(ﬁ” L (AL)). If
M’ = M", the definition of “Hermitian” is the obvious one.

Similarly, one can define the notion of “nondegenerate” and “Hermitian” at all
steps of the Riemann-Hilbert correspondence above. It is easy to see that if h :
M' ®@c M" — .#'(AL) is nondegenerate, then so is h : ¥’ @ ¥" (by sheafifying the
morphism M’ — Homm(ﬂ” ,-7"(AL)) and restricting to Al \ C). The converse
also holds, but we will not need it in this article (in a special case the result follows
from Lemma 5.6 below).

Let us also notice that, if a C[¢](9;)-module M has regular singularities at C'U{oco}
and is equipped with a nondegenerate sesquilinear pairing h, then M is a mini-
mal extension at its singularity set C if and only if M has no submodule sup-
ported by C' (a quotient module supported by C' would produce a submodule of
Homm(ﬂ, '(AL)) ~ M supported by C).

Lastly, we remark that if A is Hermitian and nondegenerate on M, it is so on V,
and then it is positive definite at one fibre of V if and only if it is so at any fibre
of V' (because Al \ C is connected). In such a case, V is a holomorphic vector
bundle on Al \ C with a flat Hermitian metric h (so that the connection on V is the
holomorphic part of Chern connection of h). By the Riemann-Hilbert correspondence
(taking horizontal sections), it corresponds to a locally constant sheaf ¥ of complex
vector spaces on Al \ C' whose monodromy is unitary, that is, whose associated
monodromy representation takes values, up to conjugation, in the unitary group. In
particular the representation is semi-simple and, going back through the Riemann-
Hilbert correspondence, the corresponding C[t](0;)-module M is semi-simple.

1.b. Laplace transform and sesquilinear pairings. Let M be a holonomic
C[t](0;)-module and let N = ¥M be its Laplace transform with kernel e~!": by defini-
tion, FM coincides with M as a C-vector space and the C[7](9,) action is defined by
T-m = 0ym, Orm = —tm. It is known (cf. e.g. [21, Chap. V]) that Laplace transform
gives a one-to-one correspondence between regular holonomic C[t](d;)-modules and
holonomic C[7](9;)-modules with a regular singularity at 7 = 0 and an irregular one of
exponential type at infinity, in the following sense. Let us set G = C[r,77}] ®c(r] Frp
and z = 77!, This is a free C[r,7~1]-module of finite rank equipped with a connec-
tion. Then G := Clz] ®c[ G is a free C((2))-vector space with connection, isomorphic
to

@ (677 ® R.)

ceC

(called the Levelt- Turrittin decomposition), where R, has a regular connection and
& .= (Clz],d + cd(1/2)).
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We will denote by Al (resp. Al) the affine line with coordinate ¢ (resp. 7) and by
Fy: . 7"(AY) — 7/(AL)

the Fourier transform of tempered distributions with kernel eﬁf”ﬁdt A dt, and
similarly for F, : &/(Al) — .#/(A}), so that F, ' = F, (where F, has kernel
e”*”idT A d7). Tt is well-known that F; and F, are linear with respect to the

C[t){(0:) ®@c C[t](9;)-action on .’ (AL) and the C[7](8,) ®c C[7](,)-action on .7/ (Al)
via the correspondence 0; < 7, t <> —0, defined above.

Ifh: M'@cM" — #'(A}) is a sesquilinear pairing, we define the Fourier transform
Fp as the composition F; o h. This is a sesquilinear pairing N’ ®@c (¥ N" — .7/(AL),
where ¢ denotes the involution 7 — —7, because *M = .+ FM. Note that we recover h
as F.F;h. We will also set h := 5-Fh. It is important to notice that h (or Th)
is nondegenerate if and only if A is so. This follows from the fact that F} is an
isomorphism.

We also remark that, if M’ = M" = M, h is Hermitian if and only if Fh is
-Hermitian. Indeed, ¢ induces an involution ¢* : .%/(AL) — .#/(AL) and we have
Fy(u) = *Fu for u € .#/(A}). This is also equivalent to h = -=¥h being t-skew-
Hermitian.

i
2w

l.c. A criterion on M asserting that M is a minimal extension. Let M be
a regular holonomic C[t](9;)-module with singularities at C, equipped with a non-
degenerate sesquilinear pairing h. Let N = FM be its Laplace transform and set
G =Clr,771] ®c[s) N as above.

Lemma 1.1. With these assumptions, M is a minimal extension if and only if G has
no rank-one C[r, 7~ 1]-submodule stable by ¥V on which the monodromy is the identity.

Proof. Because of the existence of h, M is a minimal extension if and only if it has
no submodule isomorphic to C[t](9:)/C[t](0:)(t — ¢), with ¢ € C. This is equivalent
to asking that N has no submodule isomorphic to (C[r],d + c¢dr), and it can be
checked that this is equivalent to asking that G has no C[r, 7~ !]-submodule stable by
V isomorphic to (C[r, 77, d + cdr). O

Remarks 1.2.

(1) In particular, if we assume that 1 is not an eigenvalue of the monodromy on
(G, V), then the condition of the lemma is fulfilled and M is a minimal extension.

(2) The condition that N is a minimal extension at 7 = 0 also reads on M: assum-
ing the existence of a nondegenerate h on M (equivalently, of h on N), there should
be no m € M such that dym = 0 (equivalently, (C[t],d) is not a C[t]{0;)-submodule
of M).
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1.d. The Brieskorn lattice of a Deligne lattice. Let M be a regular holonomic
C[t](0¢)-module with singularities at C'. Assume that M is a minimal extension at C.
Assume also that the eigenvalues of the local monodromies of the corresponding local
system ¥ have absolute value equal to one (this property holds if ¥ is unitary).
Let us denote by V> "1 M the free C[t]-submodule of M satisfying the following two
properties:

(1) the connection V on M induces a logarithmic connection on V>=1M,

(2) the eigenvalues of the residues at C' (which are real by the assumption on the
local monodromies) belong to (—1,0].

Because M is assumed to be a minimal extension, it is generated, as a C[t](J;)-module,
by V>~1M.

The Brieskorn lattice Go attached to V>71M is, by definition, the C[r—1]-
submodule of G generated by the image of V>"'M in G via the localization
morphism M = M — G.

Each Ec in the Levelt-Turrittin decomposition of G has a formal Deligne lattice
V>0]§C which is the unique logarithmic lattice for which the eigenvalues of the
residue of the connection belong to (0,1], and therefore (according e.g. to [23,
Prop.2.1]) G has a unique C[z]-lattice V>°G whose associated formal lattice is
Decc (6T ® V>OR,). We call V>OG the Deligne-Malgrange lattice of G at oo.

Lemma 1.3. We have Gy = V>0G.

Proof. 1t is known that C[z] ®c[,] Go decomposes as @ (7 @ (V> "1 M)H), where
(V>=1M)# is the formal microlocalization of V>~1M at ¢ (cf. [28, Prop. 2.3]). The
identification of (V>~1M)# with V>R, is then standard. O

l.e. Twistor gluing. Let (J#,V) be a free C{z}-module of finite rank with a
meromorphic connection having a pole of order < 2 at z = 0. We will assume that
the connection V on the associated meromorphic bundle 7 (+x0) = C({z}) ®cy.y H#
is of exponential type. Let sV denote the local system of horizontal sections of V on
a small punctured disc A* centered at z = 0. Assume moreover that we are given a
nondegenerate t-skew-Hermitian pairing hg : Y ®@c 11V — Ca-, where ¢ is the
involution z — —z.

Using the flat connection V, it is possible to extend in a unique way the previous
objects as analogous objects on the complex line AL#". On the circle |z| = 1, the
involution ¢ coincides with the anti-linear involution o : z +— —1/Z, and hp|g1 can
be used to glue " (dual of J#) with ¢*J#, to get a holomorphic bundle on P!,
that is (as this is compatible with the connection) an integrable twistor structure.
We say that this twistor structure is obtained by twistor gluing of (J#, V, h) (cf. [29,
Def. 1.29]).

An example where the resulting twistor structure is pure of weight 0 (or of some
weight) and polarized is obtained as follows (cf. [29]). Let M be a regular holonomic
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C[¢t]{0:)-module, which is a minimal extension at its singular set C, and which is en-
dowed with a Hermitian pairing h with values in .%/(Al). Then its Laplace transform
FM is a holonomic C[7](d,)-module, with a regular singularity at 7 = 0 and an irreg-
ular one of exponential type at 7 = co. The Fourier transformed pairing “h induces a
t-skew-Hermitian pairing (Yh)z on the corresponding local system #". On the other
hand, we denote by V>9G the Deligne lattice of G = C[r, 7 1|®@ "M at 7 = oo (which
is also the Brieskorn lattice G of the Deligne lattice V>"1M). Setting z = 771, we
can thus apply the twistor gluing procedure to these data. As a direct consequence
of [29, Cor. 3.15] (using that a flat Hermitian bundle is a variation of complex Hodge
structures of type (0,0)), we get:

Proposition 1.4. If the pairing h is Hermitian positive definite on (V,V), then the
integrable twistor structure attached to the previous data is pure of weight 0 and
polarized. O

As a consequence of the previous results we obtain:

Corollary 1.5. Let N be a holonomic C[7]{0,)-module of exponential type at infinity
which is a minimal extension at its single singularity 0 in AL . Assume that

(1) N fulfills the condition of Lemma 1.1,

(2) N is equipped with a i-skew-Hermitian pairing h such that h = —2miF h is
positive definite at one fibre ¢ € C' (set of exponential factors of N at infinity).
Set G = Clr,771] ®cis) N. Then the triple (V>0G,V, —2mih) defines, by twistor
gluing, an integrable twistor structure which is pure of weight 0 and polarized.

Proof. The preliminary assumption means that N = M for some regular holonomic
M (cf. [21, Chap. V] or [30, Lemma 1.5]). Then 1.5(1) is a minimal extension at its
singularity set C' and 1.5(2) implies that the assumption of Proposition 1.4 is satisfied
by (V.V) = (M, V) o 0

2. Stokes filtration and Stokes data

In this section we recall the notion of Stokes filtration as defined in [5] (cf. also
[20], [1], [21]) in the particular case of Stokes filtrations which are of exponential
type. We make explicit the correspondence to the more classical approach via Stokes
data, and we mainly focus on the behaviour with respect to a sesquilinear pairing
(hence also to duality).

2.a. Stokes filtration. Let k be a field (e.g. Q or C). Let .Z be a local system
of finite dimensional k-vector spaces on the circle S! with coordinate . A Stokes
filtration of . is a family of subsheaves Z<. C .Z, with ¢ € C, satisfying the following
properties:



FOURIER-LAPLACE AND TERP STRUCTURES 9

(1) For each § € S1, let <, be the partial order on C which is compatible with
addition and satisfies

c<,0 < c=0or argc—0 € (7/2,37/2) mod 2.

We also set ¢ <, 0 iff ¢ # 0 and ¢ <, 0. One requires that, for each 6, the germs
L« form an exhaustive increasing filtration of % with respect to <,,.

(2) Because the order <, is open with respect to 6, the germs $<ec =
Yo <gc$<ac' glue as a subsheaf Z.. of £. One requires that the graded sheaves
gr, L = Lc./ L~ are locally constant sheaves on S?.

(3) Near any 6 € S', one requires that there are local isomorphisms (.£,.%,) ~
(grZ, (grZ).), where the Stokes filtration on gr.Z := P .o gr.Z is the natural
one, that is, (gr-Z)<co = @C,gecgrc, Z. In particular, gr..Z = 0 except for c in a
finite set C' C C, called the set of exponential factors of the Stokes filtration (£, .%,).

Remarks 2.1.

(1) We simplify here the general definition of a Stokes filtration, as we only deal
with this kind of filtrations. It is called “of exponential type” in [19].

(2) For each pair ¢ # ¢ € C, there are exactly two values of § mod 2r, say 0.
and ¢;, ./, such that c and ¢’ are not comparable at 6. We have 0, ., = 0. +m. These
values are called the Stokes directions of the pair (¢, ). For any 6 in one component
of ST~ {0c.er, 0, .}, we have ¢ <, ¢/, and the reverse inequality for any ¢ in the other
component. We denote these intervals by Sgg - and Scl/< . respectively. If ¢ = ¢/, we
set Sclgc =St

(3) For each pair ¢,c¢, € C, the inclusion jegc, : Sclgco — Sl is open. We will
denote by f[.<., the functor jece, j;<1607 consisting in restricting a sheaf to this open
set and extending the restriction to S* by 0. The filtration condition (1) above implies
that, for each pair ¢, ¢,, there is a natural inclusion fe¢c, L<c — Lo, -

A morphism A : (£, Z4,) — (£, L)) of Stokes-filtered local systems is a morphism
of local systems satisfying A\(ZL<.) C Z¢,. for each ¢ € C.

Proposition 2.2.

(1) On any open interval I C S of length 7 + ¢ with € > 0 small, there exists a
splitting L1 ~ @, gr. £|; compatible with the Stokes filtrations.

(2) Let \ : (&, %) — (£, L)) be a morphism of Stokes-filtered local systems.
Then, for any open interval I C S* of length ® + ¢, the morphism X is graded with
respect to the splittings in (1).

Proof.
(1) We first show that it is enough to prove that, if I is as in 2.2(1), H*(I, Z<.) =0
for each ¢ € C. Indeed, if this is proved, for each ¢ € C, we can lift a k-basis of
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I'(I,gr..2) as a family in I'(I, Z¢.), and we get a morphism gr,.¥ — Z¢.. It in-
duces on I a morphism @, gr. £ — £. Firstly, this morphism is an isomorphism:
indeed, as both sheaves are (constant) local systems on I, it is enough to check this at
one point #; considering a splitting of . at 6, one checks that the matrix of this mor-
phism is block-triangular, and the diagonal blocks are equal to the identity. Secondly,
this morphism induces the splitting on each Z¢., (¢, € C): indeed, for every c € C,
we have a natural inclusion B¢, gr. L — Bege,-L<c — ZL<c,; We therefore get a
morphism @ . Be<e, 8. L — L<c,, which is seen to be an isomorphism on stalks.

Let us now prove H'(I,%-.) = 0. Let C = {c; | i = 1,...,7r} be the set of
exponential factors of (., .%,). We will prove more generally that H!(I, Z-.) = 0 for
every open interval I which contains at most one Stokes direction for every pair (¢;, ¢;)
with ¢;,¢; € C. This is the case for I considered in 2.2(1). The proof is by induction
on the number of Stokes directions in I. If this number is zero, the result is clear since
Z.. is then a local system on I. Otherwise, decompose I as I' UI"” where I' N I"
contains no Stokes direction and I’, I contain less Stokes directions than I does. By
induction, (I’,I") is an acyclic covering for .Z~., so we can compute H'(I,.%-.) with
this covering, and we have a splitting on both I" and 1", as Z.;» ~ @, Be, <c 8., L1
and similarly for I"”.

Any section s € I'(I' N 1", Z..) decomposes as s = @, s;, and s; = 0if ¢; £ ¢
on I’ N I". Moreover, the decomposition on I’ shows that, if I’ contains no Stokes
direction of the pair (c;, c), then, as 3., <. gr., L = gr., £ is a local system on I,
s; extends as a section of Z.. on I’, and similarly for I”. By our assumption on I,
for every i, either I’ or I"” contains no Stokes direction of (¢;,¢). This shows that s;
is a coboundary, and thus H'(I, Z..) = 0. O

(2) By the first part of the proof, choosing a splitting of the Stokes filtration of .#
on I allows us to decompose A into blocks \;; : gr.. & — gre, Z'. Each \;; is a
morphism of local systems. In particular, it vanishes identically if and only if it
vanishes at one point. By assumption, the interval I contains one (and exactly one)
Stokes direction for each pair (¢;, ¢;) with ¢ # j, which is a 6, such that ¢; and ¢; are
not comparable with respect to <, . Then, for 6 on one side of 6,, one has ¢; <, ¢;
and, for 6 on the other side, one has the reverse inequality. Since A is compatible with
the Stokes filtration, this implies that \;; (¢ # j) vanishes on some nonempty subset

of I, and therefore all over I. O]

Remark 2.3. The proof of 2.2(2) still holds if A is only defined on I. Tt shows in
particular that, for such an I, the decomposition of 2.2(1) is unique.

Proposition 2.4. The category of Stokes-filtered local systems (£, %,) is abelian.

Proof. Let A: (&', %)) — (£, .%.) be a morphism of Stokes structures. Firstly, Ker A
and Coker A are local systems on S'. Moreover, on any open interval I of length
T+ ¢, A is graded, according to 2.2(2). This easily implies that, on each such I, the
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kernel and the cokernel of A : &/ — &, are Stokes filtrations of Ker A and Coker A
respectively, so that Ker A and Coker \ exist as Stokes-filtered local systems, and the
morphism of the co-image to the image of A is an isomorphism, so the category is
abelian. 0

Let Al be the affine line with coordinate 7. From [5] (cf. also [20], [1], [21]), we
get:

Proposition 2.5. If k = C, there is an equivalence between the category of meromorphic

connections on AL with a reqular singularity at 7 = 0 and of exponential type at
T = 00, and the category of Stokes-filtered local systems (of exponential type) on the
circle at infinity SL of AL. O

Of course, this result gives back the abelianity result of Proposition 2.4 (proved
directly for any field of coefficients).

2.b. Stokes data. These are linear data which provide a description of Stokes-
filtered local system.

Definition 2.6. Let C be a finite subset of C. The category of Stokes data with
exponential factors in C has objects consisting of two families of k-vector spaces
(Ge1,Ge2)cec and a diagram of morphisms

S
—
(2.6)(x) P CGes SPASEE
C w (&
S/
such that, for some numbering C = {c1,..., ¢},

(1) S = (Sij)ij=1,...n is block-upper triangular, i.e., Si; : G¢, .1 — G, 2 is zero
unless 7 < j, and Sy; is invertible (so dim G, 1 = dim G, 2, and S itself is invertible),

(2) 8 = (ng)i,jzly___m is block-lower triangular, i.e., ng
unless ¢ > j, and SJ; is invertible (so S’ itself is invertible).

0 Ge,n — G, 2 s zero

A morphism of Stokes data consists of morphisms of k-vector spaces Ac¢: Geo —
G4 c € C, € =1,2 which are compatible with the diagrams (2.6)(x).

Fixing bases in the spaces G. ¢, c € C, £ = 1,2, allows one to present Stokes data by
matrices (X,%’) where ¥ = (%;); j=1,....n (resp. X' = (Egj)i,jzlv___m) is block-upper
(resp. -lower) triangular and each ¥;; (resp. ;) is invertible.

The category of Stokes data with exponential factors contained in C' is clearly
abelian. We will now define a functor from the category of Stokes-filtered local sys-
tems with exponential factors contained in C to the category of Stokes data with
exponential factors contained in C, and we will show that it is an equivalence. In
the next section, we will show that it is compatible with natural operations on these
objects (involution ¢, duality, sesquilinear duality).
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The functor depends on the choice of 6, € S', which is not a Stokes direction
(cf. Remark 2.1(2)) for any pair ¢ # ¢/ € C. Once 0, is chosen, we choose a numbering
of the ¢ € C in such a way that ¢; <, c2 <, -+ <, c¢.. We will set 0, = 0, + .
Note that the order is exactly reversed at 6,,.

Let us also fix two opposite intervals I; and Iy of length 7 + & on S' so that their
intersection I3 N o consists of two intervals (6, — ¢,0, + ¢) and (8, — £,0, + ¢), and
contain no Stokes direction of pairs ¢ # ¢’ € C.

To a local system . on S! we attach the following “monodromy data” (they are
quite redundant):

(1) vector spaces Ly =T'([1,.%) and Ly =T'(I3, %),

(2) vector spaces Lo, = Zp, and Lo, = L1,

(3) a diagram of isomorphisms, given by the natural restriction morphisms,

Ly
N
g Ly,
PNZ
Lo
This reduces to two possible descriptions:

(a) (L1, L2, Sp,, Se,), with isomorphisms Sp,,Sg, : L1 — Ly and monodromy
T, : Ly = Ly, where

Sp, = a;lal, S@; = a'{la'l, T = 59_0150;.
(b) (Lo,, Loy, S1,52) with isomorphisms S1,5; : Lg, — Lg, and monodromy
Tgo : Lgo AN L907 where
Sy =dlayt, Sy =adahayt, Ty, =S;'S.

Assume now that (Z,.%,) is a Stokes-filtered local system with associated graded
local system ¥ = gr ¥ = @;1 9.,. The filtration L., induces a filtration on Ly,
and, through aq, a filtration L1’<9 c of L1. We have a similar filtration attached to
0. ’

We have splittings (cf. Proposition 2.2(1) and Remark 2.3):

($7$o)\11 ~ (g7go)\117 ($7$0)|12 = (g7g0)|12’

giving isomorphisms
T T

(27) Ly ~ @ Gci,la Ly~ @ Gci,Q
i=1 i=1

compatible with Stokes filtrations, and such that Sp, (resp. Sp:) is compatible with
the order at 6, (resp. 8/) and the graded morphisms are isomorphisms. Taking into
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account the assumption on the ordering of the c;, this is equivalent to saying that
Sp, is block-upper triangular, Sp is block-lower triangular, and each diagonal block
gre, So,, gre, Ser is an isomorphism. In such a way, we have defined the desired functor
(to check the compatibility with morphisms, use Proposition 2.2(2)). The Stokes data
attached to (&, .%,) are given by the diagram:

So,
T T
(28) @ Gci,l @ Gci,Q
i=1 ~— ey i=1
Sor

Note also that the monodromy T, on gr. .Z is given by T, 1 = (gr., So,) " gr.. So/
(this is of course not obtained from the blocs of 71 = Se_olsgé in general).

As a consequence of the previous discussion we can state the following classical
result (the bijection at the level of Hom follows from Proposition 2.2(2)):

Proposition 2.9. The previous functor is an equivalence between the category of Stokes-
filtered local systems with exponential factors contained in C' and the category of Stokes
data with exponential factors contained in C. O

Definition 2.10. We say that the Stokes data (2.6)(x) do not satisfy the minimality
property if there exist ¢ € C' and v € G.; in such that S(v) = 5'(v) € G, 2.

Notice that, if S—S’ is invertible, the minimality property is automatically satisfied.

Lemma 2.11. Under the equivalence of Proposition 2.9, the Stokes data attached to
(&, %) satisfy the minimality property of Definition 2.10 if and only if (£,%.)
has no subobject (£, Z)) (in the category of Stokes-filtered local systems) such that
YL =kg.

Proof. A subobject (&', %)) of (£,%,) corresponds to a subdiagram of (2.8) com-
patible with the splittings (2.7). The condition in Definition 2.10 amounts to the
existence of a subdiagram

Se,
m
k-v k - (Sp,v)
Y
Sgg

of (2.8) with v € G, 1 and Sp,v = Sp;v € G, 2, therefore compatible with the
splittings (2.7), and v € Ly satisfies Tiv = v. Therefore it corresponds to (£’,.%)) C
(&, %,) with &' = kg1 O
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3. Natural operations on Stokes filtrations and Stokes data

3.a. Involution. Let : be the involution z — —z, which is induced on S' by § —
0’ .= 0 + 7. Given a Stokes-filtered local system (.Z,.%,), we define .1 (%, .%,) in
the following way:

« the corresponding local system is : 1%, so that (:71.%)y = Lo/,

« the filtration (:~1.%), is defined by (:71.%) <. = 17} (F<_.), hence (171 L) <o =
fgfcﬁgf.
Note that the filtration defined above is increasing, that is, ¢/ <, ¢ <= —¢ <, —C
The monodromy data L_I(Ll,LQ,SQG,Sgg) of 1 71.Z are given by (Lg,Ll,S’(;o17S&1).
The Stokes data of :=1(.Z,.%,) are given by ’

Sg!
T T
1 ~1(2.8) PG, D Ge.n
i=1 —yi=1
Sp.!

and one should write G, 2 = (t7'G)_, 1, and vice-versa, to understand that S@l is
upper triangular. ’

In other words, defining the action of ¢ as above on the category of Stokes data with
exponential factors contained in C', the equivalence of Proposition 2.9 is compatible
with ¢.

3.b. Duality. Let (.&,.%.) be a Stokes-filtered local system. The dual local system
£V comes equipped with a Stokes filtration (.£"), defined by
(gv)éc = ($<—C)J_7

where the orthogonality is relative to duality. In particular, gr.(£Y) = (gr_.-2)".
The monodromy data (Li, Ly, Sg,, Se: )" are given by (Ly, Ly," e_ol,tSQ_,l), where S
denotes the adjoint by duality of S. The Stokes data are given by

tsei)l
T T3
(2.8)" B (Gen)” D (G, 2)"
i=1 —ya=1
tS@_gl

where tS(;Ol is upper triangular if one sets (Ge, k)” = (G¥)—_¢, k, k = 1,2. Let us define
duality in the category of Stokes data by the previous formula. Then the equivalence
of Proposition 2.9 is compatible with duality.

Let us now compare with Poincaré-Verdier duality of sheaves on S'. For a sheaf
Z on S1, we denote by D.¥ = R #omy(F,ks:[1]) its Poincaré-Verdier dual and by
D% = R #omy(F, ks1) the shifted complex. We clearly have D'.¥ = £V,



FOURIER-LAPLACE AND TERP STRUCTURES 15

Lemma 3.1. For each c € C, the complexes D' (L<.) and D' (L | Lx.) are sheaves and
DN(Z ) L<c) = (‘=g<6)L = (L)<=

The first statement means that #*D'(Z<.) = 0 if k # 0, and thus D'(ZL«,.) is
quasi-isomorphic to D (Z<.) = #Homy(F,ks1) and similarly for £/ L.

Proof. The first assertion is local on S*, so we can assume that . is split with respect
to the Stokes filtration. Near 6, € S', we therefore only need to consider three cases:

(1) L. is a local system on (6, — ¢, 6, +¢),

(2) Z<c=0o0n (0, —¢,0, +¢),

(3) Z<c = 5%, where Z is a local system on (6, —¢,0,) and j : (6, —€,0,) —
(0o —€,0, + €) is the open inclusion.
The first two cases are clear. For the third one, note that D'j.% = j..£ZV.

The argument for D' (¥ / Z«.) is similar (but goes in the opposite direction in the
third case). We conclude that we have an exact sequence of sheaves

0 —D(¥Y/%.) — DY —D (%) — 0,

hence the last assertion. O

3.c. -Sesquilinear forms. We assume here that k = C (or that k has an involution,
that we denote by ). Let h : £ ® 171 — k be linear, where .Z denotes the
conjugate of . with respect to the involution (in what follows, one can assume that
the involution is the identity and get similar results for t-bilinear forms). We call h a
t-sesquilinear form on .Z. Using the previous monodromy data, giving h amounts to
giving two sesquilinear forms

h1§5L1®ZQ—>k7 h2TIL2®Z1—>k

such that, considering them as morphisms Ly — LY and L; — Ly, the following
diagrams commute (defining hg,, hg: )

~— hs3 ~ hys
T, 12, Ly Lo 12 LY
{0 e
> h ¥ hy
(3:2) Lo, & Lg, Ly, —— Lo,
S
— hy — hyy
L,— Ly L, — L3
that is,
(3-3) hzT('a ') = h12(50 '750;') = h12(59/ *, Sp ')
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In particular, h,; determines h,;5. We say that h is nondegenerate if it induces an
isomorphism (~1.% 5 £V, that is, if hy; (hence h;5) is nondegenerate. We say
that h is t-skew-Hermitian if :~*h = —h (with an obvious meaning), that is, if

(34) hzT(.’EQ,fl) = —h1§(x17fg).

Remark 3.5 (Various forms of h). It will be useful to read h in the spaces Ly,, Lj or
only in L;. We will make explicit the formulas between the various forms. We denote
by x1,y1 general elements of Ly, x,y of Ly, and z’,y" of Ly . Firstly, (3.2) gives

(35)(&) heo (l‘,?) = hli(al_lxa al2_1y/) h9£, ('rlvy) = hli(all_l'rlv a2_1y)'
Let us define h’, h’ : L, © Ty — k by
_ -— 0! _ —_—
(3.5)(b) his(z1,7,) = hyz(z1, S6,91) hi$(@1,51) = hyg(@1, Soyy1)-
Then
0’ _ —_—
(35)(C) hl%(l‘la yl) = hf%(xh lel)a
and (3.3) is equivalent to
e _ 0! — 0! _
(3.5)(d) h’s(Tyzy, Thyr) = h72(21,7,) hie(Tiay, Tryr) = hi%(21,7;)
We also get

_— —— 6! _ __
(3.5)(e) h’ (21, Tryr) = he, (arz1, ajyr) h2(T121,71) = hey (a)z1, @rgn).
Moreover, h is t-skew-Hermitian iff
_ 07 _
(3.5)(f) h? (y1, 1) = —h{2(x1, 7).
Remark 3.6 (The form induced on Im can). Let us set can; := Id—-T7 : L1 — Li. We
have the following relations
h%s (21, can gn) = hie (21,7,) — % (21, Tryn)
(3.6)(a) T
- hl%(x17y1) - hl%(x17y1> a‘fter (35)(C)7

and similarly
0! _ 0, _ .
(3.6)(b) hi$(cany 21, 7) = hi3(21,7,) — hf%(xlayl) = —hf%(xl,canl 1)

Let us set F; = Imcan;. Then hf% defines a sesquilinear pairing h?% on F by setting,
for ui,v; € Fy and u; = cany x1, v1 = can; y; for some z1,y; € Lq:

hie(uy,01) == h’2 (21, 71).

This is independent of the choice of z1: if canz; = 0, we deduce from (3.6)(b)

’

_ — 6 —
(21,71) = hi (21, ey g1) = —h[%(cany 21,7;) = 0.

0o
h 11

1T

0’ _ 0’ _ 0’ _ _
We also set hl%(ul,vl) = hﬁ(ul,canl 71). Then hﬁ(ul,vl) = fh‘f%(ul,vl).
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If h is nondegenerate, then so is h% on Fi: assume that hf%(ulﬂl) = 0 for all

11
v1 € Fi. Then h?%(xl,canl y1) = 0 for all y; € Ly, and as above this implies that
up = cany r1 = 0 since hf% is nondegenerate on L.

Lastly, if h is t-skew-Hermitian, then h% is Hermitian on Fi: we have

_ _ _ 0, _
hi2(v1,11) = h2(yy, ey 1) = hi3(y1, T1) — h 2 (y1, T1)

0! _ Y0, —
= 7hl%(‘r1ayl) + h?%(xlvyl) after (35)(f)
= hf%(ul,il).

3.d. :-Sesquilinear forms on Stokes-filtered local systems and Stokes data.

If (£,%.,) is a Stokes-filtered local system, we say that h is compatible with Stokes
filtrations if the induced morphism :~1.Z — £V is so. By Proposition 2.2(2), h,5 and
h,7 are block-diagonal. Similarly, given Stokes data (C,G,S), a t-sesquilinear form
on it consists of sesquilinear pairings h%) : Ge;1 @ Ge, 2 — k (and similarly for h,g)
which are compatible with the diagram (2.6)(x) in a natural way. In other words, the
equivalence of Proposition 2.9 is compatible with ¢-sesquilinear forms.

Let us fix ¢ € C such that

(a) gr..Z =0 (that is, L. = Z¢.).
According to (a), the morphism h : .1 — £ induces
he: 1 (L) = (T D) e — (L)oo = (Zeo) ' = (L) Z<0),
that we consider as a pairing
(3.7) he': (£ L) 917 (Pee) — ks
Moreover, if h is nondegenerate, then h. is nondegenerate in the sense that h. induces

an isomorphism

(38) L_l(ygc) ; D/(g/ggc) = %omk(f/fgc,ksl) = (g/ggc)v.

3.e. Description at 6,,0/. Let us fix bases of G, x, k =1,2,4=1,...,r, in such
a way that the matrix of h%) is the identity. If we denote by ¥g,, ¥, the matrices of
S, Se; in these bases (recall that ¥, is block-upper triangular and X is block-lower
triangular), then the matrix of h% is 3y, , that of hf% is fgxu. Moreover, according to

(3.5)(f), h is t-skew-Hermitian iff
(3.9) So = —'%

The results of Remark 3.6 can be read in Ly, via a1,a] : Ly = Lyg,, Lg; . We set
can : L% — Ly, = 51_1 — 52_1 and F' = Imcan C Lg,. Then hg, : Loy @ Lo, — k
induces hg, : F'® F' — k by setting hg: (u,7) = hg (2',7) for some (or any) =" € Lg,
such that canz’ = u. As above, one checks that if h is nondegenerate (resp. t-skew-
Hermitian), then hg: is nondegenerate (resp. Hermitian) on F.
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Corollary 3.10. Assume k = R or C. If h is nondegenerate and ¢-skew-Hermitian,
and if the Hermitian matriz S, + 'Y, is positive semi-definite, then hg: is positive
definite on F.

Proof. Since hy: is nondegenerate, it is enough to show that hg: (u,u) > 0 for all
u € F. Set u = canz’ and 1 = a} '2’. Then

= P =1, 1 a-1
ho: (u, @) = hg, (2", cana’) = h5(a] 2’ a; (ST — 95)z').
Now,
ay 'Sy 'a = ay 'Sy tal = Sp,z1 and  ay 'Sy 'a’ =ay 'Sy 'alwr = Sy,

hence hg, (u,u) = hiz(z1, (S, — Spr )x1). Since h is t-skew-Hermitian, the matrix
of hyz(s, (Se, — Ser)e) is Xg, + ‘g, after (3.9), which is positive semi-definite by
assumption, hence hg: (u,) = 0. O

3.f. Sesquilinear forms on the cohomology. We now fix ¢ € C such that

(a) gr, 2 =0, and

(b) there exists 6, € S such that ¢; <, ¢ for any ¢ (that is, all the ¢; lie in an
open half-plane with boundary going through c¢).

Let us first compute the cohomology.

Lemma 3.11. We have H*(S', %<.) =0 if k # 1, H*(S', %/ %<.) = 0 if k # 0 and
the exact sequence 0 — L<, — £ — L/ ZL<. — 0 induces an exact sequence

0 — HY(S',.%) — H(S', L)L) 22 HY(S', L) — H'Y(S', %) — 0.

Proof. We compute the cohomology with the covering (I3, I). Then H*(I;, %<.) =0
for any k (and similarly for I5): indeed, because of (a), there is a Stokes direction
in I; for the pair (¢, ¢;) for each 4, and according to the splitting given by Proposition
2.2(1), L<1, decomposes as the direct sum of sheaves, each of which is constant on
a proper open interval of I; and 0 on the complementary set, which is also connected;
the assertion follow from the vanishing of H(ko,l)([O7 1),k) for any k. We also have
HE(I, N Iy, L<.) = 0 for k # 0 and H(I; N Iy, %<.) = Ly, after (b). We conclude
that Hl(Sl,ggc) = HO(Il N Ig,ggc) = Lg,.

Similarly, H*(I;,¥/%<.) = 0 (j = 1,2) for k # 0 follows from the similar
vanishing of H¥([0,1),k). We also have H*(I; N I,¥/%<.) = 0 for k # 0 and
H(Iy NIy, %) %<.) ~ Lg,. Moreover, the restriction morphisms H°(I;, £/ %c.) —
HO(I, N Iy, £/ Z%<.) are isomorphisms. Therefore, the Cech complex

H(1I,, %) %<.)® H (I, £ ) L<.) — H (I, N I, L) L)

has cohomology in degree 0 at most. O
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Corollary 3.12. If ¢ satisfies Assumptions (a) and (b), the natural pairing induced
by he:
(3.12) (%) he: H'(S', 2/ L) @ HY(S', . ' P <.) — H' (SY k) =k
is nondegenerate and corresponds to hg: , via the isomorphisms

HO(SI,X/fgc) AN Ho(Il N Ig,f/fgc) = Lg(/)

Hl(Sl, Lilygc) = HO(Il N1y, Lilygc) = Zgo.
Proof. That the pairing h. of (3.12)(x) is nondegenerate a priori follows from (3.8).
But this can also be obtained from the second part of the corollary, that we now
prove with details. Let us consider the covering (I1,Iy) of S with 6, as in (b)
above. As a consequence, .Z = 2/ ZLc. and 4 := L_lygc are local systems in some
neighbourhood of I; N I5. Let us also denote by € the constant sheaf kg1, and by
g1 :Iy = S, §y i Iy — St j15 1 I} N Iy — S! the open inclusions. Given a sheaf F
on S, we set F, = jui, ' F (a=1,2,12), F° = F; © Fo, and F1 = F15. We have a
Mayer-Vietoris complex

—>3‘~1, 5(U1,UQ):U1—UQ.

The following is easy:

Lemma 3.13. Let F be a sheaf on S*. If F is a local system in some neighbourhood of
I, N I, then the Mayer-Vietoris complex is a resolution of F on S*. O

We will apply this lemma to %#,¥4,%. The simple complex s(%°®%°) is therefore
a resolution of .# @ ¢. The pairing h. : F ® 4 — ¢ extends as a morphism of
complexes h : s(F* @ ¥*) — €° as follows: we set
h: Z009° = (7 6.%) 0 (4 &%) — 6° = (66 %)
(u1,u2) ® (v1,v2) — (h(u1,v1), h(uz,v2)),
W (F o9 e (Flog®) — ¢!
1

([(U1,U2) ® ?112], [U12 ® (U17U2)]) Y {h(m + g2, v12) + h(ui2,v1 +v2)|,

h? =0
where we implicitly have extended h to pairings %, ® 4, — k, a € {1,2,12}.
Lemma 3.14. The resolution s(F°* ® 9*) of F @9 is I'(S*, «)-acyclic.
Proof. 1t is similar to that of Lemma 3.11. O

Clearly, €* is also I'(S1,+)-acyclic. As a consequence (cf. [7, Th.I1.4.7.2]), the
morphism h,. is expressed by taking H' of the morphism of complexes

(S',h)

S(F(Sl,f') ® F(Sl,g')) — T(SL,s(F 29°%)) RACKLYN r(st,¢*).
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Using that T'(S',%°) = 0, after Lemma 3.11, we regard h, as the composition

el
(S, 7% @ (S, 91) — > T(S!, Z° @ 91) " (5L, 6)

|

HO(SY, F) ® HY(S',9) H'(S', k)

Let (u,u) € HO(Sl,g‘\) - F(Sl,fl)@F(Sl,ﬁg) = LQQ@LQZ) and let v € Hl(Sl,g) =
I'(I; N I5,%) = Ly,. Using the previous formula for h', (u,u) ® v is sent to ho: (u, v)
in the component ke of I'(I; N Iz, k) and to 0 in the component ky,. The second
assertion of Corollary 3.12 follows. O

3.g. A Hermitian pairing on the cohomology. We continue to assume that c
satisfies Assumptions (a) and (b) of §3.f. Let us first make explicit the middle mor-
phism in the exact sequence of Lemma 3.11.

Lemma 3.15. Through the natural identifications H°(S', %/ %<.) — Lg and
H'(S', Z<.) = Ly,, the natural morphism can : H°(S', ¥/ %<.) — H'(S', Z<.)
is identified with S;* — Sy' : Ly, — Lo, .

Proof. We can get the exact sequence of Lemma 3.11 from the following exact sequence
of (vertical) Mayer-Vietoris complexes:

0 0 'L, Z)el(h,Z)»T(Lh,2]%<) T2, L) L<c) » 0

| | J

0- F(Il n ]Q,XQC) e F(Il n IQ,D%) _— F(Il n 127$/$<c) —0

Given u € I'(I1,.¢/%<.) ~ Ly, its lift in T'(I;,.£) =~ Ly, is S; 'u. Then (u,u) €
Lgs @ Ly, is lifted as (Sy'u, S5 'u), and its image in T'(I; N I>,.%) ~ Ly @ Ly, is
(u, (S1" = Sy Ju). -

Let F. = Imcan C H'(S!, %<.). According to Corollary 3.12, Lemma 3.15 and
Remark 3.6, the sesquilinear pairing h,, as defined by (3.12)(x), induces a sesquilinear
pairing
(3.16) h.:F,.F, —k
by setting h.(u,v) = h.(2’,7) for some (or any) 2’ € H(S!, ¥/ %<.) such that

canz’ = u. Moreover, if h is nondegenerate (resp. t-skew-Hermitian), then h. is
nondegenerate (resp. Hermitian) on F,.. From Corollary 3.10 we get:

Corollary 3.17. Assume k = C and the involution is the conjugation, or k =R or Q
and the involution is the identity. If the invertible matriz Xg, is such that the Hermi-
tian matriz $q, + g, is positive semi-definite, then h. is positive definite on F. [
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4. Minimal constructible sheaves on P' with Stokes structure at infinity

In this section, we set X = Al U SL (with respect to the setting of §1.b, the
coordinate on Al should be denoted by 7). The inclusions are denoted by j : Al — X
and iy : SL < X and the projection X — P! by w.

Let .% be a constructible sheaf on A! with finite singularity set X. Its extension
JooxZ is a sheaf on X whose restriction to X \ % (hence also to S ) is a local system.

Definition 4.1. By a Stokes structure at infinity (#,.%,) on .# we will mean the data
of a family of subsheaves F¢. (c € C) of j «.% such that

(1) for each c € C, j ' F<. = 7,

(2) the family .%, := i }.Z, of subsheaves of . :=ij «.F is a Stokes filtration
of the local system .Z as in §2.a.
We also say that (&, .%,) is a Stokes-filtered constructible sheaf on A!, understating
that the Stokes filtration is at infinity.

Recall that a sheaf on X can be defined through its restrictions to Al and Sl and
gluing data. In such a way, the inclusion <. — Z¢. determines a unique subsheaf
F <. of F<. whose restriction to Al is .Z and that to SL is Z..

We define in this way a category, for which the morphisms are morphisms of sheaves
A Z — Z' such that i }j A is a morphism of Stokes-filtered local systems. As a
consequence of Proposition 2.4, this category is abelian.

Lemma 4.2. Let (7 ,.7,) be a Stokes-filtered constructible sheaf. Then for each ¢ € C
the complex i', F<. has cohomology in degree 1 at most and (i, Fe.) = L) L.
A similar assertion holds for F ...

Proof. We have Rjoo «F = joo«# and the distinguished triangle

i T e — i oo — i Tee[l]

reduces to the exact sequence
0 —Yce — & — L/ Lcc —0,

showing that i\, .#<.[1] has cohomology in degree 0 at most, this cohomology being
equal to £/ L. O

In the following, we only consider constructible sheaves .# for which the singularity
set ¥ is reduced to {7 = 0}. We denote by jo the inclusion Al \ {0} — Al. We say that
F or (F,.Z7,) is minimal (or middle extension) if Z = jg.jo *Z (by our assumption,
jo 1.7 is a locally constant sheaf on Al \ {0}).

Lemma 4.3. Given a Stokes-filtered local system (£,%,) on Sk, there exists a unique
(up to unique isomorphism) minimal Stokes-filtered constructible sheaf (¥, %,) such
that (£, 2L,) = (it joosF it Fu).
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Proof. For the existence, let us denote by 7 : A\ {0} — SL the projection (quotient
by R%). Set F* = n7'% and .F = jo..Z*. Then ijo .7 = £ and the inclusion
%, — £ determines a unique subsheaf .Z, of ju ..# such that i).Z, = %, and
JtZ. = 7.

Given two such objects (&, %,) and (%', Z!), the identity morphism ¥ = &
extends in a unique way as an isomorphism .#* ~ .%"* and then as an isomorphism
Jo,«F* =~ jo . F"™, proving the uniqueness. The uniqueness of the isomorphism in-
ducing the identity . = .Z is also clear. O

Concerning the compatibility, through the equivalence of Lemma 4.3, of the oper-
ations considered in §3, let us notice that compatibility with twist and involution ¢
is straightforward. For the duality, we will check it now. Before doing so, notice
that, for each ¢ € C, we have a natural morphism j 1.# — %<, which induces, after
applying i', and after Lemma 4.2, the surjection .¥ — ¢/ %..

Recall that the dualizing complex on X is jeo1ka[2]. If 4 is a sheaf on X, we
denote by D(¥) = R Hom(¥Y, joo 1k [2]) its Poincaré-Verdier dual, and by D'(¥) =
R s#om(9, joo1kar) the shifted complex. As in §3.b, we say that D'(¥) is a sheaf to
mean that the complex D’(¥) has cohomology in degree 0 at most. In such a case,
we identify D'(¢) with the sheaf Som(¥Y, joo 1k ).

Note that, on Al, if .% is a minimal constructible sheaf as above, I.Z is a sheaf,
which is constructible with singularity at 0 at most, and is minimal. We will denote
it by V.

Proposition 4.4 (Duality). The category of minimal Stokes-filtered constructible sheaves
is stable by Poincaré-Verdier duality (up to a shift by 2). More precisely, for each
object (¥ ,.Z.),

(1) D' (joo,F), D' (F<c) and D' (F<.) are sheaves for each ¢ € C,

(2) the dual D' (F<e) = D' (Joo, ) F ) = Joo,«F " of the natural morphism joo 1. F —
F<e 18 injective for each ¢ € C, and similarly for F..,

(3) the family (F<.)cec of subsheaves of joo«F " defined by FZ. = D'(Fc_.) is
a Stokes filtration at infinity of F, for which F., =D'"(F<_.).

Proof. Its is classical that Djo 1.# = Rjoo D%, and hence IV joo 1.F = Rjoo D' F =
Joo,xF Y. For each ¢ € C, we have (cf. [18, Prop. 3.1.13])

it D (Feo) = RAom(i) Feorityfoorkn)

oo

(45) 1 -—1
= RAom(i Fee, kst [—1]) = D' (i) Feo)[—1]

and by biduality, we have D' (i, Z<.[1]) = i D' (F<.).

Lemmas 3.1 and 4.2 show that D'(iL, F<.[1]) = D'(¥/Z<.) and D' (i} F<.) =
D' (Z«.) have cohomology in degree 0 at most. Arguing similarly for .., this implies
the remaining part of 4.4(1).
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The assertion 4.4(2) needs only be checked SL , and by duality, according to (4.5),

it amounts to proving that 1 (i'_joo 1. 7) — S (it, F<.) is onto. This follows from
Lemma 4.2.
Now, 4.4(3) follows from Lemma 3.1. O

Let h be a t-sesquilinear form on .%, that is, a pairing .# ®:~ "% — k. It extends
in a unique way as a nondegenerate t-sesquilinear pairing h : joo 1. % ® 1t JoouF —

Joo,kx and defines a morphism joo 1.% — D/ (joo «% ). Arguing as for (4.5), it induces
a morphism i}_jo 1. Z[1] ~ L — D (il joo «F) = £, and thus a sesquilinear pairing
hoo : L ®L — ksi . Arguing as in Lemma 4.3 one gets that h is nondegenerate, i.e.,
F — '(.F) is an isomorphism, if and only if h, is so.

Let us now express in terms of (%,.%,) the compatibility of hy, with the Stokes
filtration. Extend h as a pairing joo +h : joo xZ ® 1 1o «.F — jookx. This pairing
induces for each ¢ € C a pairing h. : .. ® 1™ F <) — jookx.

Lemma 4.6. The pairing ho, is compatible with the Stokes filtration if and only
if, for each ¢ € C, the pairing h. takes values in jo kx. When such is the
case, the induced pairing i\, F- [1] @ it (Feo) — ks is identified with

hoo,c : ($/$<C) ® L_l(ygc) - kséo .

Proof. We first note that the pairing i !joo«h : £ ® % — ks1 coincides with hy
through the natural isomorphisms i jeo «F — G5 joo1- 7 [1] and similarly for kx. The
condition on h, is then equivalent to the vanishing of hy, restricted to L. @t~ (L <)
for each ¢, and this is equivalent to the compatibility with the Stokes filtration. The
second part of the lemma follows from (4.5) and Lemma 3.1. O

When the condition of the lemma is fulfilled, we say that h is a t-sesquilinear form
on (F#,%,). We say that it is nondegenerate if it is nondegenerate on .%.

Proposition 4.7 (Sesquilinear pairing on cohomology). Let h be a nondegenerate ¢-ses-
quilinear form on (¥, %#,). Let us choose ¢ € C satisfying the assumptions (a) and (b)
of §3.1, so that in particular F<. = F<. and F<_ . = D'(F<c). Then the following
properties hold:

(1) H*(X,Z<.) = 0 for k # 1 and, via the natural restriction morphism,
HY (X, Z<.) is identified with F, :=Imcan C H'(SL, %<.) (c¢f. Lemma 3.15).

(2) The sesquilinear pairing h. : F <@t N (F <) — joosku induces a sesquilinear
pairing Ec  HY(X, Z<.) @k HY(X, Z<.) — k which is identified with h., defined by
(3.16), via the identification of (1).

In (2), we use the canonical isomorphism H(X, # <.) ~ HY(X, . 1 (Z <.)).

Proof of Proposition 4.7(1). Let us fix some notation. We denote by e : ¥ — X the
real blow-up of the origin in X and we set S} = e71(0), so that Y = S1 x [0, 00]. We
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consider the covering Y = Uy U Uy, with Uy = Ij, x [0,00], k = 1,2, where Iy, I, are
as in §2.b.

We set X* = X \ {0} = Y* =Y S} and we denote by j the inclusion X* =
Y* — Y. We also set 2, = j ' Fg. and we define £* as the pull-back of . by
the projection Y* — SL..

Set ¢ = j..7Z, and @' = nFZ.. Wehave 9 = Rj,.7Z and F. = e, (distinct
from Re.¥ if the monodromy of ¥ admits 1 as an eigenvalue). Let us denote by
J1 : Ur = Y the open inclusion, and by %; the complex Rj; .(4v,). We similarly
use the notation % and ¥;5. It will be convenient to denote by % the pull-back of
£ by the projection Y — SL..

Lemma 4.8. Under Assumptions (a) and (b) of §3.f, the complex 4 is equal to the
sheaf j1«(Yu,). Moreover, H*(U,,9) = H*(Y,4,) = 0 for any k. A similar assertion
holds for %, and for 9o if k # 0. Moreover, H*(Y,4) =0 if k # 0 and H'(Y,¥) =
HO(U, N Us, %) = HO(Y,%15) ~ Lo,

Proof. Whenever ¥ is a local system in the neighbourhood of a point in 917 x [0, o],
the first assertion is easy at this point. By using the local splitting of the Stokes
filtration, it then remains to check the assertion at (0 +&, 00), where ¢ is the extension
by 0 to (0, —¢,0) +¢) x {oo} of a local system on (0], — ¢,0) + ¢) x (n,00), with
large.

By assumption, I; is the interval (6, —¢, 0, +¢). We need to check that ¢ is a sheaf
along 01 x [0, 00]. Note that ¢ is a local system on Y \. SL | to the assertion is clear
along 017 X [0, 00). Now the assertion is local near the points (6,—¢, 00) and (¢, +¢, 00),
and we can use a local splitting of the Stokes filtration to reduce to the case where ¢ is
a local system in the neighbourhood of (6, —¢, 00), which is already treated, or ¢ is the
extension by zero of a (constant) local system on an open set like (6 —&, 8/ +¢) x (n, 00),
with 7 > 0, via the inclusion (0, —e,6/ +¢) x (n,00) — (0, —&,0. +¢) x (n, 0] (by
our assumption on ¢ and 6,, this can occur only at 67).

We are thus reduced to showing, since the local system is constant on this
neighbourhood, and retracting (0, — €,0, + €) x (n,00] to {0,} x (n,o0], that
H%m}((n, o0], C) = 0, which is clear.

Let us show

(4.9) HYU,9)=0 VE.

According to (2.7), we can choose on Uy an isomorphism %y ~ @;_, ., 1, where 4, 1
are local systems on Uj, and the isomorphism is compatible with the Stokes filtration
on I x {oo}, so we can work independently with each summand ¥,, ;. Identifying
topologically the closure of U; with a closed disc, 4, 1, <c is a (constant) local system
on U, maximally extended on some open interval of U, and extended by 0 on the
complementary interval. The cohomology of such a sheaf is the relative cohomology
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of the constant sheaf on D modulo the closed interval, so identically 0, hence (4.9).
The same result holds for Us, of course.

Let us now compute H*(U; N Us,%). We identify each connected component of
U; NU; to a closed disc, and a similar computation shows that H*(U; N Us,¥4) =0
for k20 and I'(U; NU2,9) ~ Ly, . O

Recall that F¢. = e,4. On the other hand, R'e.9 is a sheaf supported at the
origin on X, whose germ is equal to H' (S}, #). From the previous lemma we deduce
HY(X,Z<.) = H°(Y,9) =0, and a long exact sequence

(4.10) 0 — HYX, Z<.) — H'(Y,9) — H'(S}, &) — H*(X, F<.) — 0,

where the middle map is the restriction morphism to Si. We have a commutative
diagram
HYY,9) ——— HYY, joo n 1Y) —— H'(S§, %)

J I

HY'(SL, %) — HY(SL,2)

where the vertical arrows are the restriction to S. . and the lower horizontal line

[o'e})
is the right part of the exact sequence in Lemma 3.11. Moreover, the left vertical
morphism is an isomorphism, according to the computation of Lemma 4.8. As a
consequence, HY(Y,4) — H' (S}, %) is onto and its kernel H! (X, Z.) is identified

with F. = Imcan via the restriction morphism H'(X, Z¢.) — H'(SL, Z<.). O

Proof of Proposition 4.7(2). We use the commutative diagram

~

_ h,
Hl(X, ﬁgc) Y Hl(X, Lilgzgc) _— H2(X7joo7!kAl)

—_— hoo7c
HY(SL,i' . Feo) @ HYSL i VT <) —— HY(SL . ks1)

[o oRiRgo o} [o oRiRgo o]

where the vertical morphisms are induced by the restriction or by the natural mor-
phism Rz'ooy*iéo — Id and we can eliminate :~! in the cohomology. The identification
of the lower pairing ho, . to h of (3.12)(x) follows from Lemma 4.2. To conclude, we
use (3.16). O

5. Riemann-Hilbert correspondence and sesquilinear pairings

All along this section, we will only consider holonomic C[r]{(d,)-modules N (where 7
is the coordinate on the affine line A = Al ) with a regular singularity at 7 = 0 and no
other singularities at finite distance, and of exponential type at 7 = 0o, meaning that
the Laplace (or inverse Laplace) transform has only regular singularities (cf. e.g. [30,
Lemma 1.5]). Lastly, assume (for the sake of simplicity) that NV is a minimal extension
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at 7 = 0. For such a holonomic C[7](9;)-module N, we will denote by .4 the
Op1 (x00)-module with connection associated with N. We will use the notation of §4.

5.a. The Riemann-Hilbert correspondence. Denote by MX"‘Od * the sheaf on X
of holomorphic functions on A! which have moderate growth along Sl . This is
naturally a subsheaf of je . Ou. It is a @™ Op:i(*00)-submodule and is stable by
the natural action of @™ 'Zp1 on jeo . Opn. We will also consider the subsheaves
efTa/medoe C j . Ou (c € C), which satisfy similar properties and coincide with @
on Al. Given 6 € S%_, the germs satisfy e”,cf’)’(n,zdoo - 65/742%)‘3‘5‘10" as soon as ¢ <, ¢
(cf. §2.a(1)), since €™ = e - e(e=¢)T and e(c=<)7™ has moderate growth as well as all
its derivatives near 6.
For each ¢ € C we denote by DR (N) the complex

(B1)  (ETATN®) D ra) N~ (€T ATN®) D5 (1) (2 ® ).
(The complex DR<o(N) is also denoted by DR™°*°(N).) We have a natural identi-

fication
(5.2) ! DR<.(N) = DR™ N.
If we denote by &7 the C[7](0;)-module (C[7],d; + ¢), the termwise multiplication
by e~ induces an isomorphism DR« (N) — DR™°4>(£7 @ N).

There is a rapid-decay analogue. Firstly, the subsheaf &7i4>° C @/@°9°° consists
of those functions which have rapid decay along S.. Then DR..(N) is defined by

a complex similar to (5.1) where we replace &/F°4> with &/f4°°. We also have
e~ : DRo(N) =5 DR™ (£ @ N).

Proposition 5.3. For N as above, the compleres DR<.(N) and DR<.(N) have coho-
mology in degree O at most for each ¢ € C, and the Riemann-Hilbert correspondence
N +— (A" DR™ N, #° DR, (N)) = (Z,.7.)

is an equivalence between the full subcategory of the category of holonomic C[7](0;)-
modules whose objects are of exponential type at infinity, are minimal extension at 0
and have no other singularity, and the category of minimal Stokes-filtered constructible
sheaves on X (cf. Definition 4.1).

Moreover, under this correspondence, we have

Fee = H"DRo(N) VeeC.
Proof. This is a slight adaptation of the main statement in [5] (cf. also [20, 1, 21]). O
5.b. Sesquilinear pairings. Let h: N’ ®c N” — .#/(Al) be a sesquilinear pairing

between holonomic C[7](0;)-modules as considered in this section. Then h induces a
morphism of bicomplexes

hor,o : DRY ™ N/ @c DRY > N — Dby ),
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where Db;? °0:(*:*) is the bicomplex of currents on X with rapid decay along S’éor.
CT—CT

More generally, since for each ¢ € C, the function e has moderate growth along

cor € PLor S, C X as well as all its derivatives, h defines a morphism of complexes

(5-4) hpr.e : DR<e(N') @c DR o(N") — Db}

Since the simple complex associated to the double complex @bg? 207:(*:*) i5 a resolution

of joo, 1Car, by taking #° we deduce for each c a pairing

(5.5) hpr,e 1 ZL ] @ FL_[1] — joo,Ca [2]
where joo 1Cpt [2] is the dualizing complex on X. All these pairings hp . coincide,
when restricted to Al and using the identification (5.2), with the pairing

hpr : DR* N’ ®c DR*™ N” — Db{7").

In particular, if h : N ®c «t N — #/(Al) is a t-sesquilinear pairing on N, it induces
a t-sesquilinear pairing hp . : F<. Qc fl(?gc) — joo,I(CAlT for each c € C.

Lemma 5.6. Let (', F]), (F",F!) be minimal Stokes-filtered constructible sheaves
corresponding to holonomic C[7](0;)-modules N', N" through the equivalence of
Proposition 5.3. Then any sesquilinear pairing hp between (F', F.) and (F", F!)
takes the form hpr for a unique sesquilinear pairing h between N’ and N".

Proof. The equivalence of categories of Proposition 5.3 gives a unique correspondence
between morphisms. We will therefore express the pairings as morphisms.

On the one hand, recall (cf. Proposition 4.4) that (F"v, #!"¥) is a minimal Stokes-
filtered constructible sheaf, as well as its conjugate, so that hg can be regarded as
a morphism from (%', %!) to the conjugate (F"T, F!') of (F"v, F!"V). By the
equivalence of Lemma 4.3 it corresponds in a unique way to a morphism (', %/) —
(LM L"), The Stokes data of the latter are obtained by conjugating (2.8)".

On the other hand, let us set N = Homm(ﬁ”,Y’(Al)), that we consider
as a C[7](9;)-module through the C[r](d,)-module structure of .#’/(Al). It is known
that N”T is a holonomic C[7](9,)-module which belongs to the category considered
in Proposition 5.3. Indeed, this is obtained by sheafifying the construction on P!.
Then, on Al, the result follows from [17], and near oo it follows from [26, §IL.3].
Now, a sesquilinear pairing h : N’ @c N” — #'(AL) is regarded as a C[](0,)-linear
morphism N’ — N"T.

The lemma reduces then to identifying the Stokes data at infinity of N”T to the
conjugate of (2.8)% (we will not recall here the classical relationship between Stokes
data at infinity for a meromorphic connection N considered as matrices of the form
Id +rapid decay and the Stokes data considered in §2.b). We will recall in this simple
case a sketch of the proof given in [26, §I1.3]. We will work locally near infinity,
with local coordinate z = 1/7, and denote by N the germ of Op:(x00) ®cr N” at
infinity. Setting & = C{z} and 2 = €(9,), N is a O[z~1]-module with connection
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and a holonomic Z-module. We also denote by Db6™°4%° the germ at oo of the sheaf
Dbpi° > already considered in §1.a and we set NT = #om(N, Dp™°¢>).

It will be convenient to work on X near SL. We denote by &/™°4> the germ
along S1 of &7°d°> and by Dbm°d > that of the sheaf on X of distributions having
moderate growth along S.. If @ : X — P! denotes the projection, we set N =
M4 @ 15 N. There exists N of the form N°' = @]_,(£%™ ® %;), where each

Z; has regular singularity, such that N is locally on S, isomorphic to Nel. Tt is proved
in loc. cit. that

« (N°*O)T is a germ of meromorphic connection at oo,
« Nt = (N)T := Hom__15(w N, Dbm°4°°)  which is also a R 5#om,

« (N)T is locally isomorphic to (N°!)T and the Stokes data (i.e., gluing data) needed
to recover (TKF)Jr from (sz:l)T are obtained from those corresponding to N in a natural
way, i.e., are inverse transposed conjugate of these. (The point is to prove that these
inverse transposed conjugate Stokes data are indeed Stokes data, i.e., are of the form

Id +rapid decay, while they a priori only have moderate growth.)
This shows that NT corresponds, via Proposition 5.3 to (£, .Z). O

5.c. Compatibility of the sesquilinear pairing with taking cohomology

Let h: N®@ctTN — .#/(AL) be a t-sesquilinear pairing on N, as considered in this
section. Let us fix ¢ € C satisfying (a) and (b) of §3.1.

On the one hand, h defines hpre : Fee @c 1™ (F<e) — Joo Car (because
Fee = F<c), and then h/D-R\’C on HY(X, Z.), according to Proposition 4.7.

On the other hand, let us denote by M = FN the inverse Laplace transform of N,
which by assumption is a regular holonomic C[¢](0;)-module with singular set con-
tained in C'. The complex M 1S M is identified with the algebraic de Rham complex
N &N , which can be computed analytically as RI’ (X ,DR™e4(gem o N )), and
we have seen that this complex is isomorphic to RI'(X, DR« (NN)) via the multipli-
cation by e termwise. For ¢ € C, the latter complex has cohomology in degree 1
at most, so the fibre M/(t — ¢)M is identified with H'(X, Z¢.). Now, the inverse
Fourier transform F,h is a sesquilinear pairing on the inverse Laplace transform M
of N. Weset h=h= —2miF h. Restricting it to AL \ C, it takes values in ‘51@:’\0.
Restricting it to the fibre at ¢ also induces a sesquilinear pairing on H*(X, %), that
we denote by hpr,c = EDR,C. We will give a detailed proof of the following lemma in
the appendix.

—

Lemma 5.7. We have FDR’C = hpr,c-

5.d. The main theorem. Let (C,S = (Si;)i j=1,..n, 5 = (ng)iyjzl,__”n) be Stokes
data as in Definition 2.6, which satisfy the minimality property of Definition 2.10. Let
us fix bases of G, g, ¢ € C and £ = 1,2 and let us denote by X, ¥’ the matrices of S, S’
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in these bases. According to the Riemann-Hilbert correspondence, these data define
a meromorphic bundle (7 (*0), V) on AL*" with connection with pole at z = 0 only.
The connection is of exponential type. We denote by (77, V) the Deligne-Malgrange
lattice of (S (x0), V).

If ¥ = —*%, the local system attached to (J#(x0), V) is equipped with a t-skew-
Hermitian pairing hp, and we can apply the “twistor gluing procedure” of [29,
Def. 1.25] (cf. §1.e).

Theorem 5.8. Assume that there exist bases of Gey, c € C and £ = 1,2 such that the
matrices X3, %" of S, S’ satisfy

Y=Y and X +'S is positive semi-definite.

Then, the twistor structure on P! obtained from (,V,—2mih), (where (H,V) is
the Deligne-Malgrange lattice defined by ) by the “twistor gluing procedure” is pure
of weight 0 and polarized.

Proof. In accordance with the previous part of the article, we will work with the
variable 7 = 1/z. Let us denote by N(x0) the Deligne meromorphic extension at
7 = 0 of J#(*c0), by N its minimal extension at 7 = 0 and by N its global sections
on P!,

As indicated in Lemma 4.6, the pairing hp o, on (£, .%,) determined by the Stokes
data and the properties of X, 3 (cf. §3.e) gives rise in a unique way to a t-sesquilinear
form hp on (.#,.Z,) which restricts (in the sense of Proposition 4.4) to hp o on Sk,
and, according to Lemma 5.6, to a unique t-sesquilinear pairing h on N. Let us choose
¢ € C which satisfies both properties (a) and (b) of §3.f with respect to .# ((a) means
that ¢ € C). Then, after our assumption on 2, ¥’ and according to Corollary 3.17 and
Proposition 4.7, E—; is positive definite. Hence, EDR,C is so, according to Lemma
5.7. We conclude by applying Corollary 1.5. O

Remarks 5.9.

(1) This statement was conjectured (and proved in a particular case) in [11,
Conj. 10.2] and was the main motivation for proving Theorem 5.8, so that one can
apply the results of [29], as in the particular case treated in [11, Lemma. 10.1].

(2) If X is real, the integrable twistor structure that we get is a TERP structure in
the sense of [9]. If ¥ is rational, we get a non-commutative Hodge structure, in the
sense of [19].

(3) The simplest example of a complex variation of polarized Hodge structure on
Al \ C is that of a holomorphic vector bundle V' with a flat Hermitian metric (the
weight is zero and the Hodge type is (0,0)). Recall more generally that variations of
polarized Hodge structures on Al \. C correspond exactly to variations of polarized
pure integrable twistor structures which are tame (i.e., have regular singularities) at
the singularities C'U {oc}, after [13, Th. 6.2].
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Similarly, Theorem 5.8 gives the simplest example of an integrable twistor structure
whose associated variation by rescaling z (cf. [11, §4] and [29, §2.d]) is wild at 7 = oc.
It is obtained by Fourier-Laplace transform from the previous one.

Appendix: Proof of Lemma 5.7

We will give a detailed proof of this lemma. A proof of a similar result had only
been sketched for [29, Prop. 1.18]. We will keep the setting of §5.

A.e. Integral formula for the Fourier transform of a sesquilinear pairing
between Z-modules. We start by expressing h (as defined in Corollary 1.5(2)) by
an integral formula.

Let us first recall that the inverse Fourier transform M of N can be obtained as the
algebraic direct image ¢4 (p*N ®@cyi,-) £'7), where p (resp. q) denotes the projection
from AL x Al to AL (resp. Al) and E*" = (C[t, 7], d+7dt+tdT). Moreover, this formula
can be sheafified and made analytic, giving .# = q,(pT A ® &7), where 4 is as in
the beginning of Section 5, and p, g now denote the projections PL x P} — PL or P}
in the analytic category (cf. [6, Appendix A] for details). Since we are only interested
in the behaviour on A} \ C, we will set Y = A} \ C and denote by p : PL x Y — P!
the projection, and similarly for ¢q. Then .#Z is a Zy-module. By assumption on C,
it is Oy-locally free. More precisely, if .4 has the connection V, pt A4 ® &7 is
PN = Oprxy ®p— 1 p~L A equipped with the connection p*V +7dt+tdr, and A4
is the first cohomology of the relative de Rham complex

V + tdr
_—

(A.10) @ N 40" N @ 1y )y)

equipped with the connection induced by dy +7dt, where dy is the differential relative
to Y. Notice that p*.4" and p* A4 ® QIlPixY/Y are g.-acyclic (cf. loc. cit.). Moreover
this complex has cohomology in degree one at most.

For the sake of simplicity, we will denote the volume form %dT A d7 (on Al) by
dvol,, its t-analogue (on Y') by dvol,.

We will use the following lemma:

Lemma A.11. Let ¢ be C> on PL x Y, with compact support. Then the function
T — fy T o dvoly is C on AL, with rapid decay at infinity as well as all its
derivatives.

Proof. By assumption, ¢ induces a C* function Al x Y such that |t|N 8‘3(‘3@8? 8? ¥
is bounded for all «, 8,v,, N > 0 (since, in the coordinate 7" = 1/7, we have 0;¢ =
—720,,¢ and similarly for d-).

Let us still denote by Fy¢ the integral we consider (with some abuse, since ¢
depends on 7). That Fyp is C> on Al is clear. It is a matter of showing that each
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expression HT“?bﬁﬁagft(go)H 1 is bounded. We have
TUTPOLOLF () = Fy ((—0y) 02 (t + 0, )°(—E + 07) ).

Since 1 := (—0;)*02(t + 8;)°(—t + 97)%p satisfies the same properties as ¢ does, as
indicated above, it is enough to get a bound for Fyi) for such a . Since |6”’F\ =1,
we have, for NV such that (1 + [¢[>V)~! is L' on AL,

IF el oo < Q@+ P70 A+ 1P o < o0 O

Let us still denote by h the sheafified sesquilinear pairing A ®c ™4 — @bgi')d oo
(where /4 is as in the beginning of Section 5). We will define a sesquilinear pairing

h - (p+</1/®£>t-r) ®L+p+</1/®(g7t‘r SN QBP}_XY'

We will identify +Tp+. A4 @ &7 with (pTitA) @ &7, where ¢ denotes the involu-
tion 7 — —7 either before or after p™. Let n (resp. n’) be a local section of pT™.A4
(resp. pTet A7) We can write n = >, dini, n' = >, 4n); (finite sums) where n;
(resp. ;) are local sections of .4 (resp. tTA) and ¢, 1, are local sections of Op1xy -

Let ¢ be a C*° form with compact support of maximal degree on an open subset
of PL x Y where n,n’ are defined. By Lemma A.11, the 2-form 7 — Iy e”_g@wjgp
has rapid decay at oo, for every i, j, so we can set set

(A.12) ). 9) = 3 (i) ([ e o))

and one checks that this does not depend on the chosen decomposition of n,n’, so
that h'(n,7n’) is a section of Dbpi .y
Integration of currents along PL composed with h’ induces a sesquilinear pairing

40" N @ 1y yy) @ gut* (0" N @ Qg1 yyy) — Dby

which becomes a sesquilinear pairing (noticing that ¢* disappears after ¢, and using
the twisted differentials as in (A.10))

(That g1h’ is well-defined and sesquilinear is checked in a standard way.)
Lemma A.14. We have 5=h = q,h'.

Proof. Since .# is generated by M (inverse Laplace transform of N), and since M = N
as C-vector spaces, it is enough to check the equality for the values at n,n’ € N,
according to sesquilinearity. Let n,n’ € N and let n be a C* 2-form on Y with
compact support. By definition,

(s=h(n,7'),n) = (F h(n,7'),n) = (h(n,7), (Fyn)dr A d7)
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where Fyn = [, ¢! ""n. On the other hand, if we set N[t] = C[t] ®c N, according to
the identification M = N[t] - d7/(p*V + tdT)N[t], we have

(quh! (n, @), m) = (W (ndr, WdT), q*n) = <h(n,ﬁ’), (/ et g )drmf>
Y
hence the assertion. O

A.f. Lifting to IF’l x Y and restriction to t = c. Let w: [F’l XY — PLxY be

the oriented real blow up of co, x Y, and let <72 nllidyoof dpfld;;’ be the corresponding

sheaf of holomorphic functions which have moderate growth (resp. rapid decay) along
Sl oxY.
We will lift the sesquilinear pairing h’ as a sesquilinear pairing

. rd oo, -1/, + tT mod oo, 1, (ot tr rd oo,
h .[%ny Qw (pPTARE )}@[%ny @w lLit(pt s @ &) —>©bP1Xy

In order to do so, we use a formula analogous to (A.12), where now each ¢; is a local
section of Jzﬂd °°* , each v, is a local section of Jzﬂm(’d °°7and ¢ has moderate growth

along Séo X Y Since each term (bﬂ/] © has rapld decay along Sl x Y, Formula
(A.12) remains meaningful.

We will denote by ’Dbrd Oo; Iy the subsheaf of ’Dbrd m}j consisting of distributions
which are C'°° with respect tot € Y. For such a dlstrlbutlon the evaluation at
t =ceY is well defined as a distribution on Pi with rapid decay at 7 = oo.

Recall (cf. §5.b) that the sesquilinear pairing h : N ®c ™ N — #/(ALl) can be
sheafified and lifted as above as a sesquilinear pairing

A} @@ N ©6T)| @ |5 @@ (N © 6T — Db

=

brd oo

Proposition A.15. The sesquilinear pairing h takes values in D XYY

and, for each

c €Y, its evaluation at t = c is equal to Ec.

Proof. The second part of the statement is clear once we have shown the first part,
that we consider now. Notice first that it is a local statement.

Firstly, on AL x Y the statement is clear, since el ”h/ when expressed on sections
n of A and n' of «t A, takes values in distributions annihilated by 9, and 0.

We will thus consider the statement locally near S, x Y and will will show that,
locally near (6,,¢) € S, XY, I takes values in C*° functions which are infinitely
flat along S1,x Y, by analyzing the differential equations satisfied by h (n,m"). By
using the Hukuhara-Turrittin theorem for .4 at 7 = oo (cf. e.g. [21, Appendix]), we
are reduced to evaluating h’ on sections n,n’ which are solutions of

(10, +eir+a)n=0, (10, +c;7+a)¥n' =0, ¢i,¢; €C, a,a’ €C, N> 0.

When restricted to 7 # ooy, h(n, ') := ho(n, @) is a €™ function and the function
h((e“TT n, (e%77%'n’)) is annihilated by (79-)" and (70,)"
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Similarly, etT*FE’((eC”T“n, (e%7r%'n/)) is annihilated by (70.)Y, (79.)V, O,
and 0;. Therefore, this function does not depend on ¢ and has moderate growth in
some neighbourhood of (6, c).

If Re((c—c;)e? — (c — ¢;)et?>) < 0, then in some neighbourhood of (6,, ) we have
Re((t — ¢;)1 — (t —¢;j)7) <0, and E’(n,ﬁ’) is a C*° function with rapid decay along
S, xY on this neighbourhood, as wanted.

Otherwise, there is an open set of AL x Y containing (6,, ¢) in its closure, on which
Re((t—¢;)7—(t — ¢j)7) > 0, hence on which the function W (n,7') cannot be extended
as a distribution (and even a moderate distribution), unless it is identically zero. In
such a case, the desired statement trivially holds. O

A.g. The de Rham complexes. In the neighbourhood of co, XY, pT™ A ® &' is a
meromorphic bundle with connection. Since ¢ varies in Y = Al \ C, this meromorphic
bundle with connection is good, in the sense of [22, §3.2]. It follows, by an extension of
the result in dimension one, proved in [21, Appendix 1] for instance, that the moderate
and rapid decay de Rham complexes DR 7 (p* 4 @&7) and DR™4 7 (pt 4 &)
have cohomology in degree zero at most in the neighbourhood of co, x Y. On the
other hand, on AL x Y, p* 4" ® &' is isomorphic to p*.#, and since DR* .4 has
cohomology in degree 0 at most (because .4 is assumed to be a minimal extension
at 7 = 0), so does DR™ p*.#". Therefore, both complexes DR > (pt.4# ® &*7) and
DR™°4°7 (pt 4" ® &'7) have cohomology in degree zero at most.

Recall also (cf. Proposition 5.3) that, for each ¢ € Y, the complexes DR.. N and
DR«. N have cohomology in degree 0 at most.

Proposition A.16. For each c € Y, there are functorial morphisms
is LA (DR (pt N @ &) — #° (DR, N)
and i LA (DR™°7 (pt ¥ @ £17)) — #°(DR<. N)

which are isomorphisms, where i. : PL x {c} < PL x Y denotes the inclusion.

Proof. We will show the proposition in the moderate case, the rapid decay case being
similar. Let us denote by DRf;fd °°7 the relative de Rham complex (with differential
forms relative to the projection Iﬁl xY — Y only). Evaluating the coefficients at t = ¢
induces a natural morphism of complexes i ! DR?;?d r(pt AN ® E'7) — DR¢. N,

since the evaluation at ¢ = ¢ of a section of etT%Tidyoo* belongs to e”%r?‘)d oo,

We have a natural action of d; on i, ' DRZV7 (pt 4 ® £'7), and the kernel of 9;
on its 0 is equal to i 10 DR™ 47 (p*. 4" ® £'7), hence we obtain the desired
morphism to #°(DRg¢. N). To show that this morphism is an isomorphism is now a
local question on ﬁ’i xY.

On AL x Y, the result is clear since p* A" ® &' ~ p*. 4. Near (6,,¢) € SL,_xY,

we can reduce, by functoriality, that 4 = A4, ® &7, with ¢; € C and A, =
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(Op1 (%007 ),d+adr /7). One is reduced to showing that e(t=¢)7 has moderate growth
along S;OT x Y near (6,,c) if and only if e(°~¢)7 has moderate growth along SéoT
near 6,. This is clear, and also equivalent to the fact that both functions have rapid
decay, since ¢ # ¢;. O

From h’ we derive h}, which is a pairing of double complexes

~ rd oo, T mod oo, T rd oor, (e,
br 1 DR (pt /' ®@ &'7) @ DR™ ™ 1+ (pt N @ &1 )—>©b@Xy/(y g

The de Rham complex of currents which are C'°° with respect to Y and have rapid

decay along Séo, x Y, which is the simple complex associate to the Dolbeault complex

rd 007'7(.7')
Qb@ XYY

By Proposition A.16, applying the evaluation at ¢ = ¢ to HbR defines a pairing

, 1s a resolution of joo 1Cp xy -

Ef)R,c which is nothing but the pairing hpr . considered in (5.4).

A.h. End of the proof of Lemma 5.7. From Lemma A.14 we deduce that
#hDva = (¢+h")pr . Denoting by ¢ the projection PL x Y — Y, we also obtain

=hpr.c = (¢+h)DR.c;
where ¢4 denotes the integration of currents along the fibres of ¢g. Integration of
currents of any degree is compatible with the differentials, therefore (¢+h’')pr,. =

(§+HBR)C. On the other hand, evaluation at ¢ = ¢ is compatible with the integration
of currents which are C'°° with respect to Y, so we finally get

ﬁhDR,c = (;Jv+h§3R,c)-

On the other hand, we have seen above that H’DR’ . is identified with hpgr,, and its

integration ’q}ﬁbmc is nothing but the pairing induced on the cohomology, that is,

—

hpr,c- O
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