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LECTURE 1

BASIC CONSTRUCTIONS

In this first lecture, we introduce the sheaf of differential operators and its (left or
right) modules. Our main concern is to develop the relationship between two a priori
different notions:

(1) the classical notion of an €x-module with a flat connection,
(2) the notion of a left Zx-module.

Both notions are easily seen to be equivalent. However, the extension of the equiva-
lence to complexes (or to the derived category) is less clear. Later on, we will introduce
the notion of differential complex to express this equivalence. The main result in this
direction will be Theorem 3.3.7.

The relationship between left and right Zx-modules, although simple, is also some-
what subtle, and we insist on the basic isomorphisms.

We also develop the same theory with filtration, by explaining a recipe (Rees con-
struction) to treat the filtered analogue along the same lines. The notion of strictness
plays a major role here.

The results in this lecture are mainly algebraic, and do not involve any ana-
lytic property. They could be translated easily to the algebraic situation. One can
find many of these notions in the classical books [Kas95, Bjo79, Bor87, Meb89,
MS93a, MS93b, Bjo93, Cou95, Kas03]. Some of them are also directly inspired
from the work of M. Saito [Sai88, Sai89b, Sai89a] about Hodge Z-modules.

In this lecture, we denote by X a complex manifold of dimension dim X = n.

1.1. The sheaf of holomorphic differential operators

We will denote by ©x the sheaf of holomorphic vector fields on X. This is the
Ox-locally free sheaf generated in local coordinates by Oy,,...,0.,. It is a sheaf of
O x-Lie algebras which is locally free as an @'x-module, and vector fields act (on the
left) on functions by derivation, in a way compatible with the Lie algebra structure:
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given a local vector field ¢ acting on functions as a derivation g — &(g), and a local
holomorphic function f, f€ is the vector field acting as f - £(g), and given two vector
fields &, n, their bracket as derivations [£,7](g) := £(n(g)) —n(£(g)) is still a derivation,
hence defines a vector field.

Dually, we denote by Q% the sheaf of holomorphic 1-forms on X. We will set
0k = AFQL.. We denote by d : Q% — Q%5 the differential.

Exercise 1.1.1. Let & be a locally free &x-module of rank d and let &Y be its dual.
Show that, given any local basis e = (e, ..., eq) of & with dual basis e", the section
25:1 e;®e; of &®p, &Y does not depend on the choice of the local basis e and extends
as a global section of & ®¢, &Y. Show that it defines, up to a constant, an &'x-linear
section Ox — & ®¢, & of the natural duality pairing & ®¢, & — Ox. Conclude
that we have a natural global section of Q% ®4, ©x given, in local coordinates, by

Let wy denote the sheaf Q4™ of forms of maximal degree. Then there is a natural
right action (in a compatible way with the Lie algebra structure) of © x on wx: the
action is given by w - { = —L¢cw, where £ denotes the Lie derivative, equal to the
composition of the interior product ¢¢ by £ with the differential d, as it acts on forms
of maximal degree. The action is on the right since applying the vector field f¢ (as
defined above) to w consists in multiplying first w by f, and then applying £. The
choice of the sign above makes this definition compatible with bracket.

Exercise 1.1.2 (The sheaf sZom). Let X be a topological space and let % and ¥

be two sheaves of o/-modules on X, o/ being a sheaf of rings on X. We de-

note by Hom g (#,¥) the I'(X, &/)-module of morphisms of sheaves of &/-modules

from .Z to 4. An element ¢ of Homy (.#,¥) is a collection of morphisms ¢(U) €

Hom gy (F (U),%4(U)), on open subsets U of X, compatible with the restrictions.
Show that the presheaf #om (% ,¥9) defined by

F(Ua %md(ﬂ\ag)) - Homﬂf\u(‘gﬂUa%U)

is a sheaf (notice that U — Hom g ) (# (U),¥(U)) is not a presheaf, because there
are no canonical morphisms of restriction).

Definition 1.1.3 (The sheaf of holomorphic differential operators)
For any open set U of X, the ring Zx (U) of holomorphic differential operators
on U is the subring of Home¢(0y, Oy ) generated by
« multiplication by holomorphic functions on U,
« derivation by holomorphic vector fields on U.
The sheaf Zx is defined by I'(U, Zx) = Px(U) for any open set U of X.

By construction, the sheaf Zx acts on the left on Ox, i.e., Ox is a left Zx-module.
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Definition 1.1.4 (The filtration of Zx by the order). The increasing family of subsheaves
Fr9x C Px is defined inductively:
e . 9x =0if k < —1,
o Fy9x = Ox (via the canonical injection Ox — Homc(Cx,Ox)),
« the local sections P of Fy1Zx are characterized by the fact that [P, ¢] is a
local section of Fj,Zx for any holomorphic function .

Exercise 1.1.5. Show that a differential operator P of order < 1 satisfying P(1) = 0
is a derivation of Ox, i.e., a section of Ox.

Exercise 1.1.6 (Local computations). Let U be an open set of C™ with coordinates
Z1,...,%n. Denote by Oy, ,...,0,, the corresponding vector fields.

(1) Show that the following relations are satisfied in Z(U):

et = 52, Vo€ O(U), Vi€ {L,...n),

[0e,,02,] =0 Vi,je{l,...,n},

al
03 o=y ——02 (00l
0<p<a (a—B)B!

|
0 0= Y U0k e),

0SB
with standard notation concerning multi-indices «, 3.
(2) Show that any element P € 2(U) can be written in a unique way as

Yo @a03 or Y. 0%bawith aq,b, € O(U). Conclude that Zx is a locally free
left and right module over Ox.

(3) Show that max{|a| ; aa # 0} = max{|a| ; bs # 0}. It is denoted by
ord, P.

(4) Show that ord, P does not depend on the coordinate system chosen on U.
(5) Show that PQ=0in 2(U) = P=0or Q =0.

(6) Identify Fj,Zx with the subsheaf of local sections of Zx having order < k (in

some or any local coordinate system). Show that it is a locally free & x-module
of finite rank.

(7) Show that the filtration F, Zx is exhaustive (i.e., Zx = |J, FrZx) and that
it satisfies

Fk@X . Fg@x = Fk+g@)(.
(The left-hand term consists by definition of all sums of products of a section
of Fi,9x and a section of FyPx.)
(8) Show that the bracket [P, Q] := PQ — QP induces for each k, £ a C-bilinear
morphism Fy,Zx Q¢ FyPx — FkJrg,l@)(.
(9) Conclude that the graded ring grf?x is commutative.
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The sheaf Zx is not commutative. The lack of commutativity of Zx is analyzed
in Exercise 1.1.7.

Exercise 1.1.7 (The graded sheaf gr’’ 2x). The goal of this exercise is to show that the
sheaf of graded rings gr’’Zx may be canonically identified with the sheaf of graded
rings Sym O x. If one identifies © x with the sheaf of functions on the cotangent space
T*X which are linear in the fibres, then Sym ©x is the sheaf of functions on 7% X
which are polynomial in the fibres. In particular, gr” Zx is a sheaf of commutative
rings.

(1) Identify the @x-module Sym” ©x with the sheaf of symmetric C-linear
forms £ : Ox ®¢ --- Q¢ Ox on the k-fold tensor product, which behave like a
derivation with respect to each factor.

(2) Show that Sym O x := @y Symk Ox is a sheaf of graded Ox-algebras on X
and identify it with the sheaf of functions on 7* X which are polynomial in the
fibres.

k
(3) Show that the map FyZx — Homc (®cﬁx, ﬁX) which sends any section
P of Fk-@X to
1@ ®pp [+ [P p1]wa] - - o]
induces an isomorphism of &'x-modules grf 7y — Sym* ©x.

(4) Show that the induced morphism
g’ 9y = @kgrkF@X — SymOx
is an isomorphism of sheaves of &x-algebras.

On the other hand, it has no non-trivial two-sided ideals (see Exercise 1.1.8), hence
it is simple.

Exercise 1.1.8 (The sheaf of rings Zx has no non-trivial two-sided ideals)
Let . be a non-zero two-sided ideal of Zx.

(1) Let € X and 0 # P € .#,. Show that there exists f € Ox , such that
[P, f] # 0. [Hint: use local coordinates to express P].

(2) Conclude by induction on the order that .#, contains a non-zero g € Ox ,.

(3) Show that .#, contains all iterated differentials of g, and conclude that .7,
contains h € Ox , such that h(z) # 0.

(4) Conclude that ., > 1, hence %, = Px .

This leads us to consider left or right Zx-modules (or ideals), and the theory of
two-sided objects is empty.
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Exercise 1.1.9 (The universal connection)

(1) Show that the natural left multiplication of © x on Zx can be written as a
connection

V:9x — Qﬁ( Koy Dx,
i.e., as a C-linear morphism satisfying the Leibniz rule V(fP) = df P+ fV P,
where f is any local section of Ox and P any local section of Zx. [Hint: V(1)
is the global section of Q% ®¢, Ox considered in Exercise 1.1.1.]

(2) Extend this connection for any & > 1 as a C-linear morphism
BV .0k 0o Ix — O @4, Dx
satisfying the Leibniz rule written as
BV(w® P) =dw® P+ (—1)*w A VP.

(3) Show that F*DV o W)Y =0 for any k > 0 (i.e., V is flat).

(4) Show that the morphisms (*)V are right Zx-linear (but not left &x-linear).
Exercise 1.1.10. More generally, show that a left Zx-module .# is nothing but an
Ox-module with an integrable connection V : .# — QL ®¢, #. [Hint: to get
the connection, tensor the left Px-action Zx Qg M — M# by Qﬁg on the left and
compose with the universal connection to get Zx @ 4 — QL% ® #; compose it on

the left with .# — Px ® 4 given by m — 1 ® m.] Define similarly the iterated
connections MV : Qk @45, A — Q’)“(H ®gy A . Show that *+1)Vv o Wy =,

In conclusion:

Proposition 1.1.11. Giving a left Px-module A is equivalent to giving an Ox-
module A together with an integrable connection V.

Proof. Exercises 1.1.1, 1.1.9 and 1.1.10. O

1.2. Left and right

The categories of left (resp. right) Zx-modules are denoted by *M(Zx) (resp.
"M(2x). We analyze the relations between both categories in this section. Let us
first recall the basic lemmas for generating left or right Z-modules. We refer for
instance to [CJ93, §1.1] for more details.

Lemma 1.2.1 (Generating left Zx-modules). Let .#'" be an Ox-module and let Q'
Ox Ry AN — " be a C-linear morphism such that, for any local sections f of
Ox, &,m of ©x and m of 4", one has

(1) @M (fE@m) = f'*(E @m),
(2) (€@ fm) = f" (@ m) + &(f)m,
(3) ([, n] @ m) = QM€ @ T (n @ m)) — T (n @ LM (E @ m)).
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Then there exists a unique structure of left Zx-module on M'* such that &ém =
ot (E @m) for any &, m.

Lemma 1.2.2 (Generating right Zx-modules). Let .Z"8" be an Ox-module and let
risht . grieht @ Ox — 4T be a C-linear morphism such that, for any local
sections f of Ox, &, of ©x and m of .A"&", one has

(1) "Bt (mfRE) = "M (Mm@ fE) (P8 is in fact defined on A" @4, Ox ),

(2) P (m @ f€) = e (m @ &) f — m&(f),

(3) &M (m @ [, 1)) = p"EM (P (M @ €) @ n) — T (T (m @) © §).
Then there exists a unique structure of right Px-module on A& such that mé& =
¢ (m @ €) for any &, m.
Example 1.2.3 (Most basic examples)

(1) 9x is a left and a right Zx-module.

(2) Ox is a left Zx-module (Exercise 1.2.4).

(3) wx = QM X 5 a right Zx-module (Exercise 1.2.5).
Exercise 1.2.4 (Cx is a simple left 2 x-module)

(1) Use the left action of ©x on Ox to define on Ox the structure of a left
P x-module.

(2) Let f be a nonzero holomorphic function on C™. Show that there exists a
multi-index o € N™ such that (9,.f)(0) # 0.

(3) Conclude that Ox is a simple left Zx-module, i.e., does not contain any
proper non trivial Zx-submodule. Is it simple as a left &'x-module?
Exercise 1.2.5 (wx is a simple right 2 -module)

(1) Use the right action of ©x on wx to define on wx the structure of a right
PDx-module.

(2) Show that it is simple as a right Zx-module.

Exercise 1.2.6 (Tensor products over Ox)
(1) Let A and A4 be two left Zx-modules.
(a) Show that the &x-module .# ®¢, 4 has the structure of a left Px-
module by setting, by analogy with the Leibniz rule,
E-(men)=Men+meEn.
(b) Notice that, in general, m @ n — (ém) @n (or m@n — m (£n)) does
not define a left Zx-action on the Ox-module 4 Qg, N .

(c) Let ¢ : M4 — A and ¢ : N — A be Dx-linear morphisms. Show
that ¢ ® ¥ is Zx-linear.
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(2) Let A& be a left Zx-module and 4" be a right Zx-module. Show that

N Qe A has the structure of a right Zx-module by setting
(nem)-E=nf@m—n®&m.

Remark: one can define a right Zx-module structure on .# ®¢,, .4 by using the

natural involution .# ® ¢, A — N ®g, M, so this brings no new structure.

(3) Assume that .# and .4 are right Zx-modules. Does there exist a (left or
right) Zx-module structure on .# ®¢, 4" defined with analogous formulas?

Exercise 1.2.7 (##om over Ox)

(1) Let A, N be left Zx-modules. Show that J#om g, (A ,./) has a natural
structure of left Zx-module defined by

(&-@)(m) =& (p(m)) + (& -m),
for any local sections £ of ©x, m of 4 and ¢ of Hom g, (M, N).

(2) Similarly, if .#, .4 are right Zx-modules, then .##om ¢, (.#,.#") has a nat-
ural structure of left Zx-module defined by

(€ @)(m) = p(m - &) —p(m) - €.

Exercise 1.2.8 (Tensor product of a left Zx-module with Z)

Let .#' be a left Zx-module. Notice that .#'" ®4, Zx has two commuting
structures of Ox-module. Similarly Ix Q¢ A left has two such structures. The goal
of this exercise is to extend them as Zx-structures and examine their relations.

(1) Show that .Z'*" @4, Zx has the structure of a left and of a right Zx-
module which commute, given by the formulas:

f-(m@P)=(fm)®@P=ma/(fP),

left .
(left) (M D05 DxJions { ¢ (moP)=(Em)®P+me¢P,

(m® P)-f=ma (Pf),
(m®P)-£=me (P¢),
for any local vector field £ and any local holomorphic function f. Show that a
left Zx-linear morphism ¢ : Z}% — #} extends as a bi- Zx-linear morphism

p®1: //llleft Ry Ix — ///216“ Reyx Dx.

(2) Similarly, show that Zx ®g, 4" also has such structures which commute
and are functorial, given by formulas:

f-(P®m)=(fP)®m,
£-(Pem)=(EP)@m,

(right) (M @6 DX )iriv {

(left) (QX ®ﬁx %left)triv : {

(P®m)-f=Pa(fm)=(Pf)@m,

. lef .
(tht) (@X ®ﬁx M t)tens . { (P®m) £ _ P§®m . P®§m
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(3) Show that both morphisms

%lcf‘c ®ﬁx -@X — @X ®ﬁx %lcft -@X ®ﬁx %lcft — %lcft ®ﬁx -@X
meP+— (1®m)-P Poam+— P -(m®1)

are left and right Zx-linear, induce the identity .Z'°* @ 1 = 1 @ .2, and
their composition is the identity of .Z'*" @4, Zx or x @, A%, hence both
are reciprocal isomorphisms. Show that this correspondence is functorial (i.e.,
compatible with morphisms).

(4) Let A be a left Zx-module and let £ be an Ox-module. Justify the
following isomorphisms of left Zx-modules and right &'x-modules:

MRy (Dx ®oy L) = (M Q6 Dx)Roy L
~ (Dx oy M) Rey L ~ Dx Qoy (M Rpy L).

Assume moreover that .#Z and £ are Ox-locally free. Show that . ®e,
(Zx ®e6y L) is Dx-locally free.

Exercise 1.2.9 (Tensor product of a right Zx-module with Z)
Let .#"#" be a right Zx-module.

(1) Show that .Z"e" @,  Zx has two structures of right Zx-module which
commute, denoted ¢4y (trivial) and -tens (tensor; the latter defined by using the
left structure on Zx and Exercise 1.2.6(2)), given by:

(m®P)'trivf:m®(Pf)’

ioht v right riv
(I'lg )t ('% ®ﬁx @X)t { (m X P) 'trivf =m® (Pf)’

(TrL(X)P)'tensf:"’nf(gf):7’71(®ff:)7

ight )tens right Dx )tens :
(I‘lg )t (% ®ﬁx X)t { (m ® P) .tensg — m£ ® P —-m ® (gp).

(2) Show that there is a unique involution ¢ : .28 @45 Dy " H"" R4, Dx
which exchanges both structures and is the identity on .#"#" © 1, given by
(m ® P)iriy = (M ® 1) tens P. [Hint: show first the properties of ¢ by using
local coordinates, and glue the local constructions by uniqueness of ¢.]

(3) For each p > 0, consider the pth term F, Zx of the filtration of Zx by the or-
der (see Exercise 1.1.4) with both structures of &'x-module (one on the left, one
on the right) and equip similarly .Z"8" @4, F,Zx with two structures (one on
the left, one on the right) of &'x-modules. Show that, for each p, ¢ induces an iso-
morphism of &x-modules (28" @5 F,Dx )tens — (M8 g FyDx )triv-

Definition 1.2.10 (Right-left transformation). Any left Zx-module .Z'" gives rise to
a right one . by setting (see [CJ93] for instance) .Z"8" = wx ®4, A" and,
for any vector field ¢ and any function f,

(we@m) - f=fuem=w® fm, (WOmM)-{=wE@m—w®Eém.
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Conversely, set 2% = J#om g, (wx, ##"), which also has in a natural way the
structure of a left Zx-module (see Exercise 1.2.7(2)).

Exercise 1.2.11 (Compatibility of right-left transformations)
Show that the natural morphisms

M — Hom o (wx,wxQox M), wx®e Hom oy (wx, M) — AT

are isomorphisms of Zx-modules.

Exercise 1.2.12 (Compatibility of left-right transformation with tensor product)

Let ' and 4" be two left Zx-modules and denote by .#*ieht _yright the
corresponding right Zx-modules (see Definition 1.2.10). Show that there is a natural
isomorphism of right Zx-modules (by using the right structure given in Exercise
1.2.6(2)):

~

t/Vright ®ﬁx %left AN %right ®ﬁx l/‘/left
(we@n)@mir— (Wm)®n

and that this isomorphism is functorial in .2 and .#lft.

Exercise 1.2.13 (Local expression of the left-right transformation)
Let U be an open set of C™.

(1) Show that there exists a unique C-linear involution P ~ P from 2(U) to
itself such that

Ve o), 'e=¢,

eVie{l,...,n}, 0, = —0n,,

< VP,Qe2U), HPQ)="Q-'P.
(2) Let . be a left (resp. right) Px-module and let !# be .# equipped with
the right (resp. left) Zx-module structure

P-m :="Pm.
Show that ‘# — .#™8" (vesp. L — .a'"").

Exercise 1.2.14 (The left-right transformation is an isomorphism of categories)
To any left Zx-linear morphism @' : 7'°ft — _#1¢ft i associated the O'x-linear
HlOI'phiSHl (pright — Idwx ®(pleft . %right — J‘/right.

) Show that ¢'&ht is right Zx-linear.

(1
(2) Define the reverse correspondence @ 81 1 (pleft,

(3) Conclude that the left-right correspondence ¢M(Zx) — "M(Zx) is a func-
tor, which is an isomorphism of categories, having the right-left correspondence
'M(Zx) — *M(Zx) as inverse functor.
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1.3. Examples of Z-modules

We list here some classical examples of Z-modules. One may get many other
examples by applying various operations on Z-modules.

1.3.a. Let .# be a sheaf of left ideals of Zx. We will see in Lecture 2 that, locally
on X, . is generated by a finite set {Py, ..., Py} of differential operators (this follows
from the noetherianity and coherence properties of Zx). Then the quotient .#Z =
Dx /.7 is aleft Px-module. Locally, .# is the Zx-module associated with Py, ..., Py.

Notice that different choices of generators of .# give rise to the same Zx-module . .
It may be sometime difficult to guess that two sets of operators generate the same
ideal. Therefore, it is useful to develop a systematic procedure to construct from a
system of generators a division basis of the ideal in order to have a decision algorithm
(see Lecture 6 on Grobner bases).

Exercise 1.3.1. Show that the two sets of differential operators {0,,...,0,, } and
{0ny, 2102, + -+ -+ Tpn_10,, } generate the same ideal of Zcn.

1.3.b. Let .Z be an Ox-module. There is a very simple way to get a right Zx-
module from .Z: consider . ®4, Zx equipped with the natural right action of Zx.
This is called an induced Px-module. Although this construction is very simple, it
is also very useful to get cohomological properties of Zx-modules, as we will see in
Section 3.2. One can also consider the left Zx-module Zx ®g, £ (however, this
is not the left Zx-module attached to the right one ¥ ®¢, Zx by the left-right
transformation of Definition 1.2.10).

1.3.c. One of the main geometrical examples of Zx-modules are the vector bundles
on X equipped with an integrable connection. Recall that left Zx-modules are Ox-
modules with an integrable connection. Among them, the coherent Zx-modules are
particularly interesting. We will see (see Exercise 2.4.6), that such modules are Ox-
locally free, i.e., correspond to holomorphic vector bundles of finite rank on X.

It may happen that, for some X, such a category does not give any interesting
geometric object. Indeed, if for instance X has a trivial fundamental group (e.g. X =
P1(C)), then any vector bundle with integrable connection is isomorphic to the trivial
bundle ﬁ;ght with the connection d. However, on Zariski open sets of X, there
may exist interesting vector bundles with connections. This leads to the notion of
meromorphic vector bundle with connection.

Let D be a divisor in X and denote by Ox (xD) the sheaf of meromorphic functions
on X with poles along D at most. This is a sheaf of left Zx-modules, being an Ox-
module equipped with the natural connection d : Ox (xD) — Q% (xD).

By definition, a meromorphic bundle is a locally free O'x (*D) module of finite rank.
When it is equipped with an integrable connection, it becomes a left Zx-module.
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1.3.d. One may twist the previous examples. Assume that w is a closed holomorphic
form on X. Define V : Oy — QX by the formula V = d + w. As w is closed, V is an
integrable connection on the trivial bundle Ox.

Usually, there only exist meromorphic closed form on X, with poles on some divi-
sor D. Then V is an integrable connection on Ox (xD).

If w is exact, w = df for some meromorphic function f on X, then V may be
written as e f odoel.

More generally, if .# is any meromorphic bundle with an integrable connection V,
then, for any such w, V 4+ wld defines a new Zx-module structure on ..

1.3.e. Denote by Dby the sheaf of distributions on X: given any open set U of X,
Dbx(U) is the space of distributions on U, which is by definition the week dual
of the space of C*° forms with compact support on U, of type (dimU,dimU). By
Exercise 1.2.5, there is a right action of Zx on such forms. The left action of Zx
on distributions is defined by adjunction: denote by (p,u) the natural pairing of a
compactly supported C'*°-form ¢ with a distribution u on U; let P be a holomorphic
differential operator on U; define then P - u such that, for any ¢, on has

<<p,P-’U,> = <@'P7u>'

Given any distribution w on X, the subsheaf Zx -u C Dby is the Zx-module gener-
ated by this distribution. Saying that a distribution is a solution of a family Py, ..., Py
of differential equation is equivalent to saying that the morphism Zx — Zx - u send-
ing 1 to w induces a surjective morphism Zx /(P,..., Px) — Px - u.

Similarly, the sheaf €x of currents of maximal degree on X, dual to €%, is a right
P x-module.

In local coordinates x1,...,x,, a current of maximal degree is nothing but a dis-
tribution times the volume form dxy A --- Adx, ANdT1 A -+ ANdT,.

As we are now working with C'° forms or with currents, it is natural not to
forget the anti-holomorphic part of these objects. Denote by & the sheaf of anti-
holomorphic functions on X and by %y the sheaf of anti-holomorphic differential
operators. Then Dbx (resp. €x) are similarly left (resp. right) Z%-modules. Of
course, the Zx and %5 actions do commute, and they coincide when considering
multiplication by constants.

It is therefore natural to introduce the following sheaves of rings:

ﬁX,Y = ﬁX ®C ﬁy7

@X,Y = 9Yx Kc @7,
and consider Dby (resp. €x) as left (resp. right) &, w-modules.

1.3.f. One may construct new examples from old ones by using various operations.
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o Let . be aleft Dx-module. Then S#om o, (# , Px) has a natural structure
of right Zx-module. Using a resolution .4#* of .# by left Zx-modules which
are acyclic for Jom g, (s, Zx), one gets a right Zx-module structure on the
Gty (M, Dx).

« Given two left (resp. a left and a right) Yx-modules .#Z and .4, the same
argument allows one to put on the various %r; ¢, (A ,./) aleft (resp. a right)
PDx-module structure.

« We will see in Lecture 4 the geometric operations “direct image” and “inverse
image” of a Zx-module by a holomorphic map.

1.3.g. Solutions. Let .#Z, 4 be two left Zx-modules.
Definition 1.3.2. The sheaf of solutions of .4 in A is the sheaf Hom o, (M, N).

Remark 1.3.3
(1) The sheaf #om g, (A ,./") has no structure more than that of a sheaf of

C-vector spaces in general, because Zx is not commutative.

(2) According to Exercise 1.2.7(1), omegy, (A, N) is a left Px-module,
that is, an Ox-module with an integrable connection (Proposition 1.1.11).
Then Jtom g, (A ,./") is the subsheaf of Jtom o, (A, /") consisting of local
morphisms .# — .4 which commute with the connections on .Z and A,
in other words local sections which are annihilated by the connection on

Hom g (M, N).

Example 1.3.4. Let U C X be a coordinate chart and let P € Px(U). Let .4 =
Py - P be the left ideal of 9y generated by P and let # = 2y /.%. We have a
canonical isomorphism #om g, (M, N) ~ Ker[P- : A — A], and this explains the
terminology “solutions of .Z in 47"

If /" = Ox, we get the sheaf of holomorphic solutions of P. If 4 = Dby, we get
the sheaf of distributions solutions of P.

If /" = Px (with its standard left structure), then P - : Zx — Px is injective
(Exercise 1.1.6), so Hom g, (M, Px) = 0. It maybe therefore interesting to consider
higher J#om , namely, &xt sheaves. We consider the free resolution of .# defined as

OH.@U;E%.@UH///—)().

The map - P is injective (same argument as for P-), so this is indeed a resolution. By
definition, &t' (.4 ,./) is the cokernel of

Hom g, (Du, N) — Hom g, (Du, N )
p(x) — (- P).
If one identifies Hom g, (Pv, A#") with A4 by ¢ — (1), the previous morphism reads

Y aaneys
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so we recover that Somg, (M, V) = Ker[P - : A — 4], and we find that
Sut* (M, N) = Coker[P - : A — #]. In other words, &t' (.4, ¥) measures
the obstruction to the solvability of the differential equation Pm = n for n € 4.

Notice that, in this example, since the free resolution of .# has length two, we
have (g’xtk@X(///,JV) =0 for k > 2, for any ¥,

When 4 has a supplementary structure which commutes with its left Zx-
structure, then J#om g, (#,./") and the &xt %X (A, /") inherit this supplementary
structure.

Example 1.3.5
(1) Assume ./ = Dx. Then the definition of Homg, (A, /) and the
cé?):t%x (A, /) uses the left Zx-module structure of Zx, which commutes
with the right one, so these solution sheaves are right Zx-modules.
(2) Assume that A4 = Dbx. Then the definition of H#om g, (A ,./") and the
éamtk@X (A, N) uses the left Px-module structure of Dby, which commutes
with the left Z-structure, so these solution sheaves are left Z5-modules.

1.4. de Rham and Spencer
Let ' be a left Zx-module and let .Z"8" be a right Zx-module.

Definition 1.4.1 (de Rham). The de Rham complex Qv (') of .a/™! is the complex
having as terms the &x-modules Q}Jr' Ry M left and as differential the C-linear
morphism (—1)"V defined in Exercise 1.1.10.

Notice that the de Rham complex is shifted n = dim X with respect to the usual
convention. The shift produces, by definition, a sign change in the differential, which
is then equal to (—1)"V. The previous definition produces a complex since VoV = 0,
according to the integrability condition on V, as remarked in Exercise 1.1.10.

Definition 1.4.2 (Spencer). The Spencer complex (Sp (.#*#), §) is the complex hav-
ing as terms the Ox-modules # ®g, N"*Ox (with « < 0) and as differential the
C-linear map ¢ given by

meEA-- /\gkb—>z 1m§i®£1/\.../\é/\.../\£k

+Z D Fm @ &L GIANELA - NEN NG A A&

1<J
Exercise 1.4.3. Check that (Sp% (.#*8") §) is indeed a complex, i.e., that § o § = 0.
Of special interest will be, of course, the de Rham or Spencer complex of the

ring Zx, considered as a left or right Zy-module. Notice that, in Q% (Zx), the
differentials are right Px-linear, and in Sp% (Zx) they are left Zx-linear.
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Exercise 1.4.4 (The Spencer complex is a resolution of Jx as a left Zx-module)
Let F,Zx be the filtration of Zx by the order of differential operators. Filter the
Spencer complex Sp (Zx) by the subcomplexes F,(Sp (Zx)) defined as

—6> prk@X ® /\k@X —5> Fp—k+1@X X /\’“_1@;( —5> cee

(1) Show that, locally on X, using coordinates z1, ..., ., the graded complex
grf Sp% (Zx) = @pgr] Spx(Zx) is equal to the Koszul complex of the ring
Oxl&,. .., &,] with respect to the regular sequence &1, ..., &,.

(2) Conclude that gr’” Sp% (Zx) is a resolution of Ox.

(3) Check that F,Spy(Zx) = 0 for p < 0, FySp%(Zx) = grf Spk(Zx) is
isomorphic to &x and deduce that the complex

. 0 . 0 )
gt Spx (Zx) = {- - Q gt Ix @ N"Ox Q gt 1 Zx @ NFTlex Q e}

is acyclic (i.e., quasi-isomorphic to 0) for p > 0.

(4) Show that the inclusion Fyy Sp (Zx) < F), Spx (Zx) is a quasi-isomorphism
for each p > 0 and deduce, by passing to the inductive limit, that the Spencer
complex Sp%(Zx) is a resolution of Oy as a left Zx-module by locally free
left Zx-modules.

Exercise 1.4.5. Similarly, show that the complex Q%"*(Zx) is a resolution of wx as a
right Zx-module by locally free right Zx-modules.

Exercise 1.4.6. Let ./"8" be a right Zx-module
(1) Show that the natural morphism
MR (Dx Rox N'Ox) — M R N'Ox
defined by m ® P ® £ — mP ® £ induces an isomorphism of complexes
MTE @g Sp(Zx) = Sp°(MTEM).
(2) Similar question for Q%™ (Zx) @g, A" — QU (™).

Let .4 be a left Px-module and let .#"8" the associated right module. We will
now compare Q%" (.#) and SpY (.Z"#). Given any k > 0, the contraction is the
morphism
(1.4.7) wx Gox NOx — O

o wREr— w(EAs).

Exercise 1.4.8. Show that the isomorphism of right Zx-modules
wx ®ox (Ix ®ox NOx) = W @0, Dx

W (1] P r— wEA)®@P
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(where the right structure of the right-hand term is the natural one and that of the
left-hand term is nothing but that induced by the left structure after going from left
to right) induces an isomorphism of complexes of right Zx-modules

Liwx ey (Spk(@x), 6) = (Q}“ ®eyx Ix, (—1)”V).
[Hint: See  MHMP, Lem. 8.4.7].]

Exercise 1.4.9. Similarly, if ./ is any left Zx-module and .Z"8" = wy ®ey A is the
associated right Zx-module, show that there is an isomorphism

M R4, (SPX(Zx),0) = (wx Boy M Doy N Ox,0)
= (% @y A, (—1)"V) = (A% ®oyx Zx,(—1)"V) Qg M
given on wx ey A ey N*Ox by
WM Er— w(E Ae) @m.
[Hint: See MHMP, Exer. 8.26(1)].]

Exercise 1.4.10. Consider the function
Z S5 {+1}, ar— e(a) = (~1)*eD/2)
which satisfies in particular
g(a+1)=e(—a) = (=1)%(a), ela+b)=(=1)"(a)e(b).

Using Exercise 1.4.9, show that there is a functorial isomorphism Sp% (.Z'8ht) =
QYT (M), (—1)"V) for any left Zx-module .#, which is termwise Ox-linear. [Hint:
See [MHMP, Exer. 8.26(3)].]

Remark 1.4.11. We will denote by "DR x (.Z*#") the Spencer complex Sp% (.Z™8"")
and by "DRy (') the de Rham complex Q%" (.Z'*). The previous exercise gives
an isomorphism "DRx (.#"8") — "DRx (.#'") and justifies this convention. We
will use this notation below. Exercise 1.4.6 clearly shows that "DR x is a functor from
the category of right (resp. left) Zx-modules to the category of complexes of sheaves
of C-vector spaces. It can be extended to a functor between the corresponding derived
categories.

However, in §3.2, we will introduce a functor DR x to a subcategory, in order to
keep the information that the differentials in such a complex are of a special kind,
i.e., are differential operators. We will then extend this functor as a functor between
suitable localized categories. Then "DRx will be the composition of DRx and the
forgetful functor Forget.

Denote by (cg’)(("+"0), (=1)"d’) the complex €L ®g, Q%" with the differential

induced by (—1)"d (here, we assume n + « > 0). More generally, let éa)((ner’q) =

éa)((n“) 0 /\éa)((o’q) and let d” be the antiholomorphic differential. For any p, the complex
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(éa)((ner’.), d") is a resolution of Q%”. We therefore have a complex (£g*, (—1)"d),
which is the single complex associated to the double complex (é")((nJr"'), (=)™, d").

In particular, we have a natural quasi-isomorphism of complexes of right Zx-
modules:

Q%" ®oy Zx,V) — (31 ®oy Px,V)
by sending holomorphic k-forms to (k,0)-forms. Remark that the terms of these

complexes are flat over Ox.

Exercise 1.4.12. Define a sheaf &y B for k,¢ > 0 and find a Dolbeault resolution of
Sp°(Zx) by fine sheaves.

Exercise 1.4.13. Let £ be an Ox-module.
(1) Show that, for any k, we have a (termwise) exact sequence of complexes

0 — L®6y Fro1(Sp% (Zx)) = L @6y Fr(Sp¥ (Zx)) = L R0y g1t (Spk (Zx)) — 0.
[Hint: use that the terms of the complexes F;(Sp%(Zx)) and grf (Spx(Zx))
are Ox-locally free.]
(2) Show that .Z ®¢, grf Sp%(Zx) is a resolution of . as an &x-module.
(3) Show that £ ®¢, Spx(Zx) is a resolution of .Z as an &x-module.

Definition 1.4.14 (Godement resolution)
(1) The Godement functor C° (see [God64, p.167]) associates to any sheaf &

the flabby sheaf CO(Z) of its discontinuous sections and to any morphism the
corresponding family of germs of morphisms. Then there is a canonical injection
Z — CUL).

(2) Set inductively (see [God64, p.168])

(L) =2, U2 =ceMN2)/2(2), et(g) =e (2 (L)

and define 6 : C*(¥) — C*1(¥) as the composition C*(¥) — 21 (L) —
CO(ZkT1(#)). This defines a complex (C°(£),d), that we will denote as
(God® .Z,9).

(3) Given any sheaf ., (God® %, §) is a resolution of .Z by flabby sheaves. For a
complex (.Z*,d), we view God® .£* as a double complex ordered as written, i.e.,
with differential (6;, (—1)°d;) on God’.#7, and therefore also as the associated
simple complex.

The following exercise will be useful when computing direct images of Z-modules
in Lecture 4
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Exercise 1.4.15 (Compatibility with the Godement functor)

(1) Show that, if . and .# are Ox-modules and if .# is locally free, then we
have a natural inclusion C°(.¥) ®g, F — CY(¥ ®¢g, F), which is an equality
if .Z has finite rank. More generally, show by induction that we have a natural
morphism C* () ®g, F — C*(L @4, F), which is an equality if .Z has finite
rank.

(2) With the same assumptions, show that both complexes God®(¥) ®¢, F
and God' (¥ ®¢, F) are resolutions of £ ®g, #. Conclude that the natu-
ral morphism of complexes God® (%) ®g, F — God' (¥ R¢, F) is a quasi-
isomorphism.

(3) Let .# be a Zx-module. Show that "DRx God®.#Z = God® "DRx ..

1.5. Filtered objects: the Rees construction

Definition 1.5.1 (of a filtered Zx-module). A filtration F, # of a Px-module .# will
mean an increasing filtration satisfying (for left modules for instance)

Fi.9x ~Fg// C Fk-_;,_e/% Vk,é e Z.
We usually assume that Fy.# = 0 for { <« 0 and that the filtration is exhaustive, i.e.,
U Fetl = 4.

Definition 1.5.2 (of the de Rham complex of a filtered Zx-module)
Let F,.# be a filtered Zx-module. The de Rham complex "DR .# is filtered by
sub-complexes F), "DR.# defined by

) i) Fy 78 @ £FO L Fyopr A7 0 AF10 L

. , QHX-‘rk ® Fp—i—k«%bft QHX-HC-‘rl ® Fp+k+1%left .

and the filtered de Rham complex is denoted by "DR F,.Z .

Exercise 1.5.3. Show that the isomorphisms in Exercises 1.2.8 and 1.2.9 are isomor-
phisms of filtered objects .Z'"* @4, F,%x, F.9x Q¢ A" and 4" 24, F,Px.

It is possible to apply the techniques of the previous sections to filtered objects.
A simple way to do that is to introduce the Rees object associated to any filtered ob-
ject. Introduce a new variable z. We will replace the base field C with the polynomial
ring Cl[z].

Definition 1.5.4 (Rees ring and Rees module). If (o7, F,) is a filtered ring, we denote
by o (or Rpo/ if we want to insist on the dependence with respect to the filtration)
the subring ® Fj,o - 2* of &/ ®¢ C[z, 27 !]. For instance, if Fj.o/ = 0 for k < —1 and
Fod = of for k >0, we have o = o ®¢ Clz]. Any filtered module (.#, F,) on the
filtered ring (&7, F,) gives rise similarly to a module M on .



LECTURE 1. BASIC CONSTRUCTIONS

Notice that <« is a graded ring with a central element z and that M is a graded
module on this graded ring. Notice also that, as .# is contained in .# ®¢ C[z, 2],
the multiplication by z is injective on .Z .

Exercise 1.5.5

(1) Show that the Rees construction gives an equivalence between the category
of filtered (&, F,)-modules (the morphisms should preserve the filtrations up
to some fixed shift) and the subcategory of the category of graded /-modules
(the morphisms are homogeneous), the object of which have no z-torsion. [Hint:

recover ./ from .4 by setting .4 = //7/(;2 - 1)/2;]
(2) Recover grf’.# as //?72’/2[
(3) Show that, if one defines the filtration

Fodl = @ Fjll7 & @ Frdl,

J<k i>k
then grl? M can be identified with erf’ # ®c C[z], where the grading in the
previous term is the sum of the grading on grf.# and of the grading of C|[z]
by the degree in z.

Applying this construction to the filtered ring (Zx, F.,) and its (left or right) mod-
ules, we obtain the following properties:

. ﬁX = ﬁX [Z], ~

« in local coordinates, any local section of Zx may be written in a unique way
as Y., aa(2)02 =3 0%b,(z), where we set 3, = 20y,

. Oy is the locally free sheaf locally generated by Og,,...,0;, and we have
[0y, 9] = 20¢/0x; for any local section ¢ of Ox;

« the sheaf QL is defined as 2~ 'C[z]®c 2k, and Q% = AFQL; the differential d
is induced by the differential d on Q%; the local basis (Jxl = z7tdz;); is dual
to the basis (0,,); of éx.

i

Exercise 1.5.6

(1) Extend the results of §§1.1-1.4 to graded Zx-modules.

(2) Show that the same results hold for unnecessarily graded P x-modules and
unnecessarily homogeneous morphisms.

Definition 1.5.7 (z-connectioll). Let j lzg a @’Nx-module. A z-connection on j is a
Clz]-linear morphism V : .# — QY ® .# which satisfies the Leibniz rule

V(fm) = fVin+df®m.

Exercise 1.5.8

(1) Show that Zx has a universal z-connection V for which V(1) = > d;®0,, .
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(2) Show the equivalence between left @X—modules and & x-modules equipped
with an integrable z-connection.

Definition 1.5.9. Let M be a left éX—module. The de Rham complex ‘”Bﬁ,/if is
the complex having as terms the &x-modules Q?{Jr' ® A and as differentials the
z-connection (—1)"V.

Right analogues (in particular, the Spencer complex) are defined similarly as well
as the right-left correspondence. All properties of §1.4 extend in this setting.

Exercise 1.5.10. Using Exercise 1.4.4, show that S\f)(@x) is a resolution of 5)(.






LECTURE 2

COHERENCE

Although it would be natural to develop the theory of coherent Zx-modules in
a way similar to that of &x-modules, some points of the theory are not known to
extend to Zx-modules (the lemma on holomorphic matrices). The approach which
is therefore classically used consists in using the &x-theory, and the main tools for
that purpose are the good filtrations.

This lecture is much inspired from [GM93].

2.0. A reminder on coherence

Let us begin by recalling the definition of coherence. Let &7 be a sheaf of rings on
a space X.

Definition 2.0.1
(1) A sheaf of o7-modules .# is said to be @7-coherent if it is locally of finite
type:
Ve e X, 3V,, Jq, Hfﬁzfﬁfz—» Z\v,»
and if, for any open set U of X and any ./-linear morphism ¢ : 427‘6 - Fu,
the kernel of ¢ is locally of finite type.

(2) The sheaf & is a coherent sheaf of rings if it is coherent as a (left and right)
module over itself.

Lemma 2.0.2. Assume </ coherent. Let F be a sheaf of o/ -module. Then F is o -
coherent if and only if F is locally of finite presentation: Va € X, 3V,, Ip,q and
an exact sequence

Classical theorems of Cartan and Oka claim the coherence of Ox.
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2.1. Coherence of Zx

Let K be a compact subset of X. We say K is a compact polycylinder if there exist
a neighbourhood Q of K, an analytic chart ¢ : @ — W of X, and (py, ..., pn) € (RT)"
such that

o(K) ={(z1,...,2,) €C"|Vie {1,...,n}, |x;| < pi}
In particular a point € X is a compact polycylinder. Let .# be a sheaf on X and
K a polycylinder. We know by [God64], that
lim 7 (U) ~ 7|k (K)

UDK
Uopen

denoted by .# (K). We have Zx|q ~ Zcnw and this isomorphism is compatible with
the filtrations. Thus, to study local properties of gr’” Zx or of Zx in the neighbour-
hood of a polycylinder K we can assume that K C C" is a usual polycylinder.

We have 2x (K) C stomc(Ox, Ox)(K) and any element of Zx (K) can be written
in a unique way as ) .;ca0%, with ¢, € Ox(K) and I C N" finite. The relations
in Exercise 1.1.6 remain true when we replace U by K. We also have

lig FyPx (U) = {P € Zx(K) | P= Y|y cad®  with co € Ox(K)}.

UDK
Uopen

Let Fj, Zx (K) be this (K )-submodule of 2(K). We get a filtration of Zx (K) having
the same properties as that of Zx(U). Finally, we deduce from Exercise 1.1.7 the
existence of a canonical ring isomorphism

g’ (Zx(K)) = (gr" Zx)(K).
We thus have an isomorphism
e’ (2x(K)) ~ Ocn (K)[&, - . ., &)

by an inductive limit on U D K. By a theorem of Frisch [Fri67], Ocn(K) is a
Noetherian ring and, for any « € K, the ring O¢n , is flat over Ocn (K). We therefore
get:

Proposition 2.1.1. If K is a compact polycylinder, grf Zx (K) is a Noetherian ring. [
Proposition 2.1.2. The ring Px (K) is Noetherian.

Proof. Let I C Zx(K) be a left ideal. We have to prove that it is finitely generated.
Set F,I = I N F,2x(K). Then grf'I = @penFil/Fy_11 is an ideal in grf” 9x (K),
thus is of finite type. Let e, ..., e, be homogeneous generators of grf'I, of degrees
di,...,d; and Pp,..., P, elements of I with o(P;) = e;. It is easy to prove, by
induction on the order of P € I, that I = Zle Px(K) - P; (left to the reader). O

Theorem 2.1.3. The sheaf of rings Px is coherent.
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Proof. If U C X is open and

¢ (Zxiv)! — (Ix1v)*
is a morphism of left Zx|y-modules, we have to prove that Ker ¢ is locally of finite
type. We may assume that U is an open chart, thus in fact an open subset of
C". Let €1,...,e4 be the canonical base of Zx(U)? and k € N be such that, for
all i € {1,...,q}, ¢(g;) € Fr2x(U)P. We then have ¢(F;2}) C Fypie2};, and
Ker ¢ N F; 2, is the kernel of a morphism between locally free &y-modules of finite
type

Fg.@g — Fk+g.@g.

Thus Ker ¢ N F; 2}, is Oy coherent, and Ker ¢ is the union of these &y-modules.

Let K C U be a compact polycylinder. By Theorem A of Cartan, for any z € K,
the sheaf [Ker ¢ N Fg@%w]w is generated by T'(K, Ker ¢ N Fg@%IU), which is included
in T'(K,Ker ¢). Thus for any « € K, (Ker ¢), is generated by I'(K, Ker ¢), i.e., any
germ of section of Ker¢ at z is a linear combination with coefficients in Ox , of

sections of Ker ¢ over K. By left exactness of I'(K,«) we have an exact sequence of
left Ix (K)-modules:

0 — I'(K,Ker¢) — I'(K, 2}) = Zx(K)P M) Px(K)P.
Because 2x(K) is Noetherian, I'(K, Ker ¢) is then of finite type as a left Zx(K)-
module. It is then easy to build a surjective morphism of left Zx|x-modules
(Zx k)" — (Ker )| — 0
using the two properties above. This proves that Ker ¢ is locally of finite type. O

Exercise 2.1.4

(1) Prove similarly the coherence of the sheaf of rings grf’ Zx and that of the
Rees sheaf of rings RpZx (see Definition 1.5.4).

(2) Let D C X be a hypersurface and let &x (xD) be the sheaf of meromorphic
functions on X with poles on D at most (with arbitrary order). Prove similarly
that Ox (xD) is a coherent sheaf of rings.

(3) Prove that 2x(xD) := Ox (D) ®¢, Px is a coherent sheaf of rings.

(4) Let i : Y — X denote the inclusion of a smooth submanifold. Show that
" Dx = Oy Qo Px is a coherent sheaf of rings on Y.

2.2. Coherent Zx-modules and good filtrations

Let .# be a Px-module. From Theorem 2.1.3 and the preliminary reminder on
coherence, we know that .# is Zx-coherent if it is locally finitely presented, i.e.,
if for any « € X there exists an open neighbourhood U of z an an exact sequence

q 4
@XlU — @XIU — M-
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Exercise 2.2.1

(1) Let A4 C A be a Zx-submodule of a coherent Zx-module .#". Show that,
if A is locally finitely generated, then it is coherent.

(2) Let ¢ : 4 — A be a morphism between coherent Zx-modules. Show that
Ker ¢ and Coker ¢ are coherent.

Definition 2.2.2 (Good filtrations). Let F,.# be a filtration of .# (see §1.5). We say
that the filtration is good if the Rees module Rp.# is coherent over the coherent sheaf
RpPx (i.e., locally finitely presented).

It is useful to have various criteria for a filtration to be good.

Exercise 2.2.3 (Characterization of good filtrations). Show that the following properties
are equivalent:

(1) F,.# is a good filtration;

(2) for any k € Z, Fy# is Ox-coherent, and, for any x € X, there exists a
neighbourhood U of x and ko € Z such that, for any k > 0, Fy Dx v - Fro- My =
Fyyko M5

(3) the graded module gr’.# is gr’’ Zx-coherent.

Conclude that, if F, . #,G,.# are two good filtrations of .#, then, locally on X, there
exists kg such that, for any k, we have

Fk*ko% C Gt C FkJrkO.//.

Proposition 2.2.4 (Local existence of good filtrations). If .# is Px-coherent, then it
admits locally on X a good filtration.

Proof. Exercise 2.2.5. O

Exercise 2.2.5 (Local existence of good filtrations)

(1) Show that, if .# has a good filtration, then it is Zx-coherent and grf”.# is
grf’ Px-coherent. In particular, a good Zx-module is coherent. [Hint: use that
the tensor product C[z]/(z — 1) ®c, * is right exact.]

(2) Conversely, show that any coherent Zx-module admits locally a good fil-
tration. [Hint: choose a local presentation 2%y LN DX\ — My — 0, and
show that the filtration induced on .| by F,2% |y is good by using Exercise
2.2.3: Set & = Imy and reduce the assertion to showing that F;Zx N ¢
is Ox-coherent; prove that, up to shrinking U, there exists k, € N such that
O(FrP%u) C Fryr,Z% v for each k; deduce that o(Fp 2% |v), being locally of
finite type and contained in a coherent &'x-module, is O x-coherent for each k;
conclude by using the fact that an increasing sequence of coherent &'x-modules
in a coherent &x-module is locally stationary.]
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(3) Show that, locally, any coherent Zx-module is generated over Zx by a
coherent 'x-submodule.

(4) Let 4 be a coherent Zx-module and let .# be an Ox-submodule which is
locally finitely generated. Show that .# is Ox-coherent. [Hint: choose a good
filtration F,.# and show that, locally, # C Fy.# for some k; apply then the
analogue of Exercise 2.2.1(1) for &x-modules.]

Good filtrations are the main tool to get results on coherent Zx-modules from
theorems on coherent &x-modules. This justifies the following definition:

Definition 2.2.6 (Good Z-modules, see [SS94]). A Zx-module is good if, for any com-
pact set K C X, there exists, on some neighbourhood U of K, a finite filtration of
A\ by Yy-submodules such that each successive quotient has a good filtration.

Remark 2.2.7. 1t is not known whether any coherent Zx-module has globally a good fil-
tration, or even whether it is good. Nevertheless, it is known that any holonomic P x-
module (see Definition 5.2.1) has a good filtration (see [Mal94a, Mal94b, Mal96]);
in fact, if such is the case, there even exists a coherent &'x-submodule .7 of .# which
generates ., i.e., such that the natural morphism Zx Qg F — A is onto (this
is a little stronger than the existence of a good filtration, if the manifold X is not
compact).

The main results concerning coherent Zx-modules are obtained from the theorems
of Cartan and Oka for &'x-modules.

Theorem 2.2.8 (Theorems of Cartan-Oka for Zx-modules). Let .# be a left Dx-module
and let K be a compact polycylinder contained in an open subset U of X, such that #
has a good filtration on U. Then,

(1) T(K,.#) generates .Mk as an O -module,

(2) Foranyi>1, H(K, #)=0.
Proof. This is easily obtained from the theorems A and B for &'x-modules, by using
inductive limits (for A it is obvious and, for B, see [God64, Th.4.12.1]). O
Theorem 2.2.9 (Characterization of coherence for 2y -modules)

(1) Let A be a left Dx-module. Then, for any small enough compact polycylin-
der K, we have the following properties:

(a) A (K) is a finite type 2(K)-module,
(b) For any x € K, 0, ®@p(xy M (K) — My is an isomorphism.
(2) Conversely, if there exists a covering {Ks} by polycylinders K, such that

X = UK, and that on any K, the properties (1a) and (1b) are fulfilled, then .#
is Dx -coherent.
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Proof. Let U C X be an open subset small enough for .# to have a presentation
0— AN — D) — My — 0.
The Zy-module .4 is coherent, therefore we have H'(K,.#") = 0 for any small enough
compact polycylinder K C U, and 97(K) — .# (K) is surjective. This proves (1a).
The Ox-module Fy.#y = image F, 9}, being coherent we also have for any k an

isomorphism 0, ® Fyp#(K) — Fy.#,, by Theorem A of Cartan-Oka. From this we
get (1b) by using an inductive limit

Or @o(r) M(K) =~ li_ngﬁx Reo(k) Frtl (K).
k

Conversely, if Condition (1a) is fulfilled we have, since 2(K) is Noetherian, a finite
presentation

21(K) —25 o (K) —s () —> 0,

which gives sheaf morphisms which we denote again by ¢, 7:

(rb @p

T
X|K » Mk — 0,

q
9X|K

and, by the exactness of the functor Z,®4 k), an exact sequence
D} & 74 LN D Qg(ky M (K) — 0.
By Condition (1b) and the lemma below, the morphism
Cy i Dy ®@(K) %(K) — My

is an isomorphism. We deduce from this, and from the equality m, = ¢, o p, that
M| = Coker(¢) is finitely presented on K. O

Lemma 2.2.10. For any left 2(K)-module N, the canonical homomorphism
O, QoK) N — 2, P9(K) N
is an isomorphism.

Proof. This is clear when N = 2(K), hence for any free module and finally, in the
general case, by the right exactness of the functors 0, ®pk) + and Z, @gxy+. U
Exercise 2.2.11

(1) Show similar statements for RpZx-modules, grf’?x-modules, Ox (xD)-
modules, Zx (xD)-modules and i* Zx-modules (see Exercise 2.1.4).

(2) Let 4 be a coherent Px-module. Show that Zx (D) Qg A is Dx (xD)-
coherent and that i*.# is i* Zx-coherent.

Exercise 2.2.12 (External product)
(1) Let A, B be two Noetherian C-algebras. Show that A ®c B is Noetherian.
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(2) Let X1, X2 be two complex manifolds and let py, pa be the projections from
X7 x X5 to X and Y respectively. For any pair of sheaves of C-vector spaces
F1, %5 on X and Y respectively, set .7 K¢ %5 := pflﬁl ®cp2_1§2. Show that
Ox, R¢ Ox, is a coherent sheaf of rings on X; x Xo. [Hint: Use an analogue of
Theorem 2.2.9(2).]

(3) Prove similar properties for Zx, B¢ Zx,.
(4) Show that Ox, xx, is faithfully flat over Ox, K¢ Ox,. [Hint:.]
(5) Show that
DxixXs = Ox,x %, ®(0x,Be0x,) (Dx, K Dx,) = (Zx, M Dx,) @0, Beox,) Ox1 x X
(6) For an Ox,-module Z; (resp. a Zx,-module .#;) and an Ox,-module %,
(resp. a Px,-module .#5), set
Lo L = (L W L) oy Beox, OxixXs
resp. M R My = (M1 Ve M2) @6y ®eoy, OXixXs
= (M K¢ M) @gy Rk, DX xXs
~ M Ro M.

Show that if £, % are O-coherent (resp. .#, #> are PD-coherent), then
L Re L is Ox, x x,-coherent (vesp. 1 Wg Mo is Dx, x x,-coherent).

(7) Show that, if F,.#1,F,.#> are good filtrations, then F;(#1 Ry As) =
Zk-q—l:j Fy i R Fy Ml is a good filtration of .#) X .#5 for which

gt (th Ry M) = gty Ryyr o grF M.
[Hint: See [Kas03, §4.3].]
A first application of Theorem 2.2.9 is a variant of the classical Artin-Rees Lemma:

Corollary 2.2.13. Let A be a Px-module with a good filtration F,.# and let A be a
coherent Dx -submodule of A . Then the filtration F, NV := N N F, # is good.

Proof. Let K be a small compact polycylinder for Rp.#. Then I'(K, Rp.#) is finitely
generated, hence so is I'(K, Rp./4), as I'(K, RpZx) is Noetherian. It remains to be
proved that, for any = € K and any k, the natural morphism

Oz @ o) (Fitl (K) NN (K)) — Fole O N
is an isomorphism. This follows from the flatness of &, over O(K) (see [Fri67]). O

Exercise 2.2.14

(1) Similarly, prove that if ¢ : .# — A is a surjective morphism of coherent
Px-modules and if F, # is good, then F, A := o(F,.#) is good as well.

(2) Let 4 be a good Zx-module (see Definition 2.2.6). Show that any coherent
Px-submodule and any coherent quotient Zx-module of .Z is good.

A compléter
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2.3. Support

Let .# be a coherent Zx-module. Being a sheaf on X, .#Z has a support Supp .#,
which is the closed subset complement to the set of x € X in the neighbourhood
of which .# is zero. Recall that the support of a coherent &x-module is a closed
analytic subset of X. Such a property extends to coherent Zx-modules:

Proposition 2.3.1. The support Supp 4 of a coherent Px-module A is a closed ana-
lytic subset of X.

Proof. The property of being an analytic subset being local, we may assume that .#
is generated over Px by a coherent Ox-submodule .# (see Exercise 2.2.5(3)). Then
the support of .#Z is equal to the support of 7. O

Let Y C X be a complex submanifold. The following is known as “Kashiwara’s
equivalence”.

Proposition 2.3.2. There is a natural equivalence between coherent Px-modules sup-
ported on'Y and coherent Py -modules.

Proof. We will prove this in the special case where X is an open set in C" with
coordinates x1,...,x, and Y is defined by z,, = 0. Given a coherent Zx-module
M supported on Y, we set A := Ker[z,,- : # — #]: this is a Dy-module. We
also set A[03,] == A @c C[0,,]: this is a Zx-module by the following rule; let
f(x1,. . 2n) =3, fe(1, ..., 2n—1)2% be a holomorphic function and n be a section
of #; then we set

(fi-m) @09 *.

(=15t
Fwod) =3 =y
We first claim that .# = A47[0,,]. Indeed, let m be a local section of .#. We will
prove that it decomposes uniquely as > ; ®8§;nnj for some local sections n; of A,
The section m generates an &x-submodule of .#, which is finitely generated, hence
coherent since . is coherent, and is supported on Y. Therefore, locally, there exists ¢
such that /T 'm = 0. Then

0=20,, (:cfflm) = ({+ 1)xﬁm+xﬁ+1ﬁxnm = xfl((EJr 1)+xn5‘mn)m = :cf;(€+8mnxn)m,

so m = my + Oy, ma, my = (£ + 0y, xpn)m/l, my = —x,m/l, with x‘m; = xtmy = 0.
This gives the existence by decreasing induction on ¢. Uniqueness is obtained similarly.
It remains to be proved that the natural ZPy-linear morphism .40, ] — .# defined
by >in; ® DY j 91 nj is a Px-linear isomorphism, which is straightforward.
Lastly, the proof that .4 is Py -coherent is obtained by using the coherence crite-

rion given by Theorem 2.2.9. O
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2.4. Characteristic variety

The support is usually not the right geometric object attached to a Zx-module .#,
as it does not provide enough information on .#. A finer object is the characteristic
variety that we introduce below. The following lemma will justify its definition.

Lemma 2.4.1. Let # be a coherent Px-module. Then there exists a coherent sheaf
I (M) of ideals of gr¥Dx such that, for any open set U of X and any good filtration
F. M, we have S (M )y = Rad(anng,re, gr’d|y).

We denote by Rad(I) the radical of the ideal I and by ann the annihilator ideal of
the corresponding module. Hence, for any z € U, we have

Rad(annng@XJng///z) ={p¢€ ngQXr | 3¢, gofng///_ =0}.

Proof. 1t is a matter of showing that, if F,.#|y and G,y are two good filtrations,
then the corresponding ideals coincide. Notice first that these ideals are homogeneous,
i.e., if ¢ belongs to the ideal, then so does any homogeneous component of ¢. Let ¢
be a homogeneous element of degree j in the ideal corresponding to F,.# and let @
be a lifting of ¢ in F;Zx. Then, locally, there exists £ such that, for any k, we have
QLR C Fyqjo—1.# and thus, for any p > 0,

GEV R M C Fryjipraye—p1-H.-
Taking ko as in Exercise 2.2.3, associated to F,.#,G,.# , we have

GERAV Gt € GPRIVEE, o C Fletko+j(2ko+1)0—2ko—1-H#
C Grooko+j(2ko+1)i—2ko—1-

= Grtj2ko+1)e—14 .

This shows that, by setting ¢/ = (2ko + 1)¢, 3¢ Gt C Gr4jor—14, and thus ¢ is in
the ideal corresponding to G,.#. By a symmetric argument, we find that both ideals
are identical. O

Notice that we consider the radicals of the annihilator ideals, and not these anni-
hilator ideals themselves, because of the shift ky. In fact, the annihilator ideals may
not be equal, as shown by the following example.

Exercise 2.4.2. Let t be a coordinate on C and set .# = O¢(x0)/0¢. Consider the two
elements m; = [1/t] and my = [1/t?], where [+] denotes the class modulo &¢. Show
that the good filtrations generated respectively by m, and ms do not give rise to the
same annihilator ideals.

Definition 2.4.3 (Characteristic variety). The characteristic variety Char .# is the sub-
set of the cotangent space T*X defined by the ideal ¥ (.#Z).
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Locally, given any good filtration of .#, the characteristic variety is defined as the
set of common zeros of the elements of anng,rg, griva.

Assume that .# is the quotient of Zx by the left ideal #. Then one may choose
for F,.# the filtration induced by F, Zx, so that Char .# is the locus of common zeros
of the elements of gr’ #. In general, finding generators of gr’’ # from generators of _#
needs the use of Grobner bases.

In local coordinates z1, ..., z,, denote by &, ..., &, the complementary symplectic
coordinates in the cotangent space. Then grf # is generated by a finite set of homo-
geneous elements a, ()£, where « belongs to a finite set of multi-indices. Hence the
homogeneity of the ideal . (.#) implies that

(2.4.4) Supp A4 = w(Char .#) = Char 4 NTx X,

where 7 : T*X — X denotes the bundle projection and T% X denotes the zero section
of the cotangent bundle.

Exercise 2.4.5. Let 0 — . #' — # — .#" — 0 be an exact sequence of Zx-modules.
Show that Char.# = Char.#’ U Char.#". [Hint: take a good filtration on .# and
induce it on .#" and 4"

Exercise 2.4.6 (Coherent Zx-modules with characteristic variety 7' X)

Recall that a local section m of a left Zx-module .# is said to be horizontal if
Vm =0, i.e., in local coordinates, forall i € N, (0/0z;)m = 0. Let .# be a coherent
Px-module such that Char .# = T5 X. Show that

(1) for every x € X, #,; is an Ox -module of finite type;

(2) A, is therefore free over Ox 4;

(3) Ay has an Ox ,-basis made of horizontal sections;

(4) A is locally isomorphic, as a Zx-module, to 0% for some d.
Exercise 2.4.7 (Coherent Zx-modules with characteristic variety contained in 77 X)

Let ¢ : Y < X be the inclusion of a smooth codimension p closed submani-

fold. Define the p-th algebraic local cohomology with support in Y by RFT'y10x =
ligk éaxtp(ﬁx//{ﬁ, Ox), where Zy is the ideal defining Y. RPT'y)0x has a natu-

tal structure of Zx-module. In local coordinates (z1,...,z,) where Y is defined by
1 =--- =1z, = 0, we have

Ocn[l/xy - 2y
b Ocn(mifar an)

Rpr[y]ﬁx ~

Denote this Zx-module by By X.

(1) Show that £y X has support contained in Y and characteristic variety equal
to Iy X.

(2) Identify By X with i4 Oy .
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(3) Let .4 be a coherent Zx-module with characteristic variety equal to T3 X.
Show that .# is locally isomorphic to (%By X )¢ for some d.

2.5. Involutiveness of the characteristic variety

Let .# be a coherent Zx-module, Char .# C T*X its characteristic variety and
Supp . its support. For (z,0) € T* X, we denote by dim(, gy Char.# the dimension
at (z,0) of the analytic space Char .Z.

Proposition 2.5.1. Let 4 be a nonzero coherent Px-module. Then, for any x € X,
dimz o) Char # > dim X.

This inequality is called Bernstein’s inequality.

Proof. We can assume that X = C". The proposition is proved by induction on
dim X. If Supp .# is n-dimensional, the inequality is obvious. Then, it is enough
to prove the proposition for every z in the smooth part of Supp.#. Therefore, we
have to consider the case where Supp.# is contained in the hypersurface x,, = 0.
The proposition follows from Kashiwara’s equivalence of categories between coherent
YDcn-modules supported on z,, = 0 and coherent Zgn—1-modules (Proposition 2.3.2)
(for the details, see [GM93, p.129)]). O

But there exists a more precise result. In order to state it, consider on T*X
the fundamental 2-form w. In local coordinates (x1,...,2Zn,&1,...,&y), it is written
w =1, d& Adx;. For any (z,£) € T*X, w defines on T, ¢) (T X) a nondegenerate
bilinear form. We denote by E1 the orthogonal space in the sense of w of the vector
subspace I of T(, ¢)(TX). Recall that if V' is a reduced analytic subspace of 7" X,
with smooth part Vj,

. V is said to be isotropic if, for any a € Vj, we have T,V C (T,V)*,

« V is said to be involutive (or co-isotropic) if, for any a € V, we have
(T,V)+ CT,V,

« V is said to be Lagrangean if, for any a € V;, we have (T, V) =T,V.

We observe that if V' is involutive, the dimension of any irreducible components
of V is bigger than dim X.

Exercise 2.5.2. Let V be a reduced analytic subspace of T* X of pure dimension dim V.
(1) Show that if dim V' =1, then V is isotropic.
(2) Show that if codim V' = 1, then V is involutive. (Hint: for E C T(, ¢)(T™X)

of codimension 1, show that E+ has dimension 1, and thus E+ ¢ E++ = E.)

Theorem 2.5.3. Let .# be a nonzero coherent Yx-module. Then Char .# is an invo-
lutive set in T*X. O
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The first proof has been given by Sato, Kawai, Kashiwara [SKK73]. Next, Mal-
grange gave a very simple proof in a seminar Bourbaki talk ([Mal78], see also [GM93,
p-165]). And finally, Gabber gave the proof of a general algebraic version of this the-
orem (see [Gab81], see also [Bj693, p.473]).

A consequence is that any irreducible component of the characteristic variety of
a coherent Zx-module has a dimension > dim X. On the other hand, we can get
homological consequences of this result by using the homological theory of dimension.

Let .# be a Zx-module coherent and x € X and let F, # a local good filtration
of .#. The dimension of the characteristic variety Char .Z at x € X can be deter-
mined with grflZ. Let (x,¢) € Char.# and let m(, ¢) be the maximal ideal defining
(z,€). For d sufficiently large, dim nge////m‘(iLg) is a polynomial in d. Let d(z,&) be
its degree. We have

dim, Char # = sup{d(z,&) | (z,£) € T*X}.

Then, the following results can be proved using algebraic properties of grf@y
(see e.g. [Bjo79, GM93]).

Proposition 2.5.4. Let # be a coherent Px-module. We have
éaxti@X(///,@X):O fori>=n+1. O
Theorem 2.5.5. Let ./ be a coherent Px-module and x € Supp .#. Then
2n — dim, Char # = inf{i € N | cg’:rtijxyx ( My, DPx z) =0} O

Another useful consequence of the homology theory of the dimension is the follow-
ing proposition:

Proposition 2.5.6. Let .# a coherent Px-module. Then, the Px-submodule of A
consisting of local sections m such that dim Pxm < k is coherent. O

2.6. Non-characteristic restrictions

Let i : Y — X denote the inclusion of a closed submanifold with ideal .#y (in
local coordinates (x1,...,zy), Hy is generated by z1,...,x,, where p = codimY’).
A local section & of i7'@x (vector field on X, considered at points of Y only; we
denote by i~! the sheaf-theoretic pull-back) is said to be tangent to Y if, for any
local section f of Fy, (f) € Fy. This defines a subsheaf O x|y of i '©x. Then
Oy = Oy ®i-14, Ox|y =i"Ox |y is a subsheaf of i*"Ox.

Given a left Zx-module, the action of i '©x on i~'.# restricts to an action
of Oy on i*# = Oy @14, i ‘M. The criterion of Lemma 1.2.1 is fulfilled since
it is fulfilled for ® x and .#, defining therefore a left Zy-module structure on i*./7.
We denote this left Zy-module by it.Z.
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Without any other assumption, coherence is not preserved by i*. For example,
it Px is not Dy -coherent if codimY > 1. A criterion for coherence of the pull-back
is given below.

The cotangent map to the inclusion defines a natural bundle morphism

w: T X)y — T7Y,
the kernel of which is by definition the conormal bundle 73 X of ¥ in X.

Lemma-Definition 2.6.1 (Non-characteristic property). We say that Y is non-charac-
teristic with respect to the coherent Zx-module . if one of the following equivalent
conditions is satisfied:

« Ty X NChar # C T X,

@ : Char 4|y — T*Y is finite, i.e., proper with finite fibres.

Exercise 2.6.2. Show that both conditions in Definition 2.6.1 are indeed equivalent.
(Hint: use the homogeneity property of Char .#.)

Theorem 2.6.3 (Coherence of non-characteristic restrictions)

Assume that A is Dx-coherent and that Y is non-characteristic with respect
to M. Then i* M is Dy-coherent and Chari*t.# C w(Char #)y).

Sketch of proof. The question is local near a point z € Y. We may therefore assume
that .# has a good filtration F,.Z .

(1) Set Fyit.# = imageli* Fy.# — i*.#). Then, using Exercise 2.2.11(2), one
shows that F,it.# is a good filtration with respect to F,itPx.

(2) The module gr¥i*.# is a quotient of i*grf.# , hence its support is contained
in Char.#|y. By Remmert’s Theorem, it is a coherent grf' Py -module.

(3) The filtration F,it.# is thus a good filtration of the Zy-module i*.Z. By

Exercise 2.2.5(1), i*.# is Py-coherent. Using the good filtration above, it is
clear that Chari*.# C w(Char .y ). O






LECTURE 3

DIFFERENTIAL COMPLEXES AND LOCAL DUALITY

3.1. Introduction

This lecture relies on [Sai89a]. The de Rham functor is a functor between two
very different derived categories, that of Zx-modules and that of sheaves of C-vector
spaces. This makes complicated checking compatibility of various functors with the
de Rham functor. The idea of differential complexes is to replace the derived cat-
egory of Px-modules with a category that looks like that of sheaves of C-vector
spaces: this is the category of differential complexes, that is, the category complexes
whose terms are Ox-modules and differentials are differential operators. Passing
from a Zx-module to a differential complex is best seen if one starts from an in-
duced Px-module, that is, a right Px-module of the form ¥ ®4, Px for some
Ox-module .Z. The associated differential complex is simply .Z in degree zero, with
differential equal to zero. The differential de Rham functor “*DR, induces an equiva-
lence between bounded derived categories of Zx-modules and differential complexes.
It has an explicit quasi-inverse functor “*DR", which takes values in complexes of
induced Zx-modules. In that way, the composed functor “*DR'“*DR replaces a
bounded complex of Zx-modules with an isomorphic complex whose terms are in-
duced Zx-modules.

Before starting the main course, let us illustrate the previous considerations on the
case of vector bundles with flat connection, as an appetizer.

Let (¥, V) be a vector bundle of finite rank on X with a flat connection, that we
also regard as a left Zx-module, then simply denoted by #". We also denote by V
the differentials Q% ® ¥ — Q5™ ® #. On the other hand, let V also denote the
connection on Py regarded as a left Zx-module.

Proposition 3.1.1. The complex

Veld+IldeVv

(3.11%) - —Qk 07 ® 9y AV e0Dx — -,

where we put the term Q% @ ¥V ® Ix = wx @V ® Px in degree zero, is a complex of
right Dx -modules when Px is equipped with its right Dx-module structure, and is a
resolution of the right Px-module V8" = wx @ ¥ by locally free right Dx -modules.



36 LECTURE 3. DIFFERENTIAL COMPLEXES AND LOCAL DUALITY

This proposition is instrumental when comparing operations on vector bundles
with flat connection with the similar operations on Zx-modules.

Proof. Let us make precise the augmentation morphism wy ® ¥ ® Zx — wx Q ¥
it is defined, for local sections w, v, P of each sheaf, by w @ v ® P — (w®v) - P.

The question is local, so that we will work with germs, and with a local coordinate
system (z1,...,,). For J C {1,...,n}, let 2/) denote the subring of 2 consisting
of germs of differential operators not containing 9., for j € J. We represent the
complex (3.1.1 %) as the simple complex associated to the n-cube with vertices ¥ ® 2
and all arrows in the i-th direction equal to 0,, ® Id +1d ®0,,. By a straightforward
induction, it is enough to prove that for each J C {1,...,n} and each i ¢ j, the
morphism

Dy, @ 1d +1d @0,

(3.1.2) v o9 v o9

is injective and has cokernel isomorphic to ¥/ := ¥ ® 2(7Y{%}) with right action of 9,
induced by the left action of —8,, on ¥’. We write ¥ @ 2(/) = Do V' ® oF and

(O, @1d+1d®0,,) Y vy, @ % = (Op, v +v}_,) ® D}
k

k>0

Injectivity is then clear. The morphism B, 7"’ ® OF — ¥ defined by
S w0k o -0
k k

identifies the cokernel of (3.1.2) with ¥/, and the formula above shows that the right
action of 0, induces the left action of —d,, on #”. O

3.2. Induced Z-modules and differential morphisms

3.2.a. Right induced Z-modules. Let £ be an Ox-module. It induces a right
Px-module £ ®p, Px (the left Ox-module structure of Zx is used for the tensor
product).

Remark 3.2.1. We note that . ® g, Zx has two structures of &'x-module, one on the
left and one on the right, and they do not coincide. We will mainly use the right one.
The “left” Ox-module structure on . ®4, ZPx will only be used when noticing that
some naturally defined sheaves of C-vector spaces are in fact sheaves of &'x-modules.

When we need to distinguish both structures, we denote them by (. ®¢, Zx)"!
and (£ ®ey Zx)"8", and in general ¥ ®4, Zx will mean (£ @4, Px )bt

The category M;(Zx) of right induced differential modules is the full subcategory
of M(Zx) (right Px-modules) consisting of induced Zx-modules (i.e., we consider
as morphisms all Px-linear morphisms).
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There is a natural Ox-linear morphism (with the right structure on the right-hand
term)

L — L Rey Ix, (—IR1.

There is also a (only) C-linear morphism
(3.2.2) L Rey Ix — &L

defined at the level of local sections by ¢ ® P +— P(1)¢, where P(1) is the result of the
action of the differential operator P on 1, which is equal to the degree 0 coefficient
of P if P is locally written as ) aq(2)0S. In an intrinsic way, consider the natural
augmentation morphism Zx — Ox, which is left Px-linear, hence left &x-linear;
then apply Z®g, ¢ to it.

Remark 3.2.3. Notice however that (3.2.2) is Ox-linear on (£ ®4, Zx ).

For the right Zx-module . ®¢, Zx, the de Rham complex "DR (¥ ®¢, Px) is
by definition the Spencer complex Sp% (- ®¢, Zx). By using the left structure on
X Qe Px, one checks that this is a complex in the category of &x-modules (i.e., the
terms are Ox-modules and the differential is @x-linear). The proof of the following
lemma is straightforward.

Lemma 3.2.4. The Spencer complex Spx (£ ®e, Px) is a resolution of £ as an
Ox-module and the morphism (3.2.2) is the augmentation morphism

L @6y Dx = Sp% (L Q6 Dx) — L. O

The category M;(Zx) is an additive category. One can associate to it the category
C(Zx) of complexes which are x-bounded (i.e., for x = &,+,—,b, no condition,
bounded from below, bounded from above, bounded), and the category Ki(Zx) of
complexes up to homotopy. The category C'(Zx) is a full subcategory of C*(Zx).
Note also that two morphisms in C'(Zx ) are homotopic when regarded as morphisms
in C*(Zx) if and only if they are homotopic in C;'(Zx). Therefore, K (Zx) is also
a full subcategory of K*(Zx). Moreover, since the mapping cone of a morphism
in C{(Z2x) is equal to the mapping cone of this morphism considered in C*(Zx), a
triangle in K'(Z2x) is distinguished if and only if it is distinguished when regarded as
a triangle in K*(2x).

Since M(Zx) is an abelian category, we have the usual definition of a null sys-
tem A in K*(Zx) (see [KS90, Def.1.6.6] and Lemma 3.3.3 below for the definition
of a null system in a triangulated category, and [KS90, (1.7.1)]): an object K* be-
longs to 4 if H/K* = 0 for all j. Inverting the associated multiplicative system
S(A) gives rise to the derived category D*(Zx) (see [KS90, §1.6]).

Let us now define .4 as the family of objects of K} (Zx) which belong to .4 when
regarded as objects of K*(Zx), that is, which are quasi-isomorphic to 0 in K*(Zx).
This clearly defines a null system in the triangulated category Ki'(Zx). Inverting the
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associated multiplicative system gives rise to the category that we denote by D} (Zx).
By definition, there is a natural functor D (Zx) — D*(Zx).

3.2.b. Differential morphisms. Let .Z,.%’ be two 0x-modules. A (right) Zx-lin-
ear morphism

(3.2.5) v: ¥ Roy Ix — L' Qpy Dx

is uniquely determined by the &'x-linear morphism

(3.2.6) w: ¥ — L' Qe Dx

that it induces (where the right &x-module structure is chosen on ¥’ ® ¢, Zx) by
the formula, for any differential operator P and any local section £ of .Z:

v(l®@ P)=w(() - P.
In other words, the natural morphism
Homg, (&, ¥ @6y Zx) — Homg, (£ Qe Px,L @oy Dx)
is an isomorphism. We also have, at the sheaf level,
(3.2.7) Hom e (L, L Qo Dx) — Homg, (L Rey Dx,L Q6 Dx).

Notice that s2om g, (£, L' @6 Px) is naturally equipped with an &'x-module struc-
ture by using the left €x-module structure on £’ ® g, Zx (see Remark 3.2.1), and
similarly Homg, (£, %" @6y Zx) is a I'(X, Ox)-module.

Now, w induces a C-linear morphism
(3.2.8) u: ¥ — &,
by composition with (3.2.2): &' ®¢, Zx — £’. By Lemma 3.2.4, u is nothing but
the morphism

HA°("DR(v)) : #°("DR(Z ®oy Px)) — H°("DR(ZL’ @0y Px)).

To any such morphism u corresponds at most one v:

Lemma 3.2.9. The morphism
HOHI_@X (f Koy gx,gl Koy Qx) — Homc(iﬂ,f')
v— u = A" ("DR(v))
1s injective.
Proof. Recall that, for any multi-index 3, we have 9% (z”) = 0 if 8; < a; for some i,
and 0% (z%) = a!. Assume that u = 0. Let £ be a local section of £ and, using local
coordinates (z1,...,2,), write in a unique way w(¢) = Y w({)o ® 02, where the

sum is taken on multi-indices a, and w is as in (3.2.6). If w(¢) # 0, let 8 be minimal
(with respect to the usual partial ordering on N™) among the multi-indices « such
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that w(f), # 0. Then w(z?0) = Y w(l), ® 0%2P and the coefficient of order zero
with respect to 9, is by definition u(z”¢), so that

0=u(z’t) = Z@g(arﬁ)w(f)a = Blw(l)g,
a contradiction. O

Definition 3.2.10 (Differential operators between two &'x-modules)
The C-vector space Homp;g(-Z,.Z’) of differential operators from £ to £’ is the
image of the injective morphism
A ("DR(s
HOHI@X (f Ko @X,gl Koy @X) M Hom(c(.,?,f’).
Similarly we define the sheaf of C-vector spaces H#ompig(-Z,-L’) as the image of the
injective morphism
HO("DR(
Hom g (£ ey Dx, Y Qo Dx) M Homc (L, L.

By using the left &x-module structure, #om ¢, (L, L' @, Px) has a natural
structure of @x-module, which can be transferred to its image S#ompig(£,£’) in
Homc (L, ZL"). We note that Hompig(L,L’) contains H#om ¢, (£, ZL"): indeed,
any Ox-linear morphism u : ¥ — ¥’ is a differential operator from ¥ to &’

with corresponding v being u ® 1. However, #ompig(-Z,-Z’) in general bigger than
Hom o, (L, L").

Caveat 3.2.11. Both Stom o, (£, L") ®6y Px and Hom g, (L, (L' @ Dx)'*?) have a
right Zx-module structure and a left &'y-module structure, and the natural morphism

‘%mﬁx (3,3/) Reox Dx —> jfomﬁx (f, (j/ ® @X)left)’

is linear for both structures. However, we have used above #om ¢, (£, %' @ Px) =
Hom o, (L, (L' @ Dx)"8M) and, in general, there does not exist a morphism from
Hom ey (L, L) Qe Px to Home, (L, L ® Px). As a consequence, the subsheaf
Hom g, (L, L") of Hompig( L, L") is not obtained as the image of

%OPDR(-) : %Mﬁx(g,gl) ®ex Ix — %mﬁx(f,gl).

(See however Proposition 3.2.24 for the case where ¢ is a right Zx-module.)

Examples 3.2.12

(1) Let us checks that sfompig(Ox, Ox) = Px. Using the notation u,v,w as
above, for any holomorphic function ¢ we have w(f) = w(1) - f and w(1) is a
differential operator P. Then u(f) = (P - f)(1) = P(f), so that w is identified
with the differential operator P.
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(2) Let £ be an Ox-module and let V : & — QL @4, £ be an inte-
grable connection on .. Then V is a differential morphism, i.e., belongs to
Hompig (2, Q% @y £): this is seen by considering the right Zx-linear mor-
phism
v({®@P):=V{)®@ P+L{@V(P),

for any local section ¢ of £ and P of Zx, and where VP is defined in Exer-
cise 1.1.9. This extends to the connections *)V.

Similarly, let £/, .Z" be Ox-submodules of .Z such that )V induces a
C-linear morphism MV’ : Ok ®4, 2" — O ®4p, £”. Then PV is a
differential morphism.

Lemma 3.2.13. The composition of differential morphisms is a differential morphism.

Proof. We have to check that, under the composition
Home(Z,.#") x Home (L', L") — Home(Z, L"),
the subspace Homp;g (£, £’) x Hompig(-Z', Z") is sent to Homp;g(-Z,.£"). This
amounts to checking, with the notation above, that
HPTDR (v o v) = A "DR(V') 0 #° "DR(v).
By using the notation as in Lemma 3.2.9, we have

Vot 1) =o' (D w0)a0s) = 3w (w(0)a)sdst,
a,B

«

so that DR (v o v)({ @ 1) = w'(w(f)o)o. On the other hand, u(f) = w(f)y and
w'u(l) = w'(w(€)p)o- O

Definition 3.2.14 (The category M(0x, Diff x)). We denote by M(Ox, Diff x) the cat-
egory whose objects are &x-modules and morphisms are Homp;g(-Z,.Z") (this is
justified by Lemma 3.2.13).

We note that M(Ox, Diff x) is an additive category, i.e.,
« Homp;g (%, .%") is a C-vector space and the composition is C-bilinear,
« the Ox-module 0 satisfies Homp;g(0,0) = 0,
. HOIHDiff(.,iﬂl ® L, f’) = HOHlDiff(gh g’) D HOHlDiff(fg, gl) and similarly
with .4, %,.
Also, M(Cx) is a subcategory of M(Ox,Diff x), since any &x-linear morphism is
a differential operator (of degree zero). It has the same objects but less morphisms.
For the restriction of this inclusion functor to M(Zx), it will be convenient to have a
notation

(3215) can : M(@X) — M(ﬁx,Diﬁx).

Note that any Zx-linear morphism (on the left category) is regarded as a differential
operator of degree zero (on the right category).
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Exercise 3.2.16 (A relative version of differential morphisms)
Let f: X — Y be a holomorphic map between to complex manifolds. Let %, %’
be O'x-modules.

(1) Define a C-linear morphism . @14, f~*%y — £ and a morphism
HOIHf—l_@Y (,,? Qf-10y f_l.@y,gl r-10y, f_lgy) — Homc(.,?,.jf’).
Define the space Hompg, (-Z,.Z"’) as the image of this morphism

(2) Show that the category M(&x,Diffy) is additive. Introduce the cate-
gory M(f~10y,Diffy) and show that M(Ox,Diffy) is a full subcategory of
M(f_lﬁy,Diﬁy).

(3) Using the projection formula (see [KS90, Prop.2.5.13]), define a functor f
(direct image with proper support) from M(&x, Diffy) (or M(f~10y, Diffy))
to M(Oy, Diffy), sending .Z to fi.Z (in the usual sheaf-theoretical sense).

3.2.c. The inverse de Rham functor. We will now show that the correspondence
L — L Rey Px induces a functor M(Ox,Diff x ) — M;(Zx). We will then compose
with the inclusion M;(Z2x) — M(Zx). According to Lemma 3.2.9, the following
definition is meaningful.

Definition 3.2.17 (The inverse de Rham functor). The functor
WPDR™': M(Ox, Diffx) — M(Zx)
is defined by “"DR{(.¥) = £ ®¢, Zx and “TDR(u) = v.
Definition 3.2.10 then reads
(3.2.18)  Hompig( L, L")
= image[#om 9, (“"DR'.Z, " DR"'.L") — Somc (L, L")

Let .2 be an Ox-module. Recall that J#*("DR(Z ®s, Zx)) = 0 for k # 0 and
A ("DR(Z @y Zx)) = £ (Lemma 3.2.4). By definition, #° "DR is a functor
M;(Zx) — M(0x, Diffx), that will be denoted by “*DR.

Lemma 3.2.19. The functor “TDR™: M(Ox,Diffx) — M;(9x) is an equivalence of
categories, a quasi-inverse functor being “*DR : ¥ Qg Dx — £, “* DR(v) = u.
Proof. This follows from Lemma 3.2.9. O

Furthermore, the composed functor M(0x, Diffx) — M;(Zx) — M(Zx), still
denoted by “*DR, is fully faithful, i.e., it induces a bijective morphism
Hompig(Z,.¢’) — Homg, (“"DR'.Z,“"DR".Z").
(One may think that we “embed” the additive category M(&'x, Diff x ), which is non-

abelian, in the abelian category M(Zx); we will use this “embedding” to define below
acyclic objects).
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Remark 3.2.20. When considered as taking values in M(Zx), the functor “"DR™ is
not, however, an equivalence of categories, i.e., is not essentially surjective. The reason
is that, first, not all Zx-modules are isomorphic to some .Z ®», Px and, next, its
natural quasi-inverse is the de Rham functor “*DR which takes values in a category
of complexes. Nevertheless, if one extends suitably these functors to categories of
complexes, they become equivalences (see below Theorem 3.3.7).

3.2.d. Induced Zx-modules from Zx-modules. We give more details on the
functor can of (3.2.15). Recall that, for a right Zx-module .#, there are two natural
P x-module structures on # Qg, Px, denoted (right)sy and (right)iens that are
isomorphic via the involution ¢ (see Exercise 1.2.9). We can write

YDR can( M) = (M R¢y DX )triv-

On the other hand, the &x-module structure underlying (A# Q¢ Zx )tens has been
denoted (4 ®¢, Px )" when regarding .# only as an Ox-module. Remark 3.2.3 is
more precise in the present setting.

Lemma 3.2.21. The augmentation morphism (3.2.2), (M Qe Dx)triv— A , becomes
Dx -linear when composed by t, in other words, it is Dx-linear when we equip
M Qe Dx with its (right )iens structure.

Proof. In a local coordinate system, let us check for example that of

[(3.2.2)(m ® P)] - 0y, = (3.2.2) (M, @ P = m ® 8y, P) =: (3.22)[(m @ P) “tons O,

The left-hand side is equal to (m - P(1)) - 0,, = (mdy,) - P(1) — m(9,,(P(1))) and the

right-hand side is equal to (md,,) - P(1) — m(9y,P)(1)). The conclusion follows from

the equality (05, P)(1) = [0s,, P](1) = 0y, (P(1)). O
The difficulty emphasized in Caveat 3.2.11 can be overcome when %’ is a right

P x-module, and not only an &x-module. Let us explain this. Let .Z,.%’ be O'x-mod-

ules. There is a natural morphism ¢’ — %' ® 4, Px which is Ox-linear for both

Ox-structures (£ ® gy Px)"8 and (£ @ Zx)'°™ (see Remark 3.2.1) and which

induces Ox-linear morphisms

%mﬁx (‘7%7 (ﬁ’ Rex @X)le“)

Hom ey (L, (L Rpy @X)right)

On the other hand, #om ¢, (&, (L' @6y Px)'°") is naturally equipped with a right

P x-module structure induced by that on (£’ ®¢, Px )8 and that we denote by

[ SAom o (L, (L' ®0y Dx)T)] wiv Lherefore, there is a natural Zx-linear morphism

(3223)  Homg (L, L) ®ey Ix — [Homeo (L (L Doy Dx)M)] 00

As indicated in Caveat 3.2.11, the identification (3.2.7) uses (.’ ® ¢, Zx)"8". How-
ever, when .’ is a right Zx-module, the involution ¢ considered in Exercise 1.2.9 can

(3.2.22) Hom o (L, L) — {

be used to circumvent this difficulty.
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For any €'x-module .Z, the sheaf #om ¢, (£, (L' @6y Dx)" M) is equipped with
the right Zx-module structure coming from (right)sens on £’ ® Zx. Then

L Hom g, (L, (L Ry Dx)triv)tens

defines a contravariant functor M;(Zx) — M(Zx). This functor can be extended as
a functor C;(Zx) — C*(Zx). The right-hand side also reads

‘%m@X ("f ®ﬁx @Xv (fl ®ﬁx @X)triv)tcn&

Proposition 3.2.24. There exists a natural bi-functorial morphism of right Px -modules,
for £ € M(Ox) and L' € M(Zx):

Hom o (L, L") @ox Dx — [ Home (L, (L Qo @X)mv)]tens
= [Hom o (£ ey Dx, (L @6y DX )iriv)]
and the image of the composed morphism
Hom o (L, L) @6y Dx — Home (L, (L @6y Dx)riv) — Home (L, L")
is equal to A° "DR[Hom o (L, L") @y Px|, that is, Hom g (L, ZL").

tens’

Proof. The natural morphism (3.2.23) is a Zx-linear morphism

Hom o (L, L") Qox Dx — [ Hom o (L (L R0y Dx )tens)]

triv’
and the involution ¢ changes the right-hand side to the desired one.

We check the second assertion locally. Let v = )" v, ® 0F, where v, is a lo-
cal section of J#om e, (£, %"). Tts image in Jom g, (L, (L' @6y DX )tens)triv 18
Ul > (Va(l) ®1) tens OF, and thus ¢(v) sends € to Y (va(f) @ 1) -triv OF.
The corresponding u is the morphism ¢ — vg(¢). In other words, the image of the
section v is vg. This is nothing but the image of v by the augmentation morphism

Hom g (L, L") Qe Dx — Hom e (L, L) of the Spencer complex. O

3.3. Differential complexes

Since M(Cx,Diffx) is an additive category, one can consider the category
C*(0x,Diffx) of *bounded complexes of objects of M(Ox,Diffx) (with x =
&, +,—,b), and the category K*(&x, Diff x ) of x-bounded complexes up to homotopy
(see [KS90, Def.1.3.4]). These are called x-bounded differential complezes. Further-
more, we can extend can of (3.2.15) as a functor can : C*(Z2x) — C*(Ox, Diff x).

Since connections are differential operators, the de Rham complex of a left Zx-
module .# is a complex in C°(€x,Diffx), that we denote “*DR .# as such. By
using the isomorphism "DR(.#) ~ "DR(.Z'") of Exercise 1.4.10 for a right Zx-
module .#, one makes "DR(.#) a complex in C°(€x, Diffx), that is also denoted by
WIPDR .#. We can then extend “"DR as a functor “"DR : C*(Zx) — C*(Ox, Diff x),
and then as a functor of triangulated categories K*(Zx) — K*(Ox, Diff x).
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On the other hand, there is a natural forget functor Forget from M(Ox, Diff x) to
M(Cx), and by extension a functor Forget at the level of C* and K*. The previous
considerations show that we can decompose the "DR functor as

"DR

T,

M(Zx) ——— C"(Ox, Diff y) ——— C"(Cx)
HEPDR Forget
and
"DR

K*(2x) ——— K*(0x,Diffy) ——— K*(C
(Zx) 4TDR (0, Diffx) Forget (€x)
Exercise 3.3.1 (Stability by the Godement functor). Let .#Z be a Zx-module. Use
Exercise 1.4.15 to show that God® “*DR ./ is a differential complex. [Hint: Identify
this complex with “*DR God® .# ]

In order to define the “derived category” of the additive category M(Ox, Diff x),
one needs to define the notion of null system in K*(&x, Diffx) and localize the cat-
egory with respect to the associated multiplicative system. A possible choice would
be to say that an object belongs to the null system if it belongs to the null system
of C*(Cx) when forgetting the Diff structure, i.e., which has zero cohomology when
considered as a complex of sheaves of C-vector spaces. This is not the choice made
below. One says that a differential morphism u : £ — £’ as in (3.2.8) is a Diff-
quasi-isomorphism if the corresponding v as in (3.2.5) is a quasi-isomorphism of right
P x-modules.

The functor “"DR™ of Definition 3.2.17 extends as a functor C*(Ox, Diffx) —
Ci(Zx) and K*(Ox, Diff x) — K (Zx) in a natural way, and is a functor of triangu-
lated categories on K. Moreover, according to Lemma 3.2.19, it is an equivalence of
triangulated categories.

We wish now to define acyclic objects in the triangulated category K*(Ox, Diff x),
and show that they form a null system in the sense of [KS90, Def. 1.6.6].

Definition 3.3.2. We say that a object £* of K*(Ox,Diffx) is Diff-acyclic if
HIPRI(L) is acyclic in K} (Zx) (equivalently, in K*(Zx)).

Lemma 3.3.3. The family A of Diff-acyclic objects forms a null system in the category
K*(ﬁx,Diﬁx), ’[.6.,
o the object 0 belongs to AN,
« an object ZL* belongs to N iff £*[1] does so,
o if L = L = L — L[] is a distinguished triangle of K*(Ox,Diff x),
and if £°, %' are objects in AN, then so is L.
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Proof. Tt follows from the property that the extension of “™DR™ to the categories K*
is a functor of triangulated categories. O

Define, as in [KS90, (1.6.4)], the family S(.#") as the family of morphisms which
can be embedded in a distinguished triangle of K*(&x, Diffx ), with the third term
being an object of A4". We call such morphisms Diff-quasi-isomorphisms. Clearly,
they correspond exactly via “"DR™ to quasi-isomorphisms in K*(Zx).

We now may localize the category K*(Ox, Diff x ) with respect to the null system .4
and get a category denoted by D*(0x, Diff x). By construction, we still get a functor

(334) STDR: D*(ﬁX7Diﬁx) = Df(@x) — D*(.@)()7

where the first equivalence is by definition of the null system (since we have an equiv-
alence at the level of the categories K*).

On the other hand, the functor can defined by (3.2.15) extends as a functor between
the triangulated categories K*(Zx) and K*(0x, Diff x), factoring through K*(&x).
Since Zx is Ox-flat, if £* is acyclic in K*(Ox), then .£* ®¢, Zx is acyclic in
K*(Zx). Then the previous functor extends as a functor

D*(ﬁx) — D*(ﬁx,Diﬁx).

By composing with the forgetful functor D*(Zx) — D*(0x), we extend can as a
functor

can : D*(@X) — D*(ﬁx,DiﬂX).
Caveat 3.3.5. Do not confuse can and "DR.

Remark 3.3.6. The category M(0'x, Diff x) is also naturally a subcategory of the cat-
egory M(Cx) of sheaves of C-vector spaces because Homp;g(.Z,. ") is a subset
of Hom¢ (2, .%"). We therefore have a natural functor Forget : K*(0x,Diffx) —
K*(Cx), forgetting that the differentials of a complex are differential operators, and
forgetting also that the homotopies should be differential operators too. As a conse-
quence of Theorem 3.3.7, we will see in Proposition 3.3.12 that any object in the null
system .4 defined above is sent to an object in the usual null system of K*(Cx), i.e.,
objects with zero cohomology. In other words, a Diff-quasi-isomorphism is sent into a
usual quasi-isomorphism. But there may exist morphisms in K*(&x, Diff x ) which are
quasi-isomorphisms when viewed in K*(Cy), but are not Diff-quasi-isomorphisms.

Theorem 3.3.7. The functors “"DR and “"DR™ induce quasi-inverse and induce equiv-
alences of categories

diHDR

— T

D*(Zx) D* (0, Diff x).

\_/

diHDR-l
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Lemma 3.3.8. There is an isomorphism of functors “"DR™o“"DR s Id from
D*(Zx) (right Zx-modules) to itself.

This lemma enables one to attach to each object of D*(Zx) a canonical resolution
by induced Zx-modules since “"DR™ takes values in D} (Zx).

Proof. Let us recall that there exists an explicit side-changing isomorphism of com-
plexes "DR .2 ~ "DR .#"#" which is given by termwise &x-linear morphisms.
If we regard these complexes as objects of Cb(ﬁX7Diﬁ)7 we deduce that the side-
changing isomorphism is an isomorphism in this category. In other words, we have
diHDR(j/left) ~ diHDR(%right).

For the proof of the lemma, start with a left Zx-module .Z'". By definition,
WIPRIGIDR A = (QFT @ ') @ Dy with differential “TDR(V). This is
nothing but the complex Q%" ® (.#'*"* ® Zx ) where the differential is the connection
on the left Zx-module (7' ©® Px)iens. Furthermore, this identification is right
P x-linear with respect to the (right)t.y structure on both terms.

We note that [(Z'°" @, Zx)riet] tone = (M R 6, DX )tens, i-€., both with the
tensor structure, respectively left and right, and this isomorphism is compatible with
the right Px-structure (right)siy on both terms. By side-changing we find

["DR(A"" @65 DX tens] sy = [ DRIA @6 Dx)iens]

triv triv’

and by using the involution of Exercise 1.2.9,

[pDR(%right ®tﬁx 9X)tcns.:l x~ [PDR(%right ®ﬁx @X)triv]

triv tens”

Lastly, we have
pDR(%right ®lﬁx QX)triv — %right ®6’X Sp.(@X) ~ %right ®ﬁx ﬁX _ %right’

and the remaining right Zx-structure is deduced from the tens one, which is the nat-
ural right structure on .#"8". We conclude that, functorially, “*DR'**DR .#"ft ~
A8 Since “TDR ' ~ “TDR 48P the lemma follows. O

Proof of Theorem 3.3.7. From the previous lemma, it is now enough to show that,
if #* is a complex in C*(Ox,Diffx), there exists a a Diff-quasi-isomorphism
GTDR UTDRT L — £°, and, by definition, this is equivalent to showing the exis-
tence of a quasi-isomorphism “TDR™'4DR DR .¥* — 4*DR'.¥*, that we know
from the previous result applied to .# = “"DR™.Z". O

Remark 3.3.9. Lemma 3.2.4 only shows the existence of a quasi-isomorphism
"DRUDR™.¥* = Forget &*

in the category of sheaves of C-vector spaces.
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Exercise 3.3.10. Show that the following diagram commutes:

"DR

D*(2 D*(Ox,Diff D*(C
() “ipg 7 P00 DIl g PHEY)

Corollary 3.3.11. The natural functor D (2x) — D*(Z2x) is an equivalence of cate-
gories.

Proof. This follows from the isomorphism of functors “SDR™'fDR -~ Id from
D*(Zx) to itself, and (3.3.4). O

Proposition 3.3.12. The functor Forget induces a functor D*(Ox,Diff x) — D*(Cx),
and we have an isomorphism of functors

"DR “FDR- Forget : D*(0x,Diff x) — D*(Cy).

Proof. If £* is Diff-acyclic, Forget £* is acyclic indeed, by definition, “*DR™(.Z*)
is acyclic; then "DR “*DR(£*) is also acyclic and quasi-isomorphic to : Forget .£*.
This shows the first part of the statement. The second part follows from Theorem
3.3.7 and of the commutativity of the diagram of Exercise 3.3.10. O

Remark 3.3.13 (The Godement resolution of a differential complex)

Let .Z* be an object of CT (O, Diff x). Then God® .#* is maybe not a differential
complex (see Exercise 1.4.15(1)). However, God" “*DR “*DR'.¥#* is a differential
complex, being equal to “*DR God® “"DR™'.#*. Therefore, the composite functor
God® DR “*DR™ plays the role of Godement resolutions in the category of differ-
ential complexes.

Exercise 3.3.14 (Differential complexes in the relative situation)
Keep notation of Exercise 3.2.16.

(1) Show the analogue of Lemma 3.2.9 and deduce the existence of a functor
and diffD].:{_ly : M(filﬁy,Diﬁ‘y) — M(filgy).

(2) Construct the derived categories D*(f !0y, Diffy) and show that “fDR
and “"DR'y are quasi-inverse functors.

(3) Using Godement resolutions, define a functor
Rf : D+(f71ﬁy,Diﬁ‘y) — D+(ﬁy,Diﬂy).

[Hint: Given a complex .Z* in CT(f~!0y,Diffy), replace it with the complex
HTPDR God® “DRy £°]
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(4) Show that the following diagrams commute:

diFfD diff -1

DT (f'2y) “"DR, D" (f~'0y,Diffy) DT (f'%) &D*(f—lﬁy, Diffy)

Rf!l lRf! Rﬁl J(Rf!

diff
DR D* (6y, Difty)

diHDR-l
Dt (2y) ——= D*(6y, Diffy) D (%) ¢+

F t
D*(f~ 16y, Diffy) ——2 D*(Cx)

R f{ J(Rf!

Forget
D* (0y, Diffy) — 2, D*(Cy)

Of special interest for us will be the composed functor can defined by (3.2.15),
WTDR " ocan : DT (2x) — DT (Z2x).
Lemma 3.3.15. We have a functorial isomorphism of functors
STDR o( DR "o can) ~ can : DT(2x) — DT (Ox, Diffx).

In other words, “*DRo(“TDR ’ocan), which a priori takes values in D* (&x, Diff x),
takes in fact values in DT (Zx).

Proof. If A is a right Zx-module, then “"DR "o can(#) = (M Ry Zx )riv- 1t fol-
lows that

WDR(YDR o can) () = “DR(A Ry DX )triv
=M Qo S (Dx) > M R0, Ox = M.

A priori, these equalities hold as &x-modules. However, putting the (right)tens
Px-module structure on # ®g, Px makes “DR(AZ Q¢ Dx)triv @ complex
of right Zx-modules and the above equalities are compatible with this structure
(see Lemma 3.2.21). These isomorphisms are functorial with respect to .# € M(Z2x),
so that this identification also holds for morphisms in DT (Zx). O

3.4. Differential complexes of finite order

In order to deal with local duality, we would need that, when £’* is a complex of
right Zx-module, #om pig (L, L") is a differential complex. This would be the case
if the morphism #om ¢, (£, L") Qo Ix — Home, (L, L R, Px) of Propo-
sition 3.2.24 were an isomorphism, according to the second part of this proposition.
This is not the case in general. For that reason, we introduce the notion of differential
morphism of finite order.
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Recall (see (3.2.7)) that we have a natural identification
%mﬁx (3,.;?/ Rex -@X) = %m@X (f Rex @)(,gl Rex @)()

and that Zx is filtered by F,Zx (see Definition 1.1.4), that we consider with its
Ox-module structures by multiplication on the left and on right. This defines a
filtration

F, Jom gy, (f,.iﬂ/ Qe Dx) = Hom gy (.Z,Z’ Ry Fp.@)(),

(where the left &x-module structure of Fj,Zx is used for the tensor product and the
right one for Jm ¢, ) that we also write as F, #om ¢, (£ Qo DIx, 2L @6, Px),
according to the previous identification. This filtration is not exhaustive in general,
and we set

Homyy (£ @oy Dx, L @oy Ix) = F, Homa (L Doy Ix, L Doy Dx),
p

and the space of Zx-linear morphisms locally of finite order from .2 ®¢s, Zx to
L' Qey Px is defined as

Hom}) (£ ®oy Ix,L ®oy Ix) =T (X, H0m} (£ @0y Ix,L ®oy Dx)).

(The exponent i recalls that this is only defined for induced Zx-modules.) In other
words, a Px-linear morphism % Qg, Ix — £’ Qo Px is locally of finite order if
and only if, in the neighbourhood of each point of X there exists p, such that the
morphism sends . Qg F,Px to £ @6y Fpip, Px for each p.

The following is easily checked:

Lemma 3.4.1

(1) The composition of morphisms of finite order has finite order.

(2) Any Ox-linear morphism £ — £’ has order zero, and that any integrable
connection V : £ — Q% ® o, £ has order < 1, as well as any of its extensions
V®) (see Example 3.2.12(2)).

Exercise 3.4.2

(1) Let £ = Px (with its right structure of &x-module) and £’ = Ox. Let
w = 1Id € Homg, (Z2x,0x Qe Px) = Home, (Px,Px). Show that w does
not belong to any F, Home, (Zx, Zx).

(2) Assume that .2 is Ox-coherent. Show that
Hom's (L @oy Dx, 2 Doy Dx) = Homa (L oy Dx, L Doy Ix).

Definition 3.4.3. The category M, ¢(Zx) is the additive category of induced Z-modules
with Zx-linear morphisms locally of finite order. It gives rise to the categories of
complexes C ((Zx) and that of complexes up to homotopy Ki¢(Zx).
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Note that M;¢(Zx) is not a full subcategory of M(Zx). However, one can con-
struct the corresponding category of complexes C;f(@X), that of complexes up to
homotopy K{¢(Zx) and there is a natural functor Ki((Zx) — K{(Zx) since a ho-
motopy of finite order is a homotopy. Defining then the null system in K;f(@x)
as consisting of complexes which are acyclic in K{(Zx) (equivalently, in K*(Zx)),
we define the derived category D;f(@X)7 which is equipped with a natural functor
to D} (Zx). We can then enhance Proposition 3.2.24 with the assumption of finite
order.

Definition 3.4.4 (Differential operators of finite order). The space Hombs(Z, .2") of
differential operator . — £’ which have (locally) finite order is the image of

I(X, Homy, (£ @0y Dx, L Doy Dx))
in Homp(.Z,-%¢’). The filtration on om g, (£, Qe Px) defines a filtration

F, Aompig(L,2"). We also set Hompg: (L, L") = U, Fp Hompi (L, L") C
Hompig (L, L)

Examples 3.4.5
(1) We have F, #ompig(Ox,0x) = F,Px (see Example 3.2.12(1)).

(2) If £ is Ox-coherent, the filtration F, #ompig(Z,.L’) is exhaustive, i.e.,
Hompg: (£, L") = Hompig( L, L").

Due to the composition property seen above, one can define the category
M(Ox, Diﬁg(), whose objects are 'x-modules and morphisms are differential opera-
tors of finite order. This category is additive. By the same proof as in Lemma 3.2.19,
one checks that the functor “*DR™ sends M(Ox, Diffy) to M (Zx) and that it is
an equivalence of categories, a quasi-inverse functor being “*DR : . ®¢, Ix — Z,
4EDR(v) = u.

One then constructs the categories denoted by C*(€x, Diffy) and K* (&, Diff'y),
respectively equivalent to C;f»(@X) and K{((Zx). By defining acyclic objects in
K{(Zx) as objects whose image by the functor K{';(Zx) — K*(Zx) is acyclic, and
correspondingly acyclic objects in K*(& X,Diffg(), one checks that they form a null
system in K*(Ox, Diff'y). This leads to the derived category D*(&x, Diff’y).

Since any Ox-linear morphism has order zero, the natural functor

C*(ﬁx) — C*(ﬁx,Diﬁx)
takes values in C*(0x, Diff'y) and
D*(ﬁx) — D*(ﬁX,Diﬁx)

takes values in D*(0x, Diff'y). As a consequence, the functor can of (3.2.15) can be
regarded as a functor

(3.4.6) can : D*(Zx) — D*(0x, Diff%,).
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Let .4 be a left Px-module. Then “"DR . is an object of C"(&x, Diftl), since
the connection has order one. By the side-changing isomorphism, which has termwise
finite order (order zero), we conclude that the same property holds for a right Zx-
module .Z.

Let .#° be an object of C*(Zx). Then that “"DR(.#*) is an object of
C*(0x,Diff',), because the differentials of the complex .#* induce differential
morphisms of order zero.

It follows that “"DR defines a functor D*(Zx) — D*(Ox,Diffl;). As a conse-
quence, the functor “*DR™*"DR is regarded as a functor D*(Zx) +— D} (Zx).

In a way analogous to Theorem 3.3.7, and since Lemma 3.3.8 only makes use of
C"(Ox, Diff") according to the above remarks, one obtains:

Theorem 3.4.7. The functors “*DR and “"DR™ induce quasi-inverse and induce equiv-
alences of categories

diHDR

T
D*(Zx) D*(Ox, Diffly),

diffDR—l
the functor “*DR™ takes values in D{{(Zx), and the natural functor Df¢(Zx)
D*(Zx) is an equivalence of categories. O

3.5. A prelude to local duality

3.5.a. A refinement of Proposition 3.2.24

Proposition 3.5.1. Assume that £’ is a right Px-module. Then the sheaf of C-vector
spaces Fom gx (Z®oy Dx,L @6 Px) has a natural structure of right Px -module,
denoted L%”om;fx (Z @6y Px,%L Ry Px)tens, making it isomorphic to the induced
Dx -module Fom g, (L, L") Qe Dx.

More precisely, for each p > 0, the morphism of Proposition 3.2.24 induces an
O'x -linear isomorphism

%mﬁx (.,?, gl) Koy Fp.@X AN %Mﬁx (3, (fl Koy Fp-@X)triV)7

where the Ox-structure on the left-hand term is induced by the right one on F,Zx,
and thus a Px -linear isomorphism which is bi-functorial with respect to £ € M(0x)
and ' € M(2x):

(3.5.1 *) Jom 5 (g,f/) Ry Dx
AN [%ﬂomgX (% ®oy Ix, (L @0y gX)triv)]

tens’

Proof. This follows from the strictness of ¢ with respect to the filtration F,
(see Exercise 1.2.9(3)) and from the €x-coherence of F,Zx. O
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It follows from Exercise 3.4.2(2) that, if .Z is &'x-coherent, we have an isomorphism
of right Zx-modules

jfomﬁx (g,.iﬁ/) Rex Dx = %mgx(cf Rex @)@f’ Rex @X)

Similarly, if £* is a bounded complex of x-modules (and Ox-linear differentials)
with coherent cohomology, then the natural right Zx-linear morphism is a quasi-
isomorphism:

(3.5.2) Hom o (L, L) Rey Dx — Homgy, (L Ry Dx, L Ry Dx)

The isomorphism (3.5.1 %) shows that, if £’ is a right Zx-module, the contravari-
ant functor %ﬂomgfx (o, L' Q0 Px) from M; ((Zx) to M(Zx ) takes values in M;(Zx).

Proposition 3.5.3 (Refinement of Proposition 3.5.1)

(1) The functor %mgx (o, 2" ®6x Px) from My 1(Zx) to M(Zx) takes values
m Mi7f(@x).

(2) The functor %ﬂomgx (Z @6y Px,* Qo Px) is a covariant functor from
M(2x) to Mi(Zx) which takes values in My ¢(Zx).

Proof. For (1), it amounts to proving that a morphism .2 ®e¢, Ix — % Qe Dx
of finite order p induces a morphism of finite order

%mﬁx(,fmg/) Ry Dx — z%mﬁx(gl,g,) Qe Dx.

The result follows from considering the composition

Fy Hom’y (L2 @oy Dx. (L Qox Dx)uiv) = Hom oy (L2, (L Roy FyDx)uiv)
s Hom oy (Lo @y FpDx, (L' @6y FpiqPx )triv)
— Hom o (L1, (L Ry FpiqPx )triv)
~ Fyiq omy (L1 @0y Dx, (L @0y DX )uiv)-

The argument for (2) is similar. O

Corollary 3.5.4. Let £* be a complex in D" (Ox, Diffyy) and let £'* be in DT(2x).
Then the simple complex associated to %mgx (“TDR™'.Z*, (“"DR"ocan).Z’*) is a
complez in D:}(.@X), and there is an isomorphism in C* (O, Diff%;):

3.5.4%) Hompg (L, can L") ~ “DR Aom' (“DR.Z*, (“"DR o can).L"*).
Dx

Proof. The assertion for J#om lgfx follows from Proposition 3.5.3. The isomorphism
(3.5.4 %) then follows from the isomorphism (3.5.1*) together with the last assertion

in Proposition 3.2.24. O
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3.5.b. Properties of the functor jfomgx applied to Zx-modules. Let 4/ * be
a complex in C&(@X), and let .’ be a right Zx-module. It follows from Proposition
3.5.3(1) that fﬁ)miéfx (N, L' ®py Px) is a complex in C}}(@X) (i.e., the differentials
are morphisms of finite order). From Theorem 3.4.7 we deduce that, for any bounded
complex .#* in C°(Zx), the complex %”omig’;x (DR DR A, L Qo Px) is a
complex in C}}(@X), and we have a natural morphism in D®(Zx):

(3.5.5)  Homy, (“DR'DR.Z", L @0, Px)
— %m@X (diHDR-ldeR e///',gl Koy @)()
— RAom o, (""DR'DR.4*, L @0, Dx).

Let us also notice that, according to Lemma 3.3.8,

Rc%m@X (diHDR-ldiHDR%.,gl(gﬁng) ~ [R(%’bmgx (%o, ($,®ﬁx-@X)triv)]

tens’
The morphism (3.5.5) is functorial with respect to .£’. Indeed, a Zx-linear morphism
u: L — Ly gives rise to a Px-linear morphism v = “"DR™(u) : (4 @65 Dx )triv —
(& @65 Dx)triv- The morphism u being & x-linear, we have v = u® 1, and it is also
Px-linear with respect to the (right)tens structure. It induces therefore a morphism
between the corresponding last two terms of (3.5.5) (for £/ and .%j). Since u ® 1
sends & ® F,Px to £y @ F,Px for each p, it also induces a morphism between the
corresponding first terms of (3.5.5). Finally, the diagram (3.5.5)(-%7]) — (3.5.5)(-%)
commutes.

The main reason for using differential complexes of finite order instead of differen-
tial complexes is given by the following property.

Proposition 3.5.6. Let &' be a right Dx-module which is Ox -injective and let #° be
a bounded complex of right P x-modules which is acyclic. Then the complex of right
D x -modules %”omlg’;x (“DR' DR A, L ®e, Dx) is also acyclic.

Proof. Recall (see the proof of Theorem 3.3.7) that, if 6 denotes the differential of .#*
and V is the connection on each .#Z'°fF 4TDR'TDR . #° is the simple complex
associated to the bi-complex

(Q§+. Qo '//lleftﬁ 6 Dy, diffDR-l(v)7 g)’

where “TDR(V) is the connection on (.Z%* 5 Px)ens and 0 is induced by
d ® 1 (see Exercise 1.2.8(1)). Recall also that “*DR(V) is of finite order (in fact,
order <1), as well as 5 (order zero). It is then enough to prove the acyclicity for
each k of the complex

J%mgx ((Q}"_k Rox Ny Reox .@X,g),iﬂl Ry .@X).

By definition of § and of Hom EX and according to functoriality in Proposition 3.5.3,
this complex is nothing but the complex #om o, (VL @ gy A1, 5), L") @6, Dx,
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where we still denote by ¢ the &'x-linear morphism associated to . Since ¥’ is Ox-in-
jective and (.'*%*,§) is acyclic, the complex Jom g, (V5™ @y A, 5), L") is
acyclic, hence so is the complex #om g, (V5™ @gy A'*,6), L") @6, Dx since
-@X is ﬁx—ﬂat. O

According to Proposition 3.5.3, s#om gx (""DR'DR .AZ"*, ¢ Q¢ Px) is an ob-
ject of CEf(@X), therefore of KEf(@X), and acyclicity in K”(Zx) is by definition
equivalent to acyclicity in KEf(@X).

One can choose for .Z’ an injective Zx-module. ) Note that .#’ ®ey Px is not
9P x-injective in general, and we cannot assert the property of Proposition 3.5.6 for

Hom g, . Since we are mainly interested in the latter, we will complement this result
with the following extension of Exercise 3.4.2(2) and of (3.5.2).

Proposition 3.5.7. Let .4* be an object of D2, (Zx) and let £ be a right Dx -module
which is Ox -injective. Then (3.5.5) is an isomorphism.

For the proof of Proposition 3.5.7, we cannot directly apply (3.5.2), since
STDRITDR .4 is in general not of the form .£* ®4, Zx with .£* in D2, (Ox).
We will use the following.

Lemma 3.5.8 (see [Har75, Prop. L4.4]). Let (7,)pen be a projective system of complezes
of sheaves of C-vector spaces. Assume that

(1) for each k € Z, the morphisms ﬂ;f“ — 5[1’5 are onto (in particular the
Mittag-Leffler condition is satisfied for each projective system (ﬂ}?)peN),

(2) there exists p, such that, for each p > p,, the morphism Fpi1 — Fp s
a quasi-isomorphism (in particular the Mittag-Leffler condition is satisfied for
each projective system (HFF))pen).

Then, for each k € Z, the natural morphisms

A (lm 73 ) — im(#* 7)) — H*Z,,
p p

1. Let o7, Z be sheaves of rings with unit, &/ being commutative, and assume that 4 is a left and
right o/-module, which is left «7-flat. Let £ be an injective right #-module. Then % is injective
as a right «/-module. Indeed, let .7 < ¢ be a monomorphism of sheaves of right &/-modules and
let ¢ : F — A be o/-linear. Since & is left o/-flat, ¥ Ry B — G Qo A is a monomorphism and
the composed %-linear morphism

0B F Quy B —H Qg B — X
extends as a morphism Vg : ¥ Qy B — K since A is HB-injective. On the other hand, the
composition of ¢ with
F — IRl — F Qo B
is equal to ¢, hence the composition ¢ of ¥ 5 with
Y —9GR031—>YQy A

extends .
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are isomorphisms. O

Exercise 3.5.9 (J¢om, hgrl and l'gl)
(1) Let A be a ring and let F, G be A-modules. Let (F),),en be an exhaustive

increasing filtration of F'. Show that

Homy (F,G) = 1'£1H0111A(Fp7 G),
P

i.e., giving a morphism ¢ : F'— G is equivalent to giving morphisms ¢, : F, =G
subject to the condition that ¢, 15, = ¢p.

(2) Let o7 be a sheaf of rings on a topological space X and let %,% be two
sheaves of &7-modules. Let (.%,)pen be an exhaustive increasing filtration of .%.

(a) Show that, for each open set U C X, the natural morphism
LU, som o (F,9)) — @F(U, Hom o (Fp,9)) = F(UJ'&nj’fom%(yp,%))
P P

is an isomorphism. [Hint: use (1) and Exercise 1.1.2.]
(b) Conclude that the natural morphism
Hom o (F,9) — @%md(fp, b)
P

is an isomorphism.

Proof of Proposition 3.5.7. We first assume that .#°* = .# consists of a coherent
Px-module. The question is local on X, so we can assume that .# has a good
filtration (Fp 4 )pez with Fp,.# = 0 for p < 0. The de Rham complex “*DR .#
is naturally filtered, by setting F,(.# ®¢, NOx) = (Fpp M) @6y AFOx, and
E,“"DR.# is an object of C”(Ox, Diff'y), according to Lemma 3.4.1(2).

Lemma 3.5.10. For each p, grg YTDR A is a complex in Cb(ﬁx).

Proof. Let us prove the lemma for left Zx-modules. It is a matter of showing that, if V
denotes the connection on .#, that we regard as a connection F,.# — Q% @ F1.4,
then the induced map gr,V : grf;/// — Ok ®gr5+1/// is Ox-linear. This follows from
the Leibniz rule. O

Lemma 3.5.11. Locally, there exists p, such that d“*DR’lngl,F HEDR A is acyclic for
P 2 Po-
Proof. According to the previous lemma,

“DRgr) “"DR.# = (gr} “"DR.#) ®6, Vx.
It suffices therefore to prove the acyclicity of grg HFPDR A in Cb(ﬁ7 x). One can find,
locally, a resolution the filtered Zx-module (#, F,.#) (more precisely, a resolution

of the associated Rees module, see §1.5) by coherent filtered Zx-modules of the form
D L ®ox Foni|Zx, where 24, is Ox-free of finite rank, F,Zx is the standard
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filtration of Zx, F,[nk] is the same filtration shifted by some integer ng, and the
direct sum is finite.

It is therefore enough to prove the assertion for such summands, by a classical
argument of homological algebra, and then for (Zx, F,%x), for which the assertion
was proved in Exercise 1.4.4(3) for p > 1. O

We now consider the commutative diagram
Hom'y (""DR'DR.MA, L' @6, Dx) —— Homg, (""DR'DR A, L @6, Dx)
bl CJ
. a
Hom'y (“"DRF,DR .M, L @6 Dx) —> Hom g, (“"DR'F, DR .M, L ©6,Dx)
and we will prove that a,,c, b, hence a, are quasi-isomorphisms locally for p > 0.
(1) For a,, we identify
YDR'F,DR.AZ to (V5 ®py Fpyedl" @0, Zx,""DR(V)),

as in the proof of Proposition 3.5.6. Then a, is termwise an isomorphism for
each p, according to Exercise 3.4.2(2).

(2) According to Exercise 3.5.9(2), we identify
Jom g, (diHDR-lDR M, <z Qo gx)

to
lim S#om g, (“"DR™F, DR, 2 ©0x Dx)
p
and thus to

lim #om (“"DR™F, DR 4, %' @y Ix).
p

That Condition 3.5.8(1) is fulfilled follows from the @x-injectivity of £’ and
(3.5.2). Condition 3.5.8(2) follows from Lemma 3.5.11. Therefore, ¢ is a quasi-
isomorphism for p > 0, according to Lemma 3.5.8.

(3) In order to prove that b is a quasi-isomorphism, we will first analyze the
differential of the corresponding complexes. We cannot apply directly Lemma
3.5.8 to these complexes, since the terms are of the form

Hom oy (W @ M, L) @0y Dx
and we cannot assert that yan('p) Reyx Dx = Liinp('l’ ®ey Px) for a projective

system s, of &x-modules, since Zx is not of finite rank over Ox. We will thus
consider the filtration F,Zx in order to use @p.

The differential 0 of the complex J#m igx (“*DR'DR A, L' ®ecy Px) sends
a local section ¢ of Hom g, (VX @ 4", £") to the section

oV +op(-® V(1))
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of Hom o (Ve @ ", L' @ Fy Px), where V(1) is the same as in Exercise

1.1.9(1).
We can therefore filter the complex %m;fx (“"DR'DR A, L Q¢ Px) by
setting

Gp Hom o (Vv * @ M, L' @ Dx) = Hom e, (Vi F @ M, L' @ FpixPx).

The differential gr;0 of the graded complex satisfies gr9(¢) = (s ® V(1)).
The graded complex can then be identified, up to a shift by n in the grading, to
the complex S#om g, (M, L @ grf Sp® Px). According to Exercise 1.1.9, we
find that the inclusion of complexes

Go Homyy, (““DR'DR.MA, L' @6y Dx) — Homl (“"DR'DR.A,L @6, Dx)

is a quasi-isomorphism. A similar argument applies for each p to the complex
j‘fom;fx (“"DR"F,DR A, ¥ ®p, Px). We can now apply Exercise 3.5.9(2)
to terms of the complexes Gg(+) in order to obtain
Go Homy, (““DR'DR.A, L ®6, Dx)
= lim Go #om;, (“"DR'F, DR, %" @y D).
P

Since

[Go om’y (“"DR’F, DR, L ©0, Ix)]"
= Jtom gy (Q}_k ® Fp_k.//bft, L' @ FpipPx) =: ﬁ;,
Condition 3.5.8(1) holds by the Ox-injectivity of .’ ® F,4;Zx and Condi-
tion 3.5.8(2) follows moreover from the local acyclicity of ‘““DR’lgrf DR .#
for p > 0.

End of the proof of Proposition 3.5.7. We continue to assume that .#° = .4, and we
will prove that the composition of the arrows in (3.5.5) is an isomorphism. This is
a local question. Let .Z° be a resolution of .Z by locally free Zx-modules of finite
rank. Then “*DR'¥TDR.#* is a resolution of “*DR'¥TDR,.# by locally free right
P x-modules, so by definition

Hom o (DR DR .A*, L' @6, Dx) =R Hom o, ("“"DR' DR A, L' @0, Dx).

On the other hand, Proposition 3.5.6 applied to the acyclic complex --- — #Z! —
Kerdy — 0, with do : #° — #, shows that

Homy, (“DRDR A, L' @6, Dx) — Homy (“"DR'DR.MA", L' ®6,Dx).
is a quasi-isomorphism. Since

Hom'y (“"DRDR .M, L' @0, Dx) — Hom g, (“"DRDR.M*, L' ®0, D)
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is an isomorphism for each k, we obtain that (3.5.5) is an isomorphism when .Z is
9P x-coherent. By using similar arguments, we get that (3.5.5) is an isomorphism for
any bounded complex .#Z* with Zx-coherent cohomology. O

3.6. Behaviour with respect to external tensor product

3.6.a. The C-external tensor product. It is straightforward to adapt the results
of §§3.2-3.5 to the sheaves Ox, K¢ Ox, and Ix, M Zx,. Furthermore, we have a
natural identification

(3.6.1) (L1 ®0x, Zx,)Mc (L2 ®0x, Ix,) = (L1 W L2) Qoy Reox, (Px, We Dx,)-
In particular, the C-external product X¢ defines functors

M(Ox,, Diff'y ) x M(&x,,Diffy,) — M(0x, K¢ Ox,, Diff'y, Kc Diff'y, ),

where Diﬂ?g(1 Xc Diffg(2 refers to differential complexes over X; x X5 with respect to
the sheaves of rings Ox, K¢ Ox, and Zx, K¢ Zx,. Such functors extend to the derived
categories D” and DT. Then one checks that the following diagram commutes:

M(Ox,, Diff'y ) x M(&x,, Diffy,) —— M(0x, K Ox,, Diffy, K¢ Diff'y, )

Forge{ IForget IForget

M(Cx,) x M(Cx,) ! M(Cx, xx,)

and similarly for D’ and D*.
3.6.b. The Diff-external tensor product. We keep the notation of Exercise
2.2.12. Recall that we have defined bifunctors
Kp: M(Ox,) x M(Ox,) — M(Ox, xx,),
Ky : M(Zx,) X M(Zx,) — M(Dx, xx,)-
From (3.6.1) it immediately follows that
(3.6.2) (A ®ox, Ix,)Ng (L2 ®oy, Dx,) = (L1 Mo L) ®ox,  x, PX1xXs-

Given Zx,-linear morphisms v; : £ ®g,, Ix, — <! oy, Ix, (1=1,2), v1 K¢ vg
induces a morphism

1 Rg vy 1 (A R®ox, Ix,)89 (L2Q0x, Vx.) — (L oy, Vx,)Ro (L5 @6y, Ix,),
that is,
v1 Mg vy : (fl Mg 22) ®ﬁx1xx2 @XIXX2 — (gll Xg $2/) ®lﬁxl><x2 @X1><X27

so that the external product Ky is a bifunctor M;(Zx, ) x M;(Zx,) — Mi(Zx, x x,)-
Similarly, it extends as a bifunctor M;¢(Zx,) x M;¢(Zx,) — Mit(Px,xx,). Fur-
thermore, this construction can be enhanced to the categories of complexes and the
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derived categories (the Z-external tensor product of complexes, one of which is quasi-
isomorphic to zero, is also quasi-isomorphic to zero).
From (3.6.2) we deduce that

“TDR, [(fl Reox, Px,) Ry (L Xeox, QXQ)] =2 Kp L.

Lemma 3.6.3. The bifunctor Kg : M(Ox,) x M(Ox,) — M(Ox,xx,) extends as a
bifunctor

Mpigr : M(Ox,, Diff'y, ) x M(Ox,, Diff; ) — M(Ox, «x,, Diff'y , y,),
by setting
Diﬂl @Diff 32 = fl &@7 ZQ and uy IEDiff Ug = %0 pDR(’Ul IZ_@ ’Ug),

z'fui:%OPDR(vi) (Z: 1,2) O

These constructions extend to the derived categories D® and D, and by definition
they are compatible with the functors “TDR and “*DR™, i.e., the following diagrams
commute:

Xy

D”(Zx,) x D"(Zx,) D”(Zx,xx.)

diﬁ'DRI IdiHDR Idiﬂ'DR

D"(Ox,, Dift ) x D*(Ox,, Diffl.) Xpitt D"(Ox, x x,, Diff  x,)
and
D"(Zx,) x D" (Zx,) | XNo D”(Zx, xx,)
(3.6.4) daffDR-{ InffDR-l Iﬁﬁ-DR-l

. . Xp; .
D"(Ox,, Diffy,) x D*(Ox,, Diffy) 10— D"(0x, x x,, Diffy,  x,)

Let us denote by DEOh(ﬁxl,Diffg(l) (resp. Dﬁol(ﬁxl,Diﬁ’fxl)) the full subcategory
of Db(ﬁxl,Diﬁ'g(l) whose objects . are such that “*DR™'.% has Py, -coherent
(resp. Px,-holonomic) cohomology. Then, according to Proposition 5.5.2 and Exer-
cise 3.3.10, the following diagram commutes:
. . X .
D} (O, , Diff'y, ) x D2,y (Ox,, Diffy, ) ——— DY, (O, x x5, Diff  x,)

coh coh

Forge{ IForget IForget

X
D"(Cx,) x D®(Cx,) | L D"(Cx,xx,)
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We deduce the commutativity of

X
DE(Zx,) X Dhot(Zx,) ——2— Dhot(Zx, x )
(3.6.5) pDRI }DR }DR
X

D(lloj—c((CXl) X DE—C(CXZ’) 4 D(bé—c((c)ﬁ ><X2)



LECTURE 4

DIRECT IMAGES OF Zx-MODULES

The notion of direct image of a Z-module answers the following problem: given a
C*° differential form 7 of maximal degree on a complex manifold X, which satisfies a
linear system of holomorphic differential equations (recall that Zx acts on the right
on the sheaf &y of forms of maximal degree), what can be said of the form (or more
generally the current) obtained by integrating 7 along the fibres of a holomorphic map
f: X = Y? Does it satisfy a finite (i.e., coherent) system of holomorphic differential
equations on Y? How can one define intrinsically this system?

Such a question arises in many domains of algebraic geometry. The system of
differential equation is often called the “Picard-Fuchs system”, or the Gauss-Manin
system. A way of “solving” a linear system of holomorphic or algebraic differential
equations on a space Y consists in recognizing in this system the Gauss-Manin system
attached to some holomorphic or algebraic function f : X — Y. The geometric
properties of f induce interesting properties of the system. Practically, this reduces
to expressing solutions of the system as integrals over the fibers of f of some differential
forms.

The definition of the direct image of a Z-module cannot be as simple as that of
the direct image of a sheaf. One is faced to a problem which arises in differential
geometry: the cotangent map of a holomorphic map f : X — Y is not a map from
the cotangent space T*Y of Y to that of X, but is a bundle map from the pull-back
bundle f*T*Y to T*X. In other words, a vector field on X does not act as a derivation
on functions on Y. The transfer module Zx_,y will give a reasonable solution to this
problem.

We have seen that the notion of a left Zx-module is equivalent to that of an O'x-
module equipped with a flat connection. Correspondingly, there are two notions of
direct images.

o The direct image of an Ox-module with a flat connection is known as the
Gauss-Manin connection attached to te original one. This notion is only coho-
mological. Although many examples were given some centuries ago (related to
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the differential equations satisfied by the periods of a family of elliptic curves),
the systematic construction was only achieved in [KO68]. The construction
with a filtration is due to Griffiths [Gri70a, Gri70b] (the main result is called

Griffiths’ transversality theorem). There is a strong constraint however: the
map should be smooth (i.e., without critical points).

« The direct image of left Z-modules was constructed in [SKK73]. This con-
struction has the advantage of being very functorial, and defined at the level
of derived categories, not only at the cohomology level as is the first one. It
is very flexible. The filtered analogue is straightforward. It appears as a basic
tool in various questions in algebraic geometry.

4.1. Example of computation of a Gauss-Manin differential equation

Let f € C[xlil, ...,xF1] be a Laurent polynomial in n variables. Consider the
following integral depending on a parameter ¢:
d d
I(t)z L’ wzﬂ/\.../\ﬁ7
o f—1 1 T

where T is the real torus {|z;| = 1Vi}.

Proposition 4.1.1. There exists a non-zero differential operator q(t, ;) with polynomial
coefficients such that q(t,0¢)I(t) = 0.

We will show how to compute algebraically this differential operator. Denote by
QF = QF((C*)™) the space of differential forms of degree k with Laurent polynomials
as coefficients and by QF[r] the space of polynomials in the new variable 7 with
coefficients in QF. The differential d : Q% — QF*F1 gives rise to a twisted differential

d—TdfN: Qk[T] — Qk+1[7].
Lemma 4.1.2. We have (d — 7df \)? = 0, hence (Q°[r],d — 7df A\) is a complez.

Definition 4.1.3. The k-th Gauss-Manin system GM”(f) is defined as the k-th coho-
mology H* (Q'[T}, d—T7df N )

Lemma 4.1.4. The following action:
By - (i) = omir !
t-(Cmt’) = S (fm — (i + D)7’
defines an action of the Weyl algebra C[t](3;) := 2(A}) on GM*(f) for each k. [

The Gauss-Manin systems GM*(f) are an algebraic version of the direct image
f+O(c+y» that we will consider later.

Theorem 4.1.5 (Bernstein). Each non-zero element of GMk( f) is annihilated by a non-
zero element of C[t](0s). O
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Proposition 4.1.6. Let p € C[t](D;) be such that p - [w] = 0 in GM"(f). Then there
exists N > 0 such that
oy -p(t,0,) - 1(t) = 0.
Proof. We write p asp = Z?:o dfa;(t). The relation p- [w] = 0 shows that there exists
k> 0and n,...,n4+r € Q" such that
0= —df NNayk
0 = dnitr — df Aatr—1

(4.1.7) 0 =dna+1 — df Anq
ago f-w=dng—df Ana—1

ap o f-w = dnp.
Claim. We have for all j,¢:

/ d77j y df/\’l]j
W (F=08 e (f =)

This follows from Stokes formula: / d(n;/(f — t)e) = 0. From (4.1.7) we get
TTL

dna df Nna dnays
/n(f*t)_/n(f*t)Q_/n(f*t)z_ .

On the other hand, let us work modulo C[t], and use the sign = instead of =. For
any polynomial a(t) we thus have

0 [ o= G medcl

since [a(t) —ao f]/(f —t) € ClzF", ..., zF![t]. Now,

d w _d agof-w d df Ama _df/\nd
RN b M e a by M el e

and by using Stokes formula,

d w dng_ w df N nq—
4 a®) _/ _dna / f Nna—2

dt oo f—t f—t o f—t f—t
Iterating this reasoning (by applying d/dt once more, etc.) gives:
w
p(t, ) —— =0, ie., €C[t].
o f—t
Applying now a sufficiently high power of d/dt to kill the polynomial, we get
w
o p(t,0 —— =0. O
Voo |
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4.2. Inverse images of left Z-modules

Let us begin with some relative complements to §1.2. Let f : X — Y be a
holomorphic map between analytic manifolds. For any section £ of the sheaf ©x of
vector fields on X, Tf(&) is a local section of Ox ®f-14, f~'©y. We hence have an
O x-linear map

Tf . 0x — Ox Qf-10y f_1@y,
and dually
T*f : ﬁx ®f71(jy Q%/ — Q‘lx

Therefore, if .4 is any left Zy-module, the connection V¥ on .4 can be lifted as a

connection

VX Ox Qf-10y f71</1/ — Qﬁ( Qf-10y f71</V
by setting
(4.2.1) V¥ =d@Id+(T*f@Idy)o (1@ VY).

Exercise 4.2.2 (Definition of the inverse image of a left Zx-module)

(1) Show that the connection VX on f*.A4" := Ox ®;-14, 1A is integrable
and defines the structure of a left Zx-module on f*.4". The corresponding
Px-module is denoted by fT.4".

(2) Show that, if .4 also has a right Zy-module structure commuting with the

left one, then V¥ is right f~'%y-linear, and f*.4 is a right f~'Zy-module.
Exercise 4.2.3

(1) Express the previous connection in local coordinates on X and Y.

(2) Show that, if .Z'" is any left Zx-module and .4 any left f~!%y-module,
then .zt Rf-16, f~' A4 may be equipped with a left Zx-module structure:
if ¢ is a local vector field on X, set

£ (m@n) = (Em)@n+Tf(E)(m@n).
[Hint: identify .#*" @10, 1A with 4" @6, ft.4 and use Exer-
cise 4.2.2.]
Definition 4.2.4 (Transfer modules, see, e.g. [CJ93] for details)

(1) The sheaf Zx .y =O0x Q-14, 1Dy = f* Py is aleft-right (Zx, f 1 Dy)-
bimodule when using the natural right f~!%y-module structure and the left
PDx-module introduced above.

(2) The sheaf Py, x is obtained from Zx _,y by using the usual left-right trans-
formation on both sides:

Dy x = Hom j-16, (wy,wx Ry Dx-y).
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Notice that, Zy being a locally free Oy-module, f+ %y is a locally free 0'x-module.
Choose local coordinates x1,...,x, on X and y1,...,ym on Y. Then Zx_,y =
Ox[0y,,--.,0y,] The left Px-structure is given by

0aq  ~— of;
aibi : Zaa(x)ag = Z (% + Zaa(‘r)aifayj>a;"
o % J=1 i

[e3%

Exercise 4.2.5 (Zx_,y for a closed embedding). Assume that X is a complex submani-
fold of Y of codimension d, defined by g1 = - - - = g4 = 0, where the g; are holomorphic
functions on Y. Show that

Dxsy = 9&//2?21 9iDy

with its natural right 2y structure. In local coordinates (z1,...,Zn,y1,...,Yqd) such
that g; = y;, show that Zx_y = Dx[0y,,--.,0y,]-

Conclude that, if f is an embedding, the sheaves Zx_,y and Zy. x are locally
free over 9x.

Exercise 4.2.6 (Filtration of Zx_.y). Put Fi,Zx v = Ox @514, flF.2x. Show
that this defines a filtration (see Definition 1.5.1) of Zx_,y as a left ZPx-module and
as a right f~!%y-module, and that gr Zx_,y = Ox @-14, [~ e’ Dy.

Exercise 4.2.7 (The chain rule). Consider holomorphic maps f: X —Y andg: Y — Z.

(1) Give an canonical isomorphism Zx_,y @19, f~'Dy_z — Dx_z as
right (g o f)~!2z-modules.

(2) Use the chain rule to show that this isomorphism is left Zx-linear.
(3) Same question with filtrations F,.
We can now give a better definition of the inverse image of a left Zy-module .4,

better in the sense that it is defined inside of the category of Z-modules. It also
allows one to give a definition of a derived inverse image.

Definition 4.2.8 (of the inverse image of a left 7y -module). Let .4 be a left Zy-module.
The inverse image fT.4" is the left Zx-module Zx_,y -1, A .

Exercise 4.2.9
(1) Show that the provious definition coincides with that of Exercise 4.2.2(1).
(2) Let f : X =Y, g:Y — Z be holomorphic maps and let .4 be a left
2z-module. Show that (go f)T A ~ fT(gtA).

The derived inverse image LfT .4 is now defined by the usual method, i.e., by
taking a flat resolution of .4 as a left Zy-module, or by taking a right f~! %y -flat res-
olution of Zx_,y by (Zx, f~' Py )-bimodules. The cohomology modules L7 f* 4 :=

t%rf_l%”(@;(ﬁy, f~1A) are left Zx-modules.
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4.3. Direct images of right Z-modules

Recall that the Spencer complex Sp% (Zx ), which was defined in 1.4.2, is a complex
of left Zx-modules. Denote by Sp%_,y (Zx) the complex Spy (Zx) ®py Px vy (the
left Ox-structure on each factor is used for the tensor product). It is a complex
of (Zx, f~ 1%y )-bimodules: the right f~1%y structure is the trivial one; the left
PDx-structure is that defined by Exercise 1.2.6(1).

Exercise 4.3.1 (The (filtered) relative Spencer complex)
(1) Show that Sp%_,y(Zx) is a resolution of Zx_,y as a bimodule.

(2) Show that the terms of the complex Sp_,y(Zx) are locally free left Zx-
modules. [Hint: use Exercise 1.2.8(4).]

(3) Define the filtration of Spk_,y (Zx) by the formula

FrSpxoy(Zx) = Y FiSpx(9x) @510, Fr x5y,
j+k=¢L
where the filtration on the Spencer complex is defined in Exercise 1.4.4. Show
that, for any ¢, F; Spy_,y(Zx) is a resolution of F;Zx _,y.

Examples 4.3.2

(1) For f =1d: X — X, the complex Sp%_, x(Zx) = Zx ®ey Spx (Zx) is a
resolution of Zx_,x = Zx as a left and right Zx-module (notice that the left
structure of Zx is used for the tensor product).

(2) For f: X — pt, the complex Sp_,(Zx) = Spx(Zx) is a resolution of
9X—>pt = ﬁX-

(3) If X =Y x Z and f is the projection, denote by © x,y the sheaf of relative
tangent vector fields, i.e., which do not contain d,, in their local expression in
coordinates adapted to the product Y x Z. The complex Zx ®p, A" "Ox/y
is also a resolution of Zx_,y as a bimodule by locally free left Zx-modules
(Exercise: describe the right f~!%y-module structure). We moreover have a
canonical quasi-isomorphism as bimodules

SPXx Ly (Zx) = (Zx ®ex N "Ox/y) ®

8 fH A" Oy ®ay Dy)
IS

= (9)( Qo /\_.@X/Y) I(SP;/(-@Y) Koy 9Y)

=12y

= (Zx ®ox N "Ox)y) [ Dy oy
=12y

= 9x ®ox N "Ox)y.
Recall that the flabby sheaves are injective with respect to the functor f. (direct

image) in the category of sheaves (of modules over a ring) and, being c-soft, are
injective with respect to the functor f, (direct image with proper support).
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Definition 4.3.3 (Direct images of Z-modules)
(1) The direct image fy is the functor from M(Zx) to C*(Zy) defined by (we
take the single complex associated to the double complex)

fodl = . God® (M @5y Sy (7x))

It is a realization of Rf, (/// ®£§X Qxﬁy).

(2) The direct image with proper support f; is the functor from M(Zx) to
C"(Py) defined by (we take the single complex associated to the double com-
plex)

fiotl = iGod® (A 9, SP% 1y (7).
It is a realization of R f (% ®Iéx @X_w).

Remarks 4.3.4
(1) If A is a left Zx-module, one defines fr. /4 as (fi M 18")et,
(2) If f is proper, or proper on the support of .#, we have an isomorphism in
the category DT (Zy):

frll —= fr .

(3) One may replace .# with a complex of right Zx-modules which is bounded
from below. Then .# ®4, Spy_,y(Zx) is first replaced with the associated
single complex. Up to this modification, one defines similarly f., f;. These can
be extended as functors from DT (Zx) to D1 (Zy).
(4) If .7 is any sheaf on X, we have R'f,.# = 0 and R/f,.F = 0 for j ¢
[0,2dim X]. Therefore, taking into account the length dim X of the rela-
tive Spencer complex, we find that 77 f,.# and 7 fi./l are zero for j &

[—dim X, 2dim X]: we say that fi.#, fi.# have bounded amplitude. Similarly,
if . #° has bounded amplitude, then so has f;.#".

Theorem 4.3.5
(1) Let f +: X = Y and g : Y — Z be two maps. There is a functorial

canonical isomorphism of functors (go f)+ = gt ft. If f is proper, we also have
(9o f)+ =9+ f+.

(2) If f is an embedding, then fi Ml = fr M = f (M Qo Dx_y).

(3) If f: X =Y x Z =Y is the projection, we have

fot = f.God" (/// Reox /\_.@X/y) and fi M = fi God* (// Qo /\_'GX/y).
Proof. Let us begin with (1). We have a natural morphism of complexes

Spx Ly (Zx) f*(?g F1Spy L 2(Zy) — Spx Ly (Zx) f*(?@ [ Dy sz,
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lifting the identity morphism of Zx_,v ®;-14, =19y _. 7, obtained by using the
augmentation morphism Spy-_, ,(Zy) — Dy z.

On the one hand, the left-hand term is a resolution (in the category of (Zx, (g o
f)~t2z)-bimodules) of Zx_,z by locally free Zx-modules. Indeed, remark that, as
Spy _, z(%y) is Dy locally free, one has

SPXov(Zx) @ fTISpyLz(Dy) " Dxoy  ®  fTISPYL4(Zy)
=19y f=t2y
=0x @ ['Spy_z(Zv)
f~10y
L
=0x ® [ Dv,z
f-toy

=0x ® g 25 (Dy_z is Oy locally free)
g lf=10z

:-@X—>Z-

On the other hand, there is a natural morphism

Sp;(—ﬂ’(-@X)f_(?@ fﬁl-@Y%Z — Sp;(aZ(-@X)'
y

Indeed, we have a natural morphism
[Sp%(2x) @ Zxov| @ 71Dy z 5 Sp%(9x) @ Ixz,
Ox 12y Ox

which, according to the chain rule (Exercise 4.2.7), is an isomorphism of (Zx, (g o
f)~t2z)-bimodules.
We have found a morphism, lifting the identity,

Sp..X—)Y(@X) (? f_l Sp;/aZ(@Y) — Sp}(%Z(@X)’

between two resolutions (in the category of (Zx, (g o f)~1%z)-bimodules) of Zx_,
by locally free Zx-modules. This morphism is therefore a quasi-isomorphism.
We now have, for an object .# of M(Zx) of DT (Zx):

(go f)idl = (go f)God (///_ggi Spx - 2(Zx))

~ (g0 £):God” (4 2 Sp% v (9x) © 718y 2(9)

-1y

(4.3.6) ~ g God* f! God* (.///g Sp}%y(@){) ¢ ®j f_l Sp;/ﬁz(gy))
X 12y

(4.3.7) ~ g God" fi {God' (e//fg SPX Ly (Zx)) fﬁ?@ 1 Sp;’aZ(‘@Y)}

(4.3.8) ~ g God"® {f] God* (///5) Spx v (Zx)) g Sp}ﬁz(.@y)}

=gt fy M.
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Indeed, (4.3.6), as fi God"® is c-soft, it is acyclic for g, hence the natural morphism
91/1God" — g God® fi God® is an isomorphism. Next, (4.3.7) follows from Exer-
cise 1.4.15, as the terms of Spy,_, ,(%y ) are Dy -locally free. Last, (4.3.8) follows from
the projection formula for fi (see, e.g. [KS90, Prop.2.5.13]).

If f is proper, then f; = f. and f, God® is flabby, so (4.3.6) still holds with g., and
the same reasoning gives (go f)y = g4 f+.

Remark 4.3.9. 1f f is not proper, we cannot assert in general that (go f)y = g4 f+.
However, such an identity still holds when applied to suitable subcategories of
D" (Zx), the main examples being:

« the restriction of f to the support of .# is proper,

o M has Px-coherent cohomology.
In such cases, the natural morphism coming in the projection formula for f, is a
quasi-isomorphism (see [MIN93, §11.5.4] for the coherent case).

The point (2) is easy, as Zx_,vy is then Px locally free. For (3), use Example
4.3.2(3). Remark that the analogous result holds with f. if f is proper on the support
of A . O

This theorem reduces the computation of the direct image by any morphism f :
X — Y by decomposing it as f = po iy, where iy : X < X x Y denotes the graph
inclusion z — (z, f(x)). As iy is an embedding, it is proper, so we have f; = piis.

Exercise 4.3.10 (Direct image of left Zx-modules). Let f : X — Y be a holomor-
phic map (dimX = n, dimY = m) and let .# be a left Zx-module. As Zx_.y
is a left Px-module, # ®p, Px_y has a natural structure of left Zx-module
(see Exercise 1.2.6(2)) and of course a compatible structure of right f~!%y-module.

(1) Show that the de Rham complex Q%" (.# ®4, Zx_y) is isomorphic, as a
complex of right f~!Zy-modules, to .Z"#" @4, Spy .y (Zx).

(2) Conclude that f.# is the complex of left Zy-modules associated to the
double complex f, God® Q¥ (4 ®o Px—y)-

Choose local coordinates y1,...,ymn on Y and write f; = y; o f.
(3) Show that iy A = M0y, ,...,0y,] with left Px .y structure given locally
by

o a+1;
Oy, - mOy = moy 7,

o feY - af a+1;
O, - O = (0g,m)05 — > 6; moy L.
j=1 """

(4) Show that Py« x ®g,, 4 is isomorphic to the complex Q5" @ o, [0,
with differential (—1)"*™<; defined by

V(w®@mdy) = V(w®m)dy — Z dfi Nw® ma;‘“-v‘,
J
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where V : Q% @ .4 — Q% @ # is the differential of the de Rham complex
(see Exercise 1.1.10), and with left f~'%y structure given by

yilw® m@l‘j‘) =w® fimiy —w® m[[?;‘, fils
Dy, (w@mdy) =w®@mdythi.
Exercise 4.3.11 (Direct image of induced Z-modules, see [Sai89a, Lemma 3.2])
Let £ be an Ox-module and let £ ® s, Zx be the associated induced right Zx-
module. Let f: X — Y be a holomorphic map. Show that f;(.Z ®¢, Zx) is quasi-

isomorphic to Rf1.¥ ®¢, Py. [Hint: use that £ ®¢, Spx_,v(Zx) = L ®cy Px v
is a quasi-isomorphism as Zx is Ox-locally free, and use the projection formula.]

Exercise 4.3.12 (Direct image of Z-modules and direct image of -modules)
Let f : X — Y be a holomorphic map and let .# be a right Zx-module. It is also
an Ox-module. The goal of this exercise is to exhibit natural &y-linear morphisms

Rifodl — H'fol and R'frl — H'fr M.
(1) Show that Zx ®@-16, f~'Py has a natural global section 1.
(2) Show that there is a natural f~!&y-linear morphism of complexes
M — M Rgy SPx_y(Dx), m—m®1,

where .# is considered as a complex with .# in degree 0 and all other terms
equal to 0, so the differential are all equal to 0. [Hint: use Exercise 1.2.8(3)
to identify Spg(ﬁ\y(‘@x) = [t 9y R, Dx with Dx Qg fT Py equipped with
its trivial left Zx structure, and then identify # ®g, (Zx @y fT%Py) with
M Ry 9y = //@f—lﬁy fﬁl.@y.]

(3) Conclude with the existence of the desired morphisms.

4.4. Direct images of differential complexes
We wish to define, in this section, the direct images as functors
fDiﬁ“-‘-, fDiff+ : D+(ﬁx, Diﬂx) — D+(ﬁy, Diﬂy).

These functors should make the following natural diagrams to commute up to func-
torial isomorphism:

I DRx L . Forget n
D (gx)<—D (ﬁx,Dlﬁx)g)D ((Cx)
diﬂ'DR-1X
(4.4.1) fTJ DR lfDiHT lRfu = f1God"®
Y F t
D*(%y) T D* (6, Diffy) —2— D*(Cy)
diHDR-1Y

and a similar diagram for fpig .
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Let #4 = £ ®p, Px be an induced Zx-module. Recall that, after Exercise 4.3.11,
we have

M D9y DXy (Dx) = M Qo Dxsy =L Qp-16y [T Dy

Let .Z,.%" be two Ox-modules and let u : £ — £’ be a differential morphism. Let
Vil =L Qo Dx — M =L e Px be the corresponding Zx-linear morphism
(see Lemma 3.2.9). It defines a f~!%y-linear morphism v ® 1 : 4 ®Rg, Dx_y —
M Qg Px_y, where 1 is the section introduced in Exercise 4.3.12(1). This is
therefore a morphism v : £ ®¢-14, 19y — & ®f-16, 19y,

Proposition 4.4.2 ([Sai89a]). Under these conditions, we have #° DRy (V) = u.
In other words, M(€Ox, Diff x) is a subcategory of M(&x, Diffy ).

Proof. We keep notation of the beginning of §3.2. The problem is local, so that we
can use coordinates on X and Y and write f = (f1,..., fm). Let £ be a local section
of £, and let 1x be the unit of Zx. Then, v({ ® 1x) = w(l) =, w(l)o ® 0 and
(l®1lx)=v(l®1x)®1x,y. If a; #0, we have

9f;

O @ 1xay =03 Y

J
The image of (¢ ® 1x) by the map £ ®¢-14, f~'%y — £ is therefore equal to the
image of w(¢)g, which is nothing but u(¢) by definition of w. O

Let .Z° be a differential complex on X, i.e., an object of CT(0x,Diffx). It is
therefore also an object of CT (€, Diffy) and we have (see Exercise 3.3.14) a quasi-
isomorphism in this category:

DRy diHDRily L g

We define the functor fpig+ from C"(0x,Diffx) to CT(Oy,Diffy) as the composite
f! DRy God® diHDRily = f! God® DRy diHDRily.

Corollary 4.4.3. If £* is Diff x -acyclic, i.e., if “"DR'x £* is acyclic, then fpig:-ZL"*
is Diffy -acyclic. The functor fpigi can be extended as a functor from the derived
category DT (O, Diffx) to DT (Oy, Diffy) and the following diagrams commutes up
to functorial isomorphisms:

“TDR! Forget
D*(Zx) X D*(6x,Diff x) — 8, D+(Cy)
f{ lfDiﬂ“r JRf; = f,God"®
dEPDRy Forget

D" (%y) +———— D" (0y,Diffy) ———— D" (Cy).
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Proof. By Proposition 4.4.2 and Exercise 4.3.11, we have by definition
DRy Z° = (""DR 'y £°) ®a, SPx Ly (Zx).
Hence, f; “"DR'x Z* = fi God" “"DR™y .Z* and therefore
foir+Z* = DRy f; DR 'x £°.

If .#* is Diff x-acyclic, then f; “"DR"x .Z* is acyclic, so foig+-£* is Diffy-acyclic.
The other points are then left to the reader. O]

Using the isomorphisms “*DR 'y DRx — Id and “*DRy DRy — Id, we get the
essential commutativity of the diagram

D
D*(2Zx) _ DRx | D*(0x,Diff )

f{ JfDifH
D+(9y) &) D+(ﬁy, Diﬁy).

We also get:

Corollary 4.4.4 (Compatibility of direct images with the de Rham functor)
Let /4" be a right Dx-module or, more generally, an object of DT (Zx). Let
f: X =Y be a holomorphic map. Then there is a functorial canonical isomorphism
"DRy fr.#"8" =5 Rfi"DRx 4"
If f is proper on Supp .Z"&" or if .4 has Px-coherent cohomology, there is a
similar isomorphism with fi and Rf,. O

Notice that this corollary can also be obtained directly, by applying the proof of
Theorem 4.3.5(1) with Z = pt and forgetting g in the proof.

4.5. Direct image of currents

Let ¢ be a C'*° form of maximal degree on X. If f : X — Y is a proper holomorphic
map which is smooth, then the integral of ¢ in the fibres of f is a C°° form of maximal
degree on Y, that one denotes by ff ©.

If f is not smooth, then [ X is only defined as a current of maximal degree on Y,
and the definition extends to the case where ¢ is itself a current of maximal degree
on X (see §1.3.e for the notion of current).

Exercise 4.5.1. Extend the notion and properties of direct image of a right (resp. left)
9 x-module, by introducing the transfer module 2, ., v v = Ix-y @c Zx_7-
One denotes these direct images by f.4 or fi;.
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Definition 4.5.2 (Integration of currents of maximal degree)
Let f: X — Y be a proper holomorphic map and let T be a current of maximal
degree on X. The current | f T of maximal degree on Y is defined by

</fT,so> =(T,po f).

We continue to assume that f is proper. We will now show how the integration of
currents is used to defined a natural ‘@Y,7 morphism J#°f,, €x — €y. Let us first
treat as an exercise the case of a closed embedding.

Exercise 4.5.3. Assume that X is a closed submanifold of Y and denote by f : X — Y
the embedding (which is a proper map). Denote by 1 the canonical section of
D _yvx_y- Show that the natural map

%Of++ Cx = f*(Q:X ®9x1Y9X~>Y,}—)?) —Cy, TR1+— AT

induces an isomorphism of the right %, 3--module J#° Of,, €x with the submodule
of €y consisting of currents supported on X. [Hint: use a local computation.

By going from right to left, identify J#Vf, , Dbx with the sheaf of distributions
on Y supported on X.

Denote by Db’y """ or Dby, , the sheaf of currents of degree p, g, which are
linear forms on C*° differential forms of degree p,q. The integration of currents is a
morphism

/ o I T
!

if m = dimY and n = dim X, which is compatible with the d’ or d” differential of
currents on X and Y.

Exercise 4.5.4

(1) Show that the complex fi, €x is quasi-isomorphic to the single complex
associated to the double complex f.(Dby """ @y _2Z ). [Hint: use

X T XY, XY
Exercise 4.3.10(1).]

(2) Show that the integration of currents | ; induces a 2y 3-linear morphism of
complexes

/f i@ — &y ®e, oSy y =y

4.6. The Gauss-Manin connection

Let 4 be a left Zx-module and let f : X — Y be a holomorphic mapping.
On the one hand, one may define the direct images fi.# or fi.# of A viewed as
a Px-modules. These are objects in D+(@y)left. On the other hand, it is possible,
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when [ is a smooth holomorphic mapping, to define a flat connection, called the Gauss-
Manin connection on the relative de Rham cohomology of .Z. We will compare both
constructions, when f is smooth. Such a comparison has yet been done when f is the
projection of a product X =Y x Z — Z (see Example 4.3.2(3) and Remark 4.3.4(3)).

Let us begin with the Gauss-Manin connection. We assume in this section that
f X — Y is a smooth holomorphic map. We set n = dim X, m = dimY and
d =n —m (we assume that X and Y are pure dimensional, otherwise one works on
each connected component of X and Y').

Consider the Kozsul filtration L* on the complex (%", (—1)"d), defined by
1P Q}+i _ Im(f*Qgr/H-p @6y QdX+i—p SN Qr)L(Jrz)
Exercise 4.6.1

(1) Show that the Kozsul filtration is a decreasing finite filtration and that it is
compatible with the differential.

(2) Show that, locally, being in L means having at least m + p factors dy; in
any summand.

Then, as f is smooth, we have (by computing with local coordinates adapted to f),

pOn+i . pxym+p d+i—p
grLQX _f QY ®6’X Qx/y )

where Q’)“(/Y is the sheaf of relative differential forms: Q’)“(/Y = /\kQ&/Y and Qk/y =
Q% /f*Qy. Notice that Q% . is Ox-locally free.

Let .# be a left Zx-module or an object of DT (Zx)"*®. As f is smooth, the
sheaf P,y of relative differential operators is well defined and, composing the flat
connection V : .# — Qx ®¢, 4 with the projection Q} — QY we get a relative
flat connection Vx,y on .#, and thus the structure of a left Zx,y-module on .Z. In

particular, the relative de Rham complex is defined as
"DRx,y A = (Q?}'y Qox M Vxy).

We have DRy .# = (U5 ®p, 4, V) (see Definition 1.4.1) and the Kozsul filtration
LP Q%" ® ¢, . is preserved by the differential V (recall that being in L” means having
at least m+p factors dy; in any summand). We may therefore induce the filtration L°
on the complex "DRx .#. We then have an equality of complexes

] DRy 4 = O 6, DRy A1)
Notice that the differential of these complexes are f~!Oy-linear.

The complex f. God® "DRy .# (resp. the complex f; God® "DRx .#) is filtered by
subcomplexes f, God® L? "DRx .# (resp. fi God® L? "DRx .#). We therefore get a

spectral sequence (the Leray spectral sequence in the category of sheaves of C-vector
spaces, see, e.g. [God64]). Using the projection formula for f; and the fact that Q’;LJFP
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is Oy-locally free, one obtains that the E; term for the complex f; God®" "DRx .# is
given by
EP = Q7P ®g, R fi"DRx,y A,

and the spectral sequence converges to (a suitable graded object associated with)
RPHafi"DRx .#. If f is proper on Supp.# or if .# has Px-coherent cohomology,
one may also apply the projection formula to f. (see [MIN93, §11.5.4]).

By definition of the spectral sequence, the differential dy : EP? — EPTH? is the
connecting morphism (see Exercise 4.6.2 below) in the long exact sequence associated
to the short exact sequence of complexes

0 — grt ™ "DRx A4 — LP*DRx 4 /L7 T?"DRx M — g1} "DRx M — 0

after applying fi God® (or f. God® if one of the previous properties is satisfied).

Exercise 4.6.2 (The connecting morphism). Let 0 — C7 — C5 — C3 — 0 be an exact
sequence of complexes. Let [u] € H*Cj and choose a representative in C§¥ with
dp = 0. Lift pas g € C¥.

(1) Show that dii € CF™' and that its differential is zero, so that the class

[di] € HF1CO3 is well defined.

(2) Show that & : [u] = [dfi] is a well defined morphism H*C§ — H*+1C3.

(3) Deduce the existence of the cohomology long exact sequence, having § as
its connecting morphism.

Lemma 4.6.3 (The Gauss-Manin connection). The morphism
VM .= d, : RUfi\"DRx )y M = E; ™ — B "1 = Q) @4, R1fi"DRy/y A

is a flat connection on R f pDRX/Y M, called the Gauss-Manin connection and the
complex (E7?,dy) is equal to the de Rham complex "DRy (RY fy pDRX/Y MLNVEMY,

Sketch of proof of Lemma 4.6.3. Instead of using the Godement resolution, one may
use C° differential forms &%. One considers the complex & ;Jr' ®ey A, with the
differential D defined by

D(p®@m)=(—-1)"dp ®@m + (—1)k<p AVm,

if ¢ is a local section of é";‘”“ (k < 0). This C* de Rham complex is quasi-isomorphic
to the holomorphic one, and is equipped with the Kozsul filtration. The quasi-
isomorphism is strict with respect to L°. One may therefore compute with the C*
de Rham complex.

Choose a partition of unity () such that f is locally a product on a neighbourhood
of Supp x. for any a.
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Let 1 A (¢ ® m) be a section of &7 ® f;(zg’;'/'r; ® A ). In the neighbourhood of
(@)

Supp X, we can choose a decomposition D = D§f‘) + DX/Y. As Y. Xa =1, we have

diln A (p@m)] =Y xadiln Alp@m)] = xaDiV A (p @ m)]

= Z Xa [(—1)mdn Ap@m)+ (=1)"nA (@ng‘)m)} ,
for a suitable r. One gets the desired result by a local computation. O

This lemma shows in particular that the £; complex is a complex in C (&0y, Diff x),
and “"DRy (E}?, dy) ~ (R f, "DRxy A, VEM)rieht,

Theorem 4.6.4. Let f : X — Y be a smooth holomorphic map and let .# be left
Dx -module—or more generally an object of DT (Zx ). Then there is a functorial
isomorphism of left Py -modules

RFfi"DRy )y M — A" fr M

when one endows the left-hand term with the Gauss-Manin connection VM. The
same result holds for fy instead of f; if f is proper on Supp A or M is Dx -coherent
(or has coherent cohomology).

Proof. Recall that, for a left Zx-module .#, we have
M @5 SPY iy (Dx) = QLT ( M D6y Dy ),
so that the direct image of .Z is
fr# = fiGod" DRx (A @6 Dx-sy) = fiDRx((God" ) @6 Dx-v),

by using Exercise 1.4.15(1). There is a Kozsul filtration L° DRx (A4 ®¢, Dx—y)-
Notice that grf DRx (# Q@6 Px—v) is equal to the complex

OV P @0, DRy M Rf-16, f Dy ][],

with differential induced by Vx,y on .# (remark that the part of the differential
involving T*f is killed by taking gr?). The differential is now f~!&y-linear.

The filtered complex fiL° DR x(# Q¢ Px_y) gives rise to a spectral sequence
in the category of right Zy-modules. By the previous computation, the FP*? term
of this spectral sequence is an induced 2y-module, equal to “TDR™y of the corre-
sponding Gauss-Manin term. We will show below that the differential d; becomes
the Gauss-Manin d; after applying #° DRy. This will prove that the Gauss-Manin
FE1 complex is equal to DRy of the F; complex of Zy-modules, i.e., this complex
is isomorphic to “*DR'y of the Gauss-Manin E; complex. By Lemma 4.6.3 and
the remark after its proof, the F; complex of the Zy-Leray spectral sequence has
therefore cohomology in degree 0 only, hence this spectral sequence degenerates at
Es, this cohomology being equal to (R?f pDRX/Y A,V EMYERt Byt the spectral
sequences converges (the Kozsul filtration is finite) and its limit is &,grP 9 fi .4 for
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some suitable filtration on J279 f; .# . We conclude that this implicit filtration is trivial
and that S f;.# = (R1fi"DRxy .4, VEM)risht,

Let us now compare the d; of both spectral sequences. As the construction is clearly
functorial with respect to .#, we can assume that .# is flabby, by replacing .# by
God® . for any ¢. Tt is also enough to make the computation locally on Y, so that
we can write f = (f1,..., fm), using local coordinates (y1,...,ym). If 1 is a section
of Q%™ @ 4 and 1y is the unit of Py, then (4.2.1) can be written as

V(@ ly)=(Vp) @1y + Y puAdf;®0,,.
j=1
Using the definition of d; given by Exercise 4.6.2 and an argument similar to that of
Proposition 4.4.2, one gets the desired assertion. [

4.7. Coherence of direct images

Let f : X — Y be a holomorphic map and .# be a Zx-module. We say that .#
is f-good if there exists a covering of Y by open sets V; such that .# is good on each
f7Y(V}). As we indicated in Remark 2.2.7, any holonomic Zx-module is good with
respect to any holomorphic map.

Theorem 4.7.1. Let A be a f-good Px-module. Assume that f is proper on the support
of M. Then fi M = fr. M has Dy-coherent cohomology.

This theorem is an application of Grauert’s coherence theorem for &x-modules,
and this is why we restrict to f-good Zx-modules. In general, it is not known
whether the theorem holds for any coherent Zx-module or not. Notice, however,
that one may relax the geometric condition on fjgupp.# (Properness) by using more
specific properties of Z-modules: as we have seen, the characteristic variety is a
finer geometrical object attached to the Z-module, and one should expect that the
right condition on f has to be related with the characteristic variety. The most
general statement in this direction is the coherence theorem for elliptic pairs, due to
P. Schapira and J.-P. Schneiders [SS94]. For instance, if X is an open set of X’ and f
is the restriction of f': X’ — Y, and if the boundary of X is f-noncharacteristic with
respect to .# (a relative variant of Definition 2.6.1) then the direct image of .# has
Py -coherent cohomology.

Proof of Theorem 4.7.1. As the coherence property is a local property on Y, the state-
ment one proves is, more precisely, that the direct image of a good Zx-module .#
is a good Zy-module when f is proper on Supp.#. By an extension argument, it is
even enough to assume that .# has a good filtration and show that, locally on Y, the
cohomology modules of f;.# have a good filtration.
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First step: induced Z-modules. Assume that # = £ ®¢, Px and £ is Ox-coherent.
By Exercise 4.3.10, it is enough to prove that the cohomology of Rf,.Z is Oy -coherent
when f is proper on Supp.Z: this is Grauert’s Theorem.

Second step: finite complexes of induced Z-modules. Let 2, ®p, Px be a finite
complex of induced Zx-modules. Recall that its direct image complex was defined
in Remark 4.3.4(3). Assume that f restricted to the support of each term is proper.
Using Exercise 2.2.1(2) and Artin-Rees (Corollary 2.2.13), one shows by induction on
the length of the complex that the cohomology modules of f;(Z, ®¢, Zx) have a
good filtration.

Third step: general case. Fix a compact set K of Y. We will show that the co-
homology modules of f;.# have a good filtration in a neighbourhood of K. Fix a
good filtration F,.# of .#. As f~1(K) N Supp.# is compact, there exists k such
that .0 := Fy.# generates .# as a Px-module in some neighbourhood of f~1(K).
Hence .#° is a coherent ¢'x-module with support contained in Supp.# and we have
a surjective morphism #° ®¢, Zx — ./ in some neighbourhood of f~1(K) that
we still call X. The kernel of this morphism is therefore Zx-coherent, has support
contained in Supp .# and, by Artin-Rees (Corollary 2.2.13), has a good filtration.

The process may therefore be continued and leads to the existence, in some neigh-
bourhood of K, of a (maybe infinite) resolution .2 ~° ® ¢, Zx by coherent induced
P x-modules with support contained in Supp .Z.

Fix some ¢ and stop the resolution at the ¢-th step. Denote by .4 ~* this bounded
complex and by .#' the kernel of A4 ~¢ — 4“1 We have an exact sequence of
complexes

0— A') — N — M —0,

where .# is considered as a complex with only one term in degree 0, and .#'[{] a
complex with only one term in degree —¢. This sequence induces a long exact sequence

o= O (fr ) — Ay N °) — A fr ) — AT (frll) — -
Recall (see Remark 4.3.4(4)) that #7(f1.#) = 0 for j ¢ [— dim X, 2dim X]. Choose
then ¢ big enough so that, for any j € [—dim X, 2dim X], both numbers j + ¢ and
j+{+1 do not belong to [— dim X, 2 dim X]. With such a choice, we have 7 (f;.4) ~
HI(fyN~*) for j € [—dim X, 2dim X] and 7 (f;.#) = 0 otherwise. By the second
step, S (fi.#) has a good filtration in some neighbourhood of K. O

4.8. Kashiwara’s estimate for the behaviour of the characteristic variety

Let .4 be a coherent Zx-module with characteristic variety Char .#. Let f : X —
Y be a holomorphic map and assume that the cohomology modules 7 (f;.#) are
Py -coherent (for instance, assume that all conditions in Theorem 4.7.1 are fulfilled).
Is it possible to give an upper bound of the characteristic variety of each J#7(f;.)
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in terms of that of .#7 There is such an estimate which is known as Kashiwara’s
estimate.

The most natural approach to this question is to introduce the sheaf of microdiffer-
ential operators and to show that the characteristic variety is nothing but the support
of the microlocalized module associated with .#. The behaviour of the support of
a microdifferential module with respect to direct images is then easy to understand
(see, e.g. [Bjo79, Mal93, Bjo93] for such a proof, see [SS94] for a very general
result and [Lau85] for an algebraic approach).

Nevertheless, we will not introduce here microdifferential operators (see however
[Sch85] for a good introduction to the subject). Therefore, we will give a direct proof
of Kashiwara’s estimate.

This estimate may be understood as a weak version of a general Riemann-Roch
theorem for Zx-modules (see, e.g. [Sab97] and the references given therein).

Let f : X — Y be a holomorphic map. We will consider the following associated
cotangent diagram:

T°X +—— f*"T"Y —— T*Y.
Theorem 4.8.1 (Kashiwara’s estimate for the characteristic variety)
Let A be a f-good Dx-module such that f is proper on Supp .#. Then, for any
J € Z, we have
Char 7 (fr.) C f((T*f)"*(Char.#)).

Exercise 4.8.2. Explain more precisely this estimate when f is the inclusion of a closed
submanifold.

Sketch of proof. Asin the proof of Theorem 4.7.1, we first reduce to the case where .#
has a good filtration F,.# .

Notice first that it is possible to define a functor f; for grf’ Zx-modules, by the
formula f;(s) = RA(L(T*f)*(+)). Moreover, the inverse image (T%f)* is nothing but
the tensor product ®¢-14, grf 2y. We therefore clearly have the inclusion

Supp 7 fgr . C f((T*f)"  (Suppgr”.#)) = f((T*f)"' (Char .2)).

The problem consists now in understanding the difference between figrf” and grff;.
In order to analyse this difference, we will put .# and grf.# in a one parameter
family, i.e., we will consider the associated Rees module.

One then defines direct images of RrZx-modules, still denoted by f;, and shows
the Rr analogue of Theorem 4.7.1. Therefore, f;Rp.# has Rr%y-coherent coho-
mology. One has to be careful that the cohomology of f; Rp.# may have z-torsion,
hence does not take the form Rp of something. Nevertheless, as 7 (fiRp.#) is
Rp 9y -coherent,

« the kernel sequence Ker [2* : #9(f;Rp M) — A7 (f;Rp.#)] is locally sta-

tionary,
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. the quotient of J#7(f;Rp.#) by its z-torsion (i.e., locally by Ker z¢ for £
big enough) is Rr Zy-coherent, hence is the Rees module associated with some
good filtration F, on S (f1.4).

Consider the exact sequence

o — HO(fi Rp M) _2, A (fiRp M) — A (fi(RpM|2'Rp M) — -
Then,

« KV (fiRp M) |2 A (fiRp M) is a submodule of 7 (fi(Rp.# |2*Rp.H))
« and, on the other hand, if ¢ is big enough, Rp 7 (f1.4) /2" (f1.#) is a
quotient of S (fiRp. M) z* A (f1Rp M ).

For ¢ > 1, let us denote by gr[lz] the grading with step £, namely @, Fj/Fj—_¢, and
let us define f, for gr[lz] P x-modules in a way similar to what is done for Zx-modules.
The conclusion is that grfz]%”j (fs M) is a gr[lz] 9Py-submodule of %j(ngrﬁ]%).

The sheaf of rings gr[lz] Px is filtered by the finite filtration ngrfz] DIx =
D, Frtj—tPx/Fr—¢Px, and there is the notion of a G-filtration of a grf;] Dx-
module (these filtrations should be finite). Moreover, nggrﬁ]@X ~ grfPx [u] /u’
by suitably defining the grading on the left-hand term. Given a coherent grfz] Dx-
module, the graded module with respect to any G-filtration is grf%x [u] /u’-coherent,
hence grf’?x-coherent, and its support as such does not depend on the choice of such
a filtration (same proof as that for the characteristic variety, in a simpler way).

Since the filtration G, is finite, there is a finite spectral sequence having FEs
term equal to %”j(ngrGgr[IZ]///) = A (frgrFd [u) Jut) ~ HI(frgrt )t abutting
to gré. 2 ( ngrfz]//l ) for a suitable G-filtration on J#7 (f; gr[lz] A). Tt follows that the
support of gr® 77 ( frgr(y.#) is contained in f((T*f)~"(Char.2)).

The filtration G,.#7( f]»grf;]//l ) induces in a natural way a G-filtration on any
submodule and any quotient of it, and therefore on grfz]jfj (fr#). The sup-
port of nggr{;]%ﬂj (fs#) as a grf’Px-module is therefore included in that of
ng%j(ngrfz]///), hence in f((T*f)*l(Char AM)). Now, as already remarked, as
grf’ 2 x-modules we have nggrf;]jfj (fy M) ~ (ng%j(fT%))e, which has the same
support as gr’" I (f1.4 ), that is, Char 7 (fi 4 ). O



LECTURE 5

HOLONOMIC Zx-MODULES

5.1. Motivation: division of distributions

Let f € C[zy,...,x,] be a non-zero polynomial. In general the function 1/f is not
locally integrable, hence does not define a distribution on C™.

Question. Does there exist a distribution T on C™ (or, belter, a temperate distribu-
tion) such that f - T = 19 (More generally, given any distribution (resp. temperate
distribution) S on C™, does there exists a distribution (resp. temperate distribution) T
such that fT =S.)

The solution given by J.Bernstein [Ber72| proceeds along the following steps.

(1) For s € C such that Res > 0, the function |f|?* is continuous, hence defines
a distribution Ts on C™: for each test (n,n)-form ¢ € C(C")dz A dT, set

o) = [ 17Pe.

One reduces the question to prove that, for each ¢, the holomorphic function
s — Ts(p) on the half plane Re s > 0 extends as a meromorphic function on C.
One also shows that, denoting by S(p) the constant term in the Laurent expan-
sion of Ts(p) at s = —1, the correspondence ¢ — S(p) defines a distribution
(i.e., a continuous linear form on test (n,n)-forms). Lastly, | f|2S(v) = S(|f|?¢)
is seen to be equal to the constant term of the Laurent expansion of Ts(p) at
s = 0. This is nothing but [ ¢. In other words, |f|2S =1, hence T := fS is a
solution to f1 = 1.

(2) In order to obtain the meromorphic extension of s — Ts(p), one looks
for a pair of differential operators P € Cls][x](0z) and Q € C]s][Z](0z) and
polynomials ¥ (s), b”(s) € C[s] such that

V(s)IfI** =P |fI*f,
V(s)If1* = Q- IfI*F.
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Assume P, Q,b’,b" are found. Then, for Res > 0,

¥ 1o = [Plrene = [ 11 iPe.

where P* denotes the adjoint differential operator (the previous formula corre-
sponds to an iteration of integrations by parts). Therefore,

V(o) [P0 =v') [ 11 0P e = [@QUETIEPe = [17Per s,

where ¢ = Q*P*p. The right-hand term is holomorphic on Res > —1, and

thus the expression
1 2(s+1)
b (s)b"(s) /'f‘ ¥
is a meromorphic function on Res > —1 which coincides with [ |f]|?>*¢ on
Re s > 0. Iterating this process gives the desired meromorphic extension.

(3) It remains to find P,Q,b",b". Let us try to find P and ¥'. Then @ and b”
are obtained similarly, by working with & and dz. Consider the ring of dif-
ferential operators C(s)[x](0z). We wish to find P € C(s)[x](0z) such that
P|f|23f = |f|*® (we then get P, by eliminating denominators in P) Note
that C(s)[z,1/f] - |f|?® is naturally a left C(s)[z]({0,)-module.

The main observation of Bernstein is that this C(s)[x](0)-module has finite
length. This means that any decreasing sequence of submodules is stationary.

Consider the decreasing sequence consisting of C(s)[x](0x)-submodules M;
of C(s)[x,1/f] - |f|*® generated by fI|f|?* (j > 0). There exists therefore
k =1 such that F¥|f1?* € Myy1, hence there exists P, € C(s 5)[](0z) such that
EIf1?s = fk+1|f|25. Multiplying by f* and using that B, is holomorphic,
we get | |28 = Py f|f|2¢+*). We can change the variable s to s — k to get
the desired relation.

The property that C(s)[z,1/f] - |f|*® has finite length as a C(s)[x](0x)-module is
the main property used, which follows from a finer property called holonomy, con-
cerning dimension. In the next sections, we make explicit this notion in the analytic
framework. We come back to the algebraic framework at the end of §5.4.

Exercise 5.1.1. Let f(z1,...,2,) =] ---z]', m; € N. Show that

n m;

[TTTT s+ m)] - 1712 = [ome o [ (r112).

i=1k=1
Exercise 5.1.2. Consider the quadratic form
flxy,...,2,) = a3+ + apa?
with a; # 0 for each i. By using
O (FIFP) = 2ai(s + D (If** + 2s(aiad) L F1*C71F)
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show that
92
A+ (s /2117 = (3070 ) ().

Exercise 5.1.3. Consider the semi-cubic parabola
flar,xo) = 2 + 3.
Show the following relations
02, (FIF12) = 2(s + (/1P + 2528 | [PV F)
92, (FIF17%) = 3(s + D)aa (21 f1* + Bsa3| /77D F).
Deduce that
(92207, +402,)(f1f1**) = 6(s + 1)(65 + T)aa| f|**
and then
(O (9202, +407,)) (FIS1*) = 6(s + 1)(65 + T) (/1> + Bsa3| [TV T).
As in the previous exercise, show that
(654 5)(65 4 6)(65 + 7)| f[** = (9(65 + 7)02, + 204, (92207, +403,)) (f|f[**).

Notice that the operator P(s,x,d;) depends on s.

5.2. First properties of holonomic Zx-modules

We consider a complex analytic manifold X of pure dimension n and we introduce
in this general setting the notion of holonomic Zx-module.

Definition 5.2.1. A coherent Px-module is said to be holonomic if its characteristic
variety Char .# has dimension dim X .

It follows from the involutiveness theorem 2.5.3 that, if .# is holonomic, Char .#
is a Lagrangean conical subspace of T*X.

Let us recall a result on conical Lagrangean subspaces of T*X. Denote by m :
T*X — X the canonical projection. Let Y be a closed analytic subset of X and Y,
the smooth part of Y. The conormal bundle Ty X C T*X is the following vector
subbundle of T* X:

Ty X ={veT*X | p=n(v) €Y, and v annihilates 7)Y }.

The conormal space of Y, denoted by Ty X, is by definition the closure in T*X of
Ty, X. We say that a subspace V of T*X is conical if (z,§) € V = (z,)X§) € V, for
any A € C.
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Lemma 5.2.2. If V C T*X is an analytic conical and Lagrangean subset of T* X, then
there exists a locally finite set (Yo)aca of closed irreducible analytic subsets of Y such
that V. = |J, Ty, X. Moreover, the Y, C X are the projections of the irreducible
components of V.

As a consequence, if .# is holonomic, there exists a locally finite family (Y,,) of
irreducible closed analytic subset of X such that Char.# = J, Ty, X, and if we know
Char . , we can recover the sets Y, as the projections of the irreducible components
of Char ./ .

Examples 5.2.3
(1) Ox is a holonomic Zx-module and Char Ox = T% X.

(2) For any smooth hypersurface H of X, Ox (xH) is holonomic, Char Ox(xH ) =
TEX UTEX.

(3) If n =1, a Zx-module is holonomic if and only if each local section of m is
annihilated by a non-zero differential operator.

(4) Forn > 2, if P is a section of P, the quotient Zx /P x P is never holonomic.
Its characteristic variety is a hypersurface of T* X.

From Exercise 2.4.5 we get:

Corollary 5.2.4. In an exact sequence 0 — M — M — H#" — 0 of coherent D -
modules, A is holonomic if and only if A’ and A" are so. O

Remark 5.2.5. 1t is possible to make this result more precise. One can attach to each
irreducible component of Char.# a multiplicity, which is a strictly positive number.
This produces a cycle in T*X, that is, a linear combination of irreducible analytic
subsets of T* X with multiplicities. Then one can prove that the characteristic cycle
behaves in an additive way in exact sequences.

Corollary 5.2.6. A decreasing sequence My D Mo D --- of holonomic Dx-modules is
locally stationary.

Proof. By considering the exact sequences 0 — #;11 — M; — M;] M;j+1 — 0, one
checks that the family of characteristic cycles is decreasing. In the neighbourhood of
a given compact set, we have a decreasing family of cycles with a finite number of
components and integral coefficients. It is therefore stationary. Now for j > 0, the
characteristic cycle of .# /.#;1 is zero, hence this module is zero, so the sequence .Z;
is stationary. O

Corollary 5.2.7. Each holonomic Px-module has a Jordan-Hélder sequence which is
locally finite. O
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Corollary 5.2.8 (of Th.2.5.5). Let .# be a coherent Px-module. Then .# is holonomic
if and only if &t i@X (M, Px) =0 fori+#n. In this case the natural right Px -module
&mﬁ%x (M, Dx) is a holonomic Px-module. The associated left Dx-module is called
the dual of A .

5.3. Vector bundles with integrable connections

Let & be a locally free &x-module of finite rank r, equipped with an integrable
connection V: & = Q% ®¢, &.

Lemma 5.3.1 (Cauchy-Kowalevski’s theorem). In the neighbourhood of each point of X
there exist a local frame of & consisting of horizontal sections, i.e., annihilated by V.

This classical theorem is equivalent to the property that, as a vector bundle with
connection, (&, V) is locally isomorphic to (€x,d)". As an immediate consequence,
the corresponding Zx-module (see Proposition 1.1.11) has characteristic variety equal
to T% X (see Example 5.2.3(1)), and is therefore holonomic. In fact the converse is
true (see Exercise 2.4.6).

What happens now if the connection has a pole along a hypersurface D C X7 In
such a case, &(xD) := Ox(xD) ®¢s, & has an integrable connection, hence is a left
Px-module. Is it coherent, or holonomic, as such?

Theorem 5.3.2 (Kashiwara [Kas78]). Let .# be a coherent Px-module. Assume that
M xp 18 holonomic. Then .4 (xD) is a holonomic (hence coherent) Px -module.

Note that the coherence property of .# (xD) is already not obvious. This theorem
extends the algebraic result of Bernstein used in §5.1 to the analytic setting.

Corollary 5.3.3. Let & be a locally free Ox-module equipped with an integrable mero-
morphic connection, having poles along a hypersurface D C X. Then (&(xD),V)
defines a holonomic (hence coherent) Px-module.

Proof. We have & C &(xD). Let us consider the Zx-submodule # = Px-& C &(xD)
generated by &. Consider the filtration Fy.# = F,9Px - &. The criterion of Exer-
cise 2.2.3(2) shows that it is a good filtration, hence .# is Zx-coherent. Moreover,
M\ x p is the left Zx-module associated with the holomorphic bundle & x. p with
holomorphic connection V|x. p. From Kashiwara’s theorem 5.3.2 we conclude that
A (%D) is Px-holonomic. But from the inclusions & C .# C &(xD) we deduce that
A (xD) = &(xD). O

The following converse holds.
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Theorem 5.3.4 (Malgrange [Mal94a, Mal94b, Mal96]). Let .# be a holonomic Px-
module.

(1) If #xp is a vector bundle with integrable connection, there exists a coher-
ent Ox-module & equipped with an integrable meromorphic connection V such

that # (xD) = (&(xD), V).
(2) In general, # has a globally defined good filtration.

5.4. Direct images of holonomic Zx-modules

Theorem 5.4.1 (Kashiwara [Kas76]). Let f : X — Y be a holomorphic map between
complex manifolds and let A be a holonomic Px-module. Assume that fisupp.z s
proper. Then the cohomology sheaves 7 (f.#) are holonomic.

Proof. Since .4 has a globally defined good filtration (Theorem 5.3.4), it is f-good,
and 7 (f.#) are coherent Zy-module whose characteristic variety is controlled by
the estimate of Kashiwara (Theorem 4.8.1). The result is then a consequence of the
following geometric lemma.

Lemma 5.4.2. Let A =T} X be a Lagrangean closed analytic subvariety in T*X (i.e.,
Z is a closed analytic set in X ). Then each irreducible component of f((T*f)’lA)
is isotropic in T*Y .

Assume that the lemma is proved. It follows that each irreducible component of
F((T* f)~* Char .#) is isotropic. As a consequence, according to Kashiwara’s esti-
mate, each irreducible component of Char 57 (f.#) is isotropic. Since such a com-
ponent is also involutive (Theorem 2.5.3), it is therefore Lagrangean, so 7 (f,.#)
is holonomic. O

Proof of Lemma 5.4.2. Tt is convenient to decompose f in the following way:

Fxdyxxy 2,y

z (z,f(x)) f(@)
and we are reduced to showing the lemma when f is an inclusion (like i ;) and when f is
a submersion (like py). The first case is easy, and we will only consider the second one.
We will use the following property, which follows from a theorem due to H. Whitney:
let A C A be to closed analytic subsets of T*X; if A is isotropic (i.e., wx vanishes
when restricted to pairs of vectors tangent to the smooth part A°), then A’ is also

isotropic.
Recall the basic diagram:
f

T f =:
rx LSl ey Ly

wx prwx = ffwy wy
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Then wyx vanishes on any A’ C (AN f*T*Y) (i.e., on any pair of vectors tangent
to A’), hence so does p*wy, that is, f*wY. Argue now by contradiction: assume
there is an irreducible component Ay of f((T*f)~*A) such that wy # 0 on AS:
let A’ be an irreducible component of A N f*TY whose image by f is Ay; then
f: A — Ay is generically a submersion; therefore, f*wy cannot vanish identically

on A’°, a contradiction. O

Application to the proof of Theorem 4.1.5. The algebraic analogues of the previous
results are due to J.Bernstein (note however that the algebraic analogue of Mal-
grange’s theorem is much easier than the analytic one). We explain now how they
can be combined to obtain a proof of Theorem 4.1.5.

Firstly, GMF(f) is identified with the algebraic direct image #5~"(f, O(c+yn)-
Since f is not proper, one cannot apply the coherence and holonomy theorem.
However, choose a smooth quasi-projective variety X and a projective morphism
g: X — C such that (C*)™ is a dense Zariski open set of X whose complement is
a hypersurface D, and gjc+~y» = f. Let i : (C*)" < X denote the inclusion. Since
goi= f, we have

HE ([ Ocoyn) = AT (94 (Ox (xD))).

Since Ox (D) is Zx-holonomic, these Zc-modules are holonomic, that is, GMk(f)
are holonomic. In particular (Exercise 5.2.3(3)), any section of GM*(f) is annihilated
by a non-zero differential operator. O

5.5. The de Rham complex of a holonomic Zx-module

Theorem 5.5.1. Let .# be a holonomic Px-module. Then "DR .# has constructible
cohomology. More precisely, "DR .4 is a perverse sheaf on X.

Proposition 5.5.2 (Behaviour with respect to external product, see [Meb89, Prop. 10.19])
Let X1, X2 be complex manifolds and let #; (i = 1,2) be a Dx,-module (or an
object of D®(Zx,). There is a natural and functorial morphism in D*(Cx, xx,)

pD]KX1 (./%1) &@ pDRX2 (%2) = le%XIX)(2 (%1 IEC ./%2) — pDRxlxxz (.//1 &@ 1/12),

which is an isomorphism if M1 has holonomic cohomology and s has Px,-coherent
cohomology.

5.6. Recent advances

5.6.a. Local normal form of a meromorphic connection near a pole. Classi-
cal asymptotic analysis in one complex variable produces a normal form for a mero-
morphic connection in one variable near one of its pole. It is now standard to present
this result in three steps:
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(1) existence of a local formal normal form for the matrix of the connection,

(2) asymptotic — or multisummable — liftings of this normal form in sectors
around the pole,

(3) comparison between the various liftings, which gives rise to the Stokes phe-
nomenon.

In higher dimension, such results have only been obtained recently. More precisely,
work of Majima [Maj84] and C.S. [Sab93, Sab00] answer the second point, if the
first one is assumed to be solved.

A precise conjecture for a statement analogous to the first point is given in [Sab00].
It has been solved recently in two different ways:

« T.Mochizuki has solved the conjecture as stated in [Sab00], that is, in di-
mension two, by using a reduction to characteristic p and the notion of p-
curvature [Moc09]. He then solved the analogue of the conjecture in arbitrary
dimension by using techniques of differential geometry (Higgs bundles and har-
monic metrics) [Mocl1la].

« K.Kedlaya used techniques inspired from p-adic differential equations (in
particular, a systematic use of Berkovich spaces) to solve the conjecture in any
dimension [Ked10, Ked11].

The third point has been generalized by T.Mochizuki [Moclla, Mocl1lb] and
C.S. [Sab13] by developing the notion of Stokes filtration, following a previous ap-
proach in dimension one by P. Deligne [Del07] and B. Malgrange [Mal91]. This leads
to a Riemann-Hilbert correspondence in arbitrary dimension, and in the setting of
possibly irregular singularities.

5.6.b. A conjecture of Kashiwara. One of the consequences of the previous re-
sults is the following theorem, proved by M. Kashiwara [Kas86] under the assumption
of regular singularity, and in general (a conjecture of Kashiwara) by T.Mochizuki
T. Mochizuki [Moc11b] and C.S. [Sab00, Sab13].

Theorem 5.6.1. Let A be a holonomic Px-module. Then Ftom o, (M ,Dbx), equipped
with its left D-module structure coming from that on Dbx, see §1.3.e, is a holonomic
(hence coherent) P-module. Moreover, for each i >0, éuty, (M ,Dbx) = 0.

This statement has many consequences, already noted by M. Kashiwara [Kas86]
(see also [Bj693]). One of them says that any holonomic Zx-module is locally a
P x-submodule of Dbx.

5.6.c. Wild Hodge theory. The theory of Hodge Z-modules developed by M. Saito
[Sai88, Sai90] allows one to consider Hodge theory for singular spaces. The basic
objects are holonomic Zx-modules equipped with a specific good filtration (the Hodge
filtration). Following Deligne, Beilinson and Bernstein [BBDG82], this makes an
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analogy with the theory of pure perverse f-adic sheaves with tame ramification on an
algebraic variety in characteristic p.

In order to extend such an analogy in the case of wild ramification, a generalization
of Hodge theory (and thus of Hodge Z-modules) is needed. This has been developed
by T.Mochizuki and C.S. in the tame case first [Moc07, Sab05] and then in the
wild case [Mocl1al, see also [Sab09].






LECTURE 6

COMPUTATIONAL ASPECTS IN 2-MODULE THEORY

6.1. Review on the Grobner basis of an ideal in a polynomial ring

Let k a commutative field. We choose on N'&ht a well-ordering. By definition, for
such an ordering, all nonempty subset in N"8" has a smallest element. We assume
that this relation is compatible with addition in the semi group Night:

Vo, B,y e N o> B—a+8>F+7.

Exercise 6.1.1. Show that an ordering on N'8ht is a well-ordering if and only if every
strictly decreasing sequence in N'8ht is finite.

The first example is the lexicographic ordering, which is defined by induction:

a:(ala"'var) >6: (61a"'7ﬁ7")
when oy > 81 or when oy = ;1 and (ag,...,a,) > (B2,...,Br) (the natural ordering

of N for r =1).
The second example is the graded lexicographic ordering, defined by induction:

a:(041,...,0(7«)>B:(61a"'76”‘)

if |af > |B], or if [a] = |B| and a > f for the lexicographic ordering define before
(la] = Y238 o; denotes the length of the multi-index o € Nright),

Exercise 6.1.2. Show that the lexicographic ordering (resp. the graded lexicographic
ordering) is a well-ordering compatible with addition in the semi group N*8ht,

Given a well-ordering on N'&ht | we will use the following terminology:

Definition 6.1.3. Let P =) _ a, X" be a nonzero polynomial in k[X1,..., X,].
« The multidegree of P is d(P) = max{a € N'&bt | g, £ 0}.
+ The leading coefficient of P is LC(P) = aq(p) € k.
« The leading monomial of P is LM(P) = X¥P) ¢ k[X,,..., X,].

Proposition 6.1.4. Let P,Q € k[X1,...,X,] be two nonzero polynomials. We have:
. if d(P) > d(Q), then d(P + Q) = d(P) and LT(P + Q) = LT(P),
« if d(Q) > d(P), then d(P + Q) = d(Q) and LT(P + Q) = LT(Q),
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« if d(P) =d(Q) and LC(P) + LC(Q) # 0, then
{d<P +Q) = d(P) = d(Q),
LT(P+ Q) =LT(P) +LT(Q),
« if d(P) = d(Q) and LC(P) + LC(Q) =0, then d(P + Q) < d(P).
Proof. Write the polynomials P and @ as

P=LC(P)X'P) + 3" a,X* Q=LCQXYD+ > byx*
d(P)>o d(Q)>8
If d(P) > d(Q), we obtain:

P+Q=LCP)X' P + 3" (ay+b)X"
d(P)>y
If d(P) = d(Q), we obtain:

P+Q = (LC(P) +LC@Q) X" + 3~ (ay+b,)X7
d(P)>ry

The proposition follows from these equalities. O

We can now give a division algorithm for polynomials in k[ X7, ..., X,] that extends
the Euclidean algorithm for one variable polynomials. The goal is to divide F' €
k[Xy,...,X,] by nonzero polynomials Fi,..., Fs € k[Xy,..., X,].

Proposition 6.1.5 (Division of a polynomial by a family). Let F,..., F; € k[X4,..., X,]
be nonzero polynomials and let F € k[Xy,...,X,]. Associate to F a sequence
(Agl)7 L AD po RO cn in k[X1, ..., X,]*1? defined inductively by:

1) (A”,..., A" PO RO) = (0,...,0,F0),
(2) (2.1) if P*®) =0, then for £ >k,
(A:(LZ)7 LAY pO RO) = (A:(Lk)7 AR p) RK)Y,
(2.2) if for every i, 1 <i < s, LM(F};) does not divide LM(P®), then
AR — AW 1 <igs
p+l) — plk) _ LT(P(k))
REHD = R L 11 (PW),
(2.3) or else, let j = inf{i | 1 <i < s, LM(F;) divides LM(P%")}; then,
APTY = AP fori#
APHY = A 4 (LO(PW) /LC(Fy) X 1)
p+) — pk) _(Lo(P®)/LC(F;)) X A(P®)—d(F;) F;
R+ — pk)
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Then, for every integer k, we have:
F=AYF 4.4 AWF, + p®) 4 ),
Moreover, d(P®)) > d(P®*+1), d(AZ(-k)) < d(F) —d(F;) and P®) are zero for k large
enough. We set kg = inf{k | P*) = 0} and call the ordered family
(A, Alko) (ko))
the result of the division of F by F,...,Fy and R%*®) the remainder of F in the
division by Fi, ..., Fs. We obtain:
F— Ayfo)Fl 4. Agko)FS 4 R(Fo)
with d(A¥) + d(F;) < d(F) for 1 <i < s and none of the terms of R*) is divisible
by any of the LM(F;) for 1 <i < s.
Proof. By induction, it is easy to check that for every integer k, we have:
F=AYF 4+...APF, + p* 4 RH),

By construction, if P**) # 0, the polynomial P*+1) is zero or has a strictly smaller
multidegree. This proves the existence of the integer ky. By induction, it is obvious
that no term of R is divisible by the leading monomial of any F;. Moreover, for
every k, we have d(F) = d(P©®) > d(P®). By induction, we deduce that, for
1<i<s, d(A¥) + d(F;) < d(F). We take k = kg to finish of the proof. O
Example 6.1.6. Let us consider the lexicographic ordering on N2. The result of the
division of F = X% — XY? 4+ X2 - Y? by (Fy = X2+Y,F,=XY + X) is:

F=(X+1)F -YFR-Y?-Y.
We remark that the remainder is not zero. But, as Y2 +Y = (1+Y)F, — X Fy, we
have:

F=(X-Y)Fi+(X-Y)F

and F is nevertheless in the ideal generated by F}, Fb.

Exercise 6.1.7. Give a example where the remainder of a polynomial on division by a
family does depend on the order of this family.

Definition 6.1.8. An ideal of k[X1,...,X,] is a monomial ideal if it is generated by a
family of monomials

Proposition 6.1.9. Let I be a monomial ideal generated and (XB)geA a generating set.
Let P =€ )" aoX® be a polynomial. Then, P belongs to I if and only if every term
of P is multiple of some XP for B € A.

Definition 6.1.10. Let I be an ideal of k[X1, ..., X,]. We denote by in(I) the monomial
ideal of k[X1,...,X,] generated by the leading monomials of the nonzero elements
of I.
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Definition 6.1.11. Let I be an ideal of k[X1,...,X,]. We call Grobner basis of I a
finite set F ..., Fs of I such that LM(Fy),...,LM(Fy) generate in([).

If we lift a finite generating set of in(I), we obtain a Grobner basis of I. Therefore,
Grobner bases exist.

Proposition 6.1.12. Let I be a nonzero ideal of k[X1,...,X,] and let Gy,...,Gs be a
Grobner basis of I. Then, for every F € k[X1,...,X,], there exists Ay,..., As €
k[X1,...,X,] and a unique R € k[X;,...,X,] such that:

F:iAiGi+R7

i=1

where R =0 or none of the terms of R is in in(I).

The polynomial R is called the remainder of F in the division by the Grébner basis
Gi,...,G,.

Proof. We consider the division of F' by the family G1,...,Gs. None of the terms of
the remainder is divisible by LM(G), ..., LM(Gy). If follows from Proposition 6.1.9
that none of these terms is in in(I). Then, the result of the division of F' by the
family Gy, ...,Gs gives a decomposition satisfying conditions of the proposition. If
we assume that there are two distinct remainders R and R’, we obtain R — R € I;
it follows that LM(R — R’) € in([); this is impossible because, after the condition on
the remainder, none of the monomials of R — R’ is in in(T). O

Proposition 6.1.13. Let I be a nonzero ideal of k[X1,...,Xs]. Then, every Grébner
basis G1,...,Gs of I is a generating set of I. And for every F € k[X,...,X,], we
have F € I if and only if the remainder of F in the division by G1,...,Gs is zero.

Proof. The key is the last assertion. Let us show it. Let R be the remainder of F' in
division by the Grébner basis Gi,...,Gs. As G1,...,Gs € I, the polynomial R is in
I. So, R =0 or LM(R) € in(I). From the assumption on R, this implies R=0. O

Definition 6.1.14. Let F,G € k[X1, ..., Xs] be two nonzero polynomials, X = LM(F)
and X? = LM(G). Let v be the least common multiple of X and X?. The S-
polynomial of F and G is the combination:

X« X8 X X

SEG) = temt "o’ " e’ T Ime

Remark 6.1.15. We have d(S(F,G)) < 7.

G.

Proposition 6.1.16. Let I be a nonzero ideal of k[ X1, ..., X;] and Gy,...,Gs a gener-
ating set of I. Then, G1,...,Gs is a Grobner basis of I if and only if the remainders
of S(G;,G;), 1 <i<j< s in the division by Gu,...,Gs are zero.
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Proof. Let G1,...,Gs be a Grobner basis of I. As S(G;,G;) € I it follows from
Proposition 6.1.13 that the remainder of S(G;,G;), 1 < i < j < s in the division by
Gq,...,G; is zero.

Conversely, assume that these remainders are zero. We have to show that, if P € T
is not zero, we have LM(P) € (LM(G1),...,LM(Gy)). As G1,...,G; is a generating
set of I, there exists Py,...,Ps € k[X1,..., X;] such that

(*) P = Z PG,
i=1

Let d = max{d(P;) + d(G;)}. Choose (x) with d minimum. Then, set
T={i|d=d(P)+dG;)}
If d(P) = d, we have
LT(P) = Y LT(P)LT(G;) and LM(P) € (LM(G)),...,LM(G,))
iel
If d(P) < d, we have
> LT(P)LT(G;) = X* Y LC(P)LC(G;) = 0.
i€l ier
Then, choose iy € " and let v(7,79) € N™ be such that
X7(0) = lem(LM(G;), LM(Gy,))

For every i € ', X% is a multiple of X7(%%)  Therefore, we obtain
Ay (i X 7 (iio)
LT(P,)G; = LM(P)LC(B)G; = X4 LO(P)LC(G;) (ma)
But the remainder of S(G;, G;,) in the division by G, ..., G is zero. Hence, we have
X V(%) X (o

) S
5(Gi, Giy) = i Giy = ) _UiiiGjs
( )= TGy &~ Tren ; e

with d(ULio,j) + d(G]) < ’}/(i,io). It follows that
X v(i%0)

e d=(ii0) T ( P, NE SRR o M
;LT(R)Gz _ ;X (o LT(Pz)LC(Gl)(LC(GiO)Gm + ;Ul,waj)

=Y x4 GO LT(P)LC(G,) ( 3 Uimaj)
iel j=1
As P =37 LT(P)G; + 3 icr (P — LT(P)) Gy + 3,41 P3Gy, we deduce a new way
of writing P. This shows that d is not minimum. O

We now explain an algorithm that computes a Grobner basis of an ideal I of
k[X1,...,X;] from a given finite generating set.
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Proposition 6.1.17 (Algorithm for a Grobner basis). Let I be an ideal of k[ X1, ..., X;]
generated by a finite set F,...,Fs. Define by induction a sequence (Fl(k), .. ,F,Eb],: )
of polynomials

ng = S, Fl(o) = Fl,...,Fég) = F,.

If ng), . Rl(f) are the nonzero remainders of S(Fi(k),Fj(k)), 1 <i<j < ngin the
division by Fl(k), . 7F7gi)7 set

&)

F; < N,

npst = np Ly, FOTD = b sz. N

R; if 1 > ny.

i—Nnp

Then, for kg large enough, (Fl(ko), .. ,FT(L],TE)) is a Grobner basis of I.

Proof. At each step, Fl(k), .. .,F,EL],:) is a generating set of I. If a remainder R of
S(Fi(k),Fj(k)) in the division by (Fl(k), . .,F,(L]z)) is not zero, LM(R) is not in the
monomial ideal J; = (LM(Fl(k)),...,LM(Ffllz))) and Fl(k), . .,FT(LI,S) is not Grobner
basis of I. The sequence Jj is an ascending chain of ideals in k[X7,...,X;]. As
k[X1,...,X,] is a Noetherian ring, this chain stabilizes. Therefore, there exists kg
such that every remainder of S (Fi(ko), Fj(ko)) in the division by Fl(ko), e F,S’;g) is zero.
By Proposition 6.1.16, we deduce that Fl(k(’), e ,Fé’;g) is Grobner basis of 1. O

We end this section with an algorithm computing the intersection INk[Xy, ..., X]
of an ideal I in k[X;,...,X;] given by a finite generating set with the subring
k[Xy,...,Xs] for 1 < £ < s. We have seen there exists an algorithm computing
a Grobner basis of I, hence an algorithm computing the ideal I N k[Xy,..., X] in
k[Xy, ..., X;] is a consequence from the following proposition:

Proposition 6.1.18. Let I an ideal in k[X1,...,Xs] and let £ € N, with 1 < £ < s.
Choose a well-ordering compatible with the addition such that, for 1 <i,57 < -1, the
multidegree of X; is larger than the multidegree of any monomial which is independent
of X1,...,Xe—1 (for instance, a lexicographic ordering). Let G be a Grobner basis of
I, then the set GNk[Xy,...,X,] is a Grobner basis of I Nk[Xy, ..., X]

Proof. Tt is enough to use the criterion of Proposition 6.1.16 to get the result. O

6.2. Grobner basis of a noncommutative algebra

We choose on N'8ht o well-ordering compatible with the addition. In this subsec-
tion, we consider a commutative unitary ring A and we assume that A is an integral
domain. We denote by K the quotient field of A. And we consider a commutative,
unitary, associative A-algebra . We will make some assumptions on 4 in order to
develop a theory of Grobner basis similar to that of the previous section.
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Assumption 1. There exist elements z1,...,z. € 9B so that the set of monomials
(27" .. 227) qenvigne @5 @ basis of B as a A-module.

We will set 2% = 27" ... z&" (be careful however: in this way of writing, the ordering
of the z; is fixed).

Thus, we can define the multidegree of a nonzero element P = Y a,2“ of % as an
element in Nieht;

d(P) = max{a | an # 0}

Then ¢(P), the leading coefficient of P, is defined as the coefficient of the the highest
degree term in P.

By convention, d(0) = —co. We then have

VP,Qe B, dP+Q)<sup(d(P),dQ))
with equality when d(P) # d(Q) or when d(P) = d(Q) and ¢(P) + ¢(Q) is nonzero.
For every o € N'ight | we set
PBo={P € B|d(P)< a}
PBeo ={P € B|d(P) < a}
gr# = aeg?ight Bo| B<a
Assumption 2. For all o, B € N'8Y B B3 C Boyp.
The graded ring gr4 is then naturally a A-algebra.

Assumption 3. The A-algebra grA is commutative.

We can now define a natural map gr# — A[Zy,...,Z,.] that associates to [P] €
B | B the monomial in(P) = ¢(P)Z4F). This monomial is called the initial part
of P.

Assumptions 2 and 3 on £ are in fact equivalent to the condition that, for all
i>je{l,...,r}, one has d(z;z; — z;2;) < d(z;2).

They also imply that, for all P,Q € 2, one has d(PQ) = d(P)+d(Q) and in(PQ) =
c(P)e(Q)ZUP)+d(@),

We can now define a division of P € £ by a family (P, ..., P,,) of elements in
A. Let a be the product of the ¢(FP;). If d(P) > max{d(P;) | 1 < i < r}, let
j=inf{i | d(P) = d(P;)}. We consider
ac(P)
co(P;)
This element P(1) of £ satisfies d(P(1)) < d(P). By iterating the process, we obtain
an algorithm that provides, for every P € %, an integer £ and a family Q1,...,Qmn, R

P(l) =aP — P;.

of elements in A such that

a'P = zmj QiP; + R,

i=1
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and, for every i € {1,2,...,7}, d(Q;) + d(P;) < d(P), d(R) < d(P;). As in the
commutative case, the family (Q1, ..., Qm, R) depends on the ordering in the family
(P1,...,Py). We call R the remainder of P in the division by Py, ..., Pp,.

Remark that, if % satisfies Assumptions 1, 2, 3 and if B is a A-algebra and an
integral domain, the B-algebra B ® 4 & also satisfies Assumptions 1, 2, 3. In partic-
ular, we will consider the case where B = K is the quotient field of A, or B = A, is
the localization of A along the multiplicative system A — p, or also B = k(p) is the
residual field of A,.

Definition 6.2.1. Let I a left ideal of %, Denote by ing (I) the ideal of k[Z1,..., Z,]
generated by the initial part of the elements of I. A finite family Gy,...,Gs of I is
called a Grobner basis of I if (in(Gh),...,in(Gy)) is a generating set of ing (7).

The existence of a Grobner basis of I follows from a choice, for every a € F', of one
element P, in I such that in(P,) = ¢(P)Z*. The family (P,)acr is then a Grobner
basis of I.

Asing(I) = ing (K ®4 I), a Grobner basis of I is also a Grobner basis of the left
ideal K ®4 I of K ® 4 . By means of the division algorithm, we obtain:

Proposition 6.2.2. The remainder (by the previous division algorithm) of P € 2 in the
division by a Grébner basis of I belongs to ZzaeinK(I) Az*. It does not depends of
the Grébner basis up to a multiplicative constant.

Proposition 6.2.3. Let Py,..., P, € % be a Gribner basis of a left ideal I in A,
a =11, c(Py) and P € B. The following properties are equivalent:

« there exists an integer £ such that a*P € 1,

o the remainder of P in the division by Py, ..., Py, is zero,

e PcK®yl.

It follows from this proposition that a Grobner of I is a generating set of K ® 4 1.
Definition 6.2.4. Let P,Q € # ~ {0}, a = d(P), f = d(Q). For i € {1,...,r}, set
~vi = max(a;, 5;) and v = (71,...,7% ). We call

S(P,Q) = Q)" "P = e(P)2"7Q
the S-polynomial of P and Q.

Proposition 6.2.5. Let I be a left ideal in B and let Py,...,P,, € I be a generating set
of K@al. Then, Py,..., Py is a Grobner basis of I if and only if, for 1 <i,j < m,
the remainders of S(P;, P;) in the division by Py, ..., Py, are zero.

Proof. Tt is the same proof as in the commutative case. O

Remark 6.2.6. As in commutative case, this proposition allows one to give a natural
algorithm for computing a Grobner basis of I from a family Py, ..., Ps; € I generating
K®yl.
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Let p be a prime ideal of A, k(p) = A,/pA, the residual field of A,. Denote by e
the natural evaluation map A — £(p) and the naturel map

B — k(p) @4 B, P=>0a,2"r—e(P)=>celay)z".

If T is a left ideal of %, we denote by I - (k(p) ®4 A) the ideal k(p) ® 4 B generated
by e(I).

Proposition 6.2.7. Let I be a left ideal of B, Py, ..., P, € # a Grébner basis of I, a the
product of c(P;) and p a prime ideal of A such that a ¢ p. Then, (¢(P1),...,e(Py))
is a Grobner basis of I - (k(p) ®4 B).

Proof. Let be P € #. Remark that, if R is the remainder of P in the division by
Py, ..., Py, then ¢(R) is, modulo the product by a power of e(a), the remainder
of (P) in the division by €(Py),...,e(Pp). On the other hand, the ¢(P;) generate
I-(k(p) ®a ) and (S(P;, Pj)) = S(e(P;),e(P;)). Proposition 6.2.5 allows one to
conclude. O

Let ¢ be an integer smaller than . We identify N¢ with N¢ x {0} C Nright,
Assumption 4. € =35\, A2P is a subalgebra of B.

The restriction to N9 of our well-ordering is a well-ordering and thus ¢ satisfies
Assumptions 1, 2 and 3. In order to eliminate the (2;);>q, we make the following
assumption on our well-ordering:

Assumption 5. The well-ordering of N"8% satisfies d(z;) > d(2") for every j > q and
B € N4,

Proposition 6.2.8. Let I be a left ideal in B and Py, ..., Py, € B a Grébner basis of 1.
The subfamily € N{Py,..., Py} is a Grobner basis of the left ideal INE of €.

Proof. Same as in the commutative case. O

We deduce from Proposition 6.2.5 and 6.2.8 that specializing at a generic point of
the scheme of the coefficient ring commutes with the intersection:

Corollary 6.2.9. Let I be a left ideal of BB et Py,..., P, € $ a Grobner basis of 1. If

p is a prime ideal in A that does not contain the product of ¢(Py), then we have
(INE) - (k(p) ®a €)= (I (k(p) ®a 2)) N (k(p) @4 ).

Example 6.2.10 (Polynomial ring). The ring A[Zy,..., Z,] of polynomials with coeffi-
cients in A satisfies Assumptions 1, 2 et 3 for any total well-ordering compatible with
addition.
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Example 6.2.11 (Differential operators). Let A(Zy,...,Z,,0/0Z,...,0Z,) be the sub-
ring of

Homy(A[Zy, ..., 2., AlZ1, ..., Z,])
generated by Der(A[Z1,...,Z,]) (derivations of the A-module A[Zy,...,Z,]) and
by the products by elements of A[Z1,...,Z,]. This ring can be called the ring of
differential operators with coefficients in A[Z1, ..., Z,]. Tt satisfies Assumptions 1, 2
and 3 for every well-ordering compatible with addition.

Example 6.2.12 (Enveloping algebra of a free finite type Lie A-algebra)
Let g be a Lie A-algebra. That is, a A-algebra where the product, denoted by
(z,y) — [z, y], satisfies, for every x,y,z € g,
(1) [z,2] =0
(2) [z, [y, 2]] + [y, [2, 2]] + [z, [z, y]] = 0 (Jacobi identity)
We assume that g is free and of finite type as a A-module. Let 21, ..., 2, be a basis
of g. The enveloping algebra % (g) of g is the quotient of the tensor algebra of the
A-module g:
T=A0g®(@®40) D (049R49) D
by the two-sided ideal generated by the tensors z ® y — y ® x — [z, y], where x,y € g.
It follows from the Poincaré-Birkhoff-Witt theorem that the enveloping algebra % (g)
is a free A-module with basis (2*),enriene and that g is naturally identified with
a submodule of % (g) [Bou71, Th.1 p.30 and Cor.2 p.33]. As for every i,j, the
commutator z;z; —2;2; is in g, then, using on N*8h* the graded lexicographic ordering,
one has d(z;z; — z;2;) < d(z;2;). Therefore, g satisfies Assumptions 1, 2 and 3.
Another ordering can also be suitable. It depends on the expression of the com-
mutators [zi,zj]. Let a; ;.0 € A such that

right

2i025] = Y aijaze.
£=1

The algebra % (g) is the solution to a universal problem. It is naturally isomorphic
to a quotient of the associative free algebra built on the alphabet {Z;,...,Z.} by
the two-sided ideal generated by the elements Z;7; — Z;7; — fi:gilt a;i j1Z¢ where
1<i<y<r.

Example 6.2.13 (Quotient of a words algebra). Let {Z;,...,Z,.} be a set of cardi-
nal r. Denote by &7 the associative free A-algebra built on the words of the alphabet
{Zy,...,Z,}. Forevery 1 < i< j<rand0<{<r,let us give elements a; ;, of &
and set R@j = Zzlflllt aivij[ + a;3,5,0, and R%l =0 and Rjﬂ; = 7R7;7j (fOI‘ _] < Z)

We assume that R; ; satisfy the so-called Jacobi relations: for every 1 < ¢ < j <

k<r,
right right right

E aj,k,eRi,e+E ak,i,KRj,KJFE a; j,0Rke = 0.
—1 =1 =1
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Let Z be the two-sided ideal of o7 generated by the elements
pi,j = ZzZJ — ZJZZ — Ri,j-

It is easy to deduce from the previous example that the A-quotient algebra <7 /%
satisfies Assumptions 1,2,3.

6.3. Some applications

6.3.a. Computation of the characteristic variety. Let A, (k) be the Weyl alge-
bra with n variables k(Z1,...,Z,,0/0Z1,...,0/0Z,). Let us consider the following
ordering of N™ x N™: (o, ) < (o/, ) if |B8] < || or || = |f’| and («, 5) smaller
than (o, 8) for the lexicographic ordering.

Let us consider a left ideal J of A, (k). If P1,..., P, is a Grobner basis of J, then
the principal symbols o(P),...,0(P.) generate the ideal of k[x1,...,zp,&1,...,&]
generated by the principal symbols of the elements of J.

If k = C, the zero set of o(P1),...,0(P,) is the characteristic variety of A4,,(C)/J.

6.3.b. Algorithmic computation of the Bernstein-Sato polynomial, [BMO02]
Let m be a section of a left A, (k)-module M and let F € k[Xy,...,X,] be a
polynomial. We set A, (k)[s] = k[s] @k An(k), which has a natural structure of k-

algebra. We denote by M|[1/F, s|F* the k[X, s,1/F]-module naturally isomorphic to
M][1/F, s], with the action of A, (k)[s]-module shifted from the natural one by F*:

Fe.

0 m) s OF

.
ox, +

Wme M/, Vi1, . ..n, -2 (mFS):( o

0X;
We then consider the following ideal of k[s]:
I(m, F) = {b(s) € k[s] | b(s)mF* € A, (k)[sjmF*"'},

where F5t1 = F . Fs,
We want to describe an algorithm to compute the ideal I(m, F'). We will make the
following assumptions.
(A1) We assume that we know a system of generators (P,...,P.) of the left
ideal

ann g, (k) An (k)m := {P € Ay (k) | Pm = 0}.
(A2) We assume (for simplicity) that A, (k)m has no F-torsion.

In order to get this algorithm, let us consider the algebra & = A, (k)[s](0/0T),
which is the quotient of the free A, (k)[s]-algebra generated by 9/0T by the only
supplementary non trivial relation

s(8/0T) — (8/9T)s = (9/AT).
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The formalism of Grobner basis can be applied to A, (k)[s] and to &. We will consider
the lexicographic order such that:

0 0

R TR s
If P(X,s,0/0X) € A,(k)[s], we set
~ 0 OF 0 0 OF 0
P_P(X,s,a—)ﬁJr—aXla—T,...,—aXn + aXnaT) €&

Let us describe now the algorithm. We start with the set of generators o(Py),...,o(P,)
of ann 4, k) An(k)m. By the algorithm giving a Grobner basis, we construct a Grébner
basis ¢ of the left ideal in & generated by

B Prost FOO
Next, we consider & = 4N A, (k)[s]. Still using the algorithm giving a Grobner basis,
we construct a Grébner basis .Z of the left ideal in & generated by g, ,F.

Assertion. I(m, F) is generated by £ N k|s].

In order to prove this assertion, notice that M[1/F, s]F*® has a natural structure
of left &-module which extends the structure of left A, (k)[s]-module:

a s s—1
a—Ta(s,X)mF = —a(s—1,X)smF* "

Notice that

0 0 s 0 s
(sa—T - a—Ts)a(s,X)mF = a—Ta(s,X)mF .

Lemma 6.3.1. ﬁ; ey E, s+ FOF /0T is a set of generators of anng&mE*

Proof. The proof is left to the reader. Be careful, the assumption “no F' torsion” is
used here. O]
Then, we remark that
anngEmE* N A, (k)[s] = anny,, o)[s) An (k)[s]mF*.
Lemma 6.3.2. ann g, (x)[s)An(K)[s|mF*® + Ay (k)[s]F is the ideal annihilating the class
of mF* in the quotient A, (k)[s|mF* /A, (k)[sjmFs+!.
Proof. Left to the reader (easy). O
Finally, the assertion follows from the lemmas and from Proposition 6.2.8.
If M is a holonomic A, (k)-module, Bernstein has proved in 1972 that, for any

section m of M, the ideal I(m, F') is not reduced to {0}. The generator of I(m, F') is
called the Bernstein polynomial associated to m, F' (see also Lecture 7).



LECTURE 7

SPECIALIZABLE %x-MODULES

In the theory of sheaves of vector spaces over a field, there are standard functors
which allow one to restrict a sheaf on X to a closed subset ¥ < X , namely the
inverse image, denoted by i !, and the extraordinary inverse image, denoted by 3'. For
constructible sheaves on complex analytic spaces, other functors (nearby/vanishing
cycles) may be used.

The notion of specialization of sheaves (more precisely the functors called “nearby
cycles” and “vanishing cycles”) has been introduced by P. Deligne. It is a powerful
tool as it generalizes the “cohomology of the Milnor fibre” attached to a function on a
manifold. A “dual” notion, that of microlocalization of sheaves, has been introduced
later by M. Kashiwara and P. Schapira (although some aspects of it were present in
the work of M. Sato). These functors often replace the inverse image functor with
respect to the inclusion of a hypersurface in the ambient manifold. One of their main
advantages is that they preserve the property for a sheaf of being perverse. The reason
for this is essentially that they commute with the duality functor for constructible
sheaves (Poincaré-Verdier duality), a theorem due originally to O. Gabber.

Except in the noncharacteristic situation (see §2.3), the restriction of a Zx-module
to a smooth closed subvariety Y is in general not Zy-coherent. Given a submanifold
Y C X, it is natural to consider the category of Zx-modules for which the restriction
to Y is Py-coherent. This is related to complex boundary value problems in the
theory of partial differential equations. However, even if the restriction of .Z to Y
is Py -coherent, the restriction is usually not a single Zy-module but a complex
with many cohomology modules. Introducing the notion of specialization (also called
“moderate nearby cycles” and “moderate vanishing cycles”, in analogy with sheaves)
allows one to understand better each cohomology module of the restricted object.

One is therefore led to give an analytic or algebraic version of the topological
specialization functors (for instance, these functors happen to be one of the main
tools in the theory of polarized Hodge Modules [Sai88]). This is has been done for
Z2-modules by B. Malgrange in an important special case, and then by M. Kashiwara
in general. Their interest was motivated by a topological theorem of M. Goresky and
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R.D. MacPherson, which says that “the sheaf of nearby cycles of a perverse sheaf is
perverse”. Moreover, the notion of specialization for Z-modules is often more useful
than the restriction.

The basic idea in the construction is to replace the notion of monodromy and its
minimal polynomial, which is inherent to vanishing cycles of sheaves, with the notion
of Bernstein polynomial and Malgrange-Kashiwara filtration, denoted by V.

The purpose of this lecture is to introduce the latter notions and to consider their
behaviour under direct images. We will present them with some details. The compu-
tational aspect has yet been considered in §6.3.b.

Holonomic Zx-modules (see Chapter 5) are basic objects, when applying the the-
ory of partial differential equations to algebraic geometry. They may be defined in
various ways. The geometrical definition is by the dimension of the characteristic
variety. The algebraic definition is by the vanishing of &t k@X (M, Dx) for k # n.
One of the main result says that holonomic Z-modules are specializable along any
hypersurface. This is Bernstein theory in the algebraic situation, and this is a result
of M. Kashiwara in the analytic setting.

There is a third definition of holonomic Z-modules by using the notion of special-
ization. Consider the category 4%, of coherent Zx-modules .# with dim Supp .# < n,
which are specializable along any germ of hypersurface cutting the support in codi-
mension one, and such that their moderate nearby or vanishing cycles are in ¢, 1.
This defines inductively the category 7;. One can prove that this category is nothing
but the category of holonomic Zx-modules with dim Supp .#Z < n.

It is not much more difficult to analyze the specialization of Z-modules equipped
with a good filtration. This explains the following notation in this lecture: @X denotes
the sheaf Zx or the Rees sheaf of rings RpZx introduced in §1.5, from which we
keep notation. In the first case, we set z = 1 in the formulas below, and 0 = 0.
Similarly, we denote by ﬁNX the sheaf Ox or the sheaf RpOx = Ox|z].

The reader who wants to forget about good filtrations should replace Zx with Zx
and, in the formulas below, should set z = 1 and d = 9. Moreover, the notion of
strictness is then tautological.

The filtered approach may be considered as an introduction to some parts of
[Sai88].

7.1. The V-filtration

Let Y € X be a smooth hypersurface(l) with ideal %y C Ox. Put j; =
Sy - Ox C Ox. Denote by V,Zx the increasing filtration indexed by Z associated
with Y: for any z € X, one sets

Vké){,x = {P S .@Xx | P Zz,x C Z&;k Vije Z}

1. The same definition applies to any closed analytic submanifold of X.
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where we set ¢ = 5X if £ < 0. Let P be a germ in .@X@. In any local coordinate
system (¢, xa,...,x,) = (t,2) of X centered in x for which Y = {¢ = 0}, one has

P e VoéX,m <— P = Z aa,jﬁg,(tﬁt)j, QAq,j € ﬁx’z
(c,j)ENT

and, for any k € N,

PEV_yDxq = P=1"Q with Q € Vox .,

Pe VkéX,x <— P = Z Q]Eif with Q, € VOQX@--
0<e<k

For k € Z, set VkﬁNX = Vkéx N éX. This is nothing but the j{z—adic filtration on
O'x viewed as an increasing filtration.

Exercise 7.1.1. Show that
« for any k, Vké is a locally free Vo.@—module.
. @X = Ukaéx (the filtration is exhaustive),
. Vkéx . Vg@x - Vk+g§X with equality for &,/ <0 or k,¢ > 0,
3 VkéX\NY = éx\y for any ke,
. (ﬂka@X)W = {0}

Exercise 7.1.2 (Euler vector field)

(1) Show that the class E of ¢3; in gr(‘{éx does not depend on the choice of
the local coordinate system (t,z') as above.

(2) Show that gr} Zx is a sheaf of rings and that E belongs to its center.

(3) Show that, locally on X, one has an isomorphism gry Zx ~ Zy[E].

Remarks 7.1.3

(1) Tt is straightforward to develop the theory below in the case of right Dx-
modules. If U,(#) is a V-filtration of the left module .#, then U, (wx ®5.
M) = wx R, U,(#) is the corresponding filtration of the corresponding right
module. This correspondence is compatible with taking the graded object with
respect to U,. The operator —0;t (acting on the left) corresponds to t3; (acting
on the right).

(2) In the literature, one also finds decreasing V-filtrations, by analogy with
the j{x—adic filtration. One uses the following rule for going from increasing to
decreasing filtrations: given an increasing filtration U,.# (lower indices), the
associated decreasing filtration (upper indices) is defined by U¥ = U_j_;.
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7.2. Coherence

Coherence of the Rees sheaf of rings. Introduce the Rees sheaf of rlngb Rv .@X =
@kaQX 7%, where 7 is a new variable, and similarly Ry 0 x = @kaﬁ x - 7%, which
is naturally a O'x-module.

Exercise 7.2.1 (Coherence of Ry o x)

(1) Let K be a compact polycylinder in X. Show that RyOx(K) =
Ry (Ox(K)) is Noetherian. [Hint: it is the Rees ring of the #y-adic fil-
tration on the Noetherian ring Ox (K).]

(2) Show that the ring (RvOx). = RvOx(K) ®
Ry Ox(K).

(3) Show that Ry Ox is coherent. [Hint: let U be any open set in X and let
¢: (RyO X)f (Ry O X) be any morphism; let K be a compact polycylinder

Ox, is flat over

contained in U; then, Ker <p( ) is finitely generated over Ry & 7x (K) by noethe-

rianity and we have Ker ¢ = Ker p(K) ® (Rvﬁx)u( by flatness; so

Ry Ox
Ker ¢ is finitely generated.]

Exercise 7.2.2 (Coherence of Ry, 17 X)

(1) A simple situation. Let A be the ring CJt,0], on which one considers
the filtration V,A for which ¢ has degree —1 and # has degree 1. Show
that the Rees ring RyA = @,ViA7TF is isomorphic to the quotient ring
B =C[t,u,v,w,7]/(vw —u, 7w — t). Conclude that Ry A is Noetherian. [Hint:
decompose B as C[t,u, w] ® C[t, u, v, 7].]

(2) Consider the sheaf Ox [60,&a, ..., &) equipped with the V-filtration for which
0 has degree 1, &,...,&, have degree 0, and inducing the V-filtration on
Ox. Show that, if K C X is any polycylinder, then Ry Oy [0,&2,...,&](K)
is Noetherian.

(3) Show that, if K is any sufficiently small polycylinder, then Ry Zx (K) is
Noetherian. [Hint: Ry Zx can be filtered (by the degree of the operators) in
such a way that, locally on X, grRy Zx is isomorphic to Ry (Ox[0,&a, ..., &x]).]

(4) Conclude that Ry Px is coherent. [Hint: apply the same arguments as in
Theorem 2.1.3.]

Good V-filtrations. Let (4 ,U, #) be a V-filtered Px-module. The filtration
U, is said to be good if any Uy is Vbéx coherent and, for any compact set
K C X, there exists kg > 0 such that, in some neighbourhood of K we have, for all
k > ko,

U_p M = tkikoU_ko/% and Ugd = Z 5{Uk0%.

0<j<k—ko
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Exercise 7.2.3. Let U,(.#) and U!(.#) be two good V-filtrations of a coherent Zx-
module .. Show that, locally, there exist two integers ki, ks € Z such that:

VkeZ Uk1+k(=///) C U,;(.///) C Uk2+/€(=//).

Exercise 7.2.4. Let .# be a coherent éx—module. Show that the filtration U, .# is
good if and only if one of the following equivalent properties is satisfied:

(1) the Rees module @, U # - 7% is coherent over Rvéx,

(2) there exists, locally on X, a surjective morphism ‘@31( — A — 0, inducing
for each k € Z a surjective morphism U 2% — Ui # — 0, where the filtration
on the free module 2% is obtained by suitably shifting V, Zx on each summand.

In particular, we get:

Lemma 7.2.5. Locally on X, there exists ko such that, for any k < ko, t : U_p M —
U_k_1.#4 is bijective.

Proof. Indeed, using a presentation of .#Z as above, it is enough to show the lemma
for é}’( with a filtration as above, and we are reduced to consider each summand .@X
with a shifted standard V-filtration. There, we may choose ko such that Uy, .@X =
Vo%x. O

Lemma 7.2.6 (Artin-Rees). If 4 is a coherent _@X—submodule of M and U, M is a
good filtration of A, then U, N := AN NU, M is also good.

Proof. Analogous to that of Corollary 2.2.13. O

Exercise 7.2.7. Let ¢ : .#4 — N be a surjective morphism of coherent éX—modules.
Let U, # be a good V-filtration. Show that U, := o(U,.#) is a good V-filtration
of A .

Exercise 7.2.8. Let % be a coherent Voéx—module and let .7 be its t-torsion subsheaf,
i.e., the subsheaf of local sections locally killed by a power of ¢t. Then, locally on X,
there exists ¢ such that .7 Nt*% = 0. [Hint: Consider the t-adic filtration on Voéx,
i.e., the filtration Vjéx with j < 0; remark that the filtration ¢t=7% is good with
respect to it, and locally there is a surjective morphism (VO_@X)” — 9/ which is strict
with respect to the V-filtration; its kernel /¢ is coherent and comes equipped with
the induced V-filtration, which is good; in particular, locally on X, there exists jo < 0
such that V4, # =t~V ¢ for any j < 0; show that, for any j < 0, there is locally
an exact sequence

(V;Zx)™ — (Vi Zx)" — t70H0% — 0;

ast: Vkéx — Vk,léx is bijective for k < 0, conclude that ¢ : t 7o — t—Jot19y is
so, hence 7 Nt~y =0.]
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7.3. Y-specializable Zx-modules

We now consider the non-filtered situation. We will denote by E any local lifting
in Vo(Zx) of the global section E of gry (Zx) (see Exercise 7.1.2).

Definition 7.3.1 (Bernstein polynomial). Let U,.# be a good V-filtration of a coherent
P x-module .#. We say that this filtration has a Bernstein polynomial if there exists
a nonzero polynomial b(s) € Cls| satistying b(E + k)Up(A#) C Ux_1(A), for any
k € Z. Any such polynomial is called a Bernstein polynomial for U, .Z .

Proposition 7.3.2. Let .# be a coherent Px-module. The following properties are
equivalent:

(1) in the neighbourhood of any point of X, there exists a good V -filtration
U,(A#) having a Bernstein polynomial,

(2) any good V -filtration U,(.#) has locally a Bernstein polynomial,

(3) for every finite system of local generators (m;)i=1,...¢ of M, there exists a
nonzero polynomial b(s) € C[s] such that b(E)m,; € Z§:1 V_1(Zx)m;,

(4) for any local section m of M, there exists a nonzero polynomial b(E) € C[s]
such that b(s)m € V_1(Zx)m.

Proof. (1) implies (2). Given two good filtrations U,.# and U..#, let b(s) be a
Bernstein polynomial for U,.#. Use Exercise 7.2.3 to get

BE+k+k) bE+k+ky—1D)(E+k+k)Up(AM)CU,_{(M).

(2) implies (3). After Exercise 7.2.4, Up(A) = 3, Vi(Px)mi, k € 7Z, is a good
V-filtration of .Z .

(3) implies (1). Let us consider the good V-filtration Uy(4#) = 3, Vi(Zx)mi,
k € Z. Tt follows from the commutation relations that one has

b(E + k‘)Vk(gx) - Vk(@)()b(E) + kal(@X)

for any k € Z, hence (1).
(4) implies (3). Clear.
(1) implies (4). Use Proposition 7.3.9 below. O

Definition 7.3.3 (Specializable Zx-modules)

(1) A coherent Zx-module .# is said to be specializable along Y or Y-
specializable if it satisfies one of the equivalent properties of Proposition 7.3.2.

(2) Let f : X — C be a holomorphic function. A coherent Zx-module .#
is said to be f-specializable if its direct image i, .# by the graph inclusion
i: X — X x C of f is specializable along X x {0}.
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Exercise 7.3.4. Show that both definitions are consistent, namely that, if f is smooth,
then ./ is f-specializable if and only if it is specializable along f~1(0). [Hint: work
in local coordinates; then, starting from a good V-filtration of .#, construct a good
V-filtration of iy.#

Exercise 7.3.5. Let .# be a Y-specializable Zx-module and let U,.# be any
good V-filtration. Show that, after a local identification of gr§ Zx with %y [E|
(see Exercise 7.1.2), each gr{ .# is a coherent Zy-module.

Exercise 7.3.6 (Basic examples to keep in mind). We assume here that X is a disc with
coordinate ¢ and that Y is equal to the origin of the disc.

(1) Show that, for any nonzero differential operator P on X, the Zx-module
M = Dx|Px - P is specializable at 0.

(2) Choose P = t20; + 1 (irregular singularity at 0). Show that the constant
filtration Vi.# = .# for all k is a good V-filtration and that the corresponding
Bernstein polynomial is 1. Deduce that, for any good V-filtration U, #, we
have gr{ . # = 0 for all k.

(3) What can be the usefulness of the V-filtration in such cases? [Hint: see
Proposition 7.4.4.]

Definition 7.3.7 (Bernstein-Sato polynomial). Assume that .# is specializable along Y.

(1) Let U,(#) be some good V-filtration of .#. Let K be a compact set of X
on which this filtration is defined. The unitary polynomial b(s) € Cls] with
smallest degree such that

Vk€Z, b(E+k)Up( M)k CUpor( M)k
is called the Bernstein-Sato polynomial of the good V-filtration U, (.#)|k -

Let m a local section of Y-specializable module .#. The unitary polynomial
of smallest degree satisfying:

b(E)m € V_1(Zx)m

is called the Bernstein-Sato polynomial of the local section m. We denote by
bm(s) € C[s] this polynomial.

Exercise 7.3.8. Let .# be a Zx-module which is specializable along Y and let K be a
compact set in X. Show that there exists a finite set A C C such that, for any z € K,
any germ m € .4, and any good V-filtration U, ., the roots of the Bernstein-Sato
polynomial of m and of U,.#, belong to A + Z.

Proposition 7.3.9 (Stability by extension). Let 0 — .#1 — .# — Mo — 0 be an exact

sequence of coherent Px -modules. The module A is specializable along Y if and only
of the modules .4y and M5 are so.
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Proof. Assume that .# is Y-specializable. We denote by b(s) the Bernstein-Sato
polynomial associated to a good V-filtration U,(.#). After Proposition 7.2.6 and
Exercise 7.2.7, the induced filtration and the image filtration are V-good. It is then
clear that b(s) is a Bernstein polynomial associated with these filtrations (in the sense
of Definition 7.3.1). Therefore, .#; and .#> are Y-specializable.

Conversely, let by(s) (resp. ba(s)) be a Bernstein polynomial of the induced (resp.
image) good V-filtration U,(.#Z) of .# . 1t is easy to see that product by (s)ba(s) is a
Bernstein polynomial for the V-filtration U, (.#). O

The category of the Y-specializable Zx-modules is then an abelian subcategory,
stable by extension, of the category of coherent Zx-modules.

Proposition 7.3.10. Let o : C/Z — C be a section of the natural projection = : C —
C/Z. Let # be a coherent Y -specializable Dx-module. Then there exists a unique
good V -filtration, denoted by V7 (.#'), such that its Bernstein-Sato polynomial b° (s) €
C[s] has roots in the image of o.

Proof. Let b(s) be the Bernstein-Sato polynomial of a good V-filtration U, (.#). Mod-
ulo a shift of this filtration, we can assume that the real part of all roots a of b(s)
satisfy Rea < Reom(a). Then, let A € C be a zero of b(s) with multiplicity ¢ € N and
satisfying Re A < Reom(\). We write b(s) = (s — A)*by(s). Therefore, the filtration
defined by

VkeZ, Up(t)=Usr(M)+(E+k—\ Up(A)

is a good V-filtration of .#. Notice that (s — A\ — 1)*b;(s) is a Bernstein polynomial
associated to this filtration. In this way, one can construct step by step a good V-
filtration for which the Bernstein-Sato polynomial has its roots in the image of the
section o.

Consider now two good V-filtrations U, (.#) and V,(.#') such that their Bernstein-
Sato polynomials by (s) and by (s) have their roots in the image of the section o. It is
enough to show that U,(.#) C V,(.#). After Exercise 7.2.3, there exists an integer
¢ € Z such that for every k € Z, Uy (M) C Viro(A'). The inclusion U,(#) C V(M)
being clear when ¢ < 0, let us treat the case £ € N~ {0}. Notice that, the polynomials
by (s + k) and by (s + k + £) being coprime, there exist two polynomials p and ¢ such
that 1 = p(s)buy (s + k) + ¢(s)by (s + k + £). In particular, for any local section m of
Ur(A ), we have

m = p(E)bU(E+k)m+q(E)bv(E+k+€)m € Uk,l(///)+Vk+4,1(///) C Vk+g71(///).
Iterating this process, we obtain the inclusion U, (#) C V,(.#). O

Corollary 7.3.11. Let 0 — M1 — M — Mo — 0 be an exact sequence of Px-modules
which are specializable alongY . Let o : C/Z — C be a section of the natural projection
7:C— C/Z.
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(1) For every k € Z, the sequences of Vo(Px )-modules
0 — V7 (M) — VI (M) — VI (Ma) — O
are eract.
(2) The sequence of graded gr¥ (Zx )-modules
0 — g () — gV (M) — " (M) — 0
s exact.

Proof. Remark that the filtration V7 (.#) induces on .#, and .#> good filtrations,
the Bernstein-Sato polynomials of which divide b7 (s). After Proposition 7.3.10, these
induced filtrations are the filtrations V7 (.#1) and V7 (.#>). This implies the exactness
property of the sequences. O

Last, if ¢ : # — A is a morphism between Y -specializable Zx-modules, it follows
from Corollary 7.3.11 that, for any k& € Z, we have

(Vi (M) = VZ(AN) N p(A).

In other words, any morphism is strict for the V7 filtrations. Hence, for every k € Z,
M — V7 (M) defines a functor from the category of Y-specializable Zx-modules to
the category of coherent Vo(Zx )-modules.

Exercise 7.3.12

(1) Let .# be a coherent Zx-module supported on Y. Show that .# is special-
izable along Y and that the set A of Exercise 7.3.8 may be chosen equal to {0}.
Show that V7.# does not depend on o, provided that ¢(0) = 0. We denote it
by V,.# . Show that the roots of the Bernstein-Sato polynomial of V,.# belong
to N.

(2) If A is a coherent Zx-module which is noncharacteristic with respect to Y,
show that . is specializable along Y and that the set A of Exercise 7.3.8 may
be chosen equal to {0}. Show that V7.# does not depend on o, provided
that o(0) = 0. We denote it by V,.#. Show that Vy.# = # if k > —1 and
V_pt = fyk_l/// if K > 1. Conclude that the roots of the Bernstein-Sato
polynomial of V,.# belong to —N*.

Exercise 7.3.13 (The canonical V -filtration). Let .# be a Y-specializable Zx-module.
For any compact set K C X, show that there exists a finite set A C C and, for any
a € Re(A) a unique good V-filtration V,,.# indexed by Z such that

. a.t,.k%CVa/_A,_[% ifa—|—k<a’+€inR,

o for any a € Re(A) + Z, the roots « of the minimal polynomial of —d;t on
gt¥ M = Vol |V_o Ml satisfy Re(a) = a [by definition, < a = max{a’ €
Re(A) +Z | o' < a}]. [Hint: if such filtrations exist, estimate the roots of the
Bernstein-Sato polynomial of any local section m of V,.# for any a € Re(A)+Z.]
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Show that the canonical V-filtration satisfies the following properties:

(1) for any @ < 0 in Re(A) + Z, t : Voud — V,_1.# is an isomorphism of
Ox-modules [Hint: use Lemma 7.2.5],

(2) for any a # —1, 0, : gr¥ M — gr¥, | M is bijective.

Exercise 7.3.14 (Invariance by embedding). Let i : X < X’ be a closed embedding
of complex manifolds. Let Y’ be a smooth hypersurface in X’ which is transverse
to X, i.e., such that the (scheme-theoretical) intersection ¥ = Y’ N X is a smooth
hypersurface in X. Let .# be a coherent Zx-module.

Show that .# is specializable along Y if and only if iy .# is specializable along Y.
Still denoting by 7 the inclusion Y < Y’, show that, with notation of Exercise 7.3.13,
for any a € R we have (after defining the right-hand term) gr¥i .4 =i gy # .

7.4. Localization and restriction of specializable Zx-modules

If A is a coherent Zx-module and Y <'5 X is a smooth hypersurface, the inverse
image it.Z (see Exercise 4.2.2) is not Zy-coherent in general (e.g. take .# = Zx).
Similarly, the localization Ox (xY) ® g, .# does not remain Zx-coherent in general.
The category of Y-specializable Zx-modules is the right subcategory of Mcon(Zx)
where coherence is preserved under these two functors, as we will see below. We will
work locally, and we fix local coordinates (t,z) on X so that Y is defined by ¢ = 0.

If A is an O x-module, we denote by .#[1/t] the localized &x-module Ox (xY)® 4,
M. As Ox(xY) ha a natural structure of a left Zx-module, we know from Exer-
cise 1.2.6 that, if .# is a left Zx-module, then so is .#Z[1/t].

Let s be a new variable. Consider the sheaf Zx|[s]| of differential operators with
coefficients in Ox|[s] and set AZ[1/t,s] = Px[s] @, A[1/t]. This is a left Px|s]-
module. We will now twist this structure, keeping fixed however the underlying
Ox[1/t, s]-structure.

Lemma 7.4.1. The following rule defines a left Px|s]-module structure on the Ox|s]-
module A [1/t,s]: for any £ € N and any local section m of A[1/t],
Ox; stm = seﬁxjm,

ps'm = s [0ym + st~ m].
Proof. Use Lemma 1.2.1. O

It will be convenient to denote by .#[1/t,s]t® the Ox[1/t,s]-module .Z[1/t,s]
equipped with this twisted structure. That is, we formally write the new connection
as t7*oVot®. Be careful however that “t*” is nothing but a symbol which allows one
to remember, through the Leibniz rule, the left Zx[s] structure.
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Exercise 7.4.2 (Specialization to s = k). Let k be any integer.

(1) Show that t~kVtF defines a left Zx-structure on the @x[1/t]-module
ML)t
(2) Show that (AZ[1/t],t7*Vt*) ~ A [1/t,s]t* /(s — k) A[1]t, s]t".

Exercise 7.4.3 (Bernstein’s functional equation). Let m be a local section of .#[1/t]
and let b(s) € C[s]. Show that the following conditions are equivalent:

(1) b(E)m € V_1(Zx)m,
(2) b(—s — 1)mt* € Dx[s|mtsT1.

[Hint: show, for any local section m of .#[1/t], the identity (t0ym)t* = —(s+1)mt® +
0y (mt**1) and then, for any integer k, ((t0;)*m)t® — (—s — 1)*mt* € Dx[s|mt>+1]

Proposition 7.4.4. Let A be a'Y -specializable Px -module. The Dx-module A (xY") is
specializable along Y (in particular coherent).

Proof. Let .# be a Y-specializable Zx-module. Let us first show the coherence
of #(xY). This is a local problem; moreover, by induction on the cardinal of a
generators system of .#, we can assume that .# is generated by one section m € ..
After Exercise 7.4.3, there exists a nonzero polynomial b(s) € C[s] such that b(s)mt® €
Dx [slmts T,

Let ko € N be an integer, such that b(—k) # 0 for any k > ko + 1. Then mt=" €
PDxmt~Fo for k > ko + 1. From the identity (Oym)t=% = 9y(mt=%) + kmt=*~1, we
get A [1/t] = Dx - mt~Fo. The filtration F,Px - mt~* (¢ € N) is a good filtration
(see Exercise 2.2.3), hence the Zx-module .#[1/t] is coherent.

Let m’ be a local section of .Z(xY). It can be written as m’ = m/t* for some
local section m of .#. As .# is Y-specializable, there exists a nonzero polynomial
b(s) such that b(E)m € V_1(Zx)m. From this, we deduce a Bernstein’s identity for
m' € M (xY):

b(E + k)t m e V_1(2x)t " m.
Therefore, .# (xY") is specializable along Y. O
Corollary 7.4.5. Under the same assumptions, the natural morphism of Vo(Zx)-
modules
Veo( M) — Vo (A (+Y))
is an isomorphism.

Proof. Let T(A) = I'y).# be the Zx-submodule in .# of sections supported by Y.
We have the exact sequence:

0 —T(M)— M — M(+xY)— C(M) — 0.

The modules .# and .#(xY') are specializable along Y. It follows from Proposition
7.3.9 that the Zx-modules T'(.#) and C(.#') are so. On the other hand, these modules
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are supported by Y'; we have seen that the roots of Bernstein’s polynomials of their
sections are strictly negative integers (see Exercise 7.3.12). Then V. o(T(.#)) = 0
and Voo(C(A)) = 0 and we deduce from Corollary 7.3.11 the natural isomorphism:

V<O(%> — V<0(%(*Y)) O
Exercise 7.4.6. Give a proof of the corollary using Lemma 7.2.5.

Proposition 7.4.7. Let A be a Y -specializable Px-module. We denote by i:Y — X
the inclusion. If the hypersurface Y has a global reduced equation f = 0 (or after
restricting X ), the complex Lit.# is functorially isomorphic to the complex of Py -
modules s

0 — gry (M)y —— gr¥y(M)y — 0.

In particular, the cohomology sheaves of Li*.# are Py -coherent.

Proof. Let us consider the multiplication by f:

Veol 11/ 1]) =25 Ve (L)), m—s fm.

As the multiplication by f in .#[1/f] is bijective, the map ¢ is injective. Let us
show its surjectivity. Let be m € Vo_1(#[1/f]) and m' = (m/f) € .#[1/f]. From
a Bernstein-Sato’s equation of m, we get fb,(E + 1)m’ € V_o(Zx)m’. After di-
vision by f, we deduce that b,,(s + 1) is a multiple of Bernstein-Sato’s polynomial
of m’. Hence, m’ € Voo(.#[1/f]) and ¢ is surjective and then finally bijective. We
deduce from Proposition 7.4.4 that the morphism by f : Veo(#)—=Ve_1(#) is an
isomorphism (one can also use Exercise 7.3.13). The complexes

0— gr(‘)/(///)‘y “i—) grfl(///)w —0 and 0— VQ(%)H/ *Li—) V_l(%)nf —0

are therefore isomorphic. But, under the assumption of the proposition, the complex
Li™ # is represented by the complex of Zy-modules

0—>'%|y —f>.ﬂ|yHO

In order to prove the proposition, it is enough to show that the morphism

////Vo(//{)—/>////v,1(//l), mn—>fm,

is an isomorphism.

Recall that, for any integer k € N, the endomorphism E of Vi, (&) /Vi_1(A#) is
bijective. By induction on k, any section of # = UgenVi(A#) is a section of f.#
modulo Vy(.#). Tt follows that, for k € N, any section of Vj(.#) is a section of fM
modulo Vy(.#). Hence, ¢’ is onto.

We have now to prove the injectivity of ¢'. Let m € .# be such that fm € V_, ().
The polynomial by, (s) has positive roots and satisfies b, (E)fm € V_1(Zx)fm.
Apply the operator 0; to this identity to get bf,,(E + 1)(E 4+ 1)m € V_1(Zx)m.
Hence, m belongs to Vp(#) and ¢’ is injective.
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Now, the coherence of the cohomology sheaves of Lit.# follows from Exer-
cise 7.3.5. |

Theorem 7.4.8. Any holonomic Dx-module # is specializable along any hypersur-
face Y. Moreover 4 (xY) and L f* # (see §4.2) are still holonomic, and so are the
graded modules gr) M , after any local identification of gry Px with Py [E). O

Exercise 7.4.9. Consider the monomial function f(x,y) = 2%y? and the Z¢s-module

M = O (= )] [ Ocs.
Denote by 6(t — f) the class of 1/(t — f) in .
(1) Show that .# is Zx-coherent and that §(t — f) is a generator.
(2) Compute the characteristic variety of .Z.
(3) Compute a Bernstein polynomial for any local section z¥y*3(t— f), k, £ € N.
(4) Show that . is specializable along {t = 0}.
(5) Determine a set A of Exercise 7.3.8in | —1,0[ N Q.
(6)

6) Compute the various graded pieces gr} .# and the action of E on them.

7.5. V-filtration and direct images

The purpose of this section is to establish the compatibility between taking a direct
image and taking a graded part of a V-filtered @X—module. We will give an analogue
of Proposition 3.3.17 of [Sai88] and of its proof. Another proof, which only applies to
holonomic Z-modules, is given in [MS89, §4.8]. Let us first introduce a definition.

Definition 7.5.1. Let Y C X be a srriooth hypersurface, let V,éX be the corresponding
V-filtration and let .# be a left QNX—module equipped with an increasing filtration
U, indexed by Z such that Vy@x - Upd C Upyotl for any k,0 € Z. We say
that (#,U,.#) (or also gtV #) is monodromic if, locally on X, there exists a monic
polynomial b(s) = s¢ + Z;.tol a;(2)s* € C[z][s] such that

(1) b(— (D¢t + k2)) - gty st =0 for all k € Z,

(2) ged(b(s — kz),b(s — £z)) € Clz] \ {0} for all k # £.

In the non-filtered case, one may forget about z. Then, any Y-specializable Zx-
module, when equipped with V7.# (for any choice of o), is monodromic.

Theorem 7.5.2. Let f : X — X' be holomorphic map between complex analytic man-
ifolds and let t € C be a new variable. Put F = f xId: X x C — X' x C. Let .#
be a right .@XXC—module equipped with a V-filtration U,.# (relative to the hypersur-
face Y = X x {0}). Then U, # defines canonically and functorially a V -filtration
U A M).

Assume that F' is proper on the support of A .
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1s good and U, 18 a goo -filtration, then U, " is a goo
1) If A i d and U, M i d V -filtrati hen U, (Fy M d
V -filtration.

(2) If moreover gtV 4 is monodromic and figrV A4 is strict, then one has a

canonical and functorial isomorphism of .@X/—modules (keZ)
giyl (A Fy ) = A (frery A ),
and grv (jiﬂiFT//l) is monodromic and strict.

Remark 7.5.3. In the last assertion, we view gr? .# as a right éx—module. By func-
toriality, the action of td; descends to 5 (figr{ #).

Corollary 7.5.4. Let f : X — X' be a morphism of complex manifolds and let o : X' —
C be a holomorphic function. Let 4 be a coherent Px-module which is specializable
along po f =0. Assume that f is proper on Supp .#. Then the cohomology modules
H fr. M are specializable along ¢ = 0. O

Proof. We will use the isomorphism F; = f; for .# (see Remark 4.3.4(3)), i.e., we
take the direct image viewing .# as a éch sc-module equipped with a compatible
action of ;. Put A" = f;.#. This complex is naturally filtered by U, A"* := fiU, # .
Therefore, we define the filtration on its cohomology by

UANEFs ) = U (fr M) = image [ (f1U, M) — A (fr ).

Notice that, for any j, fiU;.# is the direct image of U;.#Z viewed as a éXX@/@-
module, on which we put the natural action of t0;.
The relation with the Rees construction is given by the following lemma:

Lemma 7.5.5. Let (AN*, U, N*) be a V-filtered complex of éxfxc-modules. Put
U; A0 N°) = image [/ (U;N*) — AH(N7)].
Then we have
A (RyN*) [T-torsion = Ry A (N°).

In particular, if Ry A"* has éxfxc-coherent cohomology, then U, (A*) is a good
V -filtration.

Proof. By definition, one has a surjective morphism of graded modules (R A*) —
Ry (), and this morphism induces an isomorphism after tensoring with
Clr,m71]. 0

Lemma 7.5.6. If ./ is good, then any coherent VO@X -submodule is good.

Proof. As a coherent Voéx—submodule of .# induces on any subquotient of .#Z a
coherent Voéx—submodule, we may reduce to the case where .# has a good filtration.
It is then enough to prove that any coherent Voéx—submodule N of A is contained
in such a submodule having a good filtration. If Z is a O'x-coherent submodule
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of .# which generates .#, then .4 is contained in Vkéx - % for some k, hence the
result. O

This lemma allows one to apply Grauert’s coherence theorem to each Uj, in or-
der to get that each fiU;.# has Voéx—coherent cohomology under the properness
assumption. We conclude that for each i,j, U; 7 fy 4 is V()@X—coherent.

In order to end the proof of (1), we need to prove that each U.%ij}/// is a good
V-filtration. We will compute directly the Rees module associated with this filtration,
in order to get its coherence. Let us first consider the analogue of Lemma 7.5.6.

Keep notation of §7.2. The graded ring RVQZX is filtered by the degree in the
derivatives 70¢, 0., and the degree-zero term of the filtration is Ry 0 x, with Vj, 0 x =
5;( for k>0and = t—kﬁX for kK <0.

Let (A ,U,#) be a V-filtered right éx—module and let Ry.# be the associated
Rees module. We therefore have the notion of a good filtration on Ry.# (by coherent
graded Ry % x-submodules). If Ry.# has a good filtration (or if Ry.# is generated
by a coherent graded Ry o x-module), it is Rvéx—coherent and has a left resolution

by coherent “induced” graded Ry Zx-modules, of the form G ® Ry x Rvéx, where

G is graded Rvﬁ~ 'x-coherent. We may even assume (by killing the 7-torsion) that

each term G ® Ry &x Ry ZPx has no 7-torsion, or in other words that it takes the form

Ry (L 5, _@X), where L is 5X—coherent, having support contained in Supp .#, and
equipped with a good V-filtration (i.e., a good #y-adic filtration) and U, (L ®z. @X)
is defined in the usual way.

We say that Ry.# is good if, in the neighbourhood of any compact set K C
X, Ry.# is a finite successive extension of graded Rvéx-modules having a good
filtration.

Lemma 7.5.7. Assume that # is a good é)j—module and let U, be a good V -filtration
of M. Then Ry # is a good graded Ry Zx-module.

Proof. Fix a compact set K C X. First, it is enough to prove the lemma when .#
has a good filtration in some neighbourhood of K, because a good V-filtration U, .#
induces naturally on any subquotient .#’ of .# a good V-filtration, so that Ry.#" is
a subquotient of Ry .# .

Therefore, assume that .# is generated by a coherent 72 x-module 7, ie., 4 =
Iy - F. Consider the V-filtration Ul # generated by Z, ie., Ul.# = V.9x - F.
Then, clearly, Ry o x-F =LV o « - Z 7% is a coherent graded Rvﬁ x-module which
generates Ry . .

If the filtration U/ .# is obtained from U,.# by a shift by —¢ € Z, i.e., if Ry».# =
'Ryl C M1, 771, then Ryn.4 is generated by the Ry 5X—coherent submodule
TKRV 5){ - F.
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On the other hand, let U/.# be a good V-filtration such that Ry~ .# has a good
filtration. Then any good V-filtration U,.# such that Uy# C U4 for any k
satisfies the same property, because Ry.# is thus a coherent graded submodule of
Ryn A, so a good filtration on the latter induces a good filtration on the former.

As any good V-filtration U,.# is contained, in some neighbourhood of K, in the
good V-filtration U!.# suitably shifted, we get the lemma. O

To end the proof of Part (1), it is therefore enough to prove it for induced modules
M= ®z. Dx, with £ coherent over Ox and F|g,pp . proper. We will indicate
it when f: X =Y x Z — Y is the projection. We then have

Uj(Z @  Dxxc)= [(«$® I 'Pvec)  © Q?ch/ywc}
Ox xc Py
Y xC
=Ui(Z @, .5, . f_léywc) ®  Dxxc/vxc
f~10yxc

because the V-filtration on @XXC /v xc is nothing but the #-adic filtration. Now, we
have

fiU(ZL ©5, Txxc) = REUNZL® 5 [ Dyxe)
= Uj(Rf.% %XC ém),
if we filter the complex Rf,.Z by subcomplexes Rf,U;(.Z) and we filter the ten-
sor product as usual. By Grauert’s theorem apphed to coherent Ry 7 x xc-sheaves,
Rf.Ry.Zis Ry Oy - coherent, hence f; Ry (&£ ®z QX) is Ry Py «c-coherent. After

Lemma 7.5.5, we get 7.5.2(1). O
In order to get Part (2) of the theorem, we will first prove:

Proposition 7.5.8. Let (N, U, A"*) be a V-filtered complex of éyX(c—modules. Assume
that
(1) the complex gr¥ A* is strict and monodromic,

(2) there exists jo such that for all j < jo and all i, the left multiplication by t
induces an isomorphism t : UjJVi AN Uj,1</Vi,

(3) There exists ig € 7 such that, for all i > iy and any j, one has
HU;N*) =
Then for any i,j the morphism H(U;N*) — FHY(N") is injective. Moreover, the
filtration U, (N*) defined by

U (N*) = image [ (U;N°) — HH(N)]
satisfies grV AN = A (grtV N°).

Proof. It will have three steps.
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First step. This step proves a formal analogue of the conclusion of the proposition.
Put

U =lm U/ U N* and A =lim U, 0.
£ J

Under the assumption of Proposition 7.5.8, we will prove the following;:

(a) For all k < j, U™ — U, TN s injective (hence, for all j, U; TN N

is injective) and U TN /Uj,lJV =U; N JU;_1 N,

(b) For any k < j, (U N JUpAN*) is strict.
(T7) = im, AN [UN).
“
() = lim | AT,

(c) A TN
() (TN
(e
Define U, #(.¥*) = image [jfi((f]-) — #{(N*)|. Then the statements (a)
and (d) imply that

‘) — (N ) is injective.

)
)
)
) H

g AN = AN TGN UL N ) = H (g ).
For ¢ < k < j consider the exact sequence of complexes
0— UkJV./UgJV. — UjJV./UgJV. — UjJV./UkJV. — 0.

As the projective system (U;A"°/UpAN"*), trivially satisfies the Mittag-Leffler condi-
tion (ML), the sequence remains exact after passing to the projective limit, so we get
an exact sequence of complexes

0 — TpV* — U — U JU A" — 0,
hence (a).
Let us show by induction on n > 1 that, for all ¢ and j,
(b)n HHU;N*JU;_p, N ") is strict (hence (b));
Indeed, (b); follows from Assumption 7.5.8(1). Remark also that, by induction on n >
1,7.5.8(1) implies that, for any n, £, i, 2 (Up/Ug—,) is killed by [Ty_,_ 1 b(B:t+kz).
For n > 2, consider the exact sequence

= AU i-1/Uj- n)—h%l(U/UJ n)H%Z(U/UJ 1)
Y

—— AN U1 /Ujp) — -+
Any local section of Im1 is then killed by b(d,;t + jz) and Hf;;_nﬂ b(0st + k=z),
hence by a nonzero holomorphic function of z. By strictness (b),_1 applied to
AU, -1 /U;—y,), this implies that ¢ = 0, so the previous sequence of . is exact
and 7 (U;/U,_,) is also strict, hence (b),,.
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By the same argument, we get an exact sequence, for all ¢ < k < j,
(7.5.9)

0 — S UN*JUpN*) — (UGN JUpN*) — HN(U; N JUp V) — 0.
Consequently, the projective system (S (U; N */UpN ")), satisfies (ML), so we get
(c) (see e.g. [KS90, Prop.1.12.4]). Moreover, taking the limit on ¢ in the previous
exact sequence gives, according to (ML), an exact sequence

0 — TN ") — AN ) — HU;N U N) — 0,
hence (d). Now, (e) is clear.
Second step. For any i, j, denote by 7 C #*(U;./*) the t-torsion subsheaf of

AU/ *). We will now prove that it is enough to show that there exists jo such
that, for each 7 and each j < jo,

(7.5.10) T =0.

Assume that (7.5.10) is proved (step 3). Let j < jo and let £ > j. Then, by
definition of a V-filtration, t*~7 acts by 0 on UpN*JU; N, so that the image of
AN UpN* JUN ) in A (U N *) s contained in ), and thus is zero. We there-
fore have an exact sequence for any i:

0 — A (U;N) — A (UGN — A (UpN*JU;N) — 0.
Using (7.5.9), we get for any ¢ the exact sequence
0 — (U N°) — H(UpN*) — A (gt V) — 0.
This implies that that S (UpA"*) — (") is injective. Put
U (N°) = image [ (Up N ) — HH(N)].
We thus have, for any i,£ € Z,
grg AN ") = A (g N ).
Third step: proof of (7.5.10). Remark first that, according to 7.5.8(2), the multipli-
cation by ¢ induces an isomorphism ¢ : U;A"* — U;_1.4"* for j < jo, and that (d) in
Step one implies that, for all i and all j < jo, the multiplication by ¢ on S (U;.4"*)
is injective.
The proof of (7.5.10) is done by decreasing induction on i. It clearly hods for i > i

(given by 7.5.8(3)). Assume that, for any j < jo, we have ﬂji“ = 0. We have (after
7.5.8(2)) an exact sequence of complexes, for any ¢ > 0,

¢
0 — Uyl —Ls Uy — Uyl JUj_ g N — 0,
As 9;“ = 0, we have, for any £ > 0 an exact sequence

) £ ) )
HUN) Ly AUN*) — HU;N U g V) — 0,
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hence, according to Step one,
AHUGN )| AU g N = UGN U g N*) = H(U;N ) AU N,
According to Exercise 7.2.8, for £ big enough (locally on X), the map
T — AN ) AU N

is injective. It follows that ,7]1 — L%m((ff/i?') is injective too. But we know that ¢ is
injective on jfl(UT-\JV‘) for j < jo, hence 7' = 0, thus concluding Step 3. O

We apply the proposition to A = fi.# equipped with U, A" = fiU, 4 to
get 7.5.2(2). That Assumption (1) in the proposition is satisfied follows from the
assumptions in 7.5.2(2). Assumption (2) is a consequence of the fact that U, # is a

good V-filtration and Lemma 7.2.5. Last, Assumption (3) is satisfied because f has
finite cohomological dimension. O
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