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ρ ∈ uC[[u]], ρ(u) = cup + · · · , c 6= 0,

ϕ ∈ C((u))/C[[u]] pole of order q.

R slope 0, dimC((u)) R = 1.

Fourier transformation of D-modules and applications – p. 6/31



Stationary phase, I

Fourier transformation of D-modules and applications – p. 7/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

Fourier transformation of D-modules and applications – p. 7/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

Fourier transformation of D-modules and applications – p. 7/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:
F̂M

(<1)
∞ = F (0,∞)M̂0,

Fourier transformation of D-modules and applications – p. 7/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:
F̂M

(<1)
∞ = F (0,∞)M̂0,

F̂M
(=1)
∞ =

⊕
zo∈C∗

F (zo,∞)M̂zo
.

Fourier transformation of D-modules and applications – p. 7/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:
F̂M

(<1)
∞ = F (0,∞)M̂0,

F̂M
(=1)
∞ =

⊕
zo∈C∗

F (zo,∞)M̂zo
.

F̂M
(>1)
∞ = F (∞,∞)M̂

(>1)
∞

Fourier transformation of D-modules and applications – p. 7/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

F−

F+

M M

FM FM

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

F−

M0

F+

M M

FMFM

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

F−

M0

F
(0,∞)
−

FM
(<1)
∞

F+

M M

FM FM

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

F−

M0

F
(0,∞)
−

M
(<1)
∞

FM
(<1)
∞

FM0

F
(0,∞)
+

F+

M M

FM FM

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

F−

M0

F
(0,∞)
−

M
(<1)
∞

F
(∞,0)
−

FM
(<1)
∞

F
(∞,0)
+

FM0

F
(0,∞)
+

F+

M M

FM FM

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

F−

M0

F
(0,∞)
−

⊕zo=0Mzo M
(<1)
∞

F
(∞,0)
−

FM
(<1)
∞

F
(∞,0)
+

FM0

F
(0,∞)
+

F+

M M

FM FM

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

F−

M0

F
(0,∞)
−

⊕zo=0Mzo

⊕F
(zo,∞)
−

M
(<1)
∞

F
(∞,0)
−

FM
(<1)
∞

F
(∞,0)
+

FM
(=1)
∞

FM0

F
(0,∞)
+

F+

M M

FM FM

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

F−

M0

F
(0,∞)
−

⊕zo=0Mzo

⊕F
(zo,∞)
−

M
(=1)
∞ M

(<1)
∞

F
(∞,0)
−

FM
(<1)
∞

F
(∞,0)
+

FM
(=1)
∞ ⊕ζo=0

FM ζo

⊕F
(ζo,∞)
+

FM0

F
(0,∞)
+

F+

M M

FM FM

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

F−

M0

F
(0,∞)
−

⊕zo=0Mzo

⊕F
(zo,∞)
−

M
(=1)
∞

⊕F
(∞,ζo)
−

M
(<1)
∞

F
(∞,0)
−

FM
(<1)
∞

F
(∞,0)
+

FM
(=1)
∞

⊕F
(∞,zo)
+

⊕ζo=0
FM ζo

⊕F
(ζo,∞)
+

FM0

F
(0,∞)
+

F+

M M

FM FM

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, I

M : a holonomic C[z]〈∂z〉-module.

THEOREM 1.9:

F−

M0

F
(0,∞)
−

⊕zo=0Mzo

⊕F
(zo,∞)
−

M
(>1)
∞

F
(∞,∞)
−

M
(=1)
∞

⊕F
(∞,ζo)
−

M
(<1)
∞

F
(∞,0)
−

FM
(<1)
∞

F
(∞,0)
+

FM
(=1)
∞

⊕F
(∞,zo)
+

FM
(>1)
∞

F
(∞,∞)
+

⊕ζo=0
FM ζo

⊕F
(ζo,∞)
+

FM0

F
(0,∞)
+

F+

M M

FM FM

Fourier transformation of D-modules and applications – p. 8/31



Stationary phase, II

Fourier transformation of D-modules and applications – p. 9/31



Stationary phase, II

THEOREM 1.11:

Fourier transformation of D-modules and applications – p. 9/31



Stationary phase, II

THEOREM 1.11:

M̂ (0) ⇐⇒ E
c

))
F

v
jj

Fourier transformation of D-modules and applications – p. 9/31



Stationary phase, II

THEOREM 1.11:

M̂ (0) ⇐⇒ E
c

))
F

v
jj

F̂M
(0)
∞ = C((θ)) ⊗C F ,

Fourier transformation of D-modules and applications – p. 9/31



Stationary phase, II

THEOREM 1.11:

M̂ (0) ⇐⇒ E
c

))
F

v
jj

F̂M
(0)
∞ = C((θ)) ⊗C F ,

θ∂θ(1 ⊗ f) = 1 ⊗ 1
2πi log(cv)(f).

Fourier transformation of D-modules and applications – p. 9/31



Stationary phase, II

THEOREM 1.11:

M̂ (0) ⇐⇒ E
c

))
F

v
jj

F̂M
(0)
∞ = C((θ)) ⊗C F ,

θ∂θ(1 ⊗ f) = 1 ⊗ 1
2πi log(cv)(f).

F
(0,∞)
± El(ρ, ϕ, R) = El(Fρ±, Fϕ, FR),

Fourier transformation of D-modules and applications – p. 9/31



Stationary phase, II

THEOREM 1.11:

M̂ (0) ⇐⇒ E
c

))
F

v
jj

F̂M
(0)
∞ = C((θ)) ⊗C F ,

θ∂θ(1 ⊗ f) = 1 ⊗ 1
2πi log(cv)(f).

F
(0,∞)
± El(ρ, ϕ, R) = El(Fρ±, Fϕ, FR),

Fρ±(u) = ∓ ρ′(u)
ϕ′(u) ,

Fourier transformation of D-modules and applications – p. 9/31



Stationary phase, II

THEOREM 1.11:

M̂ (0) ⇐⇒ E
c

))
F

v
jj

F̂M
(0)
∞ = C((θ)) ⊗C F ,

θ∂θ(1 ⊗ f) = 1 ⊗ 1
2πi log(cv)(f).

F
(0,∞)
± El(ρ, ϕ, R) = El(Fρ±, Fϕ, FR),

Fρ±(u) = ∓ ρ′(u)
ϕ′(u) ,

Fϕ(u) = ϕ(u) − ρ(u)
ρ′(u) ϕ′(u),

Fourier transformation of D-modules and applications – p. 9/31



Stationary phase, II

THEOREM 1.11:

M̂ (0) ⇐⇒ E
c

))
F

v
jj

F̂M
(0)
∞ = C((θ)) ⊗C F ,

θ∂θ(1 ⊗ f) = 1 ⊗ 1
2πi log(cv)(f).

F
(0,∞)
± El(ρ, ϕ, R) = El(Fρ±, Fϕ, FR),

Fρ±(u) = ∓ ρ′(u)
ϕ′(u) ,

Fϕ(u) = ϕ(u) − ρ(u)
ρ′(u) ϕ′(u),

FR ≃ R ⊗ Lq, Lq = (C((u)), d − q
2

du
u )

Fourier transformation of D-modules and applications – p. 9/31



Irred. hol. C[z]〈∂z〉-mod. & connections

Fourier transformation of D-modules and applications – p. 10/31



Irred. hol. C[z]〈∂z〉-mod. & connections

M a holonomic C[z]〈∂z〉-mod.

Fourier transformation of D-modules and applications – p. 10/31



Irred. hol. C[z]〈∂z〉-mod. & connections

M a holonomic C[z]〈∂z〉-mod.

zo 6∈ Sing M ⇐⇒ M̂zo
≃ C[[z − zo]]

d

natural action of ∂z.

Fourier transformation of D-modules and applications – p. 10/31



Irred. hol. C[z]〈∂z〉-mod. & connections

M a holonomic C[z]〈∂z〉-mod.

zo 6∈ Sing M ⇐⇒ M̂zo
≃ C[[z − zo]]

d

natural action of ∂z.

#Sing M < ∞, U := A1 r Sing M ,

Fourier transformation of D-modules and applications – p. 10/31



Irred. hol. C[z]〈∂z〉-mod. & connections

M a holonomic C[z]〈∂z〉-mod.

zo 6∈ Sing M ⇐⇒ M̂zo
≃ C[[z − zo]]

d

natural action of ∂z.

#Sing M < ∞, U := A1 r Sing M ,
O(U) ⊂ C(z), no pole on U .

Fourier transformation of D-modules and applications – p. 10/31



Irred. hol. C[z]〈∂z〉-mod. & connections

M a holonomic C[z]〈∂z〉-mod.

zo 6∈ Sing M ⇐⇒ M̂zo
≃ C[[z − zo]]

d

natural action of ∂z.

#Sing M < ∞, U := A1 r Sing M ,
O(U) ⊂ C(z), no pole on U .
MU := O(U) ⊗C[z] M is O(U)-free rk = d.

Fourier transformation of D-modules and applications – p. 10/31



Irred. hol. C[z]〈∂z〉-mod. & connections

M a holonomic C[z]〈∂z〉-mod.

zo 6∈ Sing M ⇐⇒ M̂zo
≃ C[[z − zo]]

d

natural action of ∂z.

#Sing M < ∞, U := A1 r Sing M ,
O(U) ⊂ C(z), no pole on U .
MU := O(U) ⊗C[z] M is O(U)-free rk = d.

Conversely , given MU = free O(U)-mod. with ∂z,

Fourier transformation of D-modules and applications – p. 10/31



Irred. hol. C[z]〈∂z〉-mod. & connections

M a holonomic C[z]〈∂z〉-mod.

zo 6∈ Sing M ⇐⇒ M̂zo
≃ C[[z − zo]]

d

natural action of ∂z.

#Sing M < ∞, U := A1 r Sing M ,
O(U) ⊂ C(z), no pole on U .
MU := O(U) ⊗C[z] M is O(U)-free rk = d.

Conversely , given MU = free O(U)-mod. with ∂z,
∃! hol. C[z]〈∂z〉-mod. j!∗MU

Fourier transformation of D-modules and applications – p. 10/31



Irred. hol. C[z]〈∂z〉-mod. & connections

M a holonomic C[z]〈∂z〉-mod.

zo 6∈ Sing M ⇐⇒ M̂zo
≃ C[[z − zo]]

d

natural action of ∂z.

#Sing M < ∞, U := A1 r Sing M ,
O(U) ⊂ C(z), no pole on U .
MU := O(U) ⊗C[z] M is O(U)-free rk = d.

Conversely , given MU = free O(U)-mod. with ∂z,
∃! hol. C[z]〈∂z〉-mod. j!∗MU (j : U →֒ A1), s.t.

Fourier transformation of D-modules and applications – p. 10/31



Irred. hol. C[z]〈∂z〉-mod. & connections

M a holonomic C[z]〈∂z〉-mod.

zo 6∈ Sing M ⇐⇒ M̂zo
≃ C[[z − zo]]

d

natural action of ∂z.

#Sing M < ∞, U := A1 r Sing M ,
O(U) ⊂ C(z), no pole on U .
MU := O(U) ⊗C[z] M is O(U)-free rk = d.

Conversely , given MU = free O(U)-mod. with ∂z,
∃! hol. C[z]〈∂z〉-mod. j!∗MU (j : U →֒ A1), s.t.

(j!∗MU )U = MU ,

Fourier transformation of D-modules and applications – p. 10/31



Irred. hol. C[z]〈∂z〉-mod. & connections

M a holonomic C[z]〈∂z〉-mod.

zo 6∈ Sing M ⇐⇒ M̂zo
≃ C[[z − zo]]

d

natural action of ∂z.

#Sing M < ∞, U := A1 r Sing M ,
O(U) ⊂ C(z), no pole on U .
MU := O(U) ⊗C[z] M is O(U)-free rk = d.

Conversely , given MU = free O(U)-mod. with ∂z,
∃! hol. C[z]〈∂z〉-mod. j!∗MU (j : U →֒ A1), s.t.

(j!∗MU )U = MU ,

N ⊂ M and NU =

{
MU

0
=⇒ N =

{
M

0
.
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j!∗ is functorial and preserves inclusions .

U ′ ⊂ U , MU ′ := (MU )U ′ , then j′
!∗MU ′ = j!∗MU .

COROLLARY 2.2:

M irred . C[z]〈∂z〉-mod. and U ∩ Sing M = ∅

⇒ MU irred . and M = j!∗MU .

Conversely , MU = irred . O(U)-mod. with ∂z ,
⇒ j!∗MU irred .

Fourier transformation of D-modules and applications – p. 11/31



Middle Fourier transform

Fourier transformation of D-modules and applications – p. 12/31



Middle Fourier transform

MU a free O(U)-mod. with ∂z.

Fourier transformation of D-modules and applications – p. 12/31



Middle Fourier transform

MU a free O(U)-mod. with ∂z.
How to define its Fourier transform?

Fourier transformation of D-modules and applications – p. 12/31



Middle Fourier transform

MU a free O(U)-mod. with ∂z.
How to define its Fourier transform?

Extend MU as j!∗MU : this is a hol. C[z]〈∂z〉-mod.

Fourier transformation of D-modules and applications – p. 12/31



Middle Fourier transform

MU a free O(U)-mod. with ∂z.
How to define its Fourier transform?

Extend MU as j!∗MU : this is a hol. C[z]〈∂z〉-mod.

Apply Fourier transf. ⇒ F(j!∗MU ),

Fourier transformation of D-modules and applications – p. 12/31



Middle Fourier transform

MU a free O(U)-mod. with ∂z.
How to define its Fourier transform?

Extend MU as j!∗MU : this is a hol. C[z]〈∂z〉-mod.

Apply Fourier transf. ⇒ F(j!∗MU ),

Restrict to V := A1 r Sing F(j!∗MU ).

Fourier transformation of D-modules and applications – p. 12/31



Middle Fourier transform

MU a free O(U)-mod. with ∂z.
How to define its Fourier transform?

Extend MU as j!∗MU : this is a hol. C[z]〈∂z〉-mod.

Apply Fourier transf. ⇒ F(j!∗MU ),

Restrict to V := A1 r Sing F(j!∗MU ).

Problem : Not invertible in general.

Fourier transformation of D-modules and applications – p. 12/31



Middle Fourier transform

MU a free O(U)-mod. with ∂z.
How to define its Fourier transform?

Extend MU as j!∗MU : this is a hol. C[z]〈∂z〉-mod.

Apply Fourier transf. ⇒ F(j!∗MU ),

Restrict to V := A1 r Sing F(j!∗MU ).

Problem : Not invertible in general.

Answer : Invertible when restricted to irred . MU .

Fourier transformation of D-modules and applications – p. 12/31
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MU = irred . O(U)-mod. with ∂z.

Middle Fourier transf. : MU 7→ F(MU ).

Tensor with rank one :
LU = O(U), ∂z(1) = f ∈ O(U).
MU 7→ LU ⊗ MU , ∂z(1⊗ m) = 1⊗ (fm +∂zm).

Möbius transf. :
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∼
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MU = irred . O(U)-mod. with ∂z.

Middle Fourier transf. : MU 7→ F(MU ).

Tensor with rank one :
LU = O(U), ∂z(1) = f ∈ O(U).
MU 7→ LU ⊗ MU , ∂z(1⊗ m) = 1⊗ (fm +∂zm).

Möbius transf. :
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MU = irred . O(U)-mod. with ∂z.
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Möbius transf. :
µ : O(U)

∼
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Katz transf.s on irred. connections

MU = irred . O(U)-mod. with ∂z.

Middle Fourier transf. : MU 7→ F(MU ).

Tensor with rank one :
LU = O(U), ∂z(1) = f ∈ O(U).
MU 7→ LU ⊗ MU , ∂z(1⊗ m) = 1⊗ (fm +∂zm).

Möbius transf. :
µ : O(U)

∼
−→ O(U), MU 7→ µ∗MU .

⇒ Middle convolution :

MU ⋆ LV = F+
(
F−(MU ) ⊗ LV

)

REMARK: ⊗ and µ∗ keep the rank cst.
Middle Fourier, and hence ⋆, do not .
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Katz algorithm

MU = irred . O(U)-mod. with ∂z.

Problem :

∃? a compos. λ of Katz transf.s, s.t.
rk λ(MU )<rk MU

∃? a compos. λ of Katz transf.s, s.t. rk λ(MU ) = 1
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Deligne-Simpson & rigidity

Given

a finite set Z ⊂ A1, (set U := A1 r Z),

∀zo ∈Z, M̂zo
=C((z − zo))-vect. sp. rk = d with ∂z,

M̂∞ = C((z′))-vect. space rk = d with ∂z′ .

Deligne-Simpson Problem : ∃? MU irred s.t.
M̂U zo

≃ M̂zo
∀zo ∈ Z ∪ {∞}

Rigidity Problem : If MU exists, is it unique ?

DEFINITION: MU is rigid if it is uniquely determined (up
to isom.) by the isom. classes of M̂U zo

, zo ∈ Z ∪ {∞}.
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Deligne-Simpson & rigidity

EXAMPLE (Rank one ):

Isom. class of MU ⇐⇒ f ∈ O(U) mod. p′/p,
p ∈ O(U)∗.

Isom. class of M̂zo
⇐⇒ fzo

∈ C((z − zo)) mod.
C[[z − zo]] + Z · 1/(z − zo).

Similar condition at ∞.

⇒ The Deligne-Simpson pb. has a sol.

⇒ Any rank one module with ∂z is rigid.
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MU free O(U)-mod. with ∂z.

NU := EndO(U)(MU ) with ∂z:
∂z(ϕ)(m) = ∂z(ϕ(m)) − ϕ(∂zm).

χ(NU ) :=χ(∂z : NU →NU )
= dim Ker−dim Coker,

∀zo ∈ Z, hzo
:= dim Ker(∂z : N̂U zo

→ N̂U zo
),

h∞ := dim Ker(∂z′ : N̂U ∞ → N̂U ∞).

DEFINITION 2.7(Index of rigidity ):

rig MU := χ(End(MU )) −
∑

zo∈Z∪{∞}

hzo
(End(MU )).
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MU irred . free O(U)-mod. with ∂z.

THEOREM 2.8 (KATZ, BLOCH-ESNAULT):
MU rigid ⇐⇒ rig MU = 2.

THEOREM 2.9 (KATZ, BLOCH-ESNAULT):

rig F(MU ) = rig MU .

COROLLARY 2.11 (KATZ, BLOCH-ESNAULT):

Katz transf.s keep rig MU constant.
Katz transf.s transform rigids to rigids.
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THEOREM 2.12 (DELIGNE, ARINKIN):
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∂z

−−→ M

De Rham cohomology of M (perverse conv.):

H−1
DR(M) = Ker ∂z, H0

DR(M) = Coker ∂z.

Fourier transformation of D-modules and applications – p. 20/31



The de Rham complex

M hol. C[z]〈∂z〉-module, Sing M = Z ∪ {∞}.

De Rham complex of M :

M
∂z

−−→ M

De Rham cohomology of M (perverse conv.):

H−1
DR(M) = Ker ∂z, H0

DR(M) = Coker ∂z.

THM: Hk
DR(M) finite dim. C-vect. space.

Fourier transformation of D-modules and applications – p. 20/31



The de Rham complex

M hol. C[z]〈∂z〉-module, Sing M = Z ∪ {∞}.

De Rham complex of M :

M
∂z

−−→ M

De Rham cohomology of M (perverse conv.):

H−1
DR(M) = Ker ∂z, H0

DR(M) = Coker ∂z.

THM: Hk
DR(M) finite dim. C-vect. space.

K subfield of C and M defined over K,

Fourier transformation of D-modules and applications – p. 20/31



The de Rham complex

M hol. C[z]〈∂z〉-module, Sing M = Z ∪ {∞}.

De Rham complex of M :

M
∂z

−−→ M

De Rham cohomology of M (perverse conv.):

H−1
DR(M) = Ker ∂z, H0

DR(M) = Coker ∂z.

THM: Hk
DR(M) finite dim. C-vect. space.

K subfield of C and M defined over K,
e.g., M = C[z]〈∂z〉/(P ), P ∈ K[z]〈∂z〉,

Fourier transformation of D-modules and applications – p. 20/31



The de Rham complex

M hol. C[z]〈∂z〉-module, Sing M = Z ∪ {∞}.

De Rham complex of M :

M
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−−→ M

De Rham cohomology of M (perverse conv.):

H−1
DR(M) = Ker ∂z, H0

DR(M) = Coker ∂z.

THM: Hk
DR(M) finite dim. C-vect. space.

K subfield of C and M defined over K,
e.g., M = C[z]〈∂z〉/(P ), P ∈ K[z]〈∂z〉,
then Hk

DR(M) defined over K
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EXAMPLES:

T1, . . . , Tr ∈ GL(d, Q), z1, . . . , zr ∈ A1,
⇐⇒ Repr. π1(A

1 r Z) → GL(d, Q),
⇐⇒ Q-local system LQ on A1 r Z,

Riemann-Hilbert ⇒ free O(U)-module MU , slope 0
at Z ∪ {∞},
M = j!∗MU , DR M ≃ ICA1(LC),
Hk

DR(M) = IHk(A1, LC) = C ⊗Q IHk(A1, LQ).

f ∈ K[x1, . . . , xn], M =

∫ j

f
OAn

(j-th Gauss-Manin system of f ).
DR M = C ⊗Q

pRjf∗QAn .
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Period determinant

K-basis of Hk
DR(M),

Q-basis of Hk
DR(M),

⇒ Base change Pk.

det Pk ∈ C× indept. of bases mod. Q×K×.

Period det. of DR coh. :
det P0

det P−1
∈ C×/Q×K×.
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H−1
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DR(M) = 0:

p′(z)

p(z)
= 1 −
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Define an isom. ϕ : H0

DR(M)
∼

−→ C (period isom.),
⇒ H0

DR(M)Q := ϕ−1(Q).

ϕ̃ : M −→ C, p(z) 7→ lim
γ

∫
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e−zzαp(z) dz.

x

y

0

γ

ϕ̃(∂z(p(z))) = 0: ∂z(p(z)) = ezz−α ◦
∂

∂z

(
e−zzαp(z)

)
∫

γ
e−zzα∂z(p(z)) dz =

∫

γ

∂

∂z

(
e−zzαp(z)

)
dz = 0.
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An example
α ∈ C r Z, K = Q(α).

M = C[z, z−1], ∂z(1) = −1 + α/z.
Define an isom. ϕ : H0

DR(M)
∼

−→ C (period isom.),
⇒ H0

DR(M)Q := ϕ−1(Q).

ϕ̃ : M −→ C, p(z) 7→ lim
γ

∫

γ
e−zzαp(z) dz.

x

y

0

γ

ϕ̃(1) = lim
γ

∫

γ
e−zzα dz = (e2πiα − 1)Γ(α + 1),

1K = (e2πiα − 1)Γ(α + 1) · 1Q.
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Product formula for det H∗
DR(M)

Question:
To express the period determinant in terms of local data
of M at Z ∪ {∞}.

Approach of Beilinson, Bloch, Esnault:

Express the K-vect. space
det H0

DR(M) ⊗ det H−1
DR(M) in terms of local data.

Idem for the corresp. Q-determinant.

Compute a local period determinant.
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Local de Rham determinant

For each zi ∈ Z, M̂zi
=

⊕
λ∈Q+

M̂
(λ)
zi

.
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M̂
(λ)
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.

M̂
(0)
zi

⇐⇒ Ei

ci
**
Fi

vi

jj
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Local de Rham determinant

For each zi ∈ Z, M̂zi
=

⊕
λ∈Q+

M̂
(λ)
zi

.

M̂
(0)
zi

⇐⇒ Ei

ci
**
Fi

vi

jj

M̂
(λ)
zi

=
⊕

q/p=λ El(ρ, ϕ, Ei,ρ,ϕ, Ti,ρ,ϕ)

Similar data at ∞, and v∞ : F∞
∼

−→ E∞.
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Local de Rham determinant

For each zi ∈ Z, M̂zi
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⊕
λ∈Q+

M̂
(λ)
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(0)
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⇐⇒ Ei

ci
**
Fi
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jj

M̂
(λ)
zi

=
⊕

q/p=λ El(ρ, ϕ, Ei,ρ,ϕ, Ti,ρ,ϕ)

Similar data at ∞, and v∞ : F∞
∼

−→ E∞.

Simplifying assumption : Pure slope 0 at ∞.
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Local de Rham determinant

For each zi ∈ Z, M̂zi
=

⊕
λ∈Q+

M̂
(λ)
zi

.

M̂
(0)
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⇐⇒ Ei

ci
**
Fi
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jj

M̂
(λ)
zi

=
⊕

q/p=λ El(ρ, ϕ, Ei,ρ,ϕ, Ti,ρ,ϕ)

Similar data at ∞, and v∞ : F∞
∼

−→ E∞.

Simplifying assumption : Pure slope 0 at ∞.

Question:
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Local de Rham determinant

For each zi ∈ Z, M̂zi
=

⊕
λ∈Q+

M̂
(λ)
zi

.

M̂
(0)
zi

⇐⇒ Ei

ci
**
Fi

vi

jj

M̂
(λ)
zi

=
⊕

q/p=λ El(ρ, ϕ, Ei,ρ,ϕ, Ti,ρ,ϕ)

Similar data at ∞, and v∞ : F∞
∼

−→ E∞.

Simplifying assumption : Pure slope 0 at ∞.

Question:
Express det H0

DR(M) ⊗ det H−1
DR(M) in terms of

det Fi, det Ei,ρ,ϕ, det E∞.
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How to use Fourier transf.
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How to use Fourier transf.
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How to use Fourier transf.

M
∂z

−→ M = FM
ζ

−→ FM

= C[ζ]/ζ ⊗L
C[ζ]

FM

= C[[ζ]]/ζ ⊗L
C[[ζ]]

F̂M0

= F̂M0
ζ

−→ F̂M0

=
⊕

λ
F̂M

(λ)

0

ζ
−→

⊕
λ

F̂M
(λ)

0
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How to use Fourier transf.
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−→ FM
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C[ζ]
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= C[[ζ]]/ζ ⊗L
C[[ζ]]
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ζ
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=
⊕

λ
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(λ)

0

ζ
−→

⊕
λ

F̂M
(λ)

0
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(0)

0

ζ
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How to use Fourier transf.

M
∂z

−→ M = FM
ζ

−→ FM

= C[ζ]/ζ ⊗L
C[ζ]

FM

= C[[ζ]]/ζ ⊗L
C[[ζ]]

F̂M0

= F̂M0
ζ

−→ F̂M0

=
⊕

λ
F̂M

(λ)

0

ζ
−→

⊕
λ

F̂M
(λ)

0

= F̂M
(0)

0

ζ
−→ F̂M

(0)

0

= FF0
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−→ FE0
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How to use Fourier transf.

M
∂z

−→ M = FM
ζ

−→ FM

= C[ζ]/ζ ⊗L
C[ζ]

FM

= C[[ζ]]/ζ ⊗L
C[[ζ]]

F̂M0

= F̂M0
ζ

−→ F̂M0

=
⊕

λ
F̂M

(λ)

0

ζ
−→

⊕
λ

F̂M
(λ)

0

= F̂M
(0)

0

ζ
−→ F̂M

(0)

0

= FF0

Fv
−→ FE0

⇒
det H0

DR(M) ⊗ det H−1
DR(M) = det FE0 ⊗ (det FF0)

−1
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How to use Fourier transf.

THEOREM 1.11:

FM̂
(0)
0 ⇐⇒ FE0

Fc
++ FF0

Fv

ll M
(0)
∞ = C((z′)) ⊗C

FF0,

Fourier transformation of D-modules and applications – p. 28/31



How to use Fourier transf.
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(0)
0 ⇐⇒ FE0

Fc
++ FF0

Fv
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(0)
∞ = C((z′)) ⊗C

FF0,

that is, F (∞,0) induces E∞ ≃ FF0,

Fourier transformation of D-modules and applications – p. 28/31



How to use Fourier transf.

THEOREM 1.11:

FM̂
(0)
0 ⇐⇒ FE0

Fc
++ FF0

Fv

ll M
(0)
∞ = C((z′)) ⊗C

FF0,

that is, F (∞,0) induces E∞ ≃ FF0, hence

det FF0 = det E∞
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How to use Fourier transf.

THEOREM 1.11:

FM̂
(0)
0 ⇐⇒ FE0

Fc
++ FF0

Fv

ll M
(0)
∞ = C((z′)) ⊗C

FF0,

that is, F (∞,0) induces E∞ ≃ FF0, hence

det FF0 = det E∞

det FE0?
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Computation of det FE0

M pure slope 0 at ∞ ⇒ Sing FM = {0, ∞}
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Computation of det FE0

F−

M0

F
(0,∞)
−

⊕zo=0Mzo

⊕F
(zo,∞)
−

M
(>1)
∞

F
(∞,∞)
−

M
(=1)
∞

⊕F
(∞,ζo)
−

M
(<1)
∞

F
(∞,0)
−

FM
(<1)
∞

F
(∞,0)
+

FM
(=1)
∞

⊕F
(∞,zo)
+

FM
(>1)
∞

F
(∞,∞)
+

⊕ζo=0
FM ζo

⊕F
(ζo,∞)
+

FM0

F
(0,∞)
+

F+

M M

FM FM
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Computation of det FE0

M pure slope 0 at ∞ ⇒ Sing FM = {0, ∞}

⇒ (FM)U = free C[ζ, ζ−1]-mod. finite rk with ∂ζ

(U = C∗, O(U) = C[ζ, ζ−1]).
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⇒ (FM)U = free C[ζ, ζ−1]-mod. finite rk with ∂ζ

(U = C∗, O(U) = C[ζ, ζ−1]).

Idea:
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⇒ (FM)U = free C[ζ, ζ−1]-mod. finite rk with ∂ζ

(U = C∗, O(U) = C[ζ, ζ−1]).

Idea:

To construct a vect. bdle FE on P1 (coord.
ζ, ζ′ = 1/ζ), s.t.
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⇒ (FM)U = free C[ζ, ζ−1]-mod. finite rk with ∂ζ

(U = C∗, O(U) = C[ζ, ζ−1]).

Idea:

To construct a vect. bdle FE on P1 (coord.
ζ, ζ′ = 1/ζ), s.t.

FE|U = FMU ,
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det FE ∼ trivial bdle on P1
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Computation of det FE0

M pure slope 0 at ∞ ⇒ Sing FM = {0, ∞}

⇒ (FM)U = free C[ζ, ζ−1]-mod. finite rk with ∂ζ

(U = C∗, O(U) = C[ζ, ζ−1]).

Idea:

To construct a vect. bdle FE on P1 (coord.
ζ, ζ′ = 1/ζ), s.t.

FE|U = FMU ,
FE0 = FE0,

det FE ∼ trivial bdle on P1

⇒ canonical identification (det FE)0 ≃ (det FE)∞,
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Computation of det FE0

M pure slope 0 at ∞ ⇒ Sing FM = {0, ∞}

⇒ (FM)U = free C[ζ, ζ−1]-mod. finite rk with ∂ζ

(U = C∗, O(U) = C[ζ, ζ−1]).

Idea:

To construct a vect. bdle FE on P1 (coord.
ζ, ζ′ = 1/ζ), s.t.

FE|U = FMU ,
FE0 = FE0,

det FE ∼ trivial bdle on P1

⇒ canonical identification (det FE)0 ≃ (det FE)∞,

Compute (det FE)∞ in terms of det Fi, det Ei,ρ,ϕ.
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Computation of det FE0

̂(FM)U 0 = C((ζ)) ⊗C
FE0
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Computation of det FE0

̂(FM)U 0 = C((ζ)) ⊗C
FE0

⇒ ∃! C[ζ]-submod. FE ⊂ FMU s.t. FEU = FMU

and fibre of FE at 0 is FE0.
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Computation of det FE0

̂(FM)U 0 = C((ζ)) ⊗C
FE0

⇒ ∃! C[ζ]-submod. FE ⊂ FMU s.t. FEU = FMU

and fibre of FE at 0 is FE0.

I recall:

M̂
(0)
zi

⇐⇒ Ei

ci
**
Fi

vi

jj

M̂
(λ)
zi

=
⊕

q/p=λ El(ρ, ϕ, Ei,ρ,ϕ, Ti,ρ,ϕ)
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Computation of det FE0

̂(FM)U 0 = C((ζ)) ⊗C
FE0

⇒ ∃! C[ζ]-submod. FE ⊂ FMU s.t. FEU = FMU

and fibre of FE at 0 is FE0.

Stationary phase formula ⇒ F̂M∞ ≃
⊕
i

(
C((ζ′)) ⊗C Fi

)
⊕

⊕
ρ,ϕ

El(Fρ, Fϕ, Ei,ρ,ϕ, (−1)qTi,ρ,ϕ)
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Computation of det FE0

̂(FM)U 0 = C((ζ)) ⊗C
FE0

⇒ ∃! C[ζ]-submod. FE ⊂ FMU s.t. FEU = FMU

and fibre of FE at 0 is FE0.

Stationary phase formula ⇒ F̂M∞ ≃
⊕
i

(
C((ζ′)) ⊗C Fi

)
⊕

⊕
ρ,ϕ

El(Fρ, Fϕ, Ei,ρ,ϕ, (−1)qTi,ρ,ϕ)

Action of ∂z: e−zi/ζ′

◦ ∂ζ′ ◦ ezi/ζ′

= ∂ζ′ − zi/ζ′2

Fourier transformation of D-modules and applications – p. 30/31



Computation of det FE0

̂(FM)U 0 = C((ζ)) ⊗C
FE0

⇒ ∃! C[ζ]-submod. FE ⊂ FMU s.t. FEU = FMU

and fibre of FE at 0 is FE0.

Stationary phase formula ⇒ F̂M∞ ≃
⊕
i

(
C((ζ′)) ⊗C Fi

)
⊕

⊕
ρ,ϕ

El(Fρ, Fϕ, Ei,ρ,ϕ, (−1)qTi,ρ,ϕ)

Action of ∂z: e−zi/ζ′

◦ ∂ζ′ ◦ ezi/ζ′

= ∂ζ′ − zi/ζ′2

⇒ ∃! C[ζ′]-submod. FE′ ⊂ FMU s.t.
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Computation of det FE0

̂(FM)U 0 = C((ζ)) ⊗C
FE0

⇒ ∃! C[ζ]-submod. FE ⊂ FMU s.t. FEU = FMU

and fibre of FE at 0 is FE0.

Stationary phase formula ⇒ F̂M∞ ≃
⊕
i

(
C((ζ′)) ⊗C Fi

)
⊕

⊕
ρ,ϕ

El(Fρ, Fϕ, Ei,ρ,ϕ, (−1)qTi,ρ,ϕ)

Action of ∂z: e−zi/ζ′

◦ ∂ζ′ ◦ ezi/ζ′

= ∂ζ′ − zi/ζ′2

⇒ ∃! C[ζ′]-submod. FE′ ⊂ FMU s.t.
FE′

U ⊂ FMU and FE′
∞ =

⊕
i

[
Fi ⊕

⊕
ρ,ϕ

(Ei,ρ,ϕ)p+q
]
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Computation of det FE0

Glue FE and FE′ according to FEU = FMU = FE′
U
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Computation of det FE0

Glue FE and FE′ according to FEU = FMU = FE′
U

Get FE.
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Computation of det FE0

Glue FE and FE′ according to FEU = FMU = FE′
U

Get FE.

Conclusion :

det H0
DR(M) ⊗ det H−1

DR(M)

=
⊗
i

[
det Fi ⊗

⊗
ρ,ϕ

(det Ei,ρ,ϕ)⊗p+q
]

⊗ (det E∞)−1
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	Newton polygon
	Newton polygon
	Newton polygon
	Newton polygon
	Newton polygon
	Newton polygon
	Newton polygon
	Newton polygon
	Newton polygon

	Structure of holon. $Cllt $-modules
	Structure of holon. $Cllt $-modules
	Structure of holon. $Cllt $-modules
	Structure of holon. $Cllt $-modules
	Structure of holon. $Cllt $-modules
	Structure of holon. $Cllt $-modules
	Structure of holon. $Cllt $-modules
	Structure of holon. $Cllt $-modules
	Structure of holon. $Cllt $-modules

	Component of slope $0$
	Component of slope $0$
	Component of slope $0$
	Component of slope $0$
	Component of slope $0$
	Component of slope $0$
	Component of slope $0$

	Indecomp. of slope $lambda >0$
	Indecomp. of slope $lambda >0$
	Indecomp. of slope $lambda >0$
	Indecomp. of slope $lambda >0$
	Indecomp. of slope $lambda >0$

	Irred. of slope $lambda >0$
	Irred. of slope $lambda >0$
	Irred. of slope $lambda >0$
	Irred. of slope $lambda >0$
	Irred. of slope $lambda >0$
	Irred. of slope $lambda >0$
	Irred. of slope $lambda >0$

	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I

	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I
	Stationary phase, I

	Stationary phase, II
	Stationary phase, II
	Stationary phase, II
	Stationary phase, II
	Stationary phase, II
	Stationary phase, II
	Stationary phase, II
	Stationary phase, II
	Stationary phase, II

	Irred. hol. $Clt $-mod. & connections
	Irred. hol. $Clt $-mod. & connections
	Irred. hol. $Clt $-mod. & connections
	Irred. hol. $Clt $-mod. & connections
	Irred. hol. $Clt $-mod. & connections
	Irred. hol. $Clt $-mod. & connections
	Irred. hol. $Clt $-mod. & connections
	Irred. hol. $Clt $-mod. & connections
	Irred. hol. $Clt $-mod. & connections
	Irred. hol. $Clt $-mod. & connections
	Irred. hol. $Clt $-mod. & connections

	Irred hol. $Clt $-mod. & connections
	Irred hol. $Clt $-mod. & connections
	Irred hol. $Clt $-mod. & connections
	Irred hol. $Clt $-mod. & connections
	Irred hol. $Clt $-mod. & connections
	Irred hol. $Clt $-mod. & connections
	Irred hol. $Clt $-mod. & connections
	Irred hol. $Clt $-mod. & connections

	Middle Fourier transform
	Middle Fourier transform
	Middle Fourier transform
	Middle Fourier transform
	Middle Fourier transform
	Middle Fourier transform
	Middle Fourier transform
	Middle Fourier transform

	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections
	Katz transf.s on irred. connections

	Katz algorithm
	Katz algorithm
	Katz algorithm
	Katz algorithm
	Katz algorithm

	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity

	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity
	Deligne-Simpson & rigidity

	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity

	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity
	Index of rigidity

	Katz algorithm for rigids
	Katz algorithm for rigids
	Katz algorithm for rigids
	Katz algorithm for rigids
	Katz algorithm for rigids
	Katz algorithm for rigids
	Katz algorithm for rigids
	Katz algorithm for rigids
	Katz algorithm for rigids

	The de~Rham complex
	The de~Rham complex
	The de~Rham complex
	The de~Rham complex
	The de~Rham complex
	The de~Rham complex
	The de~Rham complex
	The de~Rham complex
	The de~Rham complex
	The de~Rham complex
	The de~Rham complex
	The de~Rham complex

	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.
	$QQ $-structure on DR cohom.

	Period determinant
	Period determinant
	Period determinant
	Period determinant
	Period determinant
	Period determinant

	An example
	An example
	An example
	An example
	An example
	An example
	An example
	An example
	An example
	An example
	An example
	An example

	An example
	An example
	An example
	An example
	An example
	An example
	An example
	An example
	An example

	Product formula for $det H^*_{DR }(M)$
	Product formula for $det H^*_{DR }(M)$
	Product formula for $det H^*_{DR }(M)$
	Product formula for $det H^*_{DR }(M)$
	Product formula for $det H^*_{DR }(M)$
	Product formula for $det H^*_{DR }(M)$
	Product formula for $det H^*_{DR }(M)$

	Local de~Rham determinant
	Local de~Rham determinant
	Local de~Rham determinant
	Local de~Rham determinant
	Local de~Rham determinant
	Local de~Rham determinant
	Local de~Rham determinant
	Local de~Rham determinant

	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.

	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.
	How to use Fourier transf.

	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$

	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$

	Computation of $det Fou E_0$
	Computation of $det Fou E_0$
	Computation of $det Fou E_0$


