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My; afree 0(U)-mod. with 9, .
How to define its Fourier transform?

® Extend My as ji. My thisis a hol. C[z](8.)-mod.
» Apply Fourier transf. = (41, Mz7),
® Restrictto V := A! < Sing F(ji,. My).

Problem : Not invertible in general.

Answer : Invertible when restricted to irred . My;.
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Katz transf.son irred. connections

My =irred . 0(U)-mod. with 9.

# Middle Fourier transf. : My — ¥(My).

® Tensor with rank one :

Ly =0U), 0.(1)=fec o).

My — Ly @ My, Hz(l(X)m) :1®(fm—|—('9zm)
® MOobius transf. :

n:O0U) — 0U), My +— p*Myg.

= Middle convolution
My % Ly = F+(F_(MU) X Lv)

REMARK: & and u* keep the rank cst.
Middle Fourier, and hence %, do not .
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Katz algorithm

My =irred. 0(U)-mod. with 9.

Problem :

# 7?7 a compos. \ of Katz transf.s, s.t.
rk )\(MU) <rk Myg;

o d? acompos. A of Katz transf.s, s.t. rk A\(My) =1
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Deligne-Simpson & rigidity

Given

o afiniteset Z C A, (setU := Al \ 2),

® Vz,€Z, M\zo =C((z — zo))-vect. sp. rk = d with 9.,
® M., = C((z')-vect. space rk = d with 8,..
[le\ligne-Si/erson Problem : 3? My irred s.t.

My, ~ M, Vz, € ZU{oco}

Rigidity Problem : If My exists, Is it unique ?

DEFINITION: My is rigid if it is uniquely determined (up
to isom.) by the isom. classes of ]\//E]ZO, zo € Z U {o0}.
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Deligne-Simpson & rigidity

EXAMPLE (Rank one):

# Isom. class of My <— f € 0(U) mod. p’/p,
pe oU)*.

® Isom. class of M, <= f. € C((z — z0)) mod.
Clz —2z0] +7Z-1/(2 — 2zo).
# Similar condition at oo.

= The Deligne-Simpson pb. has a sol.
= Any rank one module with 9. is rigid.

Eourier transformation of &2-modules and apbplications — . 16/31
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0z (p)(m) = 0z(p(m)) — p(8:m).
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My; free 0'(U)-mod. with 9.
® Ny := Endﬁ(U) (MU) with 9.:
9:(p)(m) = 02(p(m)) — p(9:m).

o X(NU):ZX(az : NU—>NU)
= dim Ker—dim Coker,

® Vz, € Z, h, :=dimKer(9, : N(\]zo — N(\]zo),

P hoo := dimKer(8y : Nus — Nuoo).

DEFINITION 2.7(Index of rigidity ):
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Index of rigidity

My; free 0'(U)-mod. with 9.
® Ny := Endﬁ(U) (MU) with 9.:
9:(p)(m) = 02(p(m)) — p(9:m).

o X(NU):ZX(az : NU—>NU)
= dim Ker—dim Coker,

® Vz, € Z, h, :=dimKer(9, : N(\]zo — N(\]zo),

P hoo := dimKer(8y : Nus — Nuoo).

DEFINITION 2.7(Index of rigidity ):

rig My := x(End(My)) — ) h.,(End(My)).
zo€ZU{o0}
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Index of rigidity

My irred . free 0'(U)-mod. with 9.

® THEOREM 2.8 (KATZ, BLOCH-ESNAULT):
My rigid < rig My = 2.

® THEOREM 2.9 (KATZ, BLOCH-ESNAULT):
rig ¥(My;) = rig M.

® COROLLARY 2.11 (KATZ, BLOCH-ESNAULT):

s Katz transf.s keep rig My constant.
» Katz transf.s transform rigids to rigids.

Eourier transformation of &2-modules and apbplications — . 18/31
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The de Rham complex

M hol. C[z]{9.)-module, Sing M = Z U {oc}.

# De Rham complex of M:

Mi»M

# De Rham cohomology of M (perverse conv.):
HBE{(M) = Ker 8., Hpg(M) = Coker 9.

THM: HE L (M) finite dim. C-vect. space.

® K subfield of C and M defined over K,
e.g., M = C[z](0,)/(P), P € K|[z](0,),
then HY (M) defined over K
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® Ty,...,.T, € GL(d,Q), 2z1,...,2, € Al,
<= Repr. w1 (Al \ Z) — GL(d, Q),
<= Q-local system % on Al \ Z,
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® Ty,...,.T, € GL(d,Q), 2z1,...,2, € Al,
<= Repr. (Al < Z) — GL(d, Q),
<= Q-local system % on Al \ Z,
Riemann-Hilbert = free ¢ (U )-module M;, slope 0

at Z U {oo},
M = 5, My, DRM ~ICu(%),
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Q-structure on DR cohom.

Sometimes HEx (M) has a natural Q-struct.

EXAMPLES:

® Ty,...,.T, € GL(d,Q), 2z1,...,2, € Al,
<= Repr. m1 (Al < Z) — GL(d, Q),
< Q-local system .4 on A! \ Z,
Riemann-Hilbert = free ¢ (U )-module M;, slope 0
at Z U {0},
M = ji. My, DRM ~ ICu(%),

H]%R(M) — IHk(Alag(C) = C ®q IHk(AlagQ)-

J
® fe Klxy,...,xp], M:/ O pn
f

(7-th Gauss-Manin system of f).
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Sometimes HEx (M) has a natural Q-struct.

EXAMPLES:

® Ty,...,.T, € GL(d,Q), 2z1,...,2, € Al,
<= Repr. w1 (Al \ Z) — GL(d, Q),
<= Q-local system % on Al \ Z,
Riemann-Hilbert = free ¢ (U )-module M;, slope 0
at Z U {0},
M = ji.My, DRM ~ ICu (%),

H]%R(M) — IHk(Alag(C) = C ®q IHk(Alag@)-
J
® feKlry,...,xpn], M:/ O'pn
f

(7-th Gauss-Manin system of f).
DR M = C ®q PR £,Qun.
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#® = Base change 7.
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Period deter minant

K-basis of HE, (M),

Q-basis of HE, (M),

= Base change P;..

det P, € C* indept. of bases mod. Q* K *.
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Period deter minant

K-basis of HE, (M),
Q-basis of HE, (M),
= Base change P;..
det P, € C* indept. of bases mod. Q* K *.
det P
Period det. of DR coh. o0 e C*/Q*K~*.

det ‘P_l
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aeC\Z, K =Qu).

® M=Clz,z71], 8.1) = -1+ a/=z.
9:(p(z)) = 0:(p(2) - 1) = p'(2) + p(2)0:(1).
= M defined over K,
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aeC\Z, K =Qu).

® M =Clz,z7Y], 0.(1) = -1+ a/=.
9:(p(z)) = 0:(p(2) - 1) = p'(2) + p(2)9:(1).
= M defined over K, Sing M = {0,00},

0 atz=0
slope = .
1 atz = o¢

/
p'(z) _ 1 _ i no sol. in C[z, z71].

® Hyn(M) = 0: () ;
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aeC\Z, K =Qu).

® M =Clz,z7Y], 0.(1) = -1+ a/=.
9:(p(z)) = 0:(p(2) - 1) = p'(2) + p(2)9:(1).
= M defined over K, Sing M = {0,00},

0 atz=0
slope = .
1 atz = o¢

/
p'(z) _ 1 _ i no sol. in C[z, z71].
p(2) o

® 9,: M — M. 2F— —2F4+ (a+Ek)2F1,

® Hpp(M) =0:
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An example

aeC\Z, K =Qu).

® M =Clz,z7Y], 0.(1) = -1+ a/=.
9:(p(z)) = 0:(p(2) - 1) = p'(2) + p(2)9:(1).
= M defined over K, Sing M = {0,00},

0 atz=0
slope = .
1 atz = o¢

/
p'(z) _ 1 _ i no sol. in C[z, z71].
p(2) o

® 0.: M — M: zk|—>—zk—|—(a—|—k)zk_1,
= dim Coker 8, = 1. z¥ = cst(k) mod Im 8.,

® Hpp(M) =0:
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aeC\Z, K =Qu).

® M =Clz,z7Y], 0.(1) = -1+ a/=.
9:(p(z)) = 0:(p(2) - 1) = p'(2) + p(2)9:(1).
= M defined over K, Sing M = {0,00},

0 atz=0
slope = .
1 atz = o¢

/
P(2) —1— 2 nosol. in Clz, z71].
p(2) z
® 9,: M — M. 2F— —2F4+ (a+Ek)2F1,
= dim Coker 8, = 1. z¥ = cst(k) mod Im 8.,
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® Hpp(M) =0:
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aeC\Z, K =Qu).

® M =Clz,z7Y], 0.(1) = -1+ a/=.
9:(p(z)) = 0:(p(2) - 1) = p'(2) + p(2)9:(1).
= M defined over K, Sing M = {0,00},

0 atz=0
slope = .
1 atz = o¢

/
P(2) —1— 2 nosol. in Clz, z71].
p(2) z
® 9,: M — M. 2F— —2F4+ (a+Ek)2F1,
= dim Coker 8, = 1. z¥ = cst(k) mod Im 8.,
eg.k>1,2=T(a+k+1)/T(a+1).
= [1] is a K-basis of H3 (M).

® Hpp(M) =0:
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& M=C[z,z71], 8.(1) = -1+ «a/z
Define an isom. ¢ : H3, (M) — C (period isom.),
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An example

acC\Z, K=Q).

& M=C[z,z71], 8.(1) = -1+ «a/z
Define an isom. ¢ : H3, (M) — C (period isom.),
= Hpgr(M)g = ¢~ Q).

®» o M —C, p(z)— lim/ e “z%(z) d=.
2
y g

(==

B(0:-(p(2))) = 0 :(p(2)) = 27" 0 = (e~*27p(2))
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An example

acC\Z, K=Q).

& M=C[z,z71], 8.(1) = -1+ «a/z
Define an isom. ¢ : H3, (M) — C (period isom.),
= Hpgr(M)g = ¢~ Q).

®» p: M —C, p(z)— lim/ e “z%(z) d=.
2
y g

(==

B(0:-(p(2))) = 0 :(p(2)) = 27" 0 = (e~*27p(2))

Le_zzaaz(p(z)) dz:L% e *2%p(z)) dz = 0.
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An example

acC\Z, K=Q).

& M=C[z,z71], 8.(1) = -1+ «a/z
Define an isom. ¢ : H3, (M) — C (period isom.),
= Hpgr(M)g = ¢~ Q).

®» o M —C, p(z)— lim/ e “z%(z) d=.
Ty

Y
(==
0 > .

p(1) = lim/ e *2%dz = (2™ — 1)I'(a + 1),
Ty
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An example

acC\Z, K=Q).

& M=C[z,z71], 8.(1) = -1+ «a/z
Define an isom. ¢ : H3, (M) — C (period isom.),
= Hpgr(M)g = ¢~ Q).

®» p: M —C, p(z)— lim/ e “z%(z) d=.
2
y g

C

2(1) =lim [ e *2%dz = (€™ — 1)I'(a + 1),
Ty

e?™ — NI'(a + 1) - 1g.

Eourier transformation of &2-modules and apbplications — n. 24/31



Product formulafor det Hf) (M)



Product formulafor det Hf) (M)

Question:
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To express the period determinant in terms of local data
of M at Z U {o0}.
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To express the period determinant in terms of local data
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Approach of Beilinson, Bloch, Esnault:
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Question:

To express the period determinant in terms of local data
of M at Z U {o0}.

Approach of Beilinson, Bloch, Esnault:

#® EXxpress the K-vect. space
det H3 (M) ® det Hyp (M) in terms of local data.
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Question:

To express the period determinant in terms of local data
of M at Z U {o0}.

Approach of Beilinson, Bloch, Esnault:

#® EXxpress the K-vect. space
det H3. (M) ® det Hyi (M) in terms of local data.

# |dem for the corresp. Q-determinant.
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Product formulafor det Hf) (M)

Question:

To express the period determinant in terms of local data
of M at Z U {o0}.

Approach of Beilinson, Bloch, Esnault:

#® EXxpress the K-vect. space
det HY (M) ® det How (M) in terms of local data.

# |dem for the corresp. Q-determinant.
# Compute a local period determinant.
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® Foreach z;, € Z, M,, = P, M.
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~ (A
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L ocal de Rham deter minant

—

® Foreach z; € Z, M., = ®,cq, M.
s MY — E, 7 °F

~ (A
> Mz(z ) — @q/pZ)\ El(p7 P Ei9p7907 T’i,p,go)

® Similar data at oo, and v, : Fry — E.
Simplifying assumption : Pure slope 0 at oco.

Question:
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L ocal de Rham deter minant

—

® Foreach z; € Z, M., = ®,cq, M.

_— Ci
s MY < E,_ "F
U

~ (A
> Mz(z ) — @q/pZ)\ El(p7 P Eiap7907 T’i,p,go)

® Similar data at oo, and v, : Fry — E.
Simplifying assumption : Pure slope 0 at oco.

Question:
Express det H3, (M) ® det Hyg (M) in terms of

det F;, detFE;,,, detE..
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Eourier transformation of &2-modules and apbplications — n. 27/31



How to use Fourier transf.

M 2= M= Frp S Py

= C[¢]/¢ ®f "M



How to use Fourier transf.

M 2= M= Frp S Py

= C[cl/¢ ©c ™M
— C[[C]]/C ®é[[¢]] FMO



How to use Fourier transf.

M 2= M= Frp S Py

= C[cl/¢ ©c ™M
— C[[C]]/C ®é[[¢]] FMO

— FM - P,

Eourier transformation of &2-modules and apbplications — n. 27/31
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M 2= M= Frp S Py

= C[¢]/¢ ®f "M

= C[¢)/¢ @y "M

— FM - P,

—) ¢ =3
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How to use Fourier transf.

M 2= M= Frp S Py

= C[¢]/¢ ®f "M

= C[¢)/¢ @y "M

— FM - P,

(A ¢ 7 (D)

=B M, — DB\"M,
—(0) ¢ —=—(0)
=M, — M,
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How to use Fourier transf.

M 2= M= Frp S Py

= C[¢]/¢ ®f "M

= C[¢)/¢ @y "M

— FM - P,

(A ¢ 7 (D)
=B M, — DB\"M,
(0 ¢ =(0)
="M, — "M,
="Fy v, FEy
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How to use Fourier transf.

M 2= M= Frp S Py

= C[¢]/¢ ®f "M

= C[¢)/¢ @y "M

— FM - P,

(A ¢ 7 (D)
=DM, — DM,
(0 ¢ =(0)
— MO E— MO
— R, lFEO

—
det HY . (M) @ det HA (M) = det FEy ® (det FFy) 2
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Fe

My = PRy TR, MY =C(2') ®c 'R,

Fy

Eourier transformation of &2-modules and apbplications — . 28/31



How to use Fourier transf.

THEOREM 1.11:

Fe

VY «— Fpy— 2 FRy MY =C(2') ®c FR,

Fy

that is, .#(°°:0) induces E., ~ FFp,
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How to use Fourier transf.

THEOREM 1.11:

Fe

VY «— Fpy— 2 FRy MY =C(2') ®c FR,

Fy

that is, .7 (>°:9) induces E,., ~ ¥F,, hence

det ¥ Fy = det F
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How to use Fourier transf.

THEOREM 1.11:

Fe

VY «— Fpy— 2 FRy MY =C(2') ®c FR,

Fy

that is, .7 (>°:9) induces E,., ~ ¥F,, hence

det ¥ Fy = det F

det FE()?
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Computation of det “E

Yoih o ewpl, WG 7 EE (G
F(0:00) @ (For ) F(00:00) @ F(50:¢0) F (00,0 Fy
F(oo00) pF (%) Fioeoo) B F(Sor>) F0o)
MG TS FRY e, Ty
I3vi FM
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= (M)y = free C[¢, ¢ 1]-mod. finite rk with 9,
(U =C* 0(U) =C[¢, ¢
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= (M)y = free C[¢, ¢ 1]-mod. finite rk with 9,
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M pure slope 0 at co = Sing YM = {0, oo}
= (M)y = free C[¢, ¢ 1]-mod. finite rk with 9,
(U =C* 0(U) =C[¢, ¢

ldea.:
® To construct a vect. bdle € on P! (coord.

¢, ¢ =1/¢) st
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M pure slope 0 at co = Sing YM = {0, oo}

= (M)y = free C[¢, ¢ 1]-mod. finite rk with 9,
(U =C*, o) =C[¢, ().

ldea:

® To construct a vect. bdle € on P! (coord.

¢, ¢ =1/¢) st

o F8|U — FMU,

Eourier transformation of &2-modules and apbplications — n. 29/31



Computation of det “E

M pure slope 0 at co = Sing YM = {0, oo}
= (M)y = free C[¢, ¢ 1]-mod. finite rk with 9,
(U =C* 0(U) =C[¢, ¢
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® To construct a vect. bdle € on P! (coord.
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Computation of det “E

M pure slope 0 at co = Sing YM = {0, oo}

= (M)y = free C[¢, ¢ 1]-mod. finite rk with 9,
(U =C*, o) =C[¢, ().

ldea:

® To construct a vect. bdle € on P! (coord.

¢, ¢ =1/¢) st

o F8|U — FMU,
s ey =FE,,

® det FE ~ trivial bdle on P!
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Computation of det “E

M pure slope 0 at co = Sing YM = {0, oo}

= (M)y = free C[¢, ¢ 1]-mod. finite rk with 9,
(U =C*, o) =C[¢, ().

ldea:

® To construct a vect. bdle € on P! (coord.

¢, ¢ =1/¢) st

r F€|U = My,
s 1o =TEy,
® det f'E€ ~ trivial bdle on P!
® = canonical identification (det ¥€)g ~ (det ¥€) o,
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Computation of det “E

M pure slope 0 at co = Sing YM = {0, oo}
= (M)y = free C[¢, ¢ 1]-mod. finite rk with 9,
(U =C* 0(U) =C[¢, ¢

ldea.:
® To construct a vect. bdle € on P! (coord.

¢, ¢"'=1/¢),s.t.
r F€|U = My,
s 1o =TEy,
® det f'E€ ~ trivial bdle on P!
® = canonical identification (det ¥€)g ~ (det ¥€) o,

» Compute (det *€) in terms of det F;, det E; , .
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Computation of det “E

® (FM)y, = C(¢) ®c FEq

o = ! C[C]-SmeOd. Fp C FMU S.t. FEU — FMU
and fibre of ¥E at 0 is 'E,.
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Computation of det “E

® (FM)y, = C(¢) ®c FEq

o = ! C[C]-SmeOd. Fp C FMU S.t. FEU — FMU
and fibre of ¥E at 0 is 'E,.

| recall:
—(0 Cq
9 — E °F
v;
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Computation of det “E

® (FM)y, = C(¢) ®c FEq

o = ! C[C]-SmeOd. Fp C FMU S.t. FEU — FMU
and fibre of ¥E at 0 is 'E,.

e ——

# Stationary phase formula = M ~ @
5

(C((C,)) Xc FZ) D pea El(va F‘Pa E’i,p,cpa (_1)qTi,p,cp)
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Computation of det “E

® (FM)y, = C(¢) ®c FEq

o = ! C[C]-SmeOd. Fp C FMU S.t. FEU — FMU
and fibre of ¥E at 0 is 'E,.

e ——

# Stationary phase formula = M ~ @
5

(C((C,)) Xc FZ) D pea El(va F‘Pa E’i,p,cpa (_1)qTi,p,cp)

Action of 8,: e %/¢ o O¢r O e%/¢ = ¢ — zi/¢"?
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Computation of det “E

® (FM)y, = C(¢) ®c FEq

o = ! C[C]-SmeOd. Fp C FMU S.t. FEU — FMU
and fibre of ¥E at 0 is 'E,.

e ——

# Stationary phase formula = M ~ @
5
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Computation of det “E

® (FM)y, = C(¢) ®c FEq

o = ! C[C]-SmeOd. Fp C FMU S.t. FEU — FMU
and fibre of ¥E at 0 is 'E,.

e ——

# Stationary phase formula = M ~ @
5

(C((C,)) Xc FZ) D pea El(va F‘Pa E’i,p,cpa (_1)qTi,p,cp)

Action of 8, e */¢ o O¢r 0 e%/¢ = O — z;/¢"?
o = 3! C[¢']-submod. FE' C My sit.

B, C ™My and  TEl, =@ |F; © @ (Eipp)P
i PP
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Computation of det “E

® Glue E and *E’ according to *Ey = *My = YEY;

Eourier transformation of &2-modules and apbplications — n. 31/31



Computation of det “E

® Glue E and *E’ according to *Ey = *My = YEY;
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Computation of det “E

® Glue E and *E’ according to *Ey = *My = YEY;

® Get e,

Conclusion :

det HY, (M) ® det Hys (M)

R [det F;® Q(det E; ,,)®P | @ (det Eoo) ™

¢ PP
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