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Vanishina cvcles and their alaebraic computation (1) —



The u = p theorem

® f:(C*1,0) — (C,0) a germ of holom. funct. isol.
sing., F' = Milnor fibre.

#» THEOREM (Milnor):

dimc¢ Ognt1 /(0 f) =:

Halg — Htop

:= dim¢ H" (F, C)
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The p = p theorem

® f:(C*1,0) — (C,0) a germ of holom. funct. isol.
sing., F' = Milnor fibre.

#» THEOREM (Milnor):

dimc Ocnt1 o/ (0F) =: [ palg = Htop | := dimc H" (F, C)

# Various proofs:
s Use index of grad f on the Milnor sphere.
s Deform the function — p,1, NONdeq. critical pts
s eflc.

# Brieskorn: algebraic formula for the monodromy.
# Important tool: the Brieskorn lattice.
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Objective of the lectures

To extend these results to the case
f: X —C

X smooth quasi-projective and f regular on X.
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L ocal systemsin dim. one

» A: disc with coord. t, A* := A ~ {0}, A*: univ. cov.

{0} o A Lo ar 2

~

A*
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L ocal systemsin dim. one

» A: disc with coord. t, A* := A ~ {0}, A*: univ. cov.

{0} <o A Lo a2 A

® Z:local systemon A*, & «—— (L, T),
L: finite dim. vect. space, T: autom. of L

How to get (L, T) from £7?
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L ocal systemsin dim. one

» A: disc with coord. t, A* := A ~ {0}, A*: univ. cov.

{0} <o A Lo a2 A

® Z:local systemon A*, & «—— (L, T),
L: finite dim. vect. space, T: autom. of L

How to get (L, T) from £7?
» Answer:
s p: A* — A*: univ. covering, = p~ 1. trivial
s L =T(A*, p~1.%), T induced by deck-transf.
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Constructible sheavesin dim. one

{0} % A Lo ar 2

~

A*
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Constructible sheavesin dim. one

{0} <% A Lo ar A

® 7 := 3,2 example of a constr. sheaf w.r.t. (A, 0)

® '\ 7=% iy'j.? =ker[(T—1d):L — L]
given by the adjunction

ig el = ig " F — ig'(j o p)«(j o p)LE.

Vanishina cvcles and their alaebraic computation (1) — p. 5/17



Constructible sheavesin dim. one

{0} <% A Lo ar A

® 7 := 3,2 example of a constr. sheaf w.r.t. (A, 0)

® '\ 7=% iy'j.? =ker[(T—1d):L — L]
given by the adjunction

ig el = ig " F — ig'(j o p)«(j o p)LE.

® % any constr. bounded complex on (A, 0).

(1.1.1) V.7 =iy "R(jop)«(jop) 1.F

i\ F — T 2 g7
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Constructible sheavesin dim. one

~

{0} <% A 2o Ax 2 AN

(1.1.1) V. Z :=ig 'R(j o p)«(j o p) L.F

i T — T S g7 L
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Constructible sheavesin dim. one

~

{0} <% A 2o Ax 2 AN

(1.1.1) V. Z :=ig 'R(j o p)«(j o p) L.F

i T — T S g7 L

— Long exact sequence of C-vect. spaces with autom. T

— A (ig ' T) — %%tg" = %%tgz — A (i " F) —

Id T T Id
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Perversity in dim. one
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Perversity in dim. one

§u L, g ' F ~ ker(T — 1d) =
Im(T — Id) cohom. in degree zero only.
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Perversity in dim. one

= J+-Z, ialf ~ ker(T — Id) =
¢¢-# ~ Im(T — Id) cohom. in degree zero only.

® IfF=Rj. % ig 7 ={L = L} =
o7 =~ % cohom. in degree zero only.
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Perversity in dim. one

§u L, g ' F ~ ker(T — 1d) =

® If.7 = Rj.Z, i, F _{L—>L}=>

can

o7 =~ % cohom. in degree zero only.

o If ¥ =19, F (skyscrap. sheaf), .7 = 0=
¢¢.# = F'[1] cohom. in degree —1 only.

Vanishina cvcles and their alaebraic co

¢¢-# ~ Im(T — Id) cohom. in degree zero only.

mputation (D) = p. 7/17



Perversity in dim. one

If ¥ = 3.2, ialf ~ ker(T — Id) =

Dr-F ~ m(T — Id) cohom. in degree zero only.
If ¥ = Rj..Z, zal _{L—>L}=>

¢+ 7 ~ . F cohom. in degree zero only.

If % = 10 F (skyscrap. sheaf), .7 = 0 =
¢¢.# = F'[1] cohom. in degree —1 only.

Set
(1.1.2) Ppp.¥% = Y7 [—1], P77 = ¢ 7 [—1].

Then for . = 5, Z[dim A], Rj..Z[dim A] or ¢¢ . F,

HI (P F) =0, HI(PppF) =0, ifj#0
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Perversity in dim. one

#® DEFINITION 1.1.3. A constr. complex on (A, 0) IS
perverse If

s j— 1.7 = (1] for some local system . on A*,

s iy .7 has nonzero cohom. in deg. —1 and 0 at
most,

s ;.7 has nonzero cohom. in deg. 0 and 1 at most.
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Perversity in dim. one

#® DEFINITION 1.1.3. A constr. complex on (A, 0) IS
perverse If

s j— 1.7 = (1] for some local system . on A*,

s iy .7 has nonzero cohom. in deg. —1 and 0 at
most,

s ;.7 has nonzero cohom. in deg. 0 and 1 at most.

® THEOREM 1.1.4. A constr. complex . is perverse Iff
K (Pipy F) = A (PpyF) = 0 for j # 0.
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Perversity on Al
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Perversity on Al

o Al: affine line, coord. ¢, C C Al: finite, .%: constr.
w.r.t. (AL, C).
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Perversity on Al

o Al: affine line, coord. ¢, C C Al: finite, .%: constr.
w.r.t. (AL, C).

® A: big opendisc D C, I: closed # & interval in 8A.
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Perversity on Al

o Al: affine line, coord. ¢, C C Al: finite, .%: constr.
w.r.t. (AL, C).

® A: big opendisc D C, I: closed # & interval in 8A.

PrRoPOSITION 1.1.6. Assume .# perverse on (Al, C).

Then

® HY(AN1,7)=0fork #0,and

(1.1.6%)

dim HY(A N I,.7) = ) dimPp,_ 7.
ceC
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Perversity on Al
o Al: affine line, coord. ¢, C C Al: finite, .%: constr.
w.r.t. (AL, C).
® A: big opendisc D C, I: closed # & interval in 8A.

PrRoPOSITION 1.1.6. Assume .# perverse on (Al, C).
Then

® HY(AN1,7)=0fork #0,and

(1.1.6%) |dimHJ(ANI,7) =) dimP¢;_ 7.
ceC

® PROOF. Need only consider .7 = i. . F (c € C) and
F = 3.2Z[1] (F : At < C — Al).
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Perversity on Al

(L.1.6%) |dimHY(ANI,7) =) dimPp;_.Z.
ceC
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Perversity on Al

(L.1.6%) |dimHY(ANI,7) =) dimPp;_.Z.
ceC

® H ' (ANT,5.2[1]) = HY(A N 1,j..%) = 0: clear.
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Perversity on Al

(L.1.6%) |dimHY(ANI,7) =) dimPp;_.Z.
ceC

® H ' (ANT,5.2[1]) = HY(A N 1,j..%) = 0: clear.

® HY(ANT1,j,%[1])=H?*(A\1,5.%)=0:by
duality, non degen. pairing

HY(ANT, . )QH?(ANIC, j.&) — H?*(A,C) ~ C
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Perversity on Al

(L.1.6%) |dimHY(ANI,7) =) dimPp;_.Z.
ceC

® H ' (ANT,5.2[1]) = HY(A N 1,j..%) = 0: clear.

® HY(ANT1,j,%[1])=H?*(A\1,5.%)=0:by
duality, non degen. pairing

HY(ANT, . )QH?(ANIC, j.&) — H?*(A,C) ~ C
® 3: AT —— A,then
dim H)(A \ I, 5.2[1]) = —x(A, 3187 1§..%)
= —XxX(AN({IUQ)) -tkZ — > .codim(ji?)c
=#C -tk Z — Y .co(rk L — dim ¢y c(j-2))
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Near by and vanishing cycles

#® X cplx manifold, f : X — C holom. function,
Xo := f_l(O).

#® Goal: to glue as a cplx of sheaves the Milnor fibres
of f at each = € X.

| s ro

10 J p
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Near by and vanishing cyclesfor Cx

P;Cx =iy "R(jop)(jop) 'Cx

Cx, =iy Cx — 9;Cx

Cx, = ig 'Cx — sCx =B ¢:Cx -5,

® 1 +Cx supported on Xp,
® ¢rCx supported on Crit(f) N Xo,
# Both equipped with monodromy T.
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Proper push-forward

THEOREM 1.3.1.

X - x!

N

A
Assume that & proper. .# bounded cplx. Then

1“27‘&1,((#]63Z =~ T,Derﬂ'*gz Rﬂ'*qﬁfgz ~ qberﬂ'*gz

EXAMPLE. If f: X — A proper, then

Rf*¢fCX ~ P Rf.Cx,

(1.3.2)
Rf*¢fCX ~ ¢ RfCx.
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Non proper push-forward

X - x!

N

A

If = not proper, we may have

EXAMPLE: X = B, C C"T!, f: X — C isol. sing. at
0,7: U =X {0} — X.
® ¢suCy =0= me¢puCu = 0.
® 0—-mCy —-Cx -Cyp — 0=
H"¢ymCx ~ H"¢;Cx #0 (n > 1)
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Constructibility
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Constructibility

THEOREM 1.3.3. 9¢Cx and ¢ Cx have C-constr.
cohomol. (i.e., 3 a Whitney stratif. of X s.t. %kwaX

and 7% ¢ ;Cx are loc. const. sheaves of f.d. C-vect.
spaces on each stratum).
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Constructibility

THEOREM 1.3.3. 9¢Cx and ¢ Cx have C-constr.
cohomol. (i.e., 3 a Whitney stratif. of X s.t. %kwaX
and 7% ¢ ;Cx are loc. const. sheaves of f.d. C-vect.

spaces on each stratum).

® COMPLEMENT. Moreover, Ve € Xg and Vk € N,

H*(YrCx)e =~ H”(Fey, C),

s B.: closed ball centered at z,
s A, small disc centered at f(x),

PY f:Beﬂf_l(A;';) —
V< nKekK1),

s | F, = f_l(’n) N B,

(A7): Milnor-Le fibr. at «

. Milnor fibre of f at .

Vanishina cvcles and their alaebraic computation (1)
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Perversity

THEOREM 1.3.4.
® 7pPCx and Pp PCx are perverse (on Xpy),
® e, RigPpPCx and Rip Yo PCx are perverse
(on X).
COROLLARY 1.3.5. Assume f : X — A proper. Then
vy € Z,
(227 Rf.)(PpsPCx) ~ Ppy (2" Rf.)PCx,

(27 Rf.)(PpPCx) ~ Ppy (P77 Rf,)PCx.
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Other approaches

V.7 =1y "Rj«Rp.(jop) L.F

Replace with the Alexander complex
AT =iy 'Rj.Rp(jop) T

Z(T) = pCx.: local syst. on A* with fibre C[T, T~1!]
and monodromy = mult. by T.

A7 =iy ' Rj.(f712(T) ® j~1.7)

object in DP(C[T, T~1)).
® 7 constructible = A4 .7 ~ Py 7.
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