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Milnor’s formula
f : (Cn+1, 0) −→ (C, 0) a germ of holom. funct. isol.
sing., F = Milnor fibre.
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Milnor’s formula
f : (Cn+1, 0) −→ (C, 0) a germ of holom. funct. isol.
sing., F = Milnor fibre.

THEOREM (Milnor):

dimC OCn+1,0/(∂f) =: µalg = µtop := dimC Hn(F, C)

PROOF (Brieskorn):

0 → O
df

−→ Ω1 df
−→ · · ·

df
−→ Ωn+1 → 0

0 → O[[z]]
zd−df
−→ Ω1[[z]] −→ · · ·

zd−df
−→ Ωn+1[[z]] → 0

nonzero cohom. in deg. n + 1 at most,

H n+1 is a free C[[z]]-module,

rk H n+1 = dim Hn(F, C).
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Goal for today

X: smooth quasi-projective /C (Zariski top.)

f : X −→ A1
t projective (⇒ f−1(c) proj. ∀c).

COROLLARY 2.3.2. ∀j ∈ N,

∑

c∈C

dim Hj−1(f−1(c), φf−c(CXan))=dim Hj
(

X,(Ω•

X , df)
)
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Twisted de Rham complex
X: smooth quasi-projective /C (Zariski top.)

f : X −→ A1
t projective (⇒ f−1(c) proj. ∀c).

pCXan := CXan[dim X], n + 1 = dim X.

THEOREM 2.2.1.
∑

c∈C

dim Hj−1(f−1(c), φf−c(CXan))=dim Hj
(

X,(Ω•

X , d−df )
)

that is,
∑

c∈C

dim Hk(f−1(c), pφf−c(
p
CXan))

= dim Hk
(

X, (Ωn+1+•

X , d − df)
)

.
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Statement in dim. one
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Statement in dim. one
X  A1

t

f : A1
t −→ A1

t  Id

pCXan  F : perverse sheaf w.r.t. (A1
t, C).

∃ a hol. reg. C[t]〈∂t〉-module M s.t. F = pDRanM .

pDRM = {M
∇

−→ Ω1
A1 ⊗ M

•

} = {M
∂t

−→ M
•

}
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Statement in dim. one
X  A1

t

f : A1
t −→ A1

t  Id

pCXan  F : perverse sheaf w.r.t. (A1
t, C).

∃ a hol. reg. C[t]〈∂t〉-module M s.t. F = pDRanM .

pDRM = {M
∇

−→ Ω1
A1 ⊗ M

•

} = {M
∂t

−→ M
•

}

THEOREM 2.2.1. (dim. one).
∑

c∈C dim pφt−c(F )) = dim coker
[

M
∇−dt
−→ Ω1

A1 ⊗ M
]

= dim coker
[

M
∂t−1
−→ M

]
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Statement in dim. one
X  A1

t

f : A1
t −→ A1

t  Id

pCXan  F : perverse sheaf w.r.t. (A1
t, C).

∃ a hol. reg. C[t]〈∂t〉-module M s.t. F = pDRanM .

pDRM = {M
∇

−→ Ω1
A1 ⊗ M

•

} = {M
∂t

−→ M
•

}

THEOREM 2.2.1. (dim. one).
∑

c∈C dim pφt−c(F )) = dim coker
[

M
∇−dt
−→ Ω1

A1 ⊗ M
]

= dim coker
[

M
∂t−1
−→ M

]

REMARK: M hol. and reg. at ∞ ⇒ ker(∂t − 1) = 0.
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Proof in dim. one
∑

c∈C dim pφt−c(F )) = dim coker
[

M
∇−dt
−→ Ω1

A1 ⊗ M
]

= dim coker
[

M
∂t−1
−→ M

]
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Proof in dim. one
∑

c∈C dim pφt−c(F )) = dim coker
[

M
∇−dt
−→ Ω1

A1 ⊗ M
]

= dim coker
[

M
∂t−1
−→ M

]

Consider ∆∞ ⊃ A1an. Recall (β : ∆∞rI →֒∆∞)

dim H0(∆∞, β!β
−1(pDRanM)) =

∑

c∈C

dim pφt−c
pDRanM.
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Proof in dim. one
∑

c∈C dim pφt−c(F )) = dim coker
[

M
∇−dt
−→ Ω1

A1 ⊗ M
]

= dim coker
[

M
∂t−1
−→ M

]

Consider ∆∞ ⊃ A1an. Recall (β : ∆∞rI →֒∆∞)

dim H0(∆∞, β!β
−1(pDRanM)) =

∑

c∈C

dim pφt−c
pDRanM.

How to produce β!β
−1(pDRanM)?
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Proof in dim. one
∑

c∈C dim pφt−c(F )) = dim coker
[

M
∇−dt
−→ Ω1

A1 ⊗ M
]

= dim coker
[

M
∂t−1
−→ M

]

Consider ∆∞ ⊃ A1an. Recall (β : ∆∞rI →֒∆∞)

dim H0(∆∞, β!β
−1(pDRanM)) =

∑

c∈C

dim pφt−c
pDRanM.

How to produce β!β
−1(pDRanM)?

A mod
∆∞

: C∞ fns on ∆∞, hol. in A1an, moderate growth

along ∂∆∞.
E.g. C[t] = Γ(∆∞, A mod

∆∞

), et ∈ Γ(∆∞ r I, A mod
∆∞

).
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Proof in dim. one
∑

c∈C dim pφt−c(F )) = dim coker
[

M
∇−dt
−→ Ω1

A1 ⊗ M
]

= dim coker
[

M
∂t−1
−→ M

]

Consider ∆∞ ⊃ A1an. Recall (β : ∆∞rI →֒∆∞)

dim H0(∆∞, β!β
−1(pDRanM)) =

∑

c∈C

dim pφt−c
pDRanM.

How to produce β!β
−1(pDRanM)?

A mod
∆∞

: C∞ fns on ∆∞, hol. in A1an, moderate growth

along ∂∆∞.
E.g. C[t] = Γ(∆∞, A mod

∆∞

), et ∈ Γ(∆∞ r I, A mod
∆∞

).

β!β
−1(pDRanM) ≃

{

A mod
∆∞

⊗C[t] M
et◦∂t◦e−t

−→ A mod
∆

⊗C[t] M
}
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Reduction to dim. one
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Reduction to dim. one
Rf∗

pCXan: constructible cplx
pH

k(Rf∗
pCXan): perv. cohom. (perv. sheaf on A1an)

Mk := H kf+OX : kth Gauss-Manin syst. (hol. reg.
C[t]〈∂t〉-module)
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Reduction to dim. one
Rf∗

pCXan: constructible cplx
pH

k(Rf∗
pCXan): perv. cohom. (perv. sheaf on A1an)

Mk := H kf+OX : kth Gauss-Manin syst. (hol. reg.
C[t]〈∂t〉-module)
pDRanMk ≃ pH

k(Rf∗
pCXan) ⇒

pφt−c
pDRanMk ≃ pφt−c

pH
k(Rf∗

pCXan)

≃ Hk(f−1(c), pφf−c
pCXan)
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Reduction to dim. one
Rf∗

pCXan: constructible cplx
pH

k(Rf∗
pCXan): perv. cohom. (perv. sheaf on A1an)

Mk := H kf+OX : kth Gauss-Manin syst. (hol. reg.
C[t]〈∂t〉-module)
pDRanMk ≃ pH

k(Rf∗
pCXan) ⇒

pφt−c
pDRanMk ≃ pφt−c

pH
k(Rf∗

pCXan)

≃ Hk(f−1(c), pφf−c
pCXan)

Remains to prove for each k ∈ Z

Hk(X, (Ωn+1+•

X , d − df)) = H0(A1, (Ω1+•

A1 ⊗ Mk, ∇ − dt))

= coker
[

(∂t − 1) : Mk −→ Mk
]

→ Easy from alg. D-module theory.
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The Barannikov-Kontsevich thm

THEOREM 2.3.1 (Barannikov-Kontsevich).

dim Hk
(

X, (Ω•

X , d − df)
)

= dim Hk
(

X, (Ω•

X , df)
)

⇒ goal of today (Corollary 2.3.2):

∑

c∈C

dim Hj−1(f−1(c), φf−c(CXan))=dim Hj
(

X,(Ω•

X , df)
)
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The need of Hodge theory
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The need of Hodge theory
Y : smooth proj. var. /C

ω: (closed) holom. (algebraic) 1-form. Then

dim Hk
(

Y, (Ω•

Y , d + ω)
)

= dim Hk
(

Y, (Ω•

Y , ω)
)
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The need of Hodge theory
Y : smooth proj. var. /C

ω: (closed) holom. (algebraic) 1-form. Then

dim Hk
(

Y, (Ω•

Y , d + ω)
)

= dim Hk
(

Y, (Ω•

Y , ω)
)

ω = 0: Hk
(

Y, (Ω•

Y , 0)
)

=
⊕

p+q=k Hq(Y, Ω
p
Y ),

Hodge decomp. ⇒ OK.
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The need of Hodge theory
Y : smooth proj. var. /C

ω: (closed) holom. (algebraic) 1-form. Then

dim Hk
(

Y, (Ω•

Y , d + ω)
)

= dim Hk
(

Y, (Ω•

Y , ω)
)

ω = 0: Hk
(

Y, (Ω•

Y , 0)
)

=
⊕

p+q=k Hq(Y, Ω
p
Y ),

Hodge decomp. ⇒ OK.

Z: zero set of ω ⇒ ∃V an ⊃ Z, ∃!f : V an −→ C

holom. s.t. ω|V an = df and f|Z = 0.

Hodge-Simpson: set E = ker(∂ − 1
2ω), then

dim Hk(Y, (Ω•

Y , d+ω)) = dim Hk(Y, (E ⊗Ω•

Y , ω))
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The need of Hodge theory

dim Hk
(

Y, (Ω•

Y , d + ω)
)

= dim Hk
(

Y, (Ω•

Y , ω)
)

Hodge-Simpson: set E = ker(∂ − 1
2
ω), then

dim Hk(Y, (Ω•

Y , d + ω)) = dim Hk(Y, (E ⊗ Ω•

Y , ω))
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The need of Hodge theory

dim Hk
(

Y, (Ω•

Y , d + ω)
)

= dim Hk
(

Y, (Ω•

Y , ω)
)

Hodge-Simpson: set E = ker(∂ − 1
2
ω), then

dim Hk(Y, (Ω•

Y , d + ω)) = dim Hk(Y, (E ⊗ Ω•

Y , ω))

But

E|V
·ef/2

≃ OV
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The need of Hodge theory

dim Hk
(

Y, (Ω•

Y , d + ω)
)

= dim Hk
(

Y, (Ω•

Y , ω)
)

Hodge-Simpson: set E = ker(∂ − 1
2
ω), then

dim Hk(Y, (Ω•

Y , d + ω)) = dim Hk(Y, (E ⊗ Ω•

Y , ω))

But

E|V
·ef/2

≃ OV

so

Hk(Y, (E ⊗ Ω•

Y , ω)) = Hk(V, (E|V ⊗ Ω•

V , ω))

≃ Hk(V, (Ω•

V , ω))

= Hk(Y, (Ω•

Y , ω))
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Brieskorn modules
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Brieskorn modules

X: smooth quasi-projective /C (Zariski top.)

f : X −→ A1
t projective

z: new variable.
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Brieskorn modules

X: smooth quasi-projective /C (Zariski top.)

f : X −→ A1
t projective

z: new variable.

The polyn. Brieskorn cplx: (Ω•

X [z], zd − df)

The Brieskorn C[z]-modules:
Gk

0 := Hk
(

X, (Ω•

X [z], zd − df)
)
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Brieskorn modules

X: smooth quasi-projective /C (Zariski top.)

f : X −→ A1
t projective

z: new variable.

The polyn. Brieskorn cplx: (Ω•

X [z], zd − df)

The Brieskorn C[z]-modules:
Gk

0 := Hk
(

X, (Ω•

X [z], zd − df)
)

PROPOSITION 2.3.5. ∀k, Gk
0 is C[z]-free of finite rank.
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Brieskorn modules

X: smooth quasi-projective /C (Zariski top.)

f : X −→ A1
t projective

z: new variable.

The polyn. Brieskorn cplx: (Ω•

X [z], zd − df)

The Brieskorn C[z]-modules:
Gk

0 := Hk
(

X, (Ω•

X [z], zd − df)
)

PROPOSITION 2.3.5. ∀k, Gk
0 is C[z]-free of finite rank.

Prop. 2.3.5 ⇒ Th. 2.3.1 (B.-K.):

Hk
(

X, (Ω•

X , df)
)

= Gk
0/zGk

0

Hk
(

X, (Ω•

X , d − df)
)

= Gk
0/(z − 1)Gk

0
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Brieskorn modules in dim. one

Vanishing cycles and their algebraic computation (II) – p. 12/15



Brieskorn modules in dim. one

M : reg. hol. C[t]〈∂t〉-module, F
•
M : good filtr.:

FpM : C[t]-submod. of M of finite type (p ∈ Z)
FpM = 0 for p ≪ 0

∂tFpM ⊂ Fp+1M ∀p,
∃po s.t. ∀j > 0

Fj+poM = FpoM + · · · + ∂
j
t FpoM.
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Brieskorn modules in dim. one

M : reg. hol. C[t]〈∂t〉-module, F
•
M : good filtr.:

FpM : C[t]-submod. of M of finite type (p ∈ Z)
FpM = 0 for p ≪ 0

∂tFpM ⊂ Fp+1M ∀p,
∃po s.t. ∀j > 0

Fj+poM = FpoM + · · · + ∂
j
t FpoM.

Rees module:
RF M :=

⊕

p FpMzp ⊂ C[z, z−1] ⊗C M
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Brieskorn modules in dim. one

M : reg. hol. C[t]〈∂t〉-module, F
•
M : good filtr.:

FpM : C[t]-submod. of M of finite type (p ∈ Z)
FpM = 0 for p ≪ 0

∂tFpM ⊂ Fp+1M ∀p,
∃po s.t. ∀j > 0

Fj+poM = FpoM + · · · + ∂
j
t FpoM.

Rees module:
RF M :=

⊕

p FpMzp ⊂ C[z, z−1] ⊗C M

Brieskorn module:

G0(M, F
•
M) := coker

[

RF M
z∂t−1
−→ RF M

]

(easy: ker = 0)
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Brieskorn modules in dim. one
Brieskorn module:

G0(M, F
•
M) := coker

[

RF M
z∂t−1
−→ RF M

]
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Brieskorn modules in dim. one
Brieskorn module:

G0(M, F
•
M) := coker

[

RF M
z∂t−1
−→ RF M

]

Localized Laplace transform of M :

G := coker
[

C[z, z−1] ⊗C M
z∂t−1
−→ C[z, z−1] ⊗C M

]

{

G0(M, F
•
M) ⊂ G

G = C[z, z−1] ⊗C[z] G0(M, F
•
M)
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Brieskorn modules in dim. one
Brieskorn module:

G0(M, F
•
M) := coker

[

RF M
z∂t−1
−→ RF M

]

Localized Laplace transform of M :

G := coker
[

C[z, z−1] ⊗C M
z∂t−1
−→ C[z, z−1] ⊗C M

]

{

G0(M, F
•
M) ⊂ G

G = C[z, z−1] ⊗C[z] G0(M, F
•
M)

M reg. hol. ⇒ G is C[z, z−1]-free of finite rk.

⇒ G0(M, F
•
M) C[z]-free of finite rk.
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Proof of Prop. 2.3.5
Gk

0 := Hk
(

X, (Ω•

X [z], zd − df)
)
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Proof of Prop. 2.3.5
Gk

0 := Hk
(

X, (Ω•

X [z], zd − df)
)

OX as a DX -module, FpOX =

{

OX if p > 0

0 if p < 0

F
•
DX : filtr. by the order of diff. operators

Rees ring: RF DX , loc. OX [z]〈z∂x1
, . . . , z∂xn+1

〉

Rees module: RF OX =
⊕

p FpOXzp = OX [z].
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Proof of Prop. 2.3.5
Gk

0 := Hk
(

X, (Ω•

X [z], zd − df)
)

OX as a DX -module, FpOX =

{

OX if p > 0

0 if p < 0

F
•
DX : filtr. by the order of diff. operators

Rees ring: RF DX , loc. OX [z]〈z∂x1
, . . . , z∂xn+1

〉

Rees module: RF OX =
⊕

p FpOXzp = OX [z].

Direct image g+ for RF DX -modules well-defined.
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Proof of Prop. 2.3.5
Gk

0 := Hk
(

X, (Ω•

X [z], zd − df)
)

OX as a DX -module, FpOX =

{

OX if p > 0

0 if p < 0

F
•
DX : filtr. by the order of diff. operators

Rees ring: RF DX , loc. OX [z]〈z∂x1
, . . . , z∂xn+1

〉

Rees module: RF OX =
⊕

p FpOXzp = OX [z].

Direct image g+ for RF DX -modules well-defined.

Example: a : A1 −→ Spec C cst map,

a+RF M = {RF M
z∂t−1
−→ RF M

•

}
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Proof of Prop. 2.3.5
aX : X −→ Spec C cst. map
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Proof of Prop. 2.3.5
aX : X −→ Spec C cst. map

Gk
0 := Hk

(

X, (Ω•

X [z], zd−df)
)

= Hk(aX,+RF OX)
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Proof of Prop. 2.3.5
aX : X −→ Spec C cst. map

Gk
0 := Hk

(

X, (Ω•

X [z], zd−df)
)

= Hk(aX,+RF OX)

Use aX = a ◦ f .

In general, aX,+ ≃ a+ ◦ f+, i.e., ∃ a spectral seq.

Hq
(

a+Hp(f+(RF OX))
)

=⇒ Hp+q(aX,+RF OX) = G
p+q
0
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Proof of Prop. 2.3.5
aX : X −→ Spec C cst. map

Gk
0 := Hk

(

X, (Ω•

X [z], zd−df)
)

= Hk(aX,+RF OX)

Use aX = a ◦ f .

In general, aX,+ ≃ a+ ◦ f+, i.e., ∃ a spectral seq.

Hq
(

a+Hp(f+(RF OX))
)

=⇒ Hp+q(aX,+RF OX) = G
p+q
0

QUESTION: Degeneration at E1?
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Proof of Prop. 2.3.5
aX : X −→ Spec C cst. map

Gk
0 := Hk

(

X, (Ω•

X [z], zd−df)
)

= Hk(aX,+RF OX)

Use aX = a ◦ f .

In general, aX,+ ≃ a+ ◦ f+, i.e., ∃ a spectral seq.

Hq
(

a+Hp(f+(RF OX))
)

=⇒ Hp+q(aX,+RF OX) = G
p+q
0

QUESTION: Degeneration at E1?

ANSWER: Yes ⇐ Hodge D-mod. theory:

Hk(f+(RF OX)) = RF (Hkf+OX) = RF Mk
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Proof of Prop. 2.3.5
aX : X −→ Spec C cst. map

Gk
0 := Hk

(

X, (Ω•

X [z], zd−df)
)

= Hk(aX,+RF OX)

Use aX = a ◦ f .

In general, aX,+ ≃ a+ ◦ f+, i.e., ∃ a spectral seq.

Hq
(

a+Hp(f+(RF OX))
)

=⇒ Hp+q(aX,+RF OX) = G
p+q
0

QUESTION: Degeneration at E1?

ANSWER: Yes ⇐ Hodge D-mod. theory:

Hk(f+(RF OX)) = RF (Hkf+OX) = RF Mk

CONCLUSION:

Gk
0 = H0

(

a+Hk(f+(RF OX))
)

= H0(a+RF Mk) C[z]-free

Vanishing cycles and their algebraic computation (II) – p. 15/15
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