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Position of the problem

# X smooth quasi-projective /C (Zariski top.)
® f:X — Al not necess. projective

# PROBLEM: To compute in algebraic terms the
monodr. on H*(f~1(c), ¢_Cxan)
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Position of the problem

# X smooth quasi-projective /C (Zariski top.)

°

f : X — Al not necess. projective

# PROBLEM: To compute in algebraic terms the
monodr. on H*(f~1(c), ¢_Cxan)

® Recall: ¢s_.Cxan Is a constructible complex
supported on Sing(f~1(c)), equipped with

Te: ¢f—cCXa“ — qbf—cCXml
It Induces

T : H*(f7'(¢), ¢5—Cxan) — H*(f7'(c); py—cCxan)
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C((z))-vect. spaceswith connection

Vanishina cvcles and their alaebraic computation (1) = p. 3/19



C((z))-vect. spaceswith connection

® F': afinite dim. C((z))-vect. space, dimg,) F' = u,

® V:F — F®dzaconnection ,ie., Vg : F — F
IS C-linear + Lelbniz rule.
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C((z))-vect. spaceswith connection

9

o

F: afinite dim. C((z))-vect. space, dimg,) F' = u,

V:F — F ®dzaconnection ,l.e.,, Vg : F — F
IS C-linear + Lelbniz rule.

v = (vi,...,v,): C(2)-basis of F,

Matrix of V: | Vg, v = v+ Ay(2)

Change of basis: w = v - P(z) =
Ay(z) = P(2) 1Ay (2)P(2) + P(2) 1P/
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C((z))-vect. spaceswith connection

9

o

® Matrixof V: | Vg v=v:A,(2)

F: afinite dim. C((z))-vect. space, dimg,) F' = u,

V:F — F ®dzaconnection ,l.e.,, Vg : F — F
IS C-linear + Lelbniz rule.

v = (vi,...,v,): C(2)-basis of F,

# Change of basis: w = v - P(z) =

Ay(z) = P(2) 1 Ay(2)P(2) + P(2) ' P;

DEFINITION: (F, V) has reg. sing. if 3 a basis v s.t.
Ay(z) =M/z, M cst. matrix. Set E = C - v.
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C((z))-vect. spaceswith connection

9

o

® Matrixof V: | Vg v=v:A,(2)

F: afinite dim. C((z))-vect. space, dimg,) F' = u,

V:F — F ®dzaconnection ,l.e.,, Vg : F — F
IS C-linear + Lelbniz rule.

v = (vi,...,v,): C(2)-basis of F,

# Change of basis: w = v - P(z) =

Ay(z) = P(2) 1 Ay(2)P(2) + P(2) ' P;

DEFINITION: (F, V) has reg. sing. if 3 a basis v s.t.
Ay(z) =M/z, M cst. matrix. Set E = C - v.

T : exp(—27iM) : E — FE indept. of such choice:
Monodromy of (F, V) (reg. sing. )

RH(F,V) = (E, T)
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C((z))-vect. spaceswith connection

® E: finite dim. C-vect. space with autom. T : E — E
® Choose M : E — Est. T = exp(—2miM)
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C((z))-vect. spaceswith connection

® E: finite dim. C-vect. space with autom. T : E — E
® Choose M : E — Est. T = exp(—2miM)
I

RHY(E,T) := (C((2) Qc E, V),V =d + Mdz/z

Vanishina cvcles and their alaebraic computation (111 = p. 4/19



C((z))-vect. spaceswith connection

® E: finite dim. C-vect. space with autom. T : E — E
® Choose M : E — Est. T = exp(—2miM)

RHY(E,T) := (C((2) Qc E, V),V =d + Mdz/z

o I/{I\{—l(E, T): C((=z))-vect. space with reg. sing.
connection.

®» = RH(C(2)) ®c E,V) = (E,T)
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C((z))-vect. spaceswith connection
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C((z))-vect. spaceswith connection

® (F,V) any C((z))-vect. space with connection.
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C((z))-vect. spaceswith connection

® (F,V) any C((z))-vect. space with connection.
# Look for an analogue of Jordan’s decomp. of A(z).
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C((z))-vect. spaceswith connection

® (F,V) any C((z))-vect. space with connection.
# Look for an analogue of Jordan’s decomp. of A(z).

® Levelt-Turrittin decomp. (up to z ~ z1/€)

(F,V)~ @ (F,, V™8 +dpld)
PEC((2)

Moreover, [¢] € C((z))/C[z] and (Fy,, V™8)
uniquely determined

Vanishina cvcles and their alaebraic computation (1) = p. 5/19



C((z))-vect. spaceswith connection

°

(F, V) any C((z))-vect. space with connection.
Look for an analogue of Jordan’s decomp. of A(z).

Levelt-Turrittin decomp. (up to z ~ z1/€)

(F,V)~ @ (F,, V™8 +dpld)
PEC((2)

Moreover, [¢] € C((z))/C[z] and (Fy,, V™8)
uniquely determined

Write (F,, V'8 4+ dp Id) = &%° @ (F,,, V™°8).

(F, V) of exponential type If any [¢] has simple
pole, i.e., [¢] = ¢/z for some ¢ € C.
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C((z))-vect. spaceswith connection

® EXamPLE: Given (E, T, c € C), consider

E7* @ (B(2)), V) := (B((2),V — d(c/2)).
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C((z))-vect. spaceswith connection

® EXamPLE: Given (E, T, c € C), consider

E7* @ (B(2)), V) := (B((2),V — d(c/2)).

® Choose (EF, T) = (H*(f7'(c), ¢5-Cx), T)
(c € C)

PROBLEM: To give an algebraic formula (in terms of f)
for @ cc (67* @ RH™(E*, T)).

Vanishina cvcles and their alaebraic computation (1) = p. 6/19



The Brieskorn complex
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The Brieskorn complex

# X smooth quasi-projective /C (Zariski top.)

® f:X — Al not necess. projective
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The Brieskorn complex

X' smooth quasi-projective /C (Zariski top.)
f : X — Al not necess. projective

Oxz] := lim, Ox|z]/2tOx|Z]

Ox(2)) = Ox[z,27'] oy [z) Ox[2]

(= lim, z7*0x[2])

—k
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The Brieskorn complex

X' smooth quasi-projective /C (Zariski top.)
f : X — Al not necess. projective
Oxz] := lim, Ox|z]/2tOx|Z]

Ox (2) == Ox 2,27 "] ®ox[z) Ox[2]
(= lim, 2= *0x[z])

—k

© o o o

FORMAL BRIESKORN COMPLEX ATTACHED TO f:

d— df/z d— df/z

0 — Ox((2) - (2) — 0

Ox (2)

Equipped with |V, := 8/8z + f/2z?
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Goal for today
THEOREM 3.3.2. For each k,
(H* (X, (2% (2),d — df/2)), Vs, )

~ @ &/ @RH(H* ' (f71(c), ¢y Cxan),T)
ceC
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Goal for today

THEOREM 3.3.2. For each k,
(H* (X, (2% (2),d — df/2)), Vs, )

~ @ &/ @RH(H* ' (f71(c), ¢y Cxan),T)
ceC

REMARKS.

# Conj. by Kontsevich. (é ¢+ on formal schemes)

Vanishina cvcles and their alaebraic computation (11

N—=np. 819



Goal for today

THEOREM 3.3.2. For each k,
(H* (X, (2% (2),d — df/2)), Vs, )

~ @ &/ @RH(H* ' (f71(c), ¢y Cxan),T)
ceC

REMARKS.

# Conj. by Kontsevich. (é ¢+ on formal schemes)

® For f: (C"t1,0) — (C,0) isol. sing., Brieskorn ('70)
=

(A (i o(2), d—dF /2), Vo.) = {0 itk %mn+1

RH(¢"¢;C,T)
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Goal for today

THEOREM 3.3.2. For each k,
(H* (X, (2% (2),d — df/2)), Vs, )

~ @ &/ @RH(H* ' (f71(c), ¢y Cxan),T)
ceC

REMARKS.

# Conj. by Kontsevich. (é ¢+ on formal schemes)

® For f: (C"t1,0) — (C,0) isol. sing., Brieskorn ('70)
=

(A (i o(2), d—dF /2), Vo.) = {0 itk %mn+1

RH- ("¢ ;C, T)
# No Hodge theory needed, today, only resol. of sing.
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Assume f proper

THEOREM 3.2.1.(1) For each k,

(C(2) ®cfz,e-) HE (X, (2 [2,27Y],d — df/2)), Vo, )

~ @ &~/ @RH(H* ' (f71(c), p7—Cxan), T)
ceC

Can prove: f Is proper = this is equiv. to Th. 3.3.2.

Vanishina cvcles and their alaebraic computation (111) = p. 9/19



Assume f proper

Proof: Reduction to dimension one
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Assume f proper

Proof: Reduction to dimension one

® M areg. hol. C[t]{(8;)-mod. = G is C|z, z~ 1]-free of
finite rk = > dim ¢¢_.PDR*™ M,

G := coker|Clz,z7 ') @c M 291 Clz,z ' ®@c M

equipped with V. = 8/0z + t/22.
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Assume f proper

Proof: Reduction to dimension one

® M areg. hol. C[t](8;)-mod. = G is C[z, z~1]-free of
finite rk = > dim ¢¢_.PDR*™ M,
G := coker|Clz,z7 ') @c M 291 Clz,z ' ®@c M
equipped with V. = 8/0z + t/22.

# Formal stationary phase formula  gives

(C((z))(X)C[z]Ga V(’?z) - EB (ga\—c/z@)ﬁ—l(qut_chRMan, T)'
ceC
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Assume f proper

Proof: Reduction to dimension one

® M areg. hol. C[t](8;)-mod. = G is C[z, z~1]-free of
finite rk = > dim ¢¢_.PDR*™ M,
G := coker|Clz,z7 ') @c M 291 Clz,z ' ®@c M
equipped with V. = 8/0z + t/22.

# Formal stationary phase formula  gives

(C((z))@)@[z]Ga V(’?z) - EB (ga\—c/z@)ﬁ—l(qut_chRMan, T)'
ceC

® Applyto M = #*f, Ox (= Pp¢— PDRM?* = E¥)

Vanishina cvcles and their alaebraic computation (111) = p. 10/19
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Examplewith f non proper

e feCft], X =A{f =0}, fix : X —C,

G = coker((C[t, 1/f[z, 2z~ 1] th_) Clt, 1/ ][z, z_l])

(and ker = 0 easy).



Examplewith £ non proper

e feCft], X =A{f =0}, fix : X —C,

G = coker((C[t, 1/f[z, 2z~ 1] 2 Clt, 1/ ][z, z_l])
(and ker = 0 easy).

® G is Clz,z1]-free of rank deg f - #Crit f
= C((2)) ®cJz,»—1] G does not give the right answer (= 0)

Vanishina cvcles and their alaebraic combputat

ion (1D = p. 11/19



Examplewith f non proper

® G = 0 with
G = coker(@[t 1/£1(z) "2 ¢, 1/f]((z)))



Examplewith £ non proper

® G = 0 with
G = coker(@[t 1/£1(z) "2 ¢, 1/f]((z)))

Proof:
s ker = 0 easy
s Given ¢y, Yy, +1,--- € C[t,1/f’], can find
Pkos Pho+1s° " € Clt, 1/f,] S.t.
Vi, = —F Phosovvs Y1 = 0o — fort1y-- -,

(solve induct. with £’ invertible in C[¢, 1/ f']).

Vanishina cvcles and their alaebraic combputat

ion (11D = p. 12/19



Strategy of the proof

THEOREM 3.3.2. For each k,

(Hk (Xv (Q:X (Z)), d — df/Z)), V(’?z)

~ @ &~/ @RH(H* ' (f71(c), p7—Cxan), T)
ceC




Strategy of the proof

THEOREM 3.3.2. For each k,

(H*(X, (2% (2),d — df/2)), Va,)

~ @ &~/ @RH(H* ' (f71(c), p7—Cxan), T)
ceC

® Introduce an intermediate term
(H* (X, (@ ((2),d — df/2)), Vo, )
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Strategy of the proof
THEOREM 3.3.2. For each k,
(H*(X, (2% (2),d — df/2)), Va,)

~ @ &~/ @RH(H* ' (f71(c), p7—Cxan), T)
ceC

® Introduce an intermediate term
(H* (X, (@ ((2),d — df/2)), Vo, )
# Choose a comm. diag.

X J, Y Y : smooth proj.

(3.3.4) fl lF
C——pl D:=Y - X:ncd
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Strategy of the proof

#» GAGA type thm by standard methods:
(H*(X, (2% (2),d — df/2)), Va.)
~ (H*(Y, (23 (+D)((2)),d — dF/2)), Vo, )

~ (HF (Y20, (Qyun (xD) (2)),d — dF/2)), V5, ).
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Strategy of the proof

#» GAGA type thm by standard methods:
(H*(X, (2 (2)),d — df/2)), Vs, )
~ (H*(Y, (23 (+D)((2)),d — dF/2)), Vo, )

~ (HF (Y20, (Qyun (xD) (2)),d — dF/2)), V5, ).

® |Local statement on Ya~&;

(Y e (+D)((2)),d — dF/2)) = Rjs(Qxan(2)),d — df /2))

s Assume that (D U crit. fibres ) is ncd. Then local
computations = OK.




Strategy of the proof

#» GAGA type thm by standard methods:
(H*(X, (2% (2),d — df/2)), Va.)
~ (H*(Y, (23 (+D)((2)),d — dF/2)), Vo, )

~ (HF (Y20, (Qyun (xD) (2)),d — dF/2)), V5, ).

® |Local statement on Ya~&;

(Qan (D) ((2)), d — dF/z)) >~ Rjs(Qxan(2)),d — df/2))

s Assume that (D U crit. fibres ) is ncd. Then local
computations = OK.

» Need a decomposition thm for proper
modifications to reduce to the ncd case.

Vanishina cvcles and their alaebraic computation (111) = p. 14/19



Strategy of the proof

® From

(Qyan (D) (2)), d—dF/z)) >~ Rji(Qyan(2),d—df/2)),

we get

(H*(X, (@ (2)),d — df/2)), V. )

~ (H*(X™, (Qxun(2),d — df/2)), Vo, )




Strategy of the proof

® From

(Qyan (D) (2)), d—dF/z)) >~ Rji(Qyan(2),d—df/2)),

we get

(H* (X, (@ (2),d — df/2)), Vo,)

~ (H*(X™, (Qxun(2),d — df/2)), Vo, )

# We now focus on X2, Try to relate
(Q%an(2),d —df/2)p-1(c) With ¢f_Cxan

— |ocal statement on X?2-,



Strategy of the proof

# Would like to compare
(2xan(2),d — df/z)
with

C((2) ®clz-1] (Qxanlz™'],d — df/2)



Strategy of the proof

# Would like to compare

(Q%an(2)),d —df/z)
with

C((2) ®clz-1] (Qxanlz™'],d — df/2)

® More useful: 9; < z~1, compare with

b e (Uxan[z71],d — df/2)

Vanishina cvcles and their alaebraic computation (111) = p. 16/19



Strategy of the proof

# Comparison OK (loc. comput. on resol. of sing. +
come back)

i mputation (11
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Strategy of the proof

# Comparison OK (loc. comput. on resol. of sing. +
come back)

#® Use previous results of M. Saito and M. Kapranov to
conclude

(H* (X, (xan(2),d — dF/2)), Va, )

~ (H (X, 8 @ (Qyanlz 7Y, d — df/2), Vo,

@ &/ @R (H* ' (f71(c), p7—cCxan), T)
ceC
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Conclusion for the 3 lectures

#® The case f proper is more comfortable and brings
more info.

# If f not proper, consider a diagram

), QLN ¢

e

Al

= (Qxe[z,271],d — df/z) captures info for
qbg_cRK,*(Cx.

o But Ingeneral ¢y R.Cx#Rkexpr—_Cx.
(ke : f7H(e) = g7 (¢))
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Tame case
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Tame case

# However, If tameness assumption
Ve € C, Supp ¢y—cRkCx N(X'\ X) =0

= can work with f “as if ” it were proper.

o Useful in Mirror Symmetry for Fano manifolds (or
Fano orbifolds).

Vanishina cvcles and their alaebraic computation (111) = p. 19/19
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