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Abstract. — For a regular twistor Z-module and for a given function f, we compare
the nearby cycles at f = oo and the nearby or vanishing cycles at 7 = 0 for its partial
Fourier-Laplace transform relative to the kernel e~
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1. Introduction

The regular polarizable twistor Z-modules on a complex manifold form a cate-
gory generalizing that of polarized Hodge Z-modules, introduced by M. Saito in [6].
This category, together with some of its properties, has been considered in [4]. A
potential application is to produce a category playing the role, in complex algebraic
geometry, of pure perverse f-adic sheaves with wild ramification, that is, a category
enabling meromorphic connections with irregular singularities together with a notion
of weight, compatible with various functors as direct images by projective morphisms
or nearby/vanishing cycles.

A way to obtain irregular singularity from a regular Z-module is to apply the
functor that we call partial Laplace transform.
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In [4, Appendix], we have sketched some results concerning the behaviour of regular
twistor Z-modules with respect to a partial Fourier-Laplace transform. We then
have extensively used such results in [2] and [3]. In this article, we give details
for the proof of the results which are not proved in [4, Appendix]. The proofs yet
appeared in a preprint form in [5, Chap. 8]. As indicated in [4, Appendix], the goal
is to analyze the behaviour of polarized regular twistor Z-modules under a partial
(one-dimensional) Fourier-Laplace transform. We generalize to such objects the main
result of [1], comparing, for a given function f, the nearby cycles at f = oo and the
nearby or vanishing cycles for the partial Fourier-Laplace transform in the f-direction
(Theorem 5.1).

A remark concerning the terminology. — We use the term (partial) Laplace transform
when we consider the transform for 2-modules (or %Z-modules). The effect of such
a transform on a sesquilinear pairing is an ordinary Fourier transform. On a twistor
object, consisting of a pair of Z-modules and a sesquilinear pairing between them
with values in distributions, the corresponding transform is called Fourier-Laplace.

2. A quick review of polarizable twistor Z-modules

Let us quickly review some basic definitions and results concerning polarizable
twistor Z-modules. We refer to [4] for details.

2.a. Some notation. — We denote by 2y the complex line with coordinate z, and
by S the unit circle |z| = 1. In fact, one could also take for {2y any open neighbourhood
of the closed unit disc D = {z € Qq | |z| < 1}. For any 2, € Qp, we put

- Co = Im 2oy

— £, : C — R the function (o’ +ia”) — o — (Im z,)a”,

—axz,=0a'z, +ia" (22 +1)/2.

(See [4, Chap. 0] for more notation and definitions.)

2.b. The category %- Triples(X). — Given a n-dimensional complex manifold X,
we denote by 2" the manifold X x Qq, by &4 its structure sheaf, and by Z 4 the sheaf
of differential operators defined in local coordinates z1,...,z, as Og (0y,,...,04,),
where we put 0,, = 20,,.

A module over 04 or Zg is said to be strict if it has no Oq,-torsion.

The objects of the category %- Triples(X) are the triples 7 = (&', .#",C), where
M, M are left #g9--modules and C : ///l’s ® s 7& — Dbxxs/s is a sesquilinear
pairing. Here, Os means Oq s, Dbxys/s is the sheaf of distributions on X x S
which are continuous with respect to z € S, and the conjugation is taken in the
twistor sense (cf. [4, § 1.5.a]): it is the usual conjugation functor in the X direction,
and is the involution z — —z~! in the z-direction.
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The morphisms are pairs (¢’, ¢”') of morphisms, contravariant on the “prime” side,
and covariant on the “double-prime” side, which satisfy the compatibility relation
Cu(p'mb, mT) = C(my, Fml).

For any k € 3Z, the Tate twist (k) is defined by 7 (k) = (#',.#", (iz)~2*C), and
the adjoint 7* of J is (A", 4", C*), with C*(m" ,m’) = C(m’,m")

A sesquilinear duality . of weight w € Z on & is a morphism . : F — T *(—w).

There is a natural notion of direct image by a morphism f between smooth complex

manifolds, which is denoted by f;.

2.c. Specialization along a smooth hypersurface. — We consider the following
situation: the manifold X is an open set in the product C x X’ of the complex line
with some complex manifold X', we regard the coordinate ¢ on C as a function on X,
and we put Xo = ¢t~1(0). There is a corresponding derivation d;, and Z - is equipped
with an increasing filtration V,%Z4-, for which 0¥ has degree k, t* has degree —k (for
any k € N), and any local section of Zg;, has degree 0.

A coherent left Z 4 -module .# is said to be strictly specializable along 2 if there
exist, near any (., 2,) € £, a finite set A C C and a good V-filtration indexed by
(.. (A+7) C R, denoted by V. *).#, such that, for any a € £, (A + Z),

— each graded piece grg(%) M is a strict Zg,-module;
— on each gr;ﬂzo) M , the operator 0;t has a minimal polynomial which takes the
form
II FG+axz))™,

a€A+Z
L., ()=a

where the integers v, only depend on « mod Z;
— if we denote by ¢y o the kernel of a sufficiently large power of 0;t+ axz acting
on grl{(“’) M, with a = £, (), then
oty ol — Y14 is onto for £, (a) <O,
o Oy 2 Yy gl — Py a1 is onto for £, (a) = —1, but o # —1.

We say that the strictly specializable module .# is regular along 2 if each Va(z°)///
is # - jc-coherent (cf. [4, §3.1.d]).

Given an object 7 of %- Triples(X) for which .#' and .#" are strictly specializable
along 2o, and any « € C, the specialization 1 oC' is defined by

- el
Vel © Yol —"— Dox,xs/s
S

(2.1)

([m,]7 [m”D — Ress:a*z/z <|t|280(m/aﬁ)a o A X(t) idt A df>a
where m/, m” are local liftings of [m/], [m”]. In such a way, we get an object ¥y o7
of %- Triples(Xp).
We also define the objects U, .7 by starting from the localization of .7 along 2y
(cf- 4, §3.4]).
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2.d. Polarizable twistor Z-modules. — Let w be an integer. The category
MT® (X, w) of regular twistor Z-modules is defined in [4, Def.4.1.2]. It is a full
subcategory of %- Triples(X). Each object of MT™W (X, w) is, in particular, strictly
specializable along any local analytic hypersurface, as well as all its successive spe-
cializations.

The Tate twist by (—w/2) is an equivalence between MT ™ (X, w) and MT® (X, 0).
If X is reduced to a point, the category MT® (pt,0) (the regularity condition is now
empty) was defined by C. Simpson in [7] as the category of twistor structures, which
is equivalent to the category of trivializable vector bundles on P!, or the category of
C-vector spaces.

A polarization of an object of MT® (X, w) is a sesquilinear duality . of weight w
which induces, by any successive specializations ending to a point, and gradation
by the successive monodromy filtrations, a polarization of the punctual twistor struc-
tures (cf. [4, §4.2]). The subcategory MT® (X, w)®) consisting of polarizable regular
twistor Z-modules is semisimple (¢f. Prop. 4.2.5 in loc. cit.).

3. Partial Laplace transform of Z 4 -modules

3.a. The setting. — We consider the product A' x Al of two affine lines with
coordinates (t,7), and the partial compactification P x 1&1, covered by two affine
charts, with respective coordinates (¢,7) and (¢,7), where we put ¢ = 1/t. We
denote by oo the divisor {t = oo} in P!, defined by the equation t' = 0, as well as its
inverse image in P! x Al

Let Y be a complex manifold. We put X = Y xP*!, X =Y xAl and Z = Y xPL <AL
The manifolds X and Z are equipped with a divisor (still denoted by) co. We have

XyZ\ﬁf(
A

Let .4 be aleft Z 9--module. We denote by M the localized module R [%00| R, M .
Then p*.4 is a left B [xoc]-module. We denote by pt.# ® E7/% or, for short, by
ZH , the O[*o0]-module p*//? equipped with the twisted action of Z4 described
by the exponential factor: the Z4-action is unchanged, and, for any local section m

of A,

projections
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— in the chart (¢,7),

Or(m®@ E"/%) = [(8; — T)m] @ €7'7/%,

3.2
( ) ST(m ® g—tr/z) = —tm® 8—t7’/z7

— in the chart (¢, 7),

5t/(m ® 8—t7/z) _ [(615’ + T/tlQ)m] ® 8—157'/27

3.3
( ) 5T(m®8—t7/z):_m/t/®8—t7/z,

Definition 3.4. — The partial Laplace transform M of M is the complex of %
modules

Pt =P (vt M @ €T,
Recall (cf. [4, Prop. A.2.7]) that we have:

Proposition 3.5. — Let ./ be a coherent %4 -module. Then ZH is B -coherent. If
moreover M is good, then so is ZH , and therefore M = pLTH is K z—coherent. [

Let us also recall the definition of the Fourier transform of a sesquilinear pairing.
Assume that .#', . #" are good Z 4--modules. Let C : ,//ll’s®gs ///l’é — Dbxys/s bea
sesquilinear pairing. We will define a sesquilinear pairing between the corresponding
Laplace transforms:

C: //l\ls ®os ///\/é - z)[’)?xs/s :

Given local sections m/,m” of p*///"s,p+//{|’é, which can be written as m’ =
> di@mi, m" =37 P @m] with ¢;,1; holomorphic functions on 2 and mj, m/ lo-
cal sections of ‘/S, ///‘/é, let ¢ be a C*° relative form of maximal degree on Z x S with
compact support. We define the sesquilinear pairing ZC : ‘%’s Res %’é — Dbzys/s
by the following formula:

', i), 1= 3 (Clmiy i), [ 05 0).
i, p

Thit is meaningful, as, for any z € S, the expression ztT —t7/2 is purely imaginary, so

the integral is a (partial) Fourier transform of a function having compact support with

respect to 7, hence defines a function having rapid decay as well as all its derivatives

along ¢ = oo; we can apply to it 5(m2,m7;-’), which is  a priori a distribution on

Y x Al x S, tempered in the t-direction and continuous with respect to z.

We can now define, using the direct image defined in [4, § 1.6.d],

~

C =pl7C.
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4. Partial Laplace transform and specialization

Denote by i the inclusion ¥ x {c0} — X. We will consider the functors ¢ o
and ¢y o, as well as the functors ¥, , and Uy , of Definition 3.4.3 in [4] We denote
by N,, Ny the natural nilpotent endomorphisms on the corresponding nearby cycles
modules. We denote by M, (N) the monodromy filtration of the nilpotent endomor-

phism N and by grN : grM — grM , the morphism induced by N. For ¢ > 0, Pgrg/[
l+1

| g of grﬁ/I and PM, the inverse image of P gr%\/[
L

denotes the primitive part ker(gr N)
by the natural projection M, — gr%/[. Recall that, in an abelian category, the prim-
itive part P gr)! is equal to ker N/(ker N N ImN). We will also denote by Moin, the
minimal extension of .# (cf. §3.4.b in loc. cit.).

Given a finite set of points with multiplicities in €y, we will consider the corre-
sponding divisor D and the corresponding sheaf Oq,(—D). Given a %-module A4,
we will put as usual A (=D) = Oq,(~=D) ®¢,,, N

Proposition 4.1 (cf. [4, Prop. A.3.1]). — Assume that A is strictly specializable and
reqular along t' = 0. Then,

(i) for any 1, # 0, the Z9 -module M RET/ is R g -coherent; it is also strictly
specializable (but not regular in general) along t' = 0, with a constant V -filtration, so
that all Yy o (M ® E717/2) are identically 0.

Assume moreover that A is strict. Then,

(ii) the #o-module ZH = p*%@ Et7/% is strictly specializable and regular along
T =T, for any 7, € Al ; it is equal to the minimal extension of its localization along
T=0;

(iii) if 7, # 0, the V-filtration of Z# along T — 7, = 0 is given by

V% — W ifk>—1,
(T =70) "2 if k< —1;
we have
" Ty _ 0 ifag —-N—-1,
e MRENTE ifae —N—1.

(iv) If 7, =0, we have:
(a) for any a # —1 with Rea € [—1,0[, a functorial isomorphism on some
neighbourhood of D := {|z| < 1},

(\IJT,O{%D7N7) o ioo,-s—(?/}t/,(x///z(—Da)mth’)a

where D, is the divisor 1-i if o = —1 and o’ > 0, the diwisor 1-(—i) if o/ = —1
and o < 0, and the empty divisor otherwise;
(b) for a =0, a functorial isomorphism

(r0Zt \N2) 5 i 1 (V0,14 Nyy),
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(¢c) for a = —1, two functorial exact sequences
0 — %o+ kerNy — ker N, — //?:nin —0
00— //Znin — coker N, — 4o 4 coker Ny — 0,
inducing isomorphisms
foo,+ ker Ny 5 kerN, NImN, C ker N,
%in — ker N, /(ker N, NImN,) C coker N,

such that the natural morphism ker N — coker N induces the identity on /Z/:nin.

Proof of 4.1(i). — Let us first prove the Z g -coherence of M @ETo/* when To # 0.
As this Z g--module is Z g [xoo]-coherent by construction, it is enough to prove that
it is locally finitely generated over Z4 , and the only problem is at ¢’ = 0. We also
work locally near z, € € and forget the exponent (z,) in the V-filtration along
# = 0. Then, /4 = Oy [1/t] ®¢, V<o, equipped with its natural Zg -structure.
By the regularity assumption, Voo.# is %4  a-coherent, so we can choose finitely
many % g /s -generators m; of Voo 4 .
The regularity assumption implies that, for any i,

t'dym; € Z%gg/& SMy.
J

In .4 ® & t/?, using (3.3), this is written as

(4.2) (t/5t’ _ To/t/)(mi ® E—trn/z) c Z%%/N . (mj ® 8—t7‘0/z),
J

and therefore

(ro/t)(mi ® E77/7) € > Vo - (m; @ E717/).
J
Tt follows that .# ®&~t70/? is Vo & 4--coherent, generated by the m; @€t/ It is then
obviously Z g -coherent. The previous relation also implies that 7,(m; ® gt/ 2 e

t'.# © E~t7o/*. Therefore, the constant V-filtration, defined by Va(,/Z/v® Etro/2) =
M @ EHT/% for any a, is good and has a Bernstein polynomial equal to 1.

Proof of 4.1(ii) for 7, # 0 and 4.1(iii). — The analogue of Formula (4.2) now reads
(tlét’ + 7—67—)(77%' & 8_”/2) S Z%%/Al . (mj X 8‘”/2),

J
Therefore, the %g/@—module generated by the m; ® E~t7/% is V)% #-coherent, where

V' denotes the filtration relative to 7 — 7,. It is even Zs-coherent if 7, # 0, as 7 is a
unit near 7,, and this easily gives 4.1(iii), therefore also 4.1(ii) when 7, # 0.
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Proof of 4.1(ii) for 7, = 0. — Let us now consider the case where 7, = 0. Then
the previous argument gives the regularity of Z# along 7 = 0. We will now show the
strict specializability along 7 = 0. We will work near z, € 0y and forget the exponent
(20) in the V-filtrations relative to 7 = 0 and to ¢’ = 0.

Away from ¢ = 0 the result is easy: near ¢ = t,, Formula (3.2), together with
the strictness of .#, implies that 27 is strictly noncharacteristic along 7 = 0, hence
T =V 7l and Yy Tl = M (cf. 4, §3.7)).

We will now focus on ¢’ = 0. Denote by V,.# the V-filtration of .# relative to t’
and put, for any a € [—1,0],

Vpnll =t *Votl (= Vg if k <0).

Each Va//7 is a VoZ a--coherent module and, by regularity, is also % -5 -coherent.
We will now construct the V-filtration of 77 along 7 = 0. For any a € R, put

U200 =" [(p" Vol ) ® €7'7/7],
p=0
i.e., U, is the %g/gl—module generated by (p*Va//A/) ® &7t/ in 7. Notice that,
when we restrict to t’ # 0, we have for any a € R,
Ua|t’;é0 = %t’;éo-
(ii)(1) Clearly, U, is an increasing filtration of Z# and each U, is Z o /in-coherent
for every a € R. .
(ii)(2) U, is stable by 79,: indeed, for any local section m of V,.#, we have by
(3.3):
(r8,)3 (m @ €17/%) = B, (v, )(m © €7/7)
=0 [0y (m®E&71/7) — (3ym) ® €7'7/7]
= (H'm e e71/F) — b [(Out'm) ® E7H/7].

The first term in the RHS is in U,_; and the second one is in U,, as Vajis stable
by 8t/t/.

(i1)(3) For any a € R, we have U1 = U, +0,U,: indeed, for m as above, we have

1
3, O (m®etT/*) = (;m ® 8*”/2) € Unyr,

hence 0,U, C U,11; applying this equality the in the other way gives the desired
equality. This also shows that 9, : grt¥ 77 — graU_H Z# is an isomorphism for any
a €R.

(ii)(4) For any a € R, we have 71U, C U,_1: indeed, one has, for m as above

T(m ® Sftr/z) _ t’25t/(m ® gftr/z) o (t'23t/m) ® 87757’/2
— at/(t/Zm ® (o/ftr/z) - (3t/t'2m) ® Sftr/z;
the first term of the RHS clearly belongs to U,_o and the second one to U,_1.
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(ii)(5) Denote by b,(s) the minimal polynomial of —8yt' on gr’ . Then, for m
as above, we have

—(Opt' +79,) (Mm@ ETV/F) = —(Dpt'm) @ £/

after (3.3). Therefore, we have b,(—[0yt + 70,])(m ® €7¥/?) € U.,. Using
that 9yt (m ® 8_”/2) = 0y (t'm ® E7¥7/*) € U,_; by definition, we deduce that
ba(—70,)(m ® E717/#) € U.,. Therefore, by(—70,)U, C U,.

(i1)(6) We will now identify U, /U~, with gr¥ .#[y] := Cly] ®c gr¥ .#, where 7 is
a new variable. Notice first that both objects are supported on {t’ = 0}. Consider
the map

Va//f[n] — U,
Z mpn? — Z ah (m, ® EHT/7).
p P

Its composition with the natural projection U, — U, /U, induces a surjective map-

ping gr/ /Z[Tn] — U, /U«q. In order to show that it is injective, it is enough to show
that, if Zp b (mpy ® &~7/2) belongs to U.,, then each m, belongs to V<a//?f For
that purpose, it is enough to work with an algebraic version of U,, where “p*” means
“@cCl[r]”. Notice that, if a local section > ;_, 7¢(ne ® E717/%) of M[r] @ Et7/* be-
longs to U,, then the leading coefficient n, is a local section of Va+2r/;/v (by using
that 9y (n ® E717/%) = (Oyn) ® €717/ — 7((n/t'?) ® E717/%)). Remark then that,
using (3.3), >!_, 9} (m, ® €717/%) is a polynomial of degree ¢ in 7 with leading

coefficient +(79/t'??)(m, @ £7*7/#). 1If the sum belongs to U.,, this implies that
mg /[t € V<a+2qj/v, i.e., Mg € V<a/Z/v. Therefore, by induction on g, all coefficients
m,, are local sections of Ve M, as was to be shown.

Let us describe the 24 [70,]-module structure on gr¥ .# ] coming from the iden-
tification with U, /U«,. First, the Zs-module structure is the natural one on gr(‘; /Z/V,

naturally extended to grY .#[n]. Then one checks that

(4.3) Oy Z mpnt =1 Z mpn®, t' Z mpnt = —0, Z mpn?,
P P P P
(4.4) 0. myn” =Y (Ot ()"
P P

If we denote by i the inclusion Y x {oo} < X, the Zo--module grY .# [n] that these
formulas define is nothing but is + gry ./, so we have obtained an isomorphism of
X o-modules:

(4.5) (oot gry M, But') = (¥ 70,70, )
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(ii)(7) Consider the filtration V,7# defined for a € [~1,0[ and k € Z by

This is a V-filtration relative to 7 on 7, by (ii)(1), (ii)(2), (ii)(3) and (ii)(4). It is
good, by the equality in (ii)(3) and because 7V, 7# = V,_1Z# for a < 0 by definition.

U, if k>0,
Va-‘rk% = i:lJrk 1
T Uppr if k<0

Notice that, for a > —1, we have gr) TH = graUJr1 TH .

For a > —1, we can use (4.5) to get a minimal polynomial of the right form for
—0,7 acting on gr¥ Z# (here is the need for a shift by 1 between U and V), and
strictness follows from (4.5) and the strictness of gr) .#, which is by assumption.

It therefore remains to analyze gr’ Z# for a < —1.

(ii)(8) We will analyze gr¥, Z# = Uy/TU~; through the following two diagrams of

exact sequences, where the non labelled maps are the natural ones:

(4.6)

and

(4.7)

0

l

(Uco NT7)/7U

|

04>U<0/TU<1 E— Uo/TU<1 HU()/U<0 —0

l

U<0/(U<O n T'%)

|

0

0

l

U<0/(U<0 N TUl)

70, l

0—Uy/Ucog —— Uy /7Uc1 ——— Uy /7U1 ———— 0

l

Uo/(7U1 + Uco)

|

0

Notice that, in (4.7), 70, is injective because it is the composition

(4.8)

9, is an isomorphism (cf. (ii)(3)) and 7 is injective, as it acts injectively on Z#. Recall
that (gry Z#,79,) is identified, by (ii)(6), with i 4 (gt .#,3,t"). Notice also that
70, vanishes on Uco/7U<; (resp. on Uy/7U1), as 0, Uco C U<y (resp. 0.Uy C Uy).

0,
Up/Uco —— U1/Uc U Uo/TU<,
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It remains therefore to prove the strictness of U.o/7U<1 to get the desired properties
for grV', Z#. We denote by Ny the action of —t'dy on gr¥, ///A/(by strictness, ker N/
is equal to the kernel of —t'dy acting on 1/1,5/’,1/;/VC gr¥, /Z/v) The strictness of
gr‘_/1 74 follows then from the strictness of ioo,+1/1t/7_1j/v, that of /Z/Tnin (defined in

[4, Def.3.4.7]) and the first two lines of the lemma below, applied to the diagram
(4.6).

Lemma 4.9. — We have functorial isomorphisms of % a -modules:
Uco/(Uco NTUL) = Uco/(Uco NT7H) > Mrnin
ooy ker Ny 5 (Uco N17) 7U <1
ioo,+ cOker Ny —— U /(17U + U~p).
Proof. — For myg,...,mp € /Z/v, we can write
(4.10) mo @ E71/F 4 0y (my @ E71/F) - 4 O (1, @ ETVT/F)

=no®&"T/7 — T[(nl/t'Q) ®ETTF 4 1 (np/t?) @ g*tf/z)}

with
Np = Myp mMp =MNp
Np_1 = Mp_1 + Opmy Mp_1 = Np_1 — OpNyp
(4.11)
ny = m +5t/m2+~~~+5f,71mp mi1 = ny — Oy Na
ng = mgo + 0pmq + -+ -+ 0hm, mo = ng — O

Sending an element to its constant term in its 7 expansion gives an injective mor-
phism U—o/(Uco N 77 ) — M. Formulas (4.10) and (4.11) show that the image of
this morphism is the Z g -submodule of M generated by V<0/Z/v: this is by definition
the minimal extension of .# across t’ = 0.

Let us show that

(4.12) U<omTU1 :U<0ﬂ7"%.

Consider a local section of U.g N 724, written as in (4.10); it satisfies thus
mo,...,Mp € V<0//7&nd ng = 0; then 0yn; = —mgy € V<0(/,Z This implies
that ny is a local section of V_l//z indeed, the condition on n; is equivalent to
t'0pny € V<,1/Z/V; use then that, by strictness of gr}{/}/v, t'0; acts injectively on
gr’ Mifa # —1. Therefore, (n,/t"?) ®&~tT/% ¢ U;. We can now assume that ny = 0
and thus dyny € Vg ... hence (4.12), and the first line of the lemma. Notice

moreover that the class of each n; in gr¥, . is in ker Ny
Let n be a new variable. We define a morphism

ker Ny/ [77] - U<0/7'U<1
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by the rule
(413) Z[nﬂnj_l — —T {(nl/tlz) ® g_tT/z 4+ 6;’/71 ((np/tIQ) ® e—tr/z):|’
j=1

by taking some lifting n; of each [n;] € ker Ny C gr¥; M VoM.
— This morphism is well defined: using (4.10), write
_ng/—l((nj/tﬂ) ® E_tT/Z) _ 5{/ (nj ® E_tT/Z) _ 5{/_1((615’”]‘) ® 8—t7'/z).

that [n;] belongs to ker Ny is equivalent to t'0yn; € Ve |4 ; therefore, both n;
and dyn; belong to V<0/// moreover, if n; € V_ 1/// so that n;/t”? € V<1///
the image is in 7U«;.
— This morphism is injective: as we have seen in (ii)(6), the term between
brackets in (4.13) belongs to U<y if and only if each n;/t"? belongs to Vo,
i.e., each n; is in V_ 1e/21v
— The image of this morphism is equal to (U<oN77#)/7U~1: this was shown
in the proof of (4.12).
As in (ii)(6), we can identify ker Ny [n] with is 4 ker Ny and the morphism is seen to
be £ 4--linear.
Let us now consider the third line of the lemma. We identify Uy /(7U; + U<o) with
the cokernel of 7 : gr¥ — grf or, equivalently, to that of 79, : gr{ — grl. By (ii)(6),
it is identified with ioo -+ coker Dyt acting on i, 4 gry . Use now the isomorphism

s gty M — gtV M to conclude. 0O
(ii)(9) We will now prove that all the gry Z# for a < —1 are strict and have a
Bernstein polynomial. In (ii)(8) we have proved this for a = —1.
Choose a < —1. It follows from the definition of V,Z# that
(4.14) Togry W — oY Tw

is onto. Therefore, by decreasing induction on a and using (ii)(7), we have a Bernstein
relation on each gr) 7#. It remains to prove the strictness of such a module. This
is also done by decreasing induction on a, as it is now known to be true for any

€ [-1,0][. Tt is enough to show that (4.14) is also injective for any a < —1, and it
is also enough to show that

0.7 gry M — gry .

is injective. If a section m satisfies 9, 7m = 0 then, according to the Bernstein relation
that we previously proved, it also satisfies [[(a x 2)¥*m = 0, where the product is
taken on a set of « € C with £, (o) = a+1 < 0 and v, € N. Such a set does
not contain 0 and the function z — [](a % z)”~ is not identically 0. By induction,
gry 7/ is strict. Therefore, m = 0, hence the injectivity.

(ii)(10) By construction, the filtration V, Z# satisfies moreover that

o Tty T — oY | 74 is onto for any a < 0,
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« 0, gty M — gl TH is onto for any a > —1.
This implies that all the conditions for strict specializability (cf. [4, Def. 3.3.8]) are
satisfied, and that moreover the morphism can, introduced in [4, Rem. 3.3.6(6)] is
onto. Notice also that the morphism var, is injective: indeed, this means that
T : gré,/?/// — gr‘fl‘% is injective, or equivalently that 7 : Uy /U1 — Up/7U<
is injective, which has been seen after (4.8).

In other words, we have shown that 77 is strictly specializable along 7 = 0 and
that it is equal to the minimal extension of its localization along 7 = 0, as defined in
4, §3.4.b).

Proof of 4.1(iv). — Now that 7/ is known to be strictly specializable along 7 = 0,
the Z 9--modules z/)ﬂa‘% (¢f. Lemma 3.3.4 in loc. cit.) are defined. We can compare
them with ioo,+¢t',aj/v.

(iv)(1) For any z, € o, we have a natural morphism, defined locally near z,
(putting a = ¢,_(a))

S N

(4.15) ot — ¥ T — @ T " i v M oo+ gty A,

which takes values in ioo,-l—wt’,aj One verifies that the various morphisms glue

together in a well defined morphism ¥, o747 — ioe 1+t o A .

Lemma 4.16. — Near any z, € D, the natural morphism wT,agJ/{ — grf{Jrl T (a0 =
(.. ()) is injective for any a € C~ (=N*) and, if a > —1, tr o M — ivo Vi 0l is
an isomorphism near z,.

Proof. — If a > —1, this has been proved in (4.5). Assume that a = —1 (and « &
—N*). If we decompose the horizontal sequence (4.6) with respect to the eigenvalues
of —70,, we get that, for any « # —1 with ¢, (a) = —1, the natural morphism

YraZtl — Up/U<o
is an isomorphism onto (Up/U<p)a+1 and, according to (4.5), we have an isomorphism

~ — oo+t —~
Vra Tl = oo v a1 M —" e v 0 M.
Assume now that a < —1. Let k > 0 be such that b = a + k € [-1,0[. We prove
the result by induction on k, knowing that it is true for £ = 0. By induction, we have
a commutative diagram

7,/)7—,@4,_1‘% — grfj_m ‘%
le J&
Vrall —— 5tV T

showing that the lower horizontal arrow is injective if and only if 0,7 is injective on
Vr a1 2/, which follows from strictness if (a4 1) % z # 0, that is, if o # —1. O
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(iv
(iv)
(4.15)
(4.17)

(2) Proof of 4.1(ivb). When o = 0, the proof follows from Lemma 4.16.
(3) Assume now that o # —1 satisfies Rea € [—1,0[. We wish to show that
induces an isomorphism

Q/JT,O(L'%D — Z'oo,ert’,cw%fv(_l)oz)\D-

Thit is a local question with respect to z € D.

Clearly, the image of ¥, o7# — g, 74 is contained in ker[(d,7 + a 2
gtV TH — x| T#), for N > 0 and is equal to this submodule if a > —1.

If a < —1 and if £ > 1 is such that a + k € [—1, 0], the image is identified with

o

Im(7%9%) : ker(d,7 + a* 2)Y — ker(d,7 + a % 2)V,

and it is identified with the image of the multiplication by Hle(a + j) * z on this
module. For j = 1,...,k, the number § = « + j satisfies Re > 0, § # 0 and
£, (8) < 0. Then %z = 0 has a solution z in D iff Re8 = 0, and this solution
is z = #4. This occurs iff Reaw = —1 and 7 = 1. In conclusion, the image of
’lbq—)ai%[) in z'oo,erﬂa/Z/TD, is equal to the image of the multiplication by (a+ 1) * z
on ioo’+w77a/Z/TD. As we assume that ¢, (a) < —1, the divisor of z — (e + 1) x 2z
coincides, near z,, with the divisor D, hence (4.17).

(iv)(4) We now show that there is no difference between 1/1770/% and \I'ﬂa‘?//l on

some neighbourhood of D.

Lemma 4.18. — Assume that o # —1 and o := Rea € [—1,0[. Then the natural
inclusion @ZJT,Q‘%D — \IJTA‘%D s an isomorphism.

Note that the existence of an inclusion is proved in [4, Lemma 3.4.2(1)].

Proof. — The question is local near points z € D such that £, («) > 0, otherwise the
result follows from Lemma 3.4.1 in loc. cit. Fix z, such that ¢, (o) > 0 and let k > 1
be such that £, (o — k) € [-1,0[. We have a commutative diagram

u)‘r,a(% \IIT,OL{%

| |
/(b'r,afk:% % \I/T,afk%

and, as a := {, (a) and a — k are > —1 and o # —1, z/JTVO;% (resp. 772177&_;59}//)
is contained in graU+1 W (resp. in graUH_k fy///), using the local filtration U near z,.
It follows (cf. (ii)(3)) that 0% : 9, o 174 — b, o7/ is an isomorphism. There-
fore, the image of ¢r,a‘% in \I/T@‘% is identified with the image of 5&7”c acting on

\I/T,a‘?//. Using the nilpotent endomorphism N, = —(3,7 + a * 2), we write dX7*
as (—1)*(N; + ax2)--- (N, + (a — k + 1) % z). The proof of the lemma will be com-
plete if we show that none of the (a — j) x 2z, (j = 0,...,k — 1) vanishes (assuming

that z, € D).
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Notice that 8 := a — j satisfies ' < 0 and 8’ — (,8” > 0. Assume that Sx 2z, = 0.
By the previous conditions, we must have 3" # 0 and z, # 0, and the only possibility

_ p-/EEE

for z, is then z, = i(, and (, = 57 . Now, the condition ' < 0 implies
|Co] > 1, s0 2, ¢ D. O

(iv)(5) Proof of 4.1(iva). It follows from (4.17) and Lemma 4.18 that we have a
functorial isomorphism

(419) ‘IIT,(X%D — Zloo,«ﬂb‘na%\Z_Da)\D
when « # —1 satisfies Rea € [—1,0[. This ends the proof of 4.1(iv) when « # —1.
(iv)(6) Proof of 4.1(ivc). Let us now consider the case when @ = —1. The two

exact sequences that we consider are the vertical exact sequences in (4.6) and (4.7),
according to Lemma 4.9.

For the second assertion, notice first that, as the image of Im N, Nker N, in //Z;in
is supported on {t' = 0}, it is zero by the definition of the minimal extension, hence
we have an inclusion ImN; Nker N C 75 4 ker Ny, To prove o 4 ker Ny C Im N,
remark that the image of (4.13) is in 7(U; /U~y ), hence in 7, o7/ , that is, in Im var,,
hence in Im N,,.

The last assertion is nothing but the identification U.o N 774 = Uy N 7U; of
Lemma 4.9. O

5. Partial Fourier-Laplace transform of regular twistor Z-modules
The main result of this article is (¢f. [4, Th. A.4.1]):
Theorem 5.1. — Let (7,.7) = (', 4",C,.7) be an object of MT® (X, w)®).

Then, along T =0, M and A" are strictly specializable, reqular and S-decomposable.
Moreover, U, (7 ,), with Rea € [-1,0], and ¢,0(7,”) induce, by grading with

respect to the monodromy filtration M,(N.), an object of MLT® ()?,w; —1)®),

Note that the definition of S-decomposability is given in [4, Def. 3.5.1], and that
of the category MLT® in §4.1.f of loc. cit. In particular, all conditions of Definition
4.1.2 in loc. cit. are satisfied along the hypersurface 7 = 0.

This theorem is a generalization of [1, Th. 5.3], without the Q-structure however.
In fact, we give a precise comparison with nearby cycles of (7,.%) at t = oo as in [1,
Th. 4.3].

In order to prove Theorem 5.1, we need to extend the results of Proposition 4.1 to
objects with sesquilinear pairings.

5.a. “Positive” functions of z. — Recall that we denote by D the disc |z| < 1 and
by S its boundary. Let A(z) be a meromorphic function defined in some neighbourhood
of S. If the neighbourhood is sufficiently small, it has zeros and poles at most on S.
We say that A is “real” if it satisfies A = \, where \(z) is defined as ¢(A\(—1/c(z))) and
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¢ is the usual complex conjugation. For instance, if o € C, the function z — a % z/z
is “real”. If A(z) is “real” and if ¢ is a meromorphic function on C which is real (in
the usual sense, i.e., ¢ = c1p), then 1o A is “real”. In particular, for any a € C*, the
function z — T(ax z/z) is “real”.

Lemma 5.2. — Let A\(z) be a “real” invertible holomorphic function in some neigh-
bourhood of S. Then there exists an invertible holomorphic function u(z) in some
neighbourhood of D such that A = £up in some neighbourhood of S. Moreover, such
a function p is unique up to multiplication by a complex number having modulus equal
to 1.

Definition 5.3. — Let A be as in the lemma. We say that A is “positive” if A = up,
with p invertible on D, and “negative” if A = —up.

Remark 5.4 (Positive or negative “real” meromorphic functions)

Assume that A is a nonzero “real” meromorphic function in some neighbourhood
of S. Then A can be written as [[,[(z — 2;)(2 — 2;)]™ - h with z; € S, h holomorphic
invertible near S and h = h: indeed, one shows that, if z, € S, then z — 2z, =
(z + 20) - (—1/2,2); therefore, if z, € S is a pole or a zero of A with order m, € Z,
then —z, has the same order, hence the product decomposition of A.

It follows from Lemma 5.2 that A = +¢g, with g = u[[,(z — 2;)7", 2 € S, m; € Z
and p holomorphic invertible on D. This decomposition is not unique, as one may
change some z; with —z;. The sign is also non uniquely determined, as we have, for

any z, € S,
1= (z—zo> . (z—zo).
A A
Nevertheless, the decomposition and the sign are uniquely defined (up to a multiplica-

tive constant) if we fix a choice of a “square root” of the divisor of A so that no two
points in the support of this divisor are opposed, and if we impose that the divisor

of g is contained in this “square root”. The sign does not depend on the choice of
such a “square root”. We say that A is “positive” if the sign is +, and “negative” if
the sign is —.

Proof of Lemma 5.2. — One can write A = v - @ with g holomorphic invertible near
D and v meromorphic in some neighbourhood of D and having poles or zeros at 0
at most. The function ¢(z) = v/u = 7/fi defines a meromorphic function on P! with
divisor supported by {0,00}. Thus, ¢(2) = ¢- 2* with ¢ € C and k € Z, so A = cz*up.
Moreover, the equality A = X implies that ¢ € R and k& = 0. Changing notation for
gives A = tup, with p invertible on D.

For uniqueness, assume that ug = +1 with p holomorphic invertible in some
neighbourhood of D. Then +1/f is also holomorphic in some neighbourhood of
|z] > 1, so u extends as a holomorphic function on P! and thus is constant. This
implies that g = 1. O
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Lemma 5.5. — Let o € C be such that Rea € [0, 1] and o # 0. Then the meromorphic
function
T(a*z/2)
I'l—axz/z)
is “real” and “positive” (it is holomorphic invertible near S if Rea # 0).

A(z) =

Proof. — That this function is “real” has yet been remarked. The only possible
pole/zero of A on S is i, which occurs if there exists k € Z such that Rea+ k = 0.
It is a simple pole (resp. a simple zero) if & > 0 (resp. & < —1). As we assume
Rea € [0,1], the only possibility is when Rea = 0, with & = 0 (hence a pole).

Write A(z) as T'(ax 2/2)? - (1/7)sinm(a % z/z). Tt is then equivalent to showing
that (1/7)sinm(a % z/2) is “positive” for a as above.

Write a = o/ +ia’’. The result is clear if o = 0, as we then have axz/z =o' €
10, 1. We thus assume now that o’ # 0.
6l + I3/2 + 5”2
——
Bxz [3'b iz 1z
=T ) g)
If « is as above, we have n — a’,n + o’ > 0 for any n > 1 and we put for n > 0

For any 8 € C with 8” # 0, we put b = and we can write

n—ao +/(n—a)?+a'" n+ao +/(n+a)?+ o
- 7 ) Cn = .

by, =

Oé/

For n > 1, we have |b,|,|c,| > 1 and

(n—a)xz n—a + (n—a’)2+a”2<1+iz)<1+iz)

z B 2 b b,/

! 12 12 : i8N

(n+a)*z:n+a+ (n+ a2+« <1+E)<1+E)_
z 2 Cn Cn

The number

H(n—o/—i— (n—a )24+ a?)(n+d ++/(n+a)?+a'?)

ola) = 4n?

n=1
. . o 11 o'
is (finite and) positive. On the other hand, as — + — = —
b,  cn n?

H(Hz—i)(wi—i)

n>1

+ O(1/n?), the

infinite product

defines an invertible holomorphic function in some neighbourhood of D. Put

g(z) = (c(a)(a’+ 204’24—0//2))1/2 . (1_|_ g) H (1+ g) (1_|_ g)

nz

Then we have (1/7)sinm(a*z/z) = g(2)g(2). O
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If p is a meromorphic function on some neighbourhood of D, we denote by D,, its
divisor on D. If ./Z is a #9-module, we put #(D,) = O (D,) ®¢, A with its
natural Z ¢ -structure.

Lemma 5.6. — Let (7,.7) = (M',. 4" ,C,) be an object of MT(X,w)®). Then,
for each u as above, (M'(D,,), #"(D,), uiiC,.%) is an object of MT(X,w)® iso-
morphic to (7 ,.%).

Remark 5.7. — We only assume here that .#', .#" are defined in some neighbour-
hood of D, and not necessarily on Q. This does not change the category MT (X, w)®).

Proof. — The isomorphism is given by -p : #'(D,,)—.#" and -(1/p) : M"—. 4" (D,,).
O

5.b. Exponential twist and specialization of a sesquilinear pairing

We now come back to our original situation of §3.a. Let 7 = (&', . #",C) be
an object of %- Triples(X). We have defined the object 27 = (Z#',7#",7C) of
- Triples(Z). If we assume that .#’, .#" are strict and strictly specializable along
t' =0, then Z#',7#" are strictly specializable along 7 = 0. Then, for Rea € [~1,0],
U, .77 is defined as in [4, §3.6]. Recall (cf. (3.6.2) in loc. cit.) that we denote by
Ny \I/T}ayf — \Ifﬂa‘gﬂ(—l) the morphism (—iN,,iN;). If & = —1 (more generally
if « is real) we have \I/ﬂa"gjﬁ = wﬂa‘gg. We also consider, as in §3.6.b of loc. cit.,
the vanishing cycle object (,257-,09 T.

The purpose of this section is to extend Proposition 4.1(iv) to objects of %- Triples.
It will be convenient to assume, in the following, that .#’' = .4, and A" = #..;
with such an assumption, we will not have to define a sesquilinear pairing on the
minimal extensions used in Proposition 4.1(iv), as we can use the given C.

Proposition 5.8 (cf. [4, Prop. A.4.2]). — For 7 as above, we have isomorphisms in
- Triples(X):

(Uro?T Nr) "ot (W0 T M), Vo —1 with Rea € [—1,0],
(6r07T s Ne) = oy (Y11, 1 T, M),
and an exact sequence
0 — doo+ ker Ay — ker N7 — T — 0

inducing an isomorphism P grj! 1/1T7_1‘g':7 = 7.

Corollary 5.9 (cf. [4, Cor. A4.3]). — Assume that 7 is an object of MT® (X, w)
(resp. (7,.) is an object of MT® (X w)®).  Then, for any a € C with
Rea € [-1,0], (¥, 77, .A;) induces by gradation an object of MLT(T)(X,w;—l)
(resp. an object of MLT™) (X, w; —1)®)).
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Proof of Corollary 5.9. — Suppose that Proposition 5.8 is proved. Assume first that
Z is an object of MT®) (X, w). Then, by definition, ioo+ (8T Wy o T, g™, i)
is an object of MLT® (X,w;—1) for any o with Rea € [-1,0[; therefore, so is
(etM W, 77, gtM) A7) for any such a # —1. When a = —1, as 7#', 74" are
equal to their minimal extension along 7 = 0 (¢f. Proposition 4.1) the morphism

Gan: ($r, 177, M (A7) — (6,077 (=1/2),Ma1 (A7),

(¢f. §3.6.b in loc. cit.) is onto. It is strictly compatible with the monodromy fil-
trations (cf. [6, Lemme 5.1.12]), and induces an isomorphism Pgril¢, 77 =
Perdt | 6,077 (—1/2) for any £ > 1, hence an isomorphism

Pgr%1/)77_19<7;>i007+Pgr%1 %,—19(—1/2)-

By assumption on .7, the right-hand term is an object of MT® (X, w + £), hence so
is the left-hand term. Moreover, P gryl ¢, 177 ~ 7 is in MT™") (X, w). This gives
the claim when a = —1.

In the polarized case, we can reduce to the case where w = 0, .#' = . #", .S =
(Id,1d) and C* = C. Then these properties are satisfied by the objects above, and
the polarizability on the 7-side follows from the polarizability on the #'-side. O

The proof of the proposition will involve the computation of a Mellin transform
with kernel given by a function I5(t, s, z). We first analyze this Mellin transform.

The function I(t,s,z). — Let X € C’E’O(IQ,R) be such that X(7) = 1 near 7 = 0.
For any z € S, t € Al and s € C such that Re(s + 1) > 0, put

(5.10) Lot s, 2) = [ TS 7 B () i dr A d
Al

We also write I (t, s, z) when working in the coordinate ¢’ on P*. We will use the fol-
lowing coarse properties (they are similar to the properties described for the function
I, of §3.6.b of loc. cit.).

(i) Denote by Igke(t,s,z) (k£ € Z) the function obtained by integrating
|7|** 7#7¢. Then, for any s € C with Re(s + 1+ (k + £)/2) > 0 and any z € S, the
function (t,s,2) — Igre(t,s,z) is C*°, depends holomorphically on s, and satisfies
limy o I5.5,6(t, 5, 2) = 0 locally uniformly with respect to s, z.

(ii) We have

tlg ke = 2(s + k) Ig k-1, + 2log /07 k0 Oilg ke = =I5 kg1,
tg e = Z(s + ) Ig k-1 + Zlog o7 k0 Ol ke = —Ig ki1

where the equalities hold on the common domain of definition (with respect to s) of
the functions involved. Notice that the functions Isg a7 k¢ and Iog o7 ke are C* on
P! x C x S, depend holomorphically on s, and are infinitely flat at ¢ = co.
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It follows that, for Re(s + 1) > 0, we have

tatIA = —Z(S —+ 1).[/\ + ZI@’\ 87,1,05
(5.11) R i X N X/
0l = —2Z(s + 1) I + Zlag/o70,1-

(iii) Moreover, for any p > 0, any s € C with Re(s +1+ (k+¢)/2) > p and any
z € S, all derivatives up to order p of Iy j ¢(t', s, z) with respect to t’ tend to 0 when
t'" — 0, locally uniformly with respect to s, z; therefore, Iy ((t,s,2) extends as a
function of class C? on P! x {Re(s+1+ (k+/)/2) > p} x S, holomorphic with respect
to s.

Mellin transform with kernel Ig(t, s, z). — We will work near z, € S. For any local
sections u', " of A, #" and any C relative form ¢ of maximal degree on X x S
with compact support contained in the open set where p’, " are defined, the function

(s,2) — (C(', 1), eIz (L, 5, 2))

is holomorphic with respect to s for Res > 0 (according to (i)), continuous with
respect to z. One shows as in Lemma 3.6.6 of loc. cit., using (iii), that it extends as
a meromorphic function on the whole complex plane, with poles on sets s = a % z/z.

This result can easily be extended to local sections pu/,u” of M, A" indeed,
this has to be verified only near ¢ = oo; there exists p > 0 such that, in the neigh-
bourhood of the support of ¢, tPu’,t"Pu/ are local sections of .Z', . #"; apply then
the previous argument to the kernel [¢|* I;(t,s,z). In the following, we will write
(O 1), ¢lz(t, s, 2)) instead of (C(t"Pp/ tPp’), ¢ |t]* I;(t,s,2)) near t = cc.

Lemma 5.12. — Assume that ¢ is compactly supported on (X ~\ oo) x S. Then, for
w1 as above, we have

Ress——1 (C(u', 1), pIz(t, 5, 2)) = (C(1's 1), ).

Proof. — The function (s + 1)I¢(t, s, z) can be extended to the domain Re(s + 1) >
—1/2 as C* function of (¢, s, z), holomorphic with respect to s: use (ii) with k = 1,
¢ =0 to write (s + 1)Ig(t,s,2) = (t/2)I51,0 — log/or,1,0- It is then enough to show

that this C'*° function, when restricted to s = —1, is identically equal to 1. It amounts
to proving that, for any ¢, z, lim s—_1 [(erl)I)A((t, s,z)] = 1. For Res > —1 we have
Res>—1

I;(t,s,2) = J(t,s,2) + Hg(t, s, z), with

J(t,s,2) :/ e~ 2Imir/= |72 L dr A dF,
Irl<1
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and Hy extends as a C*° function on Al x C x S, holomorphic with respect to s. It
is therefore enough to work with J(t, s, z) instead of I;. We now have

J(t,s,2) = |t|_2(s+1) / e e 7= du A\ du
lul<[t|

1 —a(s+1) 2 il —2ipsing 2s+1
=— |t e p dpdf.
™ o Jo

Now, integrating by part, we get
It It] 2ising (Il
—2ipsin O 25-‘,—1 —2ipsin O 25-‘,—2
e dp = e dp,
/0 P= 25 + 2 o512 / P

and the second integral is holomorphic near s = —1. Therefore,

| |72(s+1) 27 bt o Il o
/ |: |t‘ s+ 6722|t\ sin 6 +2isinf / 672zp sin 0p28+2 dpi| do.
0 0

254+2 __92j|¢|si
s+ e 2i|t| sin 6

(s+ 1)J(t,s) = T

Taking s — —1 gives
1 2 ) . [t] o
lim [(s+ 1)J(t,5)] = 7/ {e—Zz\tlsme + 9 sine/ e—21,psm9dp} "
0 0

s——1 27‘[‘
Res>—1

Now,
|t] o It ¢4 o o
2% sin@/ e—szsmG dp — _/ ( —2zps1n9)dp =1- e—21\t|31n9’
0 0 d/)

hence lim s—_1 [(s+ 1)J(¢,s)] = 1. O
Res>—1

Remark 5.13. — To simplify notation, we now put
1
I'(s+1)
Using (ii) as in the previous lemma, one obtains that there exists a C*° function on
Al x Cx S, holomorphic with respect to s, which coincides with Ji when Re(s+1) > 0.
This implies that, when the support of ¢ does not contain oo, the meromorphic

function s — (C(i/, 1), pJx(t, s, 2)) is entire.

Jg(t s, 2) = I (t, s, 2).

We now work near co with the coordinate t’. Assume that p’ is a local sec-
tion of Va(lzi)l " and that u is a local section of Va(2 ff)/// . Assume moreover
that the class of ' in gra1+1 ' A7 is in Yy al+1//l and that the class of p”
gra2+1°) A" s in 1y a2+1//l” Then one proves as in Lemma 3.6.6 of loc. cit. that
(C(W, 1), J3(t, s, 2)) has poles on sets s = yxz/z with v such that 2Revy < a1 +az
or 7v = o = (a.

Let us then consider the case where oy = sy := «. Then, if ¢ has compact support
and vanishes along ¢’ = 0, the previous result shows that (C(u/, u”"), ¥ J5(t', s, z)) has
no pole along s = a % z/z. It follows that Res;—q../. <C(ﬂ',ﬁ)7cpJ;<(t',s,z)> only
depends on the restriction of ¢ to # = 0; in other words, it is the direct image of
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a distribution on ¢’ = 0 by the inclusion i,,. We will identify this distribution with
Yy o+1C. We will put
- Ploo
hp=———.
s=dt’ A dt!

o0

Lemma 5.14. — For any o € C with Rea ¢ N, and /', " lifting local sections
W', (1] of Yy ax1 A, Y qr1.4", we have, when the support of ¢ is contained in
the open set where u', " are defined,

_ 1
Ress:a*z/z <C(/J//7 :ul/)7 QOJ)'(\(tlv S, Z)> =

IM(—axz/z)

(Va1 O], [0"), i35 0)-

Proof. — Let x(t') be a C*° function which has compact support and is = 1 near
t'=0. As p — il p A X(t')5=dt’ A dt’ vanishes along t' = 0, the left-hand term in the
lemma is equal to

(5.05)  ReSeansys (COL ), Tt 5, 2)itp AX(E) = dt! A dF).

On the other hand, as Rea € N, we have axz/z ¢ N for any 2z € S, and the function

1/T'(—s) does not vanish when s = « x z/z for any such « and z. Therefore, by

definition of ¢y o41C, the right-hand term is equal to

_

INCE)
Put j;(t, $,2) = |t|2(s+1)Jg(t, s,z). Then, by (5.11) expressed in the coordinate ¢,

we have

(C', ), o P

oo

(516) Ress:a*z/z A X(tl)%dt/ N dy>

dJ< ~ _0J
== = —Jog =
ot ox/01,1,05 o

and both functions ja;z/ar,l,o and ja;z/a?,o,l extend as C'*° functions, infinitely flat at
t’ = 0 and holomorphic with respect to s € C. Put

= —Jog/o7,0,1;

1
Kt s, 2) = */ [Jog/or1,0(As 8, 2) + Jag om01 (A, 5, 2)|dA.
0

Then Ky is of the same kind. Notice now that, for any s € C with Re(s+1) € ]0,1/4]
and any z € S, we have
I'(s+1)

I(=s)
[Let us sketch the proof of this statement. We assume for instance that ¥ = 1 when
|7| < 1. We can replace Ig(t, s, z) with

(5.17) lim (27 It 5,2)) =

_ b
/ ST e L dr N dT
IrI<1

without changing the limit, and we are reduced to computing

1 2m o) . ino
;/ / e—21psm p25+1dpd9.
0 0
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L e~ msn040 this integral is written as
m JO

Using the Bessel function Jy(r) =

oo

o 1
2/0 P I0(2p)dp = g /0 T ()

and it is known (cf. [8, §13.24, p.391]) that, on the strip Re(s + 1) € ]0,1/4][, the
latter integral is equal to 22511 (s + 1) /T'(—s).]

On this strip, we can therefore write j)?(t’, 8,2) = Iz}((t/, s,2z)+1/I'(—s), by Taylor’s
formula. For fixed ¢’ # 0 and z € S, both functions are holomorphic for Re(s+1) > 0,
hence they coincide when Re(s + 1) > 0 and we thus have on this domain
/ [
Jo(t')s,z) = T

By the properties of Ky, this implies that the function
s (O ) (¥, 5. 2)i%p A(t) g dt! A dF)

+ K5(t', s, 2).

is entire for any z € S. Hence, there exists an entire function of s such that the differ-
ence of the meromorphic functions considered in (5.15) and (5.16), when restricted to
the half-plane Re(s+1) > p (with p large enough so that they are holomorphic on the
half-plane), coincides with this entire function. This difference is therefore identically
equal to this entire function of s, and (5.15) and (5.16) coincide. This proves the
lemma. O

Proof of Proposition 5.8. — We will work near z, € S. By definition (c¢f. §2.¢),
given any local sections [m/], [m"] of ¥, o 7#" 17 o 72" and local liftings m/,m” in
Vr 7', Vo 70" with o' = £, (o) and a” = (_, (a), we have, for any C™ relative
form ¢ of maximal degree on X x S,

(5.18) (62 C(0'), TN, 0) = ReSucansyz (FC0, 7). 0 |72 R(7) e dr A T,

where X = 1 near 7 = 0. In particular, for sections m/,m” of the form p/ @ €-17/7,
p' @ Et7/% with 1/, 1 local sections of ., the definition of #C implies that the
right-hand term above can be written as

(5.19) ReSe—anz/z (C1's 1), Iz (1, 5, 2)).

[Here, we mean that both functions

(C ), elx(ty5,2)) and (PO Q€% TG E17T7), o[> R(r) 4= dr AdF),

a priori defined for Res > 0, are extended as meromorphic functions of s on the
whole complex plane.] Moreover, by %4 -linearity, it is enough to prove Proposition
5.8 for such sections.

Proof of Proposition 5.8 away from co. — Thit is the easy part of the proof. We only
have to consider @ = —1 and, for ¢ compactly supported on (X \ co) X S, we are
reduced to proving that

Ress——1 (C(1/, 1), 0I5 (¢, 5,2)) = (C(1', 1), ),
for local sections p’, i’ of A',.#". Thit is Lemma 5.12 O
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Proof of Proposition 5.8 near oo for a # —1,0. — The question is local on D. We
can compute (5.18) by using liftings of m/,m” in g, =%//’,graU,,Jrl TH", accord-
ing to (4.15). By %-linearity, we only consider sections m/ = ¢~y ® 717/
m/ =t~ @ E17/% where 1 is a local section of Vil and ' of Vi M. Ac-
cording to (5.19), we have

<¢Taayo([ml]7 [m//])780> = Ress:a*z/z <C(t/ 1,U// =1 //) (,DI’\(t S, Z)>

and, from Lemma 5.14, thit is

e i O ) T, )

T4 axz/z) " T
= e (a7, ).

By Lemma 5.5 and its proof, we have I'(14+ axz/z)/T(—a*z/z) = pm, with

D, =—-D, (recall that D, was defined in Proposition 4.1(iva)), as we assume
Rea € [-1,0[. We then apply Lemma 5.6. O
Proof of Proposition 5.8 near oo for a = 0. — By the same reduction as above, we
consider local sections my, m{ of VoZ#',VoZ#" of the form my = py ® €7 ”/z
ml = py @ E7V/% where u},py are local sections of Vil Vi#". We noticel )
that 0,(—t'mg) = m{ by (3.3) and7 using [4, (3.6.23)] with m”; = —t'm{ (and

replacing there ¢ with 7), we get
(¢r.07C(Img), [mg]), @) = (dr0”C([mi], [0-m”1]). )
= = (Y POl T T) )
= 27 Ress—_1 (7O (mp, t'my] ) o7 |71%° X(7) g=dr A dF)
= 2" Rese= 1 (C(u), 1), 0t I 1.0),
by definition of C. Now, by (ii) after (5.10), we have 2 1¢I5 1o = (s + 1)|t'|*I5 +
[t/ |2L3;/37,170, and the second term will not contribute to the residue, so
<¢T,090([m6]7 [ng, <P> = Ress:—l <C(/-/17:u7/1/)’ 90(8 + 1)‘t/|215€>
= Res,—_1 (C(t'p}, /1Y), o Jz) by (5.13)
= (p oC(t' 1y, '), i% ) by Lemma 5.14 with a = —1
- 1/%' 71C(/L 1M N )v 0090>

1. O

if we put p_; = t"?

(D] thank the referee for correcting a previous wrong proof and pointing out that, in the formula of
[4, Lemma 3.6.33] which was previously used here, the term |¢|* has to be replaced with [t|** — s,
making the right-hand term in this formula independent of x.
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Proof of Proposition 5.8 near oo for a = —1. — Let us first explain how 1117,,1?0 is
defined and how it induces a sesquilinear pairing on P gry! 1&77,1‘% ! Pgr)! wT,,l‘% 4

In order to compute 1, _17C, we lift local sections [m'], [m"] of v, 174" b, 7"
in UgZ#',UyZ#" and compute (5.18) for « = —1. We know, by [4, Lemma 3.6.6],
that thit is well defined.

To compute the induced form on P grd!, we use (4.6) and (4.7) and, arguing as
above, we have to consider sections m/,m” of UcoZ#',U-oZ#" . We are then reduced
to proving that, for local sections u/, u” of V<0/Z/v’, V<oﬁ’, we have

I(s+1)

ms) (CU I 6) = (C' ). o).

Ress—_1

As+1) ¢) has poles

By [4, Lemma 3.6.6], the meromorphic function s — (C(u/, 1), |t'|
along sets s + 1 = v« z/z with Rey < 0. For such a v and for z € S, we cannot have
v % z/z = 0. Therefore, s — (C(u/, i), \t’|2(5+1) ¢) is holomorphic near s = —1 and

its value at s = —1is (C(y/, "), ¢). The assertion follows. O

5.c. Proof of Theorem 5.1. — We first reduce to weight 0, and assume that
w = 0. It is then possible to assume that (7,.%) = (A, #,C,1d). We may also
assume that .# has strict support. Then, in particular, we have .#Z = //Znin, as
defined above.
According to Corollary 5.9 (and to Proposition 5.8 for ¢, (), we can apply the
arguments given in [4, §6.3] to the direct image by q. O
Notice that we also get:

Corollary 5.20. — Let (7,.) = (M',.4",C,.) be an object of MT® (X, w)®).
Then, we have isomorphisms in - Triples(X):
(Ve 0T, M) =5 (W o T, Nir), Va# —1 with Rea € [1,0],
(¢T,O‘§.\71/I/T) — (wt,,fly,L/V/). O

5.d. A complement in dimension one. — Let first us indicate some shortcut
to obtain the S-decomposability of M when Y is reduced to a point, so that X =
P!. First, without any assumption on Y, we have exact sequences, according to
Proposition 4.1,

(5.21) 0 kerNe — g T bt A — 0,
0 — oo 4 thpr, 1. , Vr 1M — coker N, — 0,

and

(5.22) 0 — too,+ kerNy — kerN; — #Z — 0

0 — A — coker N; — i, 4 coker Ny — 0.
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It follows that #'q, ker can, = ¢ q,.# and s#~'q, cokervar, = # " 1q,.#. By
the first part of the proof, we then have exact sequences

can,

Gyl 2T ol = Ay A M — A Gl — O

0 — A Gl — Y1 M = gl —s M.
Therefore, if ¢ .# has cohomology in degree 0 only, . is a minimal extension along
7 = 0. Such a situation occurs if Y is reduced to a point, so that X = P!: indeed,
as (7,.7) is an object of MT® (P!, 0)®), we can assume that .7 is simple (cf. [4,
Prop. 4.2.5]); denote by M the restriction of A to z =1, i.e., M = M /(z—1).4; by
Theorem 5.0.1 of loc. cit., M is an irreducible regular holonomic Zp:-module;

— if M is not isomorphic to Op1, then ¢ M has cohomology in degree 0 only [use
duality to reduce to the vanishing of . ~'q, M, which is nothing but the space of
global sections of the local system attached to M away from its singular points]; by
Theorem 6.1.1 of loc. cit., each cohomology 7 q,.# is strict and its fibre at z = 1
is 7 q, M; therefore, 77 q, .4 = 0 if j # 0;

— otherwise, M it isomorphic to Op1 with its usual Zp:1 structure, and Mis O 1
(where 221 denotes P! x Qq, cf. §2.b), so M is supported on T = 0 and 1/177_1////\: 0;

in conclusion, the S-decomposability of M along 7 = 0 is true in both cases.

Corollary 5.20 does not give information on %, _;.7. We will derive it now in
dimension one.

Proposition 5.23. — Let (7,.%) = (M', #",C,.%) be an object of MT™ (P! w)®),
Assume that T is simple and not isomorphic to (Op1, Op1,C,1d)(—w/2). Then, if
q : P! — pt denotes the constant map, the complex g7 has cohomology in degree 0
only and we have natural isomorphisms

e b (7, F) s g 60 0( T, TN (-1/2)  forall L2 1,
ey (7,.7) o gy 6,0(7,.7)(1/2) for all £ < 1,

Pexd' g 1(7,.7) = H (T ,.57),
(The gluing C for the trivial twistor (Op:, Op1, C,1d) is given by f @ g +— f7.)
Proof. — We first reduce to weight 0 and take 7 = (A, .#,C) with .¥ = (Id,1d).
We a priori know by [4] that the morphisms can, and var, in the proposition are mor-

phisms in MT®) (P!, w)®), so we only need to show the isomorphism at the level of ..
Notice that, by Proposition 4.1(iv), the exact sequences (5.22) induce isomorphisms

(5.24) PaMoy. 7 = 0 and M =5 Porly. .

The first point (g, 7 = 0 for i # 0) is shown in the preliminary remark above
under the assumption on 7 made in the proposition. Notice also that we have shown,
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as a consequence, that /g, ker N, and #%q, coker N, also vanish for i # 0. With
the exact sequences (5.21), this implies that

(5.25) H#°qy ker N, = ker 1/\\17 and ¢, coker N, = coker NT,

where N, denotes (here, in order to avoid confusion) the nilpotent endomorphism on
HOq e T = Yy 1.4 . We then have exact sequences

0— kerNT — 1/177_1/2/\& w770,////\—> 0,

0— ¢T,OJ///\&> 1/JT,—1////\—’ coker N, — 0.
As can, and var, are strictly compatible with the monodromy filtration after a shift
by 1 (cf. [6, Lemme 5.1.12)), and as ker N, is contained in MOQZJT,,L////\, we get the
first isomorphism for ¢ > 1. Similarly, use that M,lwﬁ,l////\ is contained in Im NT =
Im var; to get the second isomorphism for ¢ < —1.

To get the third isomorphism, we only have to show that #Y¢, commutes with
taking P gr)! because of (5.24). We deduce first from the previous results that we
also have ¢, ImN, = 0 for i # 0 and ¢, ImN; = ImN,. Then, the injective
morphism

0 — ImN, — ImN, +kerN,

remains injective after applying ¢, and, as the #*q, vanish for i # 0, we conclude
that the cokernel satisfies

H'q Pgrp! 11}77_1%// =0 for i # 0 and # ¢, Pgrp! 7%17,—1%// = Pgrp! wﬁ_l////\. O
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